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ABSTRACT: Stringed musical instruments in which the 
strings are tuned both for flexural modes of string vibration 
and for longitudinal modes of string vibration, the instrument 
and its strings being so designed that the frequencies of the 
fundamental longitudinal modes will bear a specific relation 
ship to the frequencies of the fundamental flexural modes of 
string vibration. 
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LONGITUDINAL MODETUNING OF STRINGED 
INSTRUMENTS 

BACKGROUND OF THE INVENTION 

This invention has to do with the design of the scales of 
stringed musical instruments with particular reference to the 
selection of the speaking lengths of the vibrating strings. While 
the invention will be described in reference to pianos, it 
should be understood from the outset that the benefits of the 
invention are not necessarily restricted to pianos but are ap 
plicable to other types of stringed instruments. 

In conventional methods of scale design the speaking length 
of each string is determined in accordance with the following 
factors: 

a. the fundamental flexural frequency at which the string 
must vibrate (in a piano such frequency would be deter 
mined by the pitch of the musical note corresponding to 
the instrument key with which the string is associated); 

b. the desired string "tension" or stretching force, consider 
ing the cross-sectional area of the string and the physical 
constants and properties of the materials used to make 
the string; 

c. the space available within the confines of the instrument 
for stretching the string, considering the layout of the 
scale, including the other strings and acoustical elements; 
and 

d. the preferences of the individual designer concerning the 
manner in which the length of the strings should change 
from one note to the next. 

In piano scales, the formula 

L-, ()" (1) 
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is the one normally employed by those skilled in the art to 
determine the speaking length of the string L when the funda 
mental flexural vibrating frequency, f, the desired "tension' 
or pull, T, and the mass per unit length of the string, M, are 
known. The factor a is a constant the value of which depends 
upon the system of units used to express the variables L., T and 
M. 

For any given note (frequency) of the scale, the length of 
the longest possible string is limited ultimately by the permissi 
ble tensile stress on the string material. A need to achieve the 
largest usable output of sound at the treble end of the scale 
(where the sound often tends to be undesirably weak) usually 
leads the designer to choose the longest practical string 
length for the note of highest frequency. For a standard piano 
having 88 notes, tuned to the standard pitch (where A = 440 
cycles per second) the nominal frequency of the highest note 
is 4186 cycles per second and, at the present state of the art, 
the practical string length (considering suitable safety factors) 
is limited by the tensile strength of the string material to only 
a little more than 2 inches even if the strongest steel piano 
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wire is used. This limit is relatively independent of the cross- . 
sectional area of the string. 

It is generally agreed that the quality of tone of the bass sec 
tion of a piano improves as a string length is increased. How 
ever, the length of the bass strings is limited by the dimensions 
of the piano case. In order to provide good tone quality and to 
avoid sudden changes in tone quality from one note to the 
next note, it is a standard practice in piano design to make the 
length of the strings increase gradually from the treble to the 
bass end of the scale. 
As those skilled in the art are aware, the designer of a piano 

scale usually attempts to maintain the "tension" or pull of the 
strings reasonably constant throughout the scale. If both the 
tension and the mass per unit length of the strings were to be 
kept constant throughout the scale, such a practice would in 
general result in an impractical design in that the bass strings 
weuld be of extreme length, being several times longer than 
those of the largest conventional pianos which provide space 
for strings no longer than about 7 feet. Consequently, in order 
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to maintain string tension reasonably constant throughout the 
scale, it is a customary practice for the designer to gradually 
increase not only the length of the strings but also the mass 
per unit length of the strings in proceeding from the treble to 
the bass end of the scale. The increase in mass per unit length 
is accomplished by progressive increases in the cross 
sectional area of the string wire. However, to increase the 
diameter of the strings beyond certain values, which depend 
upon the lengths of the strings and the materials from which 
they are formed, produces excessive string stiffness which 
has an undesirable effect on tone quality. Consequently, at 
some suitable point, the designer conventionally achieves 
any further necessary increase in mass per unit length of the 
strings by loading or wrapping them in helical fashion with a 
material, such as copper wire, instead of by using a plain 
string of larger diameter. 

All of the foregoing considerations are based solely on the 
flexural mode of vibration of the string which is deemed to be 
the controlling mode of vibration in all conventional stringed 
instruments. The flexural mode of vibration is characterized 
by displacement of the string, under conditions of vibration, in 
a direction transverse to the direction of the string itself when 
it is at rest. 
The existence of a longitudinal mode of string vibration, in 

which the direction of motion of the string elements during 
vibration is parallel to the direction of the string itself, has long 
been known but insofar as is known has not been considered 
significant in the design of stringed musical instruments and 
consequently has played no real part in their design. 

SUMMARY OF THE INVENTION 

The present invention is based on the discovery that the lon 
gitudinal mode of vibration of the strings plays a significant 
part in determining the characteristic sound of the instrument. 
when it is played in the normal way, and that if the scale of the 
instrument is designed so as to tune the frequencies of the lon 
gitudinal modes of vibration of the strings to certain optimum 
values for each string, improved tone quality and greater 
uniformity of tone quality from note to note over the scale of 
the instrument can be obtained. It has been further discovered 
that the tuning of the frequency of the longitudinal mode in 
fluences the clarity and definition of pitch, particularly in pi 
anos having shorter strings, and that strings designed accord 
ing to the principles set forth hereinafter produce a more 
pleasing sound and have a better defined pitch than those of 
conventional design, whether employed in small or large in 
Struments. 

It has been found that over a wide range of the keyboard, 
what the ear hears when a piano note is sounded is in reality 
two independent tones or families of tones. The more basic 
tone family has its origin in the flexural vibrations of the 
string, while the other, which is of secondary but significant 
importance, has its origin in the longitudinal vibrations of 
the string. 

In instruments of typical construction the length of time 
during which the sound resulting from the longitudinal mode 
of string vibration can be heard usually is considerably less 
than the time during which sound due to one or more flexural 
modes is audible. In many instances the chief contribution of 
the longitudinal mode consists of a transient tone most obvi 
ous at the time a note is first struck which dies away rather 
quickly thereafter. This tone nevertheless has been found to 
contribute importantly toward the over-all quality, color and 
pitch sensation of the entire tone, just as the higher order flex 
ural mode partials contribute importantly to the tone even 

, though they die away more quickly than the low-order flexural 
mode partials. As persons who have a knowledge of music will 

70 be aware, the over-all quality, color, and texture of a complete 
musical tone depends upon the cumulative effect of the 
frequencies, amplitudes, and temporal properties of all con 

75 

stituents of the tone. Certain combinations of frequencies will 
create a pleasing or harmonious sound, while others will be 
musically discordant and disturbing to the ear. 
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An object of this invention is the construction of a piano 
scale in which the longitudinal mode frequencies are tuned 
with respect to the flexural mode frequencies in a relation 
such that throughout the scale the combination of these two 
families of tones will produce the most appropriate musical 
effect. 
A further object of the invention is the design of a scale in 

which an essentially constant ratio will be maintained, over 
considerable portions of the scale, between the fundamental 
frequencies of the longitudinal and flexural modes, so that 
when successive adjacent notes are played on the keyboard 
the sound of the successive notes will have a similar charac 
teristic sound so as to produce an improved degree of even 
ness in the scale of the instrument, evenness and uniformity of 5 
scale being one criterion for an excellent instrument. 

It has been found that the tuning of the longitudinal mode 
has a significant effect upon the tone color of the instrument, 
and consequently a further object of the invention is to pro 
vide for more precise control of tone color through tuning of 20 
the longitudinal mode of string vibration, and to make possible 
the design of instruments especially suited to certain applica 
tions and to particular types or moods of music and to make 
the sound of the instruments more effective in evoking a 
variety of emotional responses in the listener. 

In accordance with the invention, the fundamental frequen 
cy of the longitudinal mode of each selected string will be 
tuned to a frequency closely corresponding to that of a note of 
the equally tempered scale, with the longitudinal frequency of 30 
each string so tuned being separated from the fundamental 
flexural frequency of such string by a constant number of 
semitone intervals. More particularly, in the case of a piano 
having conventional steel strings, it has been found that tuning 
of the longitudinal mode to the frequency of a note of the 35 
equally tempered scale in the range 4000 - 5200 cents sharp 
compared to the fundamental flexural string frequency will 
produce highly preferred tone qualities. It is to be understood, 
however, that while the range given is a practical working 40 
range for pianos of conventional design and standard piano 
wire, the practical range may vary depending upon the cir 
cumstances. For example, the range will vary depending upo 
the type of stringed instrument being tuned. 

It has been found, however, that irrespective of the range, 45 
the preferred tuning of the longitudinal modes will be at in 
tegral mutiples of approximately 100 cents sharp with respect 
to the fundamental flexural frequency of the string which is 
being tuned. 
Even the foregoing considerations constitute an oversim- 50 

plification due to the fact that the exact flexural frequencies of 
the strings of a properly tuned piano normally differ slightly 
from those of mathematically perfect equal temperament 
because of the inherent inharmonicity of the strings which in 
fluences the final flexural string frequencies of the instrument 
during the tuning process. However, the necessary adjust 
ments to compensate for inharmonicity can be readily calcu 
lated and will be explained in detail hereinafter. 
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DESCRIPTION OF THE PREFERRED EMBODIMENTS 

The frequency of the longitudinal mode of string vibration 
depends basically upon the speaking length of the string. The 
speaking length of a string may be defined as that portion of 
the string which extends between the primary vibration-ter 
minating elements; that is, in a grand piano, normally, 
between the forward terminating element, usually an agraffe 
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or other string-deflecting means, and the rear terminating ele- 70 ticular string and termination arrangement being used. 
ment, usually one of a pair of string-deflecting pins located on 
the soundboard bridge. When a piano hammer strikes the 
string it not only induces vibration at the flexural resonant . . . 
frequencies of the string, but also at the longitudinal frequen 
cies. The resulting vibration is transmitted to the soundboard 75 

4 
of the instrument and some of this energy is radiated 
therefrom as sound energy. 

BASIC CONSIDERATIONS. 

The fundamental (lowest possible) resonant frequency of 
longitudinal vibration of a uniform homogeneous free rod de 
pends upon the length of the rod and upon the elastic modulus 
and density (mass per unit volume) of the material of the rod. 
The textbook formula for the longitudinal frequency (f) of 
such a rod is 

f EY 172 fl-(E)"Hz: 
*cycles per second 

(2) 

wherein E is the elastic or Young's modulus of the material, P 
is the density (mass per unit volume) of the material, L is the 
length of the rod, and b is a constant whose value depends 
upon the system of units employed. Such a rod has other reso 
nant frequencies, their values being, 2, 3, 4, etc., times the 
fundamental frequency, 
A length of piano wire or other string material may be con 

sidered a rod in the above context, and therefore will resonate 
longitudinally at certain frequencies the values of which are 
basically independent of the diameter of the wire. The value of 
the resonant frequency is, however, peculiar to the material of 
the wire; that is a wire of the same length made of some other 
material than steel, having a different elastic modulus and 
density, may have a different fundamental longitudinal 
resonent frequency. Because both the density and the elastic 
modulus of steel piano wire normally are held constant within 
small tolerances, it is therefore possible to predict accurately 
the longitudinal resonant frequency of a length of wire once 
the appropriate constants are known. 
When a steel piano wire is installed as a string in a piano, it 

has been found that the string will have a fundamental longitu 
dinal resonant frequency whose value approaches that given 
by equation (2) if the speaking length of the string (the length 
extending between the primary terminating elements) is sub 
stituted for the value of L in the equation, even though the 
string itself extends beyond the string terminations to a tuning 
pin at one end and to an anchoring or hitch pin at the other 
end of the string. It has been found that the frequency of lon 
gitudinal vibration of such a string is essentially independent 
of the tension or pull on the string. 

It has been found, however, that the actual longitudinal 
resonant frequency of an installed piano string is normally 
somewhat lower than that which would be predicted from 
equation (2), thereby indicating that the longitudinal effective 
length of the string is somewhat greater than its flexural speak 
ing length. The relationship between the flexural speaking 
length of a string and its effective length for longitudinal vibra 
tions may be expressed 

Le= L-I-D (3) 

wherein Le is the effective length, Ls is the speaking length, 
and D is the difference between the two lengths. For an instru 
ment of typical construction it has been found that D is essen 
tially constant over a large portion of the scale. In a particular 
case using steel piano wire in which is and le were expressed 
in inches, the value of D was found to be approximately 1.26 
inches. It must be expected, however, that the effective length 
of a string for longitudinal vibrations will vary with the type of 
string terminations in use. Therefore, the effective length of a 
given string must be determined by measurement for the par 

DESIGNING THESCALE 
In designing that portion of the instrument scale which em 

ploys plain wire strings, i.e., strings not loaded or wound with 
covering wire, the frequency of the longitudinal mode of each 
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string is tuned to the desired value by adjusting the speaking 
length of the string in accordance with the formula 

" . 7 EY if 

L-La-D- f) - D (4) 5 

wherein is is the speaking length of the string, L is the effec 
tive longitudinal length, f, is the desired longitudinal mode 
frequency, and D is the difference between the speaking 
length of the string and the effective length of the string for 
longitudinal vibrations. The value of D depends upon the 
characteristics of the string terminations and the string materi 
al used and will be determined empirically. The value of E/P 
normally will remain constant for any specific string material. 

In the section of a piano scale wherein wrapped or loaded 
strings are employed (as for example in the bass section of 
nearly all modern pianos) equation (2) cannot be used to pre 
dict the fundamental longitudinal mode frequency of a string 
unless it is suitably modified to take into account the effect of 
the loading material upon the longitudinal vibration charac 
teristics of the string. 

For wrapped strings of conventional design using a steel 
core wire and a copper loading wire wound helically over the 
core wire in a uniform continuous fashion, it has been found 
that the primary effect of the wrapping is to increase the ap 
parent density of the string material without any appreciable 
effect upon its stiffness. It has been found that in order to cal 
culate the fundamental longitudinal resonant frequency of a 
wound string to a close approximation, it is only necessary to 
modify the value of P to allow for the increase in apparent 
density of the string material. This can be done by mutiplying 
P by the ratio Mel Me wherein M(r) is the mass (or 
weight) per unit length of the wound string and M is the mass 
(or weight) per unit length that the string would have if no 
loading had been used, i.e., if the string had been made of 
plain wire of the same size as the core wire actually used in 
making the wrapped string. The values of Metc.) and Me may 
be expressed in any system of units as long as both are ex 
pressed in the same units, and may either be computed by 
methods familiar to those skilled in the art or may be obtained 
from previously prepared wire tables usually available to the 
designer. 
The fundamental longitudinal mode frequency of a wrapped 

string may be expressed 

E. 112 b / EY 1/2 112 

g) - 2Lt. (E) ) 
50 

(5) 
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wherein f is the fundamental longitudinal mode frequency of 
a wrapped string of effective length Lehaving a core wire of 
elastic modulus E, and density P, where M is the mass per 55 
lineal inch of the core wire alone and M(Ire) is the mass per 
lineal inch of the wrapped string. It has been found that, for 
practical purposes, the addition of the wrapping wire has a 
negligible effect on the stiffness of the string. 

It can be seen that the quantity within the brackets inequa- 60 
tion (5) represents the fundamental longitudinal frequency 
which the string would have if there had been no wrapping. If 
this frequency is previously known, the longitudinal frequency 
of a wrapped string of the same length can be expressed 

flip 
65 

(lite) 1/2 H2 M. 

fLW = 
(6) 

Wherein f is the longitudinal frequency that the string would 70 
have had it, not been wrapped. Equation (6), if re-arranged, 
can be used in calculating the amount of loading, i.e., the size 
of the wrapping material necessary to tune the longitudinal 
mode frequency of a known string to the desired value. 

. It should also be evident from equation (5) that it is possible 75 
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to tune the frequency of the longitudinal mode of a wrapped 
string by varying the mass of the covering wire without chang 
ing the actual speaking length of the string. It is thus possible 
to achieve the correct value of longitudinal mode frequency in 
the bass section of an instrument even though the length of the 
strings is limited by the dimensions of the instrument case. 
The required speaking length Lee for a wrapped string hav 

ing a fundamental longitudinal mode frequency f. is given by 
the equation 

b / EY I/27 M \ 112 L.--La-D-h.(...)"()"- 2f LVP M (wife) D 

in which E and P comprise the elastic modulus and density of 
the core wire, respectively, M is the mass per unit length of 
the core wire only, More) is the mass per unit length of the 
wrapped string, b is a constant which depends upon the system 
of units employed, and D is the difference between the effec 
tive length and the speaking length of the string. 
As a practical matter, D normally may be ignored. In prac 

tice, the length of the wrapped portion of a conventional 
wrapped string always is made less than the speaking length of 
the string. If this were not done there would be interference 
between the wrapped portion of the string and the termination 
elements. If the wrap were allowed to come into contact with 
the termination elements, damage to the wrap would occur 
which would tend to ruin the string. Consequently, in instru 
ments of standard construction, the length of core wire ac 
tually wrapped is made about 1 1/4 inches less than the speak 
ing length of the string. It would be expected, therefore, that 
the longitudinal mode frequency of such a wrapped string 
would be somewhat greater than it would be if the wrapping 
extended throughout the full speaking length of the string. It 
has been found in instruments of typical construction that the 
increase in longitudinal mode frequency due to the shortened 
wrap very nearly offsets the decrease in longitudinal mode 
frequency arising from the fact that the effective speaking 
length of the string is normally about 1 1/4 inches greater than 
the speaking length. Thus, to a close approximation (depend 
ing upon the particular termination) it often is possible to set 
the factor D equal to zero in the calculation of the speaking 
length of a wrapped string required to give a particular value 
for longitudinal mode frequency. 
RELATIONSHIP BETWEEN THE TUNED FREQUENCIES 

It is typical of all pianos that the fundamental longitudinal 
frequency of vibration of a particular string is considerably 
greater than the frequency of the fundamental flexural mode. 
In nearly all conventional pianos of contemporary design 
using steel piano wire, the fundamental longitudinal mode 
frequency of a particular string usually will have a value 
between 10 and 20 times the fundamental frequency of flexu 
ral vibration. This occurs for practical reasons, apart from any 
consideration of the longitudinal mode itself. If the string were 
to be stretched tightly enough so that the flexural frequency 
was more than about 1/10 the longitudinal frequency for a 
given string length, the string would be likely to break due to 
excessive stress on the wire. If, on the other hand, the string 
were to be stretched so loosely that the flexural frequency was 
less than about 1/20 of the longitudinal frequency, the tone 
quality would tend to be unacceptable by modern piano stan 
dards due to the resulting low tension and high inharmonicity. 
It has been found in instruments of typical construction that 
the sound due to the longitudinal mode becomes most signifi 
cant when its fundamental frequency is roughly of the order of 
5000 Hz or less. In typical standard pianos, strings of a length 
appropriate to produce longitudinal mode frequencies of 
5000Hz and below normally occur in the lower half of the 
keyboard, and it is within this range that application of the 
present invention has been found to be most helpful. 
A distinguishing feature of a piano scale designed according 

to the present invention lies in the fact that the mathematical 
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relationship between the fundamental frequencies of the lon 
gitudinal and flexural modes of string vibration is held essen 
tially constant over a considerable range of the scale. Under 
these conditions the relation between longitudinal and flexural 
fundamental vibrating frequencies can be represented as 

fi, n.fr 

wherein f is the fundamental longitudinal frequency of the 
string, f is the fundamental flexural frequency of the string, 
and n is a factor chosen by the designer to give the desired 
tonal result. Thus the desired value of longitudinal frequency 
will change if the flexural frequency of the string is changed. 
This dependence of the value of the desired longitudinal 
frequency upon the flexural frequency of the string does not 
imply any uncertainty or indefiniteness in the desired longitu 
dinal frequency because the correct normal flexural frequen 
cies of all piano strings are essentially predetermined. 
As is known to those skilled in the art, the fundamental flex 

ural frequency of any given note of the piano is, within certain 
tolerances, the same for all properly tuned pianos. This situa 
tion exists because in the United States and in most of the 
world, the frequency 440 Hz. has been established as the stan 
dard frequency to which the note A, the 49th note, counting 
from the bass end of standard 88-note piano keyboard, should 
be tuned. The fundamental flexural frequencies of all other 
notes of the keyboard are derived from such a reference fre 
quency according to the well-known relationship of the 
equally tempered scale in which the design value of frequency 
for each successive ascending note is determined by multi 
plying the frequency of the preceding note by the 12th root of 
the number 2 (which has a value of approximately 1.05946). 
When the piano is tuned, the tuner, by modifying the tension 
exerted on the strings, adjusts the frequency of each string 
until the above relation between the flexural frequencies of 
the notes is approximately reached. 
: The specific relation between the frequencies of fundamen 
tal. flexural and fundamental longitudinal modes of string 
vibration, defined by the factorn in equation (8), is very im 
portant in the design of a piano scale according to the present 
invention. 

In a preferred embodiment of the invention, the factor n is 
chosen so that the fundamental longitudinal mode of vibration 
of each string will be tuned to a frequency closely correspond 
ing to that of a note of the stretched equally tempered scale, 
more particularly, to the fundamental flexural frequency of a 
note on the scale or keyboard of the specific instrument itself 
when properly tuned. For pianos, due to limitations in the ten 
sile strength of piano wire and to restrictions imposed by cur 
rent musical tastes, the useful range of n normally will be 
between 10 and 20. In terms of the equally tempered scale this 
range is equivalent to tuning the longitudinal mode within the 
range 4000 - 5200 cents sharp with reference to the funda 
mental flexural frequency. (In the musical context a cent is 
defined as 1/100 of a semi-tone. 100 cents thus constitutes one 
semi-tone. An octave normally encompasses a 2:1 frequency 
range. Because there are 12 semi-tone intervals in one octave, 
1200 cents constitutes an octave. A ten to one frequency in 
terval is approximately equal to three octaves plus four semi 
tones or 4000 cents. A 20:1 frequency interval is approximate 
ly equal to four-octaves plus four semi-tones or 5200 cents.) It 
it possible that either new string materials or changes in 
musical preference may make it desirable to extend the prac 
tical range of the tuning of the longitudinal mode of string 
vibration outside the range 4000-5200 cents sharp with re 
spect to the flexural fundamental string frequency. Whether 
it is within the present normal range or outside this range, the 
preferred tuning of the longitudinal mode according to the 
teachings of this invention will remain at some integral mufti 
ple of 100 cents, i.e., at 3600 or at 3700 cents, or at 4000, or at 
4100, or at 4200 cents, etc. 

It has been found that tuning the frequency of the longitu 
dinal mode to certain specific semi-tone or 100 cent intervals 
within the stated range will produce a tone quality more highly 

8 
preferred than if it is tuned to other semi-tone intervals within 
the same range. Most. highly preferred tunings have been 
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found to be 4300 cents, 4400 cents, 4600 cents, 4700 cents, 
4800 cents, and 5200 cents sharp. A tuning of 4000 cents is 
musically acceptable but results in stresses that are considered 
excessive for standard piano wire. In some pianos it may be 
desirable to avoid tuning of 4700 cents because if this tuning is 
used, it may tend to create a confusion of the pitch of the 
resultant tone because of the fact that the 4700 cents tuning 
produces a sound only a semi-tone removed (disregarding the 
octave in which the tone occurs) from the fundamental pitch 
of the flexural family. A tuning of 4800 cents may be preferred 
for some pianos, on the other hand, because the resultant tone 
sounds at a frequency four octaves above the fundamantal 
pitch of the flexural family, tending to reinforce the pitch sen 
sation obtained therefrom. A tuning of 4600 cents has been 
found to produce a particularly satisfying result in certain in 
struments. A tuning of 4300 cents has been found to blend 
well with the flexural partial series and may be found to be 
useful in smaller instruments where excessive inharmonicity 
becomes a problem. 

As has been previously pointed out, the exact flexural 
frequencies of the strings of a properly tuned piano normally 
differ slightly from those of mathematically perfect equal tem 
perament because of the inherent inharmonicity of the strings. 
Inharmonicity is the term given to the characteristic of a flex 
urally vibrating string that the frequencies of its overtones are 
not exact integral multiples of its fundamental frequency (as 
they theoretically would be if the string had no stiffness), but 
instead are slightly higher in frequency to a degree which de 
pends upon the stiffness of the string and the relationship of 
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the stiffness to other parameters. Inharmonicity influences the 
final flexural string frequencies of a piano during the tuning 
process. When the piano is tuned, the frequency of one of two 
notes an octave apart on the keyboard normally is adjusted 
with respect to the other note until a "beatless' condition is 
attained, indicating correct tuning. Those familiar with the 
tuning process will be aware that the condition of "beatless 
ness' normally signifies that the second partial of the lower 
octave note has exactly the same frequency as the fundamen 
tal frequency of the upper note. In a string having no inhar 
monicity, the frequency of the second partial would be exactly 
twice the fundamental frequency. For actual piano strings, the 
frequency of the second partial normally is slightly greater 
than twice the fundamental frequency. Thus, the result ac 
tually achieved when two octavely-related notes are tuned for 
"beatlessness"is that the ratio of their fundamental frequen 
cies is slightly greater than 2:1 instead of exactly 2:1, as would 
be the case for mathematically perfect equal temperament. 
The cumulated effect of the inharmonicity of strings 

throughout the scale is known as "stretching' and the tuning 
achieved in practice is a stretched version of the equally-tem 
pered scale in which the flexural frequencies become progres 
sively higher in the treble part of the scale and progressively 
lower in the bass part of the scale than they would be if inhar 
monicity did not exist. Over the middle of the scale the . 
average amount of "stretch' may be of the order of 3 cents 
per octave, usually increasing to a considerably larger value 
toward the extreme ends of the scale. Additional "stretch" is 
often encountered in the extreme treble due to the fact that 
the tuner often estimates the correct pitch because of the 
difficulty of hearing beats in this part of the scale. While the 
amount of stretch of a properly tuned piano may vary to a 
certain extent with the design of the instrument, it normally 
will be the same for all instruments of the same design. 
The effect of "stretch' must be taken into account in tuning 

the longitudinal mode, and this may be done by tuning the lon. 
gitudinal mode sharp relative to equally-tempered tuning by 
the same amount that a note of the stretched piano scale at the 
same frequency level is tuned sharp. For example, if it is 
desired to tune the longitudinal mode of the string for the 
lowest. note on the piano keyboard (An-e 27.5 cycles per 
second, nominal) to a nominal value of 4800 cents above the 
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fundamental flexural frequency, no stretch of the longitudinal 
mode would be necessary because in this instance the actual 
keyboard note four octaves above Ao is A which is normally 
tuned to the reference standard pitch of 440 cycles per 
second, and in this octave of the piano the proper longitudinal 
frequency can be obtained directly from tables giving equally 
tempered scale frequencies. In another example, if it is desired 
to tune the longitudinal mode frequency of the string for the 
note Ca (flexural fundamental frequency equals 130.81 cycles 
per second, nominal) to a nominal tuning of 4800 cents sharp, 
placing the frequency of the longitudinal mode at the note C, 
four octaves above the fundamental flexural frequency of the 
note, the nominal equally tempered (non-stretched) frequen 
cy of C would be 2093 cycles per second. However, in a typi 
cal instrument the actual C might be found to be 12 cents 
sharper than this value, or about 2108 cycles per second. Ac 
cordingly, the frequency of the longitudinal mode would be 
tuned to this latter value. 

EXAMPLE OF CALCULATION OF SPEAKINGLENGTH 
OF ANUNWRAPPED STEELPIANO STRING 

The following example is given to illustrate the procedure 
for calculating the speaking length of a piano string according 
to the principles of the present invention. In this example it is 
desired to determine the speaking length of a plain steel piano 
string to be used for note number 21 of a standard piano 
keyboard such that the longitudinal mode frequency is tuned 
4800 cents (four octaves) sharp compared to the fundamental 
flexural mode. Constants for the piano wire to be used have 
been determined to be 

clastic modulus = (20.27) 101 dyncs/cm 
density = 7.80 grams/cm3 

The first step is to find the desired value of longitudinal 
mode frequency. Reference to a standard table of equally tem 
pered scale frequencies (such as "A Table Relating Frequency 
To Cents', by Robert W. Young, Conn, 1952) indicates that 
the fundamental frequency of the note number 2 (F) is 
87.307 Hz. The same reference shows that the frequency of a 
note 4800 cents above this frequency is 1396.9 Hz. (the note 
Fs). However, this value includes no stretch. Measurement of 
the flexural fundamental frequency of the note Fe (note 
number 69) on the scale of the instrument shows that the note 
is 6 cents sharp of the equally tempered value. Reference 
once again to Young's tables shows that six cents sharp 
corresponds for this note to a frequency of 1401.8 Hz. The 
frequency of the longitudinal mode should be set to this 
value. 

Before calculating the speaking length of the string, it is 
necessary to determine the value of D, which will here be as 
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The tension or pull that this string will have when it is tuned to 
the correct flexural frequency may be set to the desired value 
by proper selection of the diameter of the string wire. 
EXAMPLE OF CALCULATION FOR WRAPPED STRING 

To find the diameter of copper loading wire of circular 
cross-section required to tune the longitudinal mode frequen 
cy of a wrapped bass string to be made with 0.039 inch diame 
ter steel piano core wire having a speaking length of 65.13 
inches to a frequency of 882 Hz, assuming that the effective 
length of the string for longitudinal vibrations is the same as its 
speaking length and using E=(20.27) 10 dynesicm and Pr. 
-7.8 grams/cm, and also assuming that the density of the 
copper wrapping wire, Pr is 8.8 grams/cm, first rearrange 
equation (6) to find the mass per lineal inch of the wrapped 
string 

() Jiw 

The desired value off has been given as 882 Hz. It is now 
only necessary to find flip, the longitudinal frequency that the 
string would have if no wrapping were present, in order to be 

M (w-c) M 

25 able to solve the above expression for Murr) in terms of 
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sumed to be 1.26 inches. The speaking length of this string . 
may now be calculated by the use of equation (4). If the units: 
for elastic modulus and density are used as given, the constant s 5 
b would have a value of unity (as it would for any consistent 
system of units) and the result would be in centimeters. Since 
it is desired to express the result in inches (1 inch =2.54 cen 
timeters) it is necessary to assign to b the value 1/2.54 

l E. 12 

2f. f)"-D 
- . "go"T"- . 
2 (2.54)ft, 7.8 . 

(5.08)f, 
. 

re. 1.0035 103-D 
Jr, 

1.0035. . . 
E - - r 5 1401.8 105-D 

=7.59 -1.26 
L = 70.33 inches: 

L = L - D = 

x (5.098) (O-D. 

Mr. Since it is assumed that the effective length is the same as 
the speaking length of the string, equation (2) may be used to 
find f. Because of the system of units used to express E and P 
and because L has been given in inches, the constant b must 
be assigned the value 1/2.54, as in the previous example. 

-- E \ 112 J.P.J.2(2.4) L f) 
(20.27) 1011/1.0035 J.2(2.54) LL7s = ,” 10 II: 

/ 1.0035 -- - ---- 5-15 Jip E)0 1541. IIa 

Substituting the known frequency values in the first expression 
gives 

2 54 M2 

Mowe) = 1 () = M. (5 Jiw 8S2 
Mow Fo) -- 3.052 M 

This means that the weight per lineal inch of the wrapped 
string must be 3.052 times the weight per lineal inch of the 
core wire alone in order to tune the longitudinal mode 
frequency of this string to the desired value. 
The value of M. for 0.039 inch diameter steel piano wire 

may be computed but is more conveniently found from stan 
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the weight per lineal inch will be 

M. = (1.982) 10 (7.8) (3.9)10-2P 
75 

dard wire tables published by the wire manufacturer. The cal- . 
culation will be given here. In the United States it has been 
common to use the unit, grains per lineal inch, to express the 
weight per lineal inch of piano string wire (7000 grains equals 
one pound). In terms of the density of the material in 
grams/cm' (herein called P), the weight per lineal inch of a 
wire of circular cross-section will be 

M = (1.982) 10: Pd2grains/lineal inch 

For a 0.039 inch diameter steel core wire for which P=7.8, 

-2.351 grains/lineal inch. 
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Substituting this value for Me in the previous equation for 
determining Metc.) gives 

Moto=3.052(2.351)=7.17 grains/lineal inch 
for the desired weight per lineal inch of the wrapped string. It 
is now necessary to determine what diameter of copper cover 
ing wire will produce this value of string weight when it is 
wound on 0.039 inch steel core wire. It already has been found 
that the weight of the core wire is 2.351 grains per lineal inch 
and that the desired weight of the wrapped string is 7.17 grains 
per lineal inch. The weight of the desired wrapping will there 
fore be equal to the difference between these two values, or 
(7.17-2.351) = 4.819 grains per lineal inch of core wire. if the 
diameter of the core wire is de and the diameter of the wrap is 
d, the length of wrapping wire required to make one turn 
around the core wire will be ar(dd) and the numer of turns 
of wrap wire per unit length of core wire will be 1/d. The total 
length of wrap wire per unit length of core wire (assuming no 
space between individual turns of wrap wire) is thus 

i (d.+d)=r (+1) 
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The total weight of this length of wrapping wire, M, is given 

as the product of the weight per unit length of the wrap, Me, 
times the total length of the wrap. 

Mw-(1.982) 10 Pwdy grains/lineal inch of wrap 

The total weight (M) of wrap per inch of core wire is 

M = (1.982) 102Pd2ar (+ 1) 

Since the required value for the weight of the wrapping al 
ready has been found to be 4.819 grains per lineal inch of core 
wire, the above expression may be equated to 4.819 and 
solved for de by the use of the quadratic formula. (P has been 
given as 8.8). 

1/2 - 4M dw= d+--- (6,250 P. 
dw=0.016 inches 

It should be noted that wrapping techniques affect the 
weight per unit length of the finished string and that the true 
test of correct wrap size is whether or not the string has the 
correct longitudinal frequency when installed in the instru 

ent. 

MODIFICATIONS 

While the foregoing constitutes what is believed to be the 
best procedure for tuning the longitudinal mode of string 
vibration, other tuning procedures are also possible. In one 
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such alternative procedure, the frequency of the longitudinal 
mode may be tuned to the frequency of a partial of the flexural 
mode family. This procedure is less satisfactory because in the 
frequency range of interest (10th through 20th partials) the 
frequencies of string partials do not generally coincide with 
those of equally-tempered scale notes. Tuning to the 14th par 
tial of the flexural mode, for example, might produce a tone 

65 

2 
Still another method of adjusting the frequency of the lon 

gitudinal mode is to tune it according to subjective pitch. This 
method, while productive of excellent results, presents dif 
ficulties in that subjective pitch not only varies from individual 
to individual but depends upon the sound level of the tone in 
question. 

It also should be recognized that in certain rare instances it 
may be desirable to tune the longitudinal mode so as to 
deliberately produce an unpleasing, disturbing, or 
cacophonous sound. Specific tunings may be created to 
produce such results, should it be so desired. 
As should now be apparent, the instant invention provides a 

scale so designed as to provide optimum tuning for the lon 
gitudinal mode with reference to the flexural string frequen 
cies over a substantial range of the keyboard. It has been 
found that proper application of the procedures described, in 
conjunction with those normally employed in piano scale 
design, can produce instruments having improved tone quali 
ty, more even scales, and more precisely defined pitch. Chang 
ing the tuning of the longitudinal mode from one to another of 
the preferred intervals acts to change subtly the tone color of 
the instrument. Certain tone colors may be more or less 
preferred for certain types of music, and it is possible to 
produce a variety of sounds depending upon the tonal 
response desired by the designer. 

I claim: 
1. A method of tuning a substantial number of adjoining 

strings of a stringed musical instrument which comprises the 
step of tuning both the flexural and the longitudinal modes of 
vibration of the said strings, the fundamental frequency of the 
longitudinal mode of vibration of each string so tuned being 
separated from the frequency of its fundamental flexural 
mode by an integral number of semi-tone intervais. 

2. The method claimed in Claim 1 wherein both the funda 
mental flexural frequencies and the fundamental longitudinal 
frequencies of said strings are tuned to the frequencies of 
notes of the stretched equally tempered scale. 

3. The method claimed in Claim 1 wherein the longitudinal 
modes of the said strings are tuned by varying the effective 
speaking lengths of the strings so that each such string, when 
excited, will vibrate longitudinally at the required frequency. 

4. The method claimed in Claim 1 wherein the longitudinal 
modes of the said strings are tuned by varying the mass-to 
stiffness ratio of the strings so that each such string, when 
excited, will vibrate longitudinally at the required frequency. 

5. The method claimed in Claim 1 wherein the particular in 
tegral number of semi-tone intervals separating the fundamen 
tal frequencies of the longitudinal and flexural modes of string 
vibration remains constant for the strings of a plurality of ad 
joining notes on the scale of the instrument. 

6. A method of tuning a substantial number of consecutive 
strings of a piano which comprises tuning both the flexural and 
the longitudinal modes of vibration of the said strings, the fun 
damental flexural modes of vibration of the said strings being 
tuned to the frequencies of notes of the equally tempered 
scale, taking into account deviations therefrom to compensate 
for the added sharpness of flexural overtones resulting from 
the flexural inharmonicity of the strings, the fundamental lon 
gitudinal modes being tuned to frequencies within the range 
4000 to 5200 cents sharp at intervals of substantially 100 
cents relative to the fundamental flexural frequencies of the 
notes to which the strings are tuned, whereby the frequency of 
the fundamental longitudinal mode of a given string so tuned 

which would sound flat to the musical ear, while turning to the 
16th partial of the fundamental flexural string frequency may, 
depending upon the individual instrument, sound out-of-tune 
O the sharp side because on instruments having shorter 
strings the frequency of the 16th partial, due to inharmonicity, 
is frequently much sharper than a scale note four octaves 
above the flexural fundamental, to which it otherwise would 
coincide. . . - - 
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will coincide with the frequency of the fundamental flexural 
mode of another string corresponding to a different note on 
the scale of the piano. 

7. The method claimed in Claim 6 wherein each of the 
strings of a plurality of adjacent consecutive notes has a lon 
gitudinal frequency tuned substantially the same number of 
cents sharp with respect to the frequency of the fundamental. 
flexural mode of the string. 

8. The method claimed in Claim 7 wherein the said strings 
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so tuned consist of strings each having tuned fundamentallon 
gitudinal frequency substantially no greater than 5000 Hz. 

9. A method of tuning consecutive strings in at least about 
the lower half of the scale of a piano which comprises the step 
of tuning both the flexural and the longutudinal modes of 5 
vibration of the said consecutive strings, the length and mass 
to-stiffness ratios of the said strings being so chosen that the 
fundamental longitudinal mode frequency of each said string 
is tuned to the frequency of a partial or overtone of the funda 
mental flexural mode of vibration of the string. 

10. The method claimed in Claim 9 wherein the order of the 
chosen partial or overtone of the flexural mode to which the 
frequency of the longitudinal mode is tuned remains the same 
for a plurality of adjacent selected strings. 

11. A stringed instrument in which a substantial number of 
consecutive strings are tuned both for flexural modes of string 
vibration and for longitudinal modes of string vibration, the 
length and mass-to-stiffness ratios of the strings being so 
chosen that the fundamental longitudinal mode frequencies of 
said strings are tuned to the frequencies of partials or over 
tones of the fundamental flexural string modes. 

12. The instrument claimed in Claim 11 wherein the order 
of the chosen partial or overtone of the flexural mode to which 
the frequency of the longitudinal mode is tuned remains the 
same for a plurality of adjacent selected strings. 

13. A stringed instrument in which a substantial number of 
consecutive strings are tuned for flexural modes of string 
vibration and for longitudinal modes of string vibration, the 
length and mass-to-stiffness ratios of the strings being so 
chosen that the fundamental longitudinal modes are tuned to 
frequencies within the range of about 40 to 52 semi-tones 
sharp at intervals of substantially one semi-tone relative to the 
fundamental flexural frequencies of the notes to which the 
said strings are tuned. 

14. The instrument claimed in Claim 13 wherein each of the 
strings of a plurality of adjacent consecutive notes has a lon 
gitudinal fundamental frequency tuned substantially the same 
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number of semi-tones sharp with respect to the frequency of 
the fundamental flexural mode of the string. 

15. A stringed instrument in which a substantial number of 
consecutive adjoining strings are tuned both for flexural 
modes of string vibration and for longitudinal modes of string 
vibration, the strings being tensioned to tune their fundamen 
tal flexural modes essentially to the frequencies of notes of the 
equally tempered scale, the lengths and mass-to-stiffness 
ratios of the strings being such that their fundamental longitu 
dinal modes are also tuned essentially to the frequencies of the 
equally tempered scale, the fundamental frequencies of both 
flexural and longitudinal modes deviating from exact equal 
temperament by an amount just sufficient to compensate for 
the frequency shift of flexural overtones caused by the 
flexural inharmonicity of the strings. 

16. The stringed instrument claimed in Claim 15 wherein 
each of said strings has a tuned fundamental longitudinal 
frequency substantially no greater than 5000 Hz. 

17. A piano in which the adjoining strings in at least about 
the lower half of the scale of the instrument are tuned both for 
flexural modes of string vibration and for longitudinal modes 
of string vibration, said adjoining strings being tensioned to 
tune their fundamental flexural modes of string vibration to 
the frequencies of notes of the equally tempered scale, includ 
ing such frequency deviations as are necessary to take into ac 
count the effects of the flexural inharmonicity of the strings, 
each of said adjoining strings having a length and mass-to-stiff 
ness ratio such that the frequency of its fundamental longitu 
dinal mode of string vibration is tuned approximately 100 (u) 
cents sharp relative to its fundamental flexural frequency, (u) 
being any integer between 40 and 52, the exact value of the 
frequency of the longitudinal mode of each such tuned string 
being set to coincide substantially with the frequency of the 
fundamental flexural mode of vibration of other strings within 
the piano whose fundamental flexural modes are tuned (u) 
semi-tone intervals sharp with respect to the fundamental flex 
ural frequency of each such tuned string. 

18. The piano claimed in claim 17 wherein the value of (it) 
remains the same for a plurality of adjoining strings. 


