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Quantum Bernoulli Factory photonic circuit independent of input state bias
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Nazionale delle Ricerche (10%)
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Universita di Roma, 15%), Gonzalo Alfredo Carvacho Vera (Sapienza
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15%), Nicolo Spagnolo (Sapienza Universita di Roma, 14%), Roberto
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6%), Luca Castello (Sapienza Universita di Roma, 5%)

The present invention concerns a Quantum Bernoulli Factory photonic
circuit independent of input state bias.

Background Art

The field of Quantum Information exploits the peculiarity of quantum
effects as a new computational resource for faster computation, to enable
unbreakable cryptographic protocols and to increase communication
efficiency in distributed computational problems. Randomness plays an
essential role in several research fields and numerous applications of
information technology. Quantum mechanics gives access to genuine
randomness based on the intrinsic random behavior of its measurement
process. This peculiar property of quantum theory leads to numerous
advantages in information manipulation, communication and processing,
which have been exploited in various quantum communication protocols
and quantum computing algorithms. The generation and manipulation of
quantum randomness has been studied in depth and widely implemented
using different platforms, single photon properties and protocols.
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Random number handling is fundamental for statistical methods and
computation. An interesting paradigm in this area are the so-called
Bernoulli factories. These are randomness processing protocols that take
as inputs random variables such as a coin with some bias, and change the
bias in a well-defined way, which is independent of the bias. As a simple
example, a first protocol is attributed to Von Neumann. Such a protocol that
takes as input two coins of bias p and provides as output a coin with bias
p’=1/2. This represents a useful task in processing randomness from
practical random number generators and it is a first instance of a Bernoulli
Factory. First introduced by Keane and O'Brien [1], the Bernoulli Factory
concept addresses the problem of how to construct a variable distributed
according to a Bernoulli distribution (an unbalanced coin), having access to
another Bernoulli variable of unknown bias, aiming to obtain a certain
functional relationship between the input and output distributions.

With reference to Fig. 1, the concept of a Classical-to-Classical
Bernoulli Factory (CCBF) was then introduced, where both input and
output are classical variables, finding applications in a wide range of fields
ranging from Monte-Carlo simulation of Markov chains [2] to economy [3].
In Ref. [1] the space of simulable functions has been characterized,
however a general method to be able to build them efficiently has not been
found yet.

More concretely, Bernoulli Factories have proved useful for improving
the performance of the Markov Chain Monte Carlo (MCMC) method, used
to sample from complex probability distributions, as required for some
simulation methods. In some situations, Bernoulli Factories can be used to
avoid the need for a long burn-in period required in the process MCMC to
sample from a good approximation of the target distribution [4]. In this
context, Bernoulli factories have been used in simulations, for example of
ocean currents [5], as well as in economics and game theory [6, 3]. These
applications of classical Bernoulli Factories allow us to predict advantages
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in its consistent use in a quantum computational environment, possibly by
combining their properties with other quantum algorithmic primitives, known
in the field as amplitude and phase estimation.

In recent years the problem was extended to the quantum domain by
analyzing the possibility of replacing the input and/or output Bernoulli
variables with quantum analogues. In Ref. [7, 8], Dale et al. proposed the
first quantum version of the Bernoulli Factory considering a quantum input
and a classical output: a Quantum-to-Classical Bernoulli Factory (QCBF).
The QCBF manipulates a Bernoulli variable encoded by a quantum coin (or
quoin) as an input parameter. A quoin is a qubit in a pure state which, when
measured in the computational basis, returns a classical Bernoulli variable.
As the first connection between fully classical CCBF and the Quantum-to-
Classical Bernoulli Factory (QCBF) it is observed that all of the functions
that can be implemented by a CCBF can also be implemented by a QCBF
extension. Indeed, it is sufficient to measure the quoin in the computational
basis to recover a Bernoulli variable with the same bias parameter. In
reference [7] the space of functions simulable by a QCBF has been
characterized, showing that it is strictly larger than the purely classical case
(CCBF).

Furthermore, it has also been demonstrated that a change of basis is
the only quantum operation necessary to implement the whole set of
simulable functions. There is evidence showing that in the quantum case
there is an advantage in terms of input coin extractions [9,10] even for
functions that can be classically simulated. A more complex quantum
extension of the Bernoulli Factory was later proposed by Jiang et al. [11]
where both input and output are quoins: A Quantum-to-Quantum
Bernoulli Factory (QQBF). Thus, the output can be used as an input for
other quantum algorithms. In Ref. [8], the set of simulable functions of a
QQBF has been fully characterized and a procedure to construct them in

the circuit paradigm of quantum computing has been defined. It is important
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to note that for any version of the Bernoulli factory its implementation must
be the same regardless of input state bias, i.e. the protocol must not use
any information on the input state. No previous attempt to implement a
QQBF [12,13] has been able to guarantee this condition when one wishes
to combine individual operations (see Table 1). In particular, Ref. [12] uses
entangled photons as primary resource, which is however impossible to be
employed in a subsequent step due to the performed measurement. In Ref.
[13], the two input qubits are codified in different degrees of freedom of the
same photon, and hence performing concatenation of multiple requires
knowledge on the output state after the first step, which is forbidden by the

protocol.
. . Coding of a
Bernoulli | Modularity | Concaten. . . .
qubit on a | Information | Linear
Factory of the | of . . .
. single coding optics
model scheme operations
photon

Ref. Polarization

QQBF X X
[13] and dual-rail
Ref. -

QQBF X polarization X
[12]
Ref. Spins, super-

QCBF
[9] conductors
Ref. -

QCBF X polarization X
[10]

Moreover, today’s implementations of QQBF do not allow to carry out
all of the theoretically admissible transformations in a state-independent

way, one of the main advantages of the protocol.
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These limitations notwithstanding, the Quantum Bernoulli Factory turns
out to be a general answer to the problem of generating new random
variables both classical, like a random bit, and quantum, i.e. qubits, two-
level quantum systems, quantum equivalents of bits. The potential
advantages of the Quantum Bernoulli Factory are therefore wide-ranging
and concern:

1. Constructible functions for classical random variables — By constructible

functions we mean the transformations that operate on random variables
with an unknown distribution to generate new ones. It has been shown that
the class of functions constructible by a Quantum Bernoulli Factory is strictly
larger than the functions constructible by the classical Bernoulli Factory.

2. Computational advantage — For the same function, the quantum version

requires on average a smaller number of extractions. This implies that the
use of a quantum system in the implementation of a Bernoulli Factory
reduces the consumption of resources if this is compared with its classical

equivalent.

3. Exact method — The Quantum Bernoulli Factory applies the required
transformation exactly; its application does not need to introduce
computational or approximation errors. This contrasts with classical
Bernoulli Factories, where approximation methods are sometimes
unavoidable.

The applications of this protocol also concern various areas of
computation and communication in both the classical and quantum fields.
In particular, the Quantum Bernoulli Factory offers benefits in the following
scenarios:

1. Sampling algorithm subroutines. These algorithms aiming to sample from

an unknown distribution, the most famous examples being the Markov
Chain Monte Carlo methods, can benefit from the sampling properties of the
Bernoulli Factory.
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2. Quantum _algorithm subroutines — Given the quantum nature of the

method in both input and output this approach can be used as a basis
function for more complex quantum programs.

3. Cryptography and ciphering - The distinctive property of the Quantum

Bernoulli Factory is that it does not require knowledge of the probability
distribution that governs the random variable of entrance. This makes it
particularly useful in encryption protocols where it is generally necessary to
process encrypted message strings for which it is not possible to know the
probability distribution that determines their encryption, both in a quantum
and traditional context.

4. Scenarios with multiple customers. The concept of the QQBF can be

extended in the more general scenario of multiple users, i.e. the condition
in which the factory takes as input several quoins. This formulation finds
further application in quantum computing, more specifically in the framework
of blind quantum computing [14].

A need is therefore felt to devise a Quantum-to-Quantum Bernoulli
Factory that improves the existing versions and in particular guarantees that
its implementation be the same regardless of input state bias, i.e. the
protocol does not use any information on the input state, in order to combine
individual operations.

Moreover, the development of the quantum technology market is
strongly moving towards a "cloud computing" style approach, which must
use NISQ (Noisy Intermediate-Scale Quantum) technology currently
available in quantum computing. However, the manipulation of quantum
states via current NISQ platforms is not suitable for a distributed approach,
therefore a need is felt to have a Quantum Bernoulli Factory which can be

used in distributed environments.

Object and subject matter of the invention
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The object of the present invention is to provide a Quantum-to-Quantum

Bernoulli Factory method that solve the problems and overcome the

disadvantages of the prior art.

The subject-matter of the present invention is a Quantum-to-Quantum

Bernoulli Factory method according to the attached claims.

Detailed description of embodiments of the invention

List of figures

The invention will now be described for illustrative but non-limiting

purposes, with particular reference to the drawings of the attached figures,

wherein:

Fig. 1 shows different types of Bernoulli Factories according to the
prior art: (a) Classical-to-Classical Bernoulli Factory (CCBF) where a
sequence of classical bits with unknown bias p are processed to
produce a new coin with bias f(p); (b) Quantum-to-Classical Bernoulli
Factory (QCBF) in which a quantum coin (Quoin) encodes the input
bias in quantum amplitudes, with the goal of generating classical
coins with a different bias; (c) Quantum-to-Quantum Bernoulli
Factory (QQBF) where both the input and output are quantum states;
Fig. 2 shows the block scheme of the Modular Optical Quantum
Bernoulli Factory (MOQBEF) with reference to the creation and
annihilation operators for the electromagnetic field modes, and to the
corresponding logical encoding for the qubits in the computational
basis (]0.),/1.)). The annihilation and creation operators refer to
generic modes of the electromagnetic fields, and can correspond to
any possible choice of degree of freedom for qubit encoding, thus
independent from the specific implementation; (a) Inversion
operation is performed by applying a suitable transformation

Umversion. 10 the input qubit; (b) Product operation is obtained by
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applying a suitable transformation Uy, 4. to the four input modes,
which correspond to two input qubits when one photon is present in
each mode pair, and conditioned to the detection of one photon in
output +; (c) Sum operation is obtained by applying a suitable
transformation U, to the four input modes, which corresponds to
two input qubits when one photon is present in each mode pair, and
conditioned to the detection of one photon in output S;

— Fig. 3 shows building blocks for a polarization implementation
according to the present disclosure. The inputs of the interferometers
are labeled by numbers 1 and 2, while the output is labeled as ouft;
(a) Inversion operation is performed by propagation of the input qubit
through a half-wave plate with optical axis oriented at an angle of /4
to the horizontal axis. (b) Product operation is performed by applying
a set of phase shifts on the input photons, different for each
polarization state, by injecting them in the two input ports of a
polarizing beam splitter, and post-selecting the events for which one
photon exits from each port. One of the outputs propagates through
a half-wave plate with optical axis rotated by /8 with respect to the
horizontal one, followed by two phase shifts different for each
polarization state, and a measurement in the computational basis.
Depending on the obtained outcome, the other photon is in the
product or in the anti-product state; (¢) The sum operation is
performed by making two photons interfere in a partially-polarizing
beam splitter after application of a set of two phase shifts on the input
photons, different for each polarization state, and post-selecting the
events where the two photons exit from different ports. A polarizing
beam splitter is applied to separate the photons and to measure one
of them after a set of phase shifts different for each polarization state

are applied on each output photon. Depending on the outcome of the



WO 2024/256220 PCT/EP2024/065333

measurement in the computational basis, the other photon will be
found in the “sum” or “harmonic mean” state;

— Fig. 4 shows an implementation of the conversion between time
encoding and polarization encoding according to the disclosure. This
step allows the same schemes used for the polarization to be used
also for time encoding. Legend: EOM electro-optical modulator, PBS:
polarizing beam-splitter (polarizing semi-reflective mirror), DL: delay
line;

— Fig. 5 shows building blocks for MOQBEF based on path encoding.
The input ports of the interferometers are labelled 1 and 2, with
outputs labelled out: (a) Inversion is performed deterministically by
swapping the dual-rail modes; (b) The product is performed by
applying a set of phase shifts (¢4, @5, @3, 9,) on the input components
of the qubits, by sending the component 1, of dual-rail qubit 1 and
component 0, of dual-rail qubit 2 into a balanced beam-splitter, by
applying two phase shifts (y,, x3) on the output modes of the beam-
splitter, and post-selecting events with one of the two photons in
output ports - or + in the figure. The state prepared by this measured
event is encoded in an output dual-rail qubit labelled out; (¢) The sum
is implemented by swapping the input mode component 1; of dual-
rail qubit 1 and component 0, of dual-rail qubit 2, by applying a set
of phase shifts (¢4, ¢, @3, ¢4) on the input components of the qubits,
by directing the modes in two beam-splitters, and by applying a
second set of phase shifts (x4, x2, x3, ¥4) on the output modes. Here,
also, the operation is successful when a photon is detected by the
detector labelled “S”;

— Fig. 6 shows an implementation of the conversion between orbital
angular momentum and path according to the disclosure. This step

allows the same schemes used for the path to be used also for orbital
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angular momentum encoding. Legend: OAM orbital angular
momentum;

— Fig. 7 shows an implementation of the conversion between
frequency-bin and path according to the disclosure. This step allows
the same schemes used for the path to be used also for frequency
encoding. Legend: WD wavelength demultiplexing, QFP quantum
frequency processor;

— Fig. 8 shows a prototype of the MOQBF acting on an input of 3 dual-
rail qubits, according to an embodiment of the disclosure. Thermo-
optic effect devices can control the reflectivities of the beam-splitters
in panel a, as well as the phase shifters represented by rectangles in
the schematic. The beam-splitters with tunable beam-splitting ratios
can be implemented via a Mach-Zehnder interferometer featuring
two 50/50 beam-splitters and a phase shifter in between (inset b);

— Fig. 9 shows a configuration for the implementation of the building
blocks of the MOQBEF in a 6-mode reprogrammable interferometer,
according to an embodiment of the disclosure. (a) Product operation.
Here, we use the ports 3-6 for both input and output. (b) Addition/sum
operation. Here we use the ports 1-4 at the input, and 1-2,4-5 at the
output;

— Fig. 10 shows concatenations of two operations in the MOQBEF
encoded in a 6-mode reprogrammable interferometer, according to
an embodiment of the disclosure. (a) Addition followed by product
operation. The output qubit |z,) = [(z, + z,)z3)is found at ports 4-5,
when the other two photons are detected in the output mode pairs
(1,2), (3,6). (b) Addition/sum operation. The output qubit |z,z, + z3)
is encoded in the modes 3-4 when the other two photons are
detected in the mode pairs (1,5), (2,6); and

— Fig. 11 shows an example of a MOQBF acting on 5 dual-rail path

encoded qubits, according to an embodiment of the disclosure. This
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photonic circuit implements the following function: |z) =|z,z,z; +
Z4Zs ).

It is specified here that elements of different embodiments can be
combined together to provide further embodiments without limits respecting
the technical concept of the invention, as the average person skilled in the
art understands without problems from what has been described.

The present description also refers to the prior art for its implementation,
with regards to the detailed characteristics not described, such as for
example minor elements usually used in the prior art in solutions of the same
type.

When introducing an element, it is always understood that it can be "at
least one" or "one or more".

When a list of elements or characteristics is listed in this description it is
meant that the invention according to the invention "comprises" or
alternatively "is composed of" such elements.

When listing features within the same sentence or bulleted list, one or
more of the individual features may be included in the invention without
connection to the other features in the list.

Two or more of the parts (elements, devices, systems) described above
can be freely associated and considered as a kit of parts according to the

invention.

Embodiments

Introduction

In this disclosure we introduce a scheme that allows to create on the
one hand a more general Quantum Bernoulli Factory, i.e. one in which
random bits or qubits can be generated given an input qubit, and on the
other hand to reproduce all the above-listed properties and advantages of

the protocol. The disclosure provides for an implementation using a
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quantum photonic system that can take advantage of the different
information coding approaches using states of single photons. The validity
of the proposed scheme has already been experimentally verified by the
Inventors in an integrated and fully reconfigurable photonics platform.

Let us therefore examine in detail the various characteristics of the
disclosure. As anticipated, we introduce a photonic modular approach to
realize an arbitrary Quantum-to-Quantum Bernoulli Factory. Hereafter we
will refer to the disclosure device as the Modular Optical Quantum Bernoulli
Factory (MOQBEF).

In the context of emerging quantum processors, the MOQBEF fits fully
into the framework of NISQ (Noisy Intermediate-Scale Quantum)
technologies. In the next decade or so, full quantum error correction is not
expected to be achieved in any technological platform, making it essential
to map capabilities and limitations of current noisy quantum technologies.
The scheme proposed below follows this approach, and it is therefore
possible to implement it starting from the current state of the art with
photonic platforms. However, the only limitation of the proposed photonic
coding procedure is its probabilistic nature. That is, the known function to
be applied to the random variables is implemented with a given probability
of success. However, it is observed that the manipulation of quantum states
via other NISQ technologies platforms is according to the current state of
the art not suitable for a distributed approach (for example, through
superconducting devices, trapped ions, etc.). Currently, the development of
the quantum technology market is strongly moving towards a "cloud
computing" style approach, given the current complexity and costs of the
various platforms. In order to coherently distribute the resources
manipulated through other NISQ platforms to more customers, it would in
any case be necessary to transfer the information to photonic qubits,
introducing significant losses and additional sources of noise, being overall
clearly disadvantageous compared to a scheme implemented entirely by a
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photonic approach like that of the MOQBEF. Furthermore, current single
photon manipulation technologies (bulk optics, integrated photonics) do not
require complex cryogenic apparatus and can be implemented in
miniaturized cryogenic units (also exploiting the strong technological

maturity of photonic technologies for communication).

Basic features

The space of functions that can be constructed using a Quantum
Bernoulli Factory has a mathematical field structure [11]; therefore to reach
an arbitrary Quantum-to-Quantum Bernoulli Factory it is necessary to
demonstrate:

A. The realization of 3 building blocks corresponding to the fundamental
operations of the field (addition/sum, product and inverse operations).
B. The possibility of combining the operations of the previous point in
order to realize an arbitrary function. For this purpose, the approach
proposed in the present disclosure exploits single photon states to encode
the input and output qubits. In particular, we will refer to five different
encodings:

1. polarization: where the two basic logical quantum states are
associated with two orthogonal polarizations of the
electromagnetic field, usually chosen as vertical and horizontal;

2. time (also called "time-bin™): in this case the two basic quantum
states |0,) and |1,) are associated with two completely distinct
time intervals;

3. path (also called “dual rail”’): where a single photon present in
one of two propagation paths of light encodes logical states |0,)
or |1,).

4. orbital angular momentum (OAM): the logical quantum levels
are two eigenstates of the orbital angular momentum operator of

the electromagnetic field.
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5. frequency (also called “frequency-bin): here the two quantum
logical levels |0,) and |1,) are two distinct optical frequencies.

In each of the three encodings and implementations of the protocol, the
MOQBEF according to the disclosure scheme provides different solutions
to the problems and limitations of the prior art. In fact, it first solves the
problem of modularity, i.e. the possibility of implementing both individually
and in combination the 3 fundamental blocks that implement the single field
operations. This makes it possible to implement the entire spectrum of
functions that can be constructed from a Quantum-to-Quantum Bernoulli
factory. Finally, these functions are applied to the state’s random input
without the requirement to know the original probability distribution. The
latter property is essential for a genuine creation of a Quantum-to-Quantum
Bernoulli Factory. In addition, the MOQBEF exploits a photonic platform that
has been greatly developed in recent years, and offers technological
advantages provided by encoding quantum systems in single photon states.
In fact, they can be processed using linear optical elements, such as
waveplates and semi-reflecting mirrors for bulk optics setup, or waveguides
with directional couplers and controlled phase delays for integrated
photonics. The photonic states generated by the MOQBEF will also be able
to be distributed among multiple parties and customers, using traditional
fiber optic signal transmission channels. Other possible choices of the
encodings include orbital angular momentum, associated to the spatial and
phase field distribution, or frequency-based encoding. Orbital angular
momentum can be manipulated via several devices, including vortex plates,
g-plates and spatial-light modulators. Frequency encoding is based on
assigning the qubit logical values |0); and |1;) to different distinct
frequencies of the field. This degree of freedom can be manipulated by
means of pulse shaping systems, and electro-optical modulators.

The technical characteristics of the three possible photonic encodings

of the MOQBEF are analyzed below. First of all, it is necessary to formally
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define the operations of the MOQBEF. The input variable of a MOQBEF is

z|0op)+111)

J1+|z|?

complex number. Therefore, the elementary operations are:

a quantum state of the type where z can be either a real or a

e Inversion: f(z) = 1/z;
e Addition/sum: f(zy,2,) =z + z5;
e Product: f(zy,2,) = 2,2,

In the following sections we will describe the possible encoding and
processing of such operations in the degrees of freedom of single-photon
states. We will show the details of each field operation and, in particular, the
resource cost in terms of quoins. For example, the sum and the product
necessarily require the measurement of one quoin, while the inversion does

not.

Block scheme
The block scheme of the MOQBEF is shown in Figure 2 in an

implementation-independent way. The inversion operation (Figure 2(a)) is a
single-photon transformation, and is obtained by applying a suitable unitary
transformation, that we label as U;,persion, ON the input modes. Conversely,
the product and sum operations require two input photons, and are obtained
(Figure 2(b-c)) after application of suitable unitary transformations, that we
label as Uy, oquc: and Ug,,, respectively, and conditioned to the detection of
one photon in one specific output (labeled as + for the product in panel b,
and as S for the sum in panel c). For an optimal implementation of the
MOQBEF in terms of number of modes, we require that each block is
implemented via a transformation acting on the exact number of modes
corresponding to the number of qubits (2 modes for each qubit). This
corresponds to the requirement that the blocks perform linear unitary
operations.
The functions realized by the various blocks are as follows.
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The transformation U;,,e.sion 10 0€ applied on the input modes can be
derived by considering the input state |z) and a 2 x 2 unitary evolution U,

with matrix elements u;;, acting linearly on the creation and annihilation

ij
mode operators according to b/ = Y, wa}, where bl are the mode
operators after the action of the transformation, and a] are the mode
operators before the transformation. The necessary transformation to obtain
the inversion requires to exchange the input modes, thus corresponding to
a logical exchange of the basis states of the qubit (|0,),|1;)), and thus has

the following form:
0 1
Uinversion = (1 0)

The transformation U4, t0 be applied on the input modes can be
derived by considering two input states |z;) and |z,), according to Figure 2b,

and a 4 x 4 unitary evolution U, with matrix elements u;;, acting linearly on

ijo

the creation and annihilation mode operators according to b* YU kak,

where ijr are the mode operators after the action of the transformation, and

al are the mode operators before the transformation. We then write the

input states as |z;) = nate |®) and |z,) = 220 +a3 |®) at the input of the

Jitlz: 2 V1422
scheme of Figure 2b, being |@) the vacuum state. After application of the
transformation U, we post-select on one photon detected on mode 3, while
the other photon is present on mode pair 1-4 (corresponding to logical qubits

10,),,,, and [1,),,.)- We find that the resulting state (up to a normalization

factor) after the operation reads:
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[Yo) = {[(u12u34 + u32u14)b;L + (Ugpuzy + u32u44)b1]
+ 7z [(u11u34 + u31u14)b;L + (Ugruszy + u31u44)b1]
+ 7 [(u13u32 + u33u12)b;L + (Ug3usz + u33u42)b1]
+Z12; [(u11u33 + u31u13)blL + (ugruzz + u31u43)b1]}|(25)
To obtain the output product state |z, z,), we then impose that state [,) is
equal 1o |2,2,) = (2z,2,b] + b})|®). This requirement corresponds to adding
the following conditions on the matrix elements of U:
UgpUzy + Uzplyy = 0
UpqUzy + Uz Uy =0
UgqUzg T UzqlUsg =0
Uyzlsy + Uzzllyy = 0
UyzUszy + Uzzly, = 0
UyqUzz + Uzqlyz = 0
UgpUszy + Ugplyy = Ugqlzz + Uz Uz 0
By starting to insert these conditions on the matrix elements u;;, we first
start from the condition u,,u5, + uz,u,, = 0. By multiplying this expression
by u;; and subsequently by u,4, and using the last condition above, we first
find that: u;, =0vuz, =0. We consider the case uj;, =0 (similar
procedure and analogous result is obtained for u;, = 0). We first obtain that

the unitary matrix has to be reduced to:
Upp Uz Uz O

U= Uzp Upp Upz Uy
0  uz, Uz 0
0 Uy Upz Uss

Using the orthonormality condition between the first and last columns, we
find that the matrix can be reduced to:
et 0 0 0
U= 0 Uz Upz Upy

0  uz, uss 0
0 Uy Upz Uss
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where 1 is an arbitrary phase parameter between 0 and 2. We now need
to analyse the 3 x 3 unitary submatrix composed by rows 2,3,4 and columns
2,3,4, that we label as U. We now exploit the decomposition of Ref. [15] for
3 X 3 unitary submatrix, which permits to express the remaining matrix
elements as:

Uyy = e'%6(—sin Oy cos B, sin 05 e($P17P3+¢s) — sin 0, cos O, e~H(P2+¢4))
Uys = %6 (—sin Oy cos B, cos O; e (P1+¢27%3) 1 5in 9, sin O, e~H(Pa+¢s))
Uy = €'%6(cos 6, cos 0, e'®1)

Uz, = €'%¢(cos 6, sin O5 '¥s)

Usz = e'%s(cos 6, cos O3 e'%2)

Uz, = €'%¢(sin 0, '%3)

Uy, = e'%s(—sin 0, sin @, sin 05 e/ (~Ps+P++$3) 4 050, cos O; e~H(P1+92))
Uyz = e'%6(—sin 0, sin B, cos 05 e($2=P3+¢4) — cos 9, sin O, e~H(P1+¢3))
Uy = €'%¢(cos 0, sin B, '¥+)
with 0 < 6,,60,,6; < /2 and 0 < ¢, ..., pg < 2m. By setting element u;, =
0, this implies that 8, = 0. The expression for the 3 x 3 unitary submatrix

simplifies into:
—sin @, cos B~ {P2+P4)  gin @, sin G,e"{(P4tPs)  cosh,eitr
U =ei?s sin 05 ei?®s cos B el®2 0
cos 0, cos e~ {P1+b2)  _ o5, sinB,e " {P1+Ps)  in g, eiPs
Finally, by inserting the different constraint on the matrix elements reported
above, and by relabelling the non-zero parameters, we obtain that the

transformation Uy,;.o4,c¢ has the following form:

el(@1+d2—¢3) 0 0 0
0 ei(l)z ei¢3
L Z
product — e—i(¢3+¢4) e—i(¢2+¢4)
0 0
V2 V2

0 0 0 ei®1
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where the parameters (¢4, ¢,, ¢3, ¢,) can take any value between 0 and 2.
When considering the case of 4-mode transformations that correspond to
the optimal allocation of resources, the unitary transformation U,,,qy.ct
obtained above is unique. By “optimal allocation of resources” we mean the
lowest number of modes. A use of more modes is still possible by expanding
the space of modes by introducing modes which do not correspond to
photons at the input of the function (therefore more inputs where no photons
are provided).

The same procedure can be obtained for the sum operation. The
transformation Us,,,, to be applied on the input modes can be derived by
considering two input states |z;) and |z,), according to Figure 2c, and a

4 x 4 unitary evolution U, with matrix elements u;;, acting linearly on the

ijs
creation and annihilation mode operators according to b}‘ =Dk ujkaz, where
bf are the mode operators after the action of the transformation, and a] are

the mode operators before the transformation. We then write the input

states as |z,) = MI@) and |z,) = z205+a} |@) at the input of the scheme
VS e 2 = e P

of Figure 2c. After application of the transformation U, we post-select on one
photon detected on mode 3, while the other photon is present on mode pair
and |[1,)

1-4 (corresponding to logical qubits |0,) wherein the

out out’

subscript “out” can be omitted when already clear that this is a state at the
output of the interferometer, as done in the claims). We find that the resulting
state (up to a normalization factor) after the operation reads:

[Yo) = {[(u12u34 + u32u14)b;L + (Ugpuzy + u32u44)bI]
+ 7z [(u11u34 + u31u14)b;L + (Ugruszy + u31u44)b1]
+ 7 [(u13u32 + u33u12)b;L + (Ug3usz + u33u42)bﬂ

+ 212, [(u11u33 + u31u13)blL + (Ugquss + u31u43)b1]}|(z))



WO 2024/256220 PCT/EP2024/065333
20

To obtain the output sum state |z; + z,), we then impose that state [,)
is equal to |z, + 2,) = [(z; + 2,)b] + b]1|®). This requirement corresponds
to adding the following conditions on the matrix elements of U:

Upplizg + Uzpllyy = 0

UgqlUzy + UzqlUyy =0

Uyzlzy + UszlUy, =0

UpqUzz + Uz U3 = 0

UyqUzz + Uzqlyz = 0

UgpUzy + UzpUyy = Ugqlzgy + Uzqlyy = UgzlUzy +Uzzly 0

We first start by condition u, us5 + us;u.3 = 0. By multiplying it by u;,, by
using condition u,zus, + uzzuy, =0, and by multiplying the resulting
expression by us;,, we finally obtain the condition us;; =0V u;; =0.

Regardless of which condition is chosen, the unitary matrix reduces to:

Upp Ugp Ugz Ugy
U= Uz Uz Uzz Upy
TV 0 uz, 0 ug,
0 Uy, 0 Uy,

where the matrix elements have to satisfy the following remaining conditions
Upplzy + UspUis = 0, Ugplzs + Uspllyy = Upqlizs = Ugslisp.  Using  these
conditions, and by inserting the orthonormality conditions between the
matrix rows and columns, the matrix U can be further simplified as:

U1 0 w3 O

Uy 0 uys O
0 uz, 0 uz,
0 Uy, 0 Uy,

U=

Given the unitarity of the matrix, this transformation can be parameterized

as:
U
cos B, et 0 sin 8, e'®2 0
sin B, e "{($2+¢s) 0 —cos B, e~ {$1+¢3) 0
B 0 cos B,e'®z 0 sin B,e®+

0 sin B,e " (Pa+de) 0 — cos 0,e~(P3t¢e)
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with 0 <60,,0, <m/2 and 0 < ¢4, ..., ¢ < 2m. By setting the constraints
Uy Uszy + UzoUgy = UpqUz4 = Uqg3U30, we flna"y Obtaln, after relabe”lng Of the
parameters, that transformation Uy, to be applied on the input modes has

the following form:

Usum
~ 5+\/§el.qb1 . 5-+5 it 0
10 10
5-V5 itgrron > J;O\/g —i(1+s)
0 ’5 V5 itgaran ; ’5 +5 >~ \/g —i(h1+a)
0 5~ \/— l¢1 0 5+ \/— l¢2

where the parameters (¢,, ¢,, ¢3, ¢4) can take any value between 0 and 2.
It can be shown that, when considering the case of 4-mode transformations
that correspond to the optimal allocation of resources, the unitary
transformation Ug,,,, obtained above is unique.

Less efficient implementations can be obtained by allowing additional
empty modes at the input, where no photons are injected, which have to be
further discarded at the output. The transformation is then a unitary matrix
U in the enlarged mode space, while it is described by a non-unitary matrix
M in the qubit modes. As an example, with 2 additional empty modes, the

sum can be implemented via the following matrix:
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Lo Lo
2 V2
0 g 2
My = 2 V2
sum — 1 1
-~ 0 — 0
2 V2
o L o 2
2 V2

which leads to a less efficient implementation.
In the following we detail schemes for the implementations of these
blocks in different encodings as anticipated above.

Polarization photonic operations

By exploiting the polarization degree of freedom, it is possible to
construct the three building blocks previously mentioned in a compact and
simple way. More specifically, in this encoding the two quantum levels
correspond to two orthogonal polarization states as |0,) = |H), and |1,) =

|V), where |H) and |V) stand respectively for horizontal and vertical linear

z|H)+|V)

J1+1z12®
The building blocks for the polarization implementation of MOQBEF are

polarization states. The generic input is then encoded as |z) =

depicted in Figure 3. The inputs of the interferometers are labeled by
numbers 1 and 2, while the output is labeled as out. In operation block (a),
the inversion operation is performed by propagation of the input qubit
through a half-wave plate with optical axis oriented at an angle of 11/4 to the
horizontal axis. In operation block (b}, the product operation is performed by
applying phase shifts (¢4, ¢,v) On the two polarization states of photon 1,
and phase shifts (¢,y, @,y) on the two polarization states of photon 2. Then,
the two photons are injected in the two input ports of a polarizing beam
splitter (PBS), and post-selecting the events for which one photon exits from
each port. One of the outputs propagates through a half-wave plate with

optical axis rotated by /8 with respect to the horizontal one, followed by
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two phase shifts (ysy, x5y ) acting on the two polarization states, a PBS and
photodetectors configured to measure the output in the computational basis.
Depending on the obtained outcome, the other photon on output port out is
in the product (|z,z,)) or in the anti-product state (|—z;z,)). In operation
block (c), the addition operation is performed by applying phase shifts
(p14,©1v) ON the two polarization states of photon 1, and phase shifts
(p2u, @2y) ON the two polarization states of photon 2. Then, the two photons
interact in a partially-polarizing beam splitter (PPBS), that is, a beam-spilitter
with different reflectivities Ry, and Ry, for the two polarizations, and the output
is post-selected on events where the two photons exit from different ports.
After application of phase shifts (x4, xor) ONn the two polarization states of
the photon present in output mode out, and phase shifts (34, ¥sy) on the
two polarization states of the photon present in the other output port of the
PPBS, a polarizing beam splitter is applied to measure the second one..
Depending on the outcome of the measurement, the photon on mode out

Z1+2Zo

will be found in the “sum” (|z; + z,)) or “harmonic mean” state (

The Inversion operation will thus be the operation that transforms the
polarization state from |H) to |V) and vice versa, which indeed can be
accomplished with a half wave delay plate. The realization of the remaining
operations requires the interference between the polarization components
of two single photons prepared in the states z; and z,. In the interference
process that occurs in partially-polarizing beam-splitters and polarizing
beam splitters (see Figure 3), the indistinguishability of photons plays a
fundamental role, which represents an exclusive and distinctive property of
quantum systems. The probability of success of the operations of addition
and product are conditioned on the presence of one of the two photons in
the detectors marked by “+” and “-” in (b) and in “S” and “I” in (c).

To be more specific, the photon can be found in both photodetectors
but this event will be discarded in the method according to the present
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disclosure. Conversely, none of the photon can be found in the
photodetectors, and this event is discarded as well. The only events
recognized as significant are those when a photon is found in either one or
the other photodetector, and the other photon is found in the output port.
This allows to have ideally zero noise in the device according to the
disclosure. Some residual noise may come from the specific components
used but is not due to the method. The zero-noise feature comes at the cost
of waiting more time (statistically determined, see below) for the correct
result to appear, or repeating the generation and measurement of the
photons several times to increase the overall throughput.

The qubit resulting from the operation will be encoded in the polarization
of the photon that leaves the device in the output port marked as out in
Figure 3. This is because a specific polarization is set as 0-state and another
as the 1-state from the beginning. In particular, the 0-state corresponds to
horizontal polarization and the 1-state to vertical polarization.

We describe below the working principles of each individual operation
for a more complete explanation.

It is to be understood that the above phase shifts can all (or in part) set
to zero, and therefore there will be a device with a reduced number of

components.

Inversion operation

This operation can be directly implemented via application of a “swap”
operation on the states:

_ z|H) +|V) swap |H) + z|V) _ % |H) +1V) |1>

|z) = [_1+|Z|2 \/1+|Z|2 N \/1+|1|2
z

VA
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When exploiting the polarization degree of freedom, as depicted in
Figure 3(a), the Inversion operation can be implemented by using a half
wave-plate with an optical axis rotated by an angle of 11/4 with respect to the
horizontal plane (another implementation could be a liquid crystal). This
corresponds to the application of the “swap” operation in the polarization
degree of freedom. This operation is performed with success probability

equal to 1.

Product operation

The product operation between two states is defined as follows:

product
|z )22) — |212,)

This operation is obtained by injecting the two photons in the two input
ports of a polarizing beam splitter (see Figure 3(b)) after applications of input
phase shifts (¢4, @1y) and (@,y, @,y). The scheme operates in post-
selection, and thus we accept only the events in which the two photons exit
from the different output ports of the first PBS. After that, we apply a half-
wave plate with an optical axis rotated by an angle of /8 with respect to the
horizontal direction, we apply the two phase-shifts (ysy, x3y), and we
measure the polarization of the second photon. If the polarization is |V)
(corresponding to output marked as “+”) the output state is the product
(|z12,)) of the inputs. Conversely, if the polarization is |H) (corresponding to
the output marked as “-”) the output state is anti-product (|—z,z,)) of the
inputs. In principle, one can renounce one of the outputs + or -, and the
method works in the same way but with a reduced probability of success for
the single operation. One can always obtain one of the two product results
by adding an operation with probability equal to 1 (from product to anti-

product and vice versa). The correct operation, reproducing the action of
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transformation U, oquce, iS Obtained when the phase shift values are

respectively @1y = ¢y + @2 — Pz, Qv = P2 + /2, Y2y = Pz +T/2, @ay =
b1, Xz = —P2 — Pz — ¢p,. Phase shift y3, is redundant, and is thus set to
Xav = 0.

Since this operation is conditioned on the measurement of the
polarization state of one of the two photons, we can express the success
probability of the product as

1+|Z1|2|Zz|2
P, =P = 2 2
2(1+ |z 2 + [221%)

The probability of success is found to be within the range [0, 0.5] and is
> 0 everywhere except for the pair of states (|0), |oo)) and (|o0), |0)). In fact,

0 X oo is a special case for which the product is indeterminate.

Addition/Sum operation

The arithmetic sum operation between two states is defined as follows

sum
|z )z,) — |2y + 2,)

The sum operation, or alternatively the arithmetic mean, is shown in
Figure 3. In particular, the two input photons are injected in the two input
ports of a partially-polarizing beam-splitter after a set of phase shifts
(@1 ©1v, ©21, P2v), different for the horizontal and vertical polarization
states, is applied. The requested operation is performed when the two
photons exit from different outputs of the PPBS. A second set of phase shifts
(Xom» Xov» Xamw X3v), different for the horizontal and vertical polarization
states, is then applied on the two output photons. Then, a polarizing beam-
splitter is inserted to measure the polarization state of one of the photons.

Depending on the outcome, the system performs two different operations.



WO 2024/256220 PCT/EP2024/065333
27

More specifically, the sum (the arithmetic mean) is obtained when the
measured photon is found in the |V) polarization state (corresponding to the
outcome marked as “S”), while the harmonic mean, |z;)|z,)

harmonic mean | ,_,
1Z2

>, is obtained when the measured photon is found in the

Z1+2z
|H) polarization state (corresponding to the outcome marked as “I"). The
correct operation, reproducing the action of transformation U,,,,, is obtained
when the reflectivities of the PPBS for the two polarizations are respectively
10 10
b2+ T, Qo = —P2 — Puy oy = —P1 — sy Xov = D1+ G2 + Py AND y3y =
—¢; — ¢, — ¢3 + m. The two phase-shifts y,, and y3, are redundant, and

Ry = and R, = , while the phase shifts are ¢,y = ¢, + 1, @1y =

are thus set to yoy = 0 and y;, = 0. The success probabilities of the two

operations are given by the following expressions:

P |z, + 75| + 1
T+ [z D1+ 1213

and

Nzt 22+ z42,)?
=
51+ |z, (1 + [22|%)

Both success probabilities belong to the range [0,0.25] and are > 0
everywhere except for the states (|o), |o0)) for the sum and (|0), |0)) for the

harmonic mean, for which the two operations are indeterminate.

Concatenation

The scheme described above can be concatenated to obtain an
arbitrary sequence of operations. This can be done by taking the output of
a specific step and using it as the input of the subsequent step. For
example, the operation z = z; + z, + z3 is performed by the following steps:

(i) prepare two qubits in the states |z;), |z,)
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(i)  perform the sum of z; and z, via the building block described above,
which generates one qubit in the photon state |z, + z,)

(iiiy  prepare a third qubit in the state |z;)

(iv)  perform the sum between |z, + z,) from the output of step (ii), and
|z3)-

The same approach can be applied to arbitrary combinations thanks to
the independence of the building blocks from the state of the qubits to be
processed. In general, the success probability for an arbitrary concatenation
of k operations will be the product of the individual success probabilities of
each operation. Furthermore, additional qubits should be prepared for each
product/sum operation included in the chain, since the sum and the product
consume one qubit (as one photon is absorbed by a photodetector).

Time photonic operations

In this encoding, the two quantum levels correspond to two different
pulses separated by a time T greater than the coherence time of the
photons. For an electromagnetic wave, the coherence time is the time over
which a propagating wave (especially a laser or maser beam) may be
considered coherent, meaning that its phase is, on average, predictable. In
long-distance transmission systems, the coherence time may be reduced
by propagation factors such as dispersion, scattering, and diffraction (the
coherence time is set to be equal for the two photons). This condition on T
is necessary to ensure that the two states encoded in the pulses at time T,
and T, individuate a two-level system for qubits. To carry out the operations
necessary to implement a Bernoulli factory in this degree of freedom, it is
possible to make use of a converter from time encoding to polarization
encoding and vice versa. This allows us to use the polarization-encoded
operations described above.

The time-polarization encoder and decoder are shown in Figure 4. The
time-encoded state enters the upper branch of the interferometer where an
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electro-optical modulator (EOM) applies a bias rotation only on the second
pulse (see Figure 4(a)). This operation allows the division of the two pulses
after the first polarizing beam-splitter. The first pulse is reflected on the
upper branch of the interferometer while the second pulse is transmitted on
the lower branch of the interferometer. A delay line (DL) applied to the upper
branch synchronizes the two pulses, i.e. compensates for the time interval
T between the two pulses. The second polarizing beam-splitter combines
together the two pulses which will be synchronized but with orthogonal
polarization states. The reverse operation is performed by the

interferometer shown in Figure 4(b).

Path-photonic operations

Path encoding was the one investigated for the realization of a
MOQBEF prototype according to the present disclosure. More specifically,
in this encoding the two quantum levels correspond to the presence of a
photon in one of two different paths. As an example, in Figure 5(a) the
logical state |0, ) corresponds to the presence of a single photon in the upper
mode, and conversely logical state |1,) corresponds to a single photon in
the lower mode. Such an encoding is the optimal choice for information
processing on compact devices such as integrated reprogrammable
photonic chips. In particular, the path degree of freedom is particularly
suitable when using integrated optics, making it easier to implement larger
and stable interferometers.

The details of the optical elements necessary to perform the three
elementary operations of the MOQBEF on the paths are reported in detail
in Figure 5. The input ports of the interferometers are labelled 1 and 2, with
outputs labelled out. In block (a), Inversion is performed deterministically by
swapping the dual-rail modes. In block (b), the product is performed by
applying a set of input phase shifts (¢4, @2, @3, @), by sending component

|1,) of dual-rail qubit 1 (dual-rail because it encodes two states) and
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component |0,) of dual-rail qubit 2 into a balanced beam-splitter, by
applying a set of phase shifts (y,, x3) on the output ports of the beam-splitter,
and post-selecting events with one of the two photons in output ports - or +
in the figure (success determination as in previous embodiment). The state
prepared by this measured event is encoded in an output dual-rail qubit
labelled out. In block (c), the sum is implemented by swapping the input
mode component |1,) of dual-rail qubit 1 and component [0,) of dual-rail
qubit 2, by applying a set of phase shifts (¢4, 92, @3, ¢s) On the input
components of the qubits, by directing the modes in the input ports of two
beam-splitters, and by applying a second set of phase shifts (x1, X2, X3, X4)-
Here, too, the operation is successful when a photon is detected by the
detector labelled “S”. The success operation is exactly the same of the
implementation of Figure 2.

We describe below the working principles of this approach.

It is to be understood that the above phase shifts can all (or in part) set
to zero, and therefore there will be a device with a reduced number of

components, except for a few phases that will be specified below.

Inversion operation

To implement the inversion we use the operation implemented by
exchanging the modes in the interferometer, as in Figure 5(a). It
corresponds to a direct swap of the optical modes. Analogously to the case
of polarization encoding, this operation can be carried out deterministically
without any qubit measurement and thus the success probability is 1.

Product operation

The block scheme presented in Figure 5(b) implements the product
operation between two qubits. First, a set of input phase shifts
(01, @2, @3, @4), is applied on the input modes. The two modes representing

the level |1,), of qubit 1 and the level |0,), of qubit 2 are coupled to the two
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input ports of a balanced beam-splitter. After applying two phase shifts
(x2, x3), the two output ports of this element are measured with single-
photon detectors as shown in the Figure (“+” and “-“). The final state of the
qubit encoded in the remaining two modes, depends on the presence of a
single photon in one of the two outputs of the beam-splitter. The correct
operation, reproducing the action of transformation U, 4y, iS Obtained
when the phase shift values are respectively ¢, = ¢, + ¢, — @3, @, = ¢,
Q3 = P3, O = D1, X3 = —P — Pp3 — P,. Phase shift y, is redundant and is
thus setto y, = 0.

Here, the minimal set of phase shift is with ¢, = 7 and the others set to

zero. The expression of the output qubit is:

+212,(0,),,, + 111)

12122 )0 = 1+ |z,2,]?
142

out

where the sign + will depend on which detector signals the presence of a

photon. The success probabilities associated to the operations are given by:

_ 1+ |z;]?|2,|?
T 24z DA+ 207

P, =

The probability of success is found to be within the range [0, 0.5] and is
> 0 everywhere except for the pair of states (|0), |o0)) and (|o0), |0)), for

which the product operation is indeterminate.

Addition/sum operation

The interferometer of Figure 5(c) implements the sum operation
between two qubits. First, the modes corresponding to level |1,), of qubit 1

and level [0,), of qubit 2 are swapped. Then, a set of phase shifts

(@1, @2, @3, @4), IS applied on the modes. The two photons are injected into
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the interferometer and two identical beam splitters are used to couple the
qubit levels according to the scheme of Figure 5(c). After the mixing
process, a second set of phase shifts (x;, x2, X3, x4), IS applied on the
modes, and one output port of each beam-splitter is measured. The correct
operation, reproducing the action of transformation Ug,,,,, is obtained when
the phase shift values are respectively ¢, = ¢4, @2 = @3, @3 = =5 — Py,
Vs = —P1— Pu, X2 = —P1 — P2 — P35 and x, = +¢; + P, + ¢,. Phase shifts
¥, and y; are redundant and are thus set to y; = 0 and y; = 0. The sum
operation is performed when one photon is detected at the output marked
as “S”.

Here, the minimal set of phase shift is with y, = = and the others set to

zero. The state of the sum qubit is:

VRT
(Zl + ZZ)W |0L>out + |1L>O'Ll,t

out I

|5)

where R and T are the reflectivity and transmissivity of the beamspilitters,
and c is the normalization factor. Conversely, if the photon is detected on
the output marked as “I”, the harmonic mean operation is performed, and
the corresponding state is:

_ lez R - T
Z1 + Z1 1/RT |0L>out + |1L>out

c

1D g =

To obtain the output qubit in the sum or harmonic mean state, we

observe that the multiplicative factor c is a real number and can be set to 1

55 \With this value of the

when the reflectivity of both beamsplitters is R = -

reflectivity, the probability to detect one photon in “S” is then given by:
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|z + 2,2 + 1

P. =
S CENPADICENPAD!

It represents the success probability of the sum operation. The

probability to find one photon in “I” is given by:

Nz + 7P+ 12,2
RGN PAD CEATAD

The success probability is > 0 everywhere except for the states
(Joo), |o0)) and (]0),]0)) for which the sum and the harmonic mean are

indeterminate respectively.

Orbital angular momentum operations

In this encoding, the two quantum levels correspond to two different
eigenstates of the orbital angular momentum (OAM) operator of the
electromagnetic field. Examples of such states are the Laguerre Gauss (LG)
modes, a family of solutions of the Helmholtz equation. A light beam that
carries OAM means that has an helicoidal wavefront. The value of OAM
corresponds to the windings number of the optical phase of the wavefront
in the transverse plane. The OAM can assume only integer values. Then, a
qubit state is encoded by considering two different values m, and m, of the
OAM. To carry out the operations necessary to implement a Bernoulli
factory in this degree of freedom, it is possible to make use of a converter
from OAM encoding and path encoding and vice versa. This allows us to
use the path-encoded operations described above.

The OAM-path encoder and decoder, shown schematically in Figure 6,
are based on a device called OAM-sorter. The OAM-sorter displaces the
two states |m,)=0,) and |m,)=|1,) in two separated paths, thus

converting an OAM-based qubit into a path-encoded qubit. An example of
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such a device can be found in Ref. [16]. The reverse operation is performed
by another OAM-sorter that takes as input the path photonic qubit such as
the output of the path-encoded MOQBEF and converts the information in
the OAM logical states.

In other words, the respective qubits in the first photon and the second
photon are encoded in their orbital angular momentum, OAM as follows:

— afirst OAM-sorter for the first photon qubit and a second OAM-sorter
for the second photon qubit are provided and configured to convert
the OAM-based qubits into path-encoded qubits;

— the multiplication interferometer and the sum interferometer as above
described are provided, which take as inputs the path-encoded
qubits;

— a third OAM sorter is provided and configured to convert the output
path-encoded qubit of step B into OAM-based qubit as follows:

» the third OAM-sorter is configured to take the output modes
from the multiplication interferometer as inputs;
» the third OAM-sorter is configured to take the output modes

from the sum interferometer as inputs.

Operations in the frequency domain

In the frequency bins encoding, the two quantum levels are two well
separated optical frequencies w,; and w,. The difference Aw between them
is greater than the spectral width of the two individual frequencies. For
simplicity, we can consider two states as monochromatic waves for which
the spectral width is negligible. These conditions on Aw, w; and w, are
necessary to ensure that the two states encoded in the two frequencies
individuate a two-level system for qubits. To carry out the operations
necessary to implement a Bernoulli factory in this degree of freedom, it is

possible to make use of a converter from frequency-bin encoding and path
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encoding and vice versa. This allows us to use the path-encoded operations
described above.

The frequency-path encoder and decoder, shown schematically in
Figure 7, are based on a device able to mix different frequency components
w; and w,. Encoding can be performed by separating the different
frequency components in two separate spatial modes via a wavelength
demultiplexer (WD). Then a beam-splitter operation with transmittivity 7 =
0.5 is performed between the frequency components on each spatial mode.
Such a beam-splitter operation can be performed with a scheme called
quantum frequency processor (QFP) described in Ref. [17]. Finally, the
conversion is completed by further separating the components with different
frequencies and post-selecting on the output ports corresponding to the
same frequency. The reverse scheme can be used to perform in a post-
selected configuration the inverse operation, that is, decoding from path to
frequency.

More in detail, the qubit in the first photon is encoded as a first and a
second frequency state, wherein the difference between the two
frequencies is greater than the spectral width of each of the two frequencies,
and the qubit in the second photon is encoded using the first and the second
frequency, and:

— afirst converter is provided and configured to convert the first photon
qubit into a first path-encoded qubit, and a second converter is
provided and configured to convert the second photon qubit into a
second path-encoded qubit, wherein each of the first and second
converter includes a first wavelength demultiplexer (WD) configured
to separate the first and second frequency states, and a beam-splitter
is provided and configured with transmittivity T = 0.5 between the
frequency states at the output of the first and second converter, and
a respective second and third wavelength demultiplexers (WD)
having each two output ports are provided and configured to
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separate the two frequency states on each mode, and finally
separation means are provided and configured to select on the two
output ports of each second and third wavelength demultiplexer (WD)
the modes corresponding to a same frequency between the first and
second frequency, thus obtaining corresponding path-encoded
qubits;

— the multiplication interferometer and the sum interferometer as above
described are provided, which take as inputs the path-encoded
qubits;

— a third converter with two input ports is provided and configured to
convert the multiplication photon or sum photon into respective
frequency-encoded qubits, wherein a beam-splitter with transmittivity
T = 0.5 between the frequency states is provided and configured
which takes as input the multiplication photon or sum photon, and a
respective fourth and fifth wavelength demultiplexer (WD) having
each two output ports is provided and configured to separate the two
frequency states on each mode of the multiplication or sum photon
from the beam splitter, and then a sixth demultiplexer having an only
output port is provided and configured to recombine the output
modes with different frequencies from the fourth and fifth
demultiplexers (at the only output port the photon is in an only spatial

mode with two frequency components).

Prototype
We now describe in more detail the characteristics of a prototype

composed of an integrated interferometer which allows for the
implementation of the MOQBEF in the path encoding which operates on 3
qubits. The device shown in Figure 8(a) was fabricated via the femtosecond-
laser-writing technique. The strong pulsed laser focused on a silica sample
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directly writes the waveguides, which result from a permanent change of the
refractive index of the material.

The circuit is a network of tunable beam-splitters and phase shifters
shown in Figure 8(a). The reflectivity of such tunable beam-splitters is
controlled and reprogrammable by the use of an external resistor placed on
the sample surface. By applying a voltage, the heat produced by the Joule
effect will locally modify the refractive index of the underlying guides. In this
way it is possible to control not only the reflectivities of the beam-splitters
but also the phase relationships (the rectangles in the Figure) between the
various paths. The circuit therefore allows to concatenate up to two
operations of sum and product and to encode 3 photonic qubits. We recall
that the operations of addition and product require the measurement of one
photon each. Therefore, this scheme that processes up to 3 photonic qubits
can concatenate up to two operations of type sum and/or product.

The integrated device (Figure 8(a)) has six input and output modes and
30 resistors which allow the parameters of the optical circuit to be controlled
by the thermo-optic effect. They control the reflectivities of the beam-
splitters in Figure 8(a), as well as the phase shifters represented by
rectangles in the schematic. The beam-splitters with tunable beam-splitting
ratios are actually implemented via a Mach-Zehnder interferometer
featuring two 50/50 beam-splitters and a phase shifter in between (Figure 8
(0)).

We describe below in detail the different scheme for the implementation
of the building blocks, and the concatenations of two of them, with a 6-mode
device having the structure reported in Figure 8.

Building blocks

The product and addition/sum operations can be implemented by
appropriately programming the above device. In greater detail, one can use
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a beam splitter with the capability of changing its reflectivity (r in Figure 8
(ab)) followed by a phase shifter in one of the paths.

Practically, the circuit programming can be performed by replacing the
above beam splitter with a sequence of two identical fixed beam splitters
(right hand side of Figure 8 (b)) each with a phase shifter on one path.
When working with optical integrated circuits, one can use thermal phase
shifters to change the phase acquired by light propagation in a waveguide.

In order to realize sum and product operations, some of the beam-
splitters of Figure 8(a) are programmed as identity or swap operation that
corresponds to the inversion.

A detailed exemplary structure of how to program the devices is
reported in Figure 9(a) for the product operation. In this case, the input
photons are injected in ports 3-4 (first qubit) and ports 5-6 (second qubit).
The scheme then requires two photons, and ports 1-2 are not used for this
single operation.

In Figure 9(b) we further show the scheme for the addition/sum
operation. The input photons are injected in this case in input ports 1-2 (first
qubit) and 3-4 (second qubit), while in case the unused ports are 5-6. We
note that the final step shown in Figure 9 (marked as “State Tomography")
is not part of the protocol. Indeed, it is an additional step that can be used
to measure and analyze the output of the MOQBEF. If this step is not
required (as for example when using the output as an input of another
algorithm, the state tomography being only a verification step), and the
output needs to be reused for additional processing, all beam-splitters can
be set to act as the identity.

In the Figure, the “State preparation” block is a standard means for the

preparation of the input photons and as such it is not a part of the disclosure.

Concatenation of two operations
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As an example, we show in Figure 10 the configuration of the
interferometer which leads to the concatenation of one product and one
addition operation. More specifically, we show in Figure 10(a) a specific
configuration that implements the case |z;)|z,)|z3) =1z4) = (21 + 25)2z3)
(the output qubit is found at ports 4-5, when the other two photons are
detected in the output mode pairs (1,2), (3,6)).

Conversely, Figure 10(a) shows a specific configuration corresponding
to the case |z,)|z,)|z3) =|z.) = |21z, + z3) (The output qubit is encoded in
the modes 3-4 when the other two photons are detected in the mode pairs
(1,5), (2,6)). In both cases, all input ports are used, and three input photons

are required.

Concatenation, modularity and scalability

Starting from the schemes discussed above, the MOQBEF method
presents relevant properties for the extension to larger instances. As
discussed, crucial requirements are indeed the possibility of implementing
arbitrary elementary operations, with a modular approach which requires
only replicating sequences of elementary operations. Furthermore, it must
require a scalable hardware implementation, also in terms of long-term
stability. Our MOQBEF satisfies these requirements, thus renders this
scheme suitable for adoption in different scenarios beyond those discussed
in this document. More specifically, we emphasize that:

(i) concatenation of arbitrary sequences is possible according to the
discussion above;

(i) the modularity of the approach allows to generalize everything to the n-
qubit scenario by replicating the concatenations of the elementary
operations;

(iii) scalability is guaranteed by the compactness and stability of the
integrated platforms.
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As an example of the above, a MOQBEF at 5 qubits is schematized in
Figure 11. The MOQBEF acts on 5 dual-rail path encoded qubits. This

photonic circuit implements the following function: |z) =|z,z,2; + 7,z5).
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CLAIMS

1. Method for the application of concatenable elementary arithmetic
operations to photonic qubits, wherein each qubit has two states or modes
encoded in a single photon, wherein the states or modes are [0,) and |1,),
and the following steps are executed:

A. producing a first and second single photons each encoding
corresponding qubits |z;) and |z,);
The method being characterized in that the following further steps are

executed:
B. applying one of said concatenable elementary arithmetic operations
by:

B1. in the case of multiplication operation, inputting the first photon
encoding qubit |z;) and the second photon encoding qubit |z,) into a
multiplication interferometer, the multiplication interferometer being
configured to perform the transformation |z,),|z,) — |z;2z,), and wherein the
first photon is provided as multiplication photon at a first output of the
interferometer, and the second photon |z,) is measured at a first sub-output
or at a second sub-output of the multiplication interferometer, the output
photon at the first output being taken as encoding the product |z,z,) when
the second photon is detected at the first sub-output only or as encoding the
anti-product |-z, z,) when the second photon is detected at the second sub-
output only, wherein the multiplication interferometer is configured to realize

the following unitary transformation U,,,.,4,c ON the four modes of the first

and second photon:

ei(¢1+¢2—¢3) 0 0 0
ei¢2 ei¢3
0 -5 NG 0
0 e~ i(P3+da)  -i(P2+da) 0 !
V2 V2

0 0 0 ei®1
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Wherein parameters ¢, ¢,, ¢3, ¢, can take any value between 0 and 2r;
or

B2. inthe case of sum operation, inputting the first photon encoding qubit
|z,) and the second photon encoding qubit |z,) into a sum interferometer
configured to perform the transformation |z,),|z,) — |z, + z,) wherein the
first photon is provided at a first output of the sum interferometer as sum
photon, and the second photon |z,) is measured at a first sub-output or at a
second sub-output of the sum interferometer, the first photon at the first
output being taken as encoding the sum |z, +z,) when the second photon is
detected at the first sub-output only or as encoding the harmonic mean

2 > when the second photon is detected at the second sub-output only,

Z1+2z,

wherein the sum interferometer is configured to realize the following unitary

transformation Ug,,,, on the four modes of the first and second photon:

— _5+\/§ei¢1 0 _5_ﬁ6i¢2 0
\l 10 \l 10
’%ge—i@’z‘“%) 0 /5;_fe—i(¢1+¢3) 0
0 _ /ﬂge—i@ﬁm) i /5+ﬁ /ﬂge—i(qbﬁm)
10 10 10
0 _S_ﬁei(l)l 0 5+\/§ei¢2
\l 10 \l 10

Wherein parameters ¢, ¢,, ¢, ¢, can take any value between 0 and 2.

2. Method according to claim 1, wherein qubit |z;) or |z,), their sum or
product undergoes an inversion operation in a step B3, by making the
corresponding photon propagate through an inversion optical device

configured to perform the transformation |z) — |1/z) and output an inverted
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modes photon, wherein the inversion optical device is configured to realize

the following unitary transformation on the two modes:
0 1
Uinversion = (1 0) .

3. Method according to claim 2, wherein in the product or sum

interferometer, or in the inversion optical device the following is provided:

— at the input, additional empty modes inputs, wherein no photons are
injected;

— at the output, additional empty modes outputs corresponding to the
additional empty modes inputs, wherein the additional empty modes
outputs are discarded;

the sum, product or inversion transformation being a unitary matrix U in a
mode space enlarged with the additional empty modes outputs and the

additional empty modes inputs.

4. Method according to any one claim 1 to 3, wherein the qubits in the
first photon and the second photon are encoded in their polarization, and
the elementary arithmetic operations are implemented as follows:

— in step B1, the first and second photon are injected into and then
separated by a Polarizing Beam Splitter, the second photon
being made propagate through a half-wave plate or a liquid
crystal and then through a further Polarizing Beam Splitter whose
outputs are said two sub-outputs;

— in step B2, the first and second photon are injected into two input
ports of a partially-polarizing Beam Splitter and the result is
selected when the first and second photons exit from different
output ports of the partially-polarizing Beam Splitter, the second
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photon being then made propagate through a further polarizing
Beam Splitter, whose outputs are said two sub-outputs.

5. Method according to claim 2 and 4, wherein in step B3 the single

photon is made pass through a half-wave plate or a liquid crystal.

6. Method according to claim 4 or 5, wherein the qubits in the first photon
and the second photon are encoded as pulses at time T1 and T2 of an
electromagnetic wave, wherein |T1-T2| is greater than the coherence time of
the first and second photon, and wherein a time-polarization encoder is
used before injecting the two photons into the interferometer or the half
wave plate or liquid crystal, and a time-polarization decoder is used at the
output of the interferometer to pass from time qubit encoding to polarization
qubit encoding and vice versa.

7. Method according to any one claim 1 to 3, wherein the respective
qubits in the first photon and the second photon are spatially encoded in
their path, and the elementary arithmetic operation are implemented as
follows:

— in step B1:

* mode |0,) of the first photon is made propagate through a
first waveguide with a phase-shift and mode |1,) of the
second photon is made propagate unaltered through a
second waveguide, the outputs modes of the first and
second waveguide constituting said multiplication photon;

* mode |1,) of the first photon and mode |0,) of the second
photon are made propagate through corresponding
waveguides and a balanced Beam Splitter whose outputs
are said first and second sub-outputs;

— in step B2:
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mode |0, ) of the first photon and mode |0,) of the second
photon are made propagate through two waveguides

through a Beam Splitter with reflectivity R = %g the two

outputs of the Beam Splitter providing mode |0,) of the
sum photon and said first sub-output;

mode |1,) of the first photon and mode |1,) of the second
photon are made propagate through two waveguides

545

through a further Beam Splitter with reflectivity R = —

3

one output of the further Beam Spilitter being followed by
a phase-shift and providing mode |1,) of the sum photon
and the other output of the further Beam Spilitter providing

said second sub-output.

8. Method according to claim 2 and 7, wherein in step B3 each mode of

the single photon is made propagate through respective waveguides,

wherein the respective waveguides are configured to swap the optical

modes of the single photon.

9. Method according to claim 7, wherein the respective qubits in the first

photon and the second photon are encoded in their orbital angular

momentum, OAM, and:

— afirst OAM-sorter for the first photon qubit and a second OAM-sorter

for the second photon qubit are used to convert the OAM-based

qubits into path-encoded qubits;

— the method of claim 7 is performed on the path-encoded qubits;

— a third OAM sorter is used to convert the output path-encoded qubit

of step B into OAM-based qubit as follows:

In step B1, the multiplication photon modes are plugged into
two input ports of the third OAM sorter;
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* In step B2, the sum photon modes are plugged into two input
ports of the third OAM sorter.

10. Method according to claim 7, wherein the qubit in the first photon is

encoded as a first and a second frequency state, wherein the difference

between the two frequencies is greater than the spectral width of each of

the two frequencies, and the qubit in the second photon is encoded using

the first and the second frequency, and:

a first converter is used to convert the first photon qubit into a first
path-encoded qubit, and a second converter is used to convert the
second photon qubitinto a second path-encoded qubit, wherein each
of the first and second converter includes separating the first and
second frequency states via a first wavelength demultiplexer (WD),
and then performing a beam-splitter operation with transmittivity T =
0.5 between the frequency states, and then further separating the two
frequency states on each mode via a respective second and third
wavelength demultiplexers (WD) having each two output ports, and
finally selecting on the two output ports of each second and third
wavelength demultiplexer (WD) the modes corresponding to a same
frequency between the first and second frequency, thus obtaining
corresponding path-encoded qubits;

performing the method of claim 7 on the path-encoded qubits;

using a third converter with two input ports to convert the
multiplication photon or sum photon of step B into respective
frequency-encoded qubits, by inputting the multiplication photon or
sum photon into a beam-splitter with transmittivity 7 = 0.5 between
the frequency states, and then further separating the two frequency
states on each mode via a respective fourth and fifth wavelength
demultiplexers (WD) having each two output ports, and then

recombining the output modes with different frequencies of the fourth
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and fifth demultiplexers by a sixth demultiplexer having an only

output port.

11. Method according to any one claim 1 to 10, wherein the inversion
photon, or the multiplication photon or the sum photon are taken as input
photon in steps B1 and/or B2 and/or B3, thus realizing a concatenation of

said elementary arithmetic operations.

12. Method for realizing a Quantum-to-Quantum Bernoulli Factory,
characterized in that random qubits with unknown bias are encoded into
corresponding photons and one or more elementary arithmetic operations
according to the method of any claim 1 to 11 are applied to the random
qubits with unknown bias to obtain random qubits with a predefined bias.

13. Quantum Interferometer, comprising optical means configured to
realize concatenable elementary arithmetic operations of photonic qubits,
wherein each qubit has two states or modes encoded in a single photon,
wherein the states or modes are |0,) and |1, ), the Quantum Interferometer
being characterized in that it comprises:

- a multiplication interferometer with inputs for the first photon
encoding qubit |z;) and the second photon encoding qubit |z,), the
multiplication interferometer being configured to perform the transformation
|z1),12,) — |z12,), and wherein the multiplication interferometer is provided
with a first output configured to output the multiplication photon qubit |z, z,),
and a first multiplication sub-output and a second multiplication sub-output
provided with respective photodetectors and configured to alternatively
output the second photon qubit |z,), wherein the multiplication

interferometer is configured to realize the unitary transformation Uy,;.oqy.ct

defined in claim 1; or
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- a sum interferometer with inputs for the first photon encoding qubit
|z;) and the second photon encoding qubit |z,), the sum interferometer
being configured to perform the transformation |z,),|z,) — |z; + z,), and
wherein a first sum sub-output and a second sum sub-output are provided
with respective photodetectors, wherein the first sum sub-output is
configured to output the second photon qubit |z,) or a qubit encoding the

harmonic mean

Z1%2Z2

%) when the second photon is detected at the second

sum sub-output only, wherein the sum interferometer is configured to realize

the unitary transformation Us,,,, defined in claim 1.

14. Quantum Interferometer according to claim 13, wherein the sum or
multiplication interferometer is optically connected to an inversion optical
device configured to perform a unitary inversion transformation as defined

in claim 2.

15. Quantum Interferometer according to claim 13 or 14, wherein the
qubits in the first photon and the second photon are encoded in their
polarization, and:

— in the multiplication interferometer, the first and second inputs
are inputs of a Polarizing Beam Splitter, an output of the
Polarizing Beam Spilitter being optically connected to a half-wave
plate or a liquid crystal, which in turn are optically connected to a
further Polarizing Beam Splitter whose outputs are said first and
second multiplication sub-outputs;

— in the sum interferometer, the first and second inputs are inputs
of a partially-polarizing Beam Splitter, and one output of the
partially-polarizing Beam Splitter is optically connected to a
further polarizing Beam Splitter, whose outputs are said two first

and second sum sub-outputs.
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16. Quantum Interferometer according to claim 14 and 15, wherein the

inversion optical device is a half-wave plate or a liquid crystal.

17. Quantum Interferometer according to claim 13 or 14, wherein the
qubits in the first photon and the second photon are encoded as pulses at
time T1 and T2 of an electromagnetic wave, wherein |T1-T2| is greater than
the coherence time of the first and second photon, and wherein a time-
polarization encoder is provided just before the inputs of the sum or
multiplication interferometer or a half wave plate or liquid crystal, and a time-
polarization decoder is used at the outputs of the sum and multiplication
interferometer or a half wave plate or liquid crystal, the time-polarization
decoder being configured to pass from time qubit encoding to polarization
qubit encoding and vice versa.

18. Quantum Interferometer according to claim 13 or 14, wherein the
respective qubits in the first photon and the second photon are spatially
encoded in their path, and the elementary arithmetic operation are
implemented as follows:

— in the multiplication interferometer:

» afirst waveguide is provided, which is configured to make
mode |0,) of the first photon propagate through a first
waveguide with a phase-shift and a second waveguide is
provided which is configured to make mode |1,) of the
second photon propagate unaltered, till said first
multiplication sub-output;

= corresponding waveguides and a subsequent balanced
Beam Splitter are provided, which are configured to make
mode |1,) of the first photon and mode |0,) of the second
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photon propagate till said second multiplication sub-

output;

in the sum interferometer:

two sum waveguides and a subsequent Beam Splitter with

545
10

reflectivity R = are provided which are configured to

make mode |0,) of the first photon and mode |0,) of the
second photon propagate till said first and second sum
sub-outputs constituted by the outputs of the Beam
Splitter;

two different sum waveguides and a further Beam Splitter

545
10

with reflectivity R = are provided, which are

configured to make mode |1,) of the first photon and mode
|1,) of the second photon propagate, one output of the
further Beam Splitter being followed by a phase-shift and
providing mode |1,) as the first sum sub-output and the
other output of the further Beam Splitter providing said

second sum sub-output.

19. Quantum Interferometer according to claim 16 and 18, wherein in

the inversion optical device, respective waveguides are provided which are

configured to make each mode of the single photon propagate, wherein the

respective waveguides are configured to swap the optical modes of the

single photon.

20. Quantum Interferometer according to claim 18, wherein the

respective qubits in the first photon and the second photon are encoded in

their orbital angular momentum, OAM as follows:
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a first OAM-sorter for the first photon qubit and a second OAM-sorter
for the second photon qubit are provided and configured to convert
the OAM-based qubits into path-encoded qubits;
the multiplication interferometer and the sum interferometer of claim
18 are provided, which take as inputs the path-encoded qubits;
a third OAM sorter is provided and configured to convert the output
path-encoded qubit of step B into OAM-based qubit as follows:

» the third OAM-sorter is configured to take the output modes

from the multiplication interferometer as inputs;
» the third OAM-sorter is configured to take the output modes

from the sum interferometer as inputs.

21. Quantum Interferometer according to claim 18, wherein the qubit in

the first photon is encoded as a first and a second frequency state, wherein

the difference between the two frequencies is greater than the spectral width

of each of the two frequencies, and the qubit in the second photon is

encoded using the first and the second frequency, and:

a first converter is provided and configured to convert the first photon
qubit into a first path-encoded qubit, and a second converter is
provided and configured to convert the second photon qubit into a
second path-encoded qubit, wherein each of the first and second
converter includes a first wavelength demultiplexer (WD) configured
to separate the first and second frequency states, and a beam-splitter
is provided and configured with transmittivity T = 0.5 between the
frequency states at the output of the first and second converter, and
a respective second and third wavelength demultiplexers (WD)
having each two output ports are provided and configured to
separate the two frequency states on each mode, and finally
separation means are provided and configured to select on the two
output ports of each second and third wavelength demultiplexer (WD)
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the modes corresponding to a same frequency between the first and
second frequency, thus obtaining corresponding path-encoded
qubits;

— the multiplication interferometer and the sum interferometer of claim
18 are provided, which take as inputs the path-encoded qubits;

— a third converter with two input ports is provided and configured to
convert the multiplication photon or sum photon into respective
frequency-encoded qubits, wherein a beam-splitter with transmittivity
T = 0.5 between the frequency states is provided and configured
which takes as input the multiplication photon or sum photon, and a
respective fourth and fifth wavelength demultiplexer (WD) having
each two output ports is provided and configured to separate the two
frequency states on each mode of the multiplication or sum photon
from the beam splitter, and then a sixth demultiplexer having an only
output port is provided and configured to recombine the output
modes with different frequencies from the fourth and fifth

demultiplexers.

22. Quantum Interferometer according to any one claim 13 to 21,
wherein the multiplication interferometer and/or the sum interferometer
and/or the inversion optical device are optically connected in a sequence,

thus realizing a concatenation of said elementary operations.
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(c) Sum

(b) Product

Fig. 5

(a) Inversion
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(a)
(b)

Fig. 8
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