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ABSTRACT: A method for damiping an oscillating mechanical
system to bring it to rest at or near its equilibrium position em-
ploying iteratively a fixed damping cycle consisting of a first
interval of undamped motion followed by a second interval of
supercritically damped motion, the process being iterated a
sufficient number of cycles to position the system as close as
desired to the equilibrium position.

A preferred application of this method of damping is in con-
nection with a meridian-seeking gyroscope, where the first in-
terval of undamped motion consists of free precession of the
gyroscope pin axle toward the meridional plane, followed bya
second interval of supercritical damping that positions the
spin axle closer to the meridional plane than at the release of
the motion. By repeating the appropriately timed intervals of
the cycle a number of times, the spin axle of the meridian-
secking gyroscope can be brought as close to the meridional
plane as desired. ‘
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1
METHOD OF DAMPING DEVICES HAVING
OSCILLATORY MOTION

BACKGROUND OF THE INVENTION

1. Field of the Invention

This invention relates to a method and means of controlling
a device having oscillatory motion, and more particularly to
damping the device to bring the moving element to rest in, or
near, its equilibrium position in a relatively short period of
time, and in a more precise and dependable manner than
heretofore, which invention has particular applicability to
meridian-seeking gyroscopes.

Many devices, such as ordinary gravity pendulums, bifilar
and trifilar gravity pendulums, torsion pendulums, spring-cen-
tered shafts, and spring-suspended masses, have elements that
oscillate or vibrate about an equilibrium position. Oftentimes
the oscillation is undesirable, such as for example when the
device is a meridian-seeking gyroscope for direct indication of
a meridional plane. A pendulous meridian-seeking gyroscope
upon the earths’s surface having its spin axis horizontal tends
to precess under earths’s rotation so as to align its spin axis
with astronomical north, provided the gyroscope is given an-
gular freedom about its vertical or azimuth axis.

Meridian-seeking gyroscopes are useful ‘as instruments for
surveying and, in general, accurate direction finding. How-
ever, their usefulness is limited because of the inability to easi-
ly and quickly bring the spin axis in alignment with the meridi-
an or astronomical north. In the absence of added damping, it
oftentimes takes as much as two days or longer for the spin
axis to come to rest at its equilibrium position in the meridian
plane after oscillating with respect to this plane.

2. Description of the Prior Art

In the past oscillatory devices have been brought to rest at
or near their equilibrium position by applying some type of
damping, such as for example, viscous damping or eddy-cur-
rent damping. In some of the meridian-seeking pendulous
gyroscopes a continuous velocity-proportional damping has
been applied where the damping torque is less than the critical
damping torque of the system. The application of this damping
torque will bring the oscillatory element to its equilibrium
position after a certain period of time: However, it has been
found that in many cases this period of time is excessive and
limits the usefulness of the device.

Presently used damping arrangements for meridian-seeking
gyroscopes provide a damping torque in azimuth proportional
to either the instantaneous angle of elevation of the spin axle,
or to the instantaneous angular velocity of the spin axle in the
azimuth plane. In either case, the magnitude of the damping
torque is chosen, so as to provide somewhat less than critical
damping torque, the actual magnitude being a compromise
between that required for adequate stability of the gyroscope,
after coming to rest in the meridian plane, and that required to
bring the spin axle within the allowable error angle, with re-
gard to the meridian plane, in a given time interval after un-
caging of the gyroscope. .

Generally, such damping arrangements employ a damping
ratio less than unity (usually between 0.7 and 0.9), so that the
spin axle executes a damped oscillatory motion about the
meridian or equilibrium position before settling down within
the allowable azimuth error angle. The settling time for a
meridian-seeking gyroscope with such a damping arrangement
may be of the order of 2 to 2 times the length of the un-
damped period of the gyroscope, depending on the actual
damping ratio and the magnitude of the initial azimuth angle.
However, due to variations in the value of the damping ratio
with temperature and other factors, this method introduces a
certain element of uncertainty, as to when the amplitude of
the oscillations of the spin axle about the meridian have
decayed below the magnitude of the allowable azimuth error
angle.
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2
SUMMARY OF THE INVENTION

Thus, in accordance with this invention, devices that have
oscillatory motion about an equilibrium position are brought
to rest in a relatively short interval of time employing iterative-
ly a fixed damping cycle consisting of a first interval of un-
damped motion followed by a second interval of supercriti-
cally dampened motion, the process being iterated a sufficient
number of cycles to position the system as close as desired to
the equilibrium position.

A preferred application of this method of damping is in con-
nection with a meridian-seeking gyroscope, where the first in-
terval of undamped motion consists of free precession of the
gyroscope spin axle toward the meridional plane, followed by
a second interval of supercritical damping that positions the
spin axle closer to the meridional plane than at at the release
of the motion. By repeating the appropriately timed intervals
of the cycle a number of times, the spin axle of the meridian-
seeking gyroscope can be brought as closed to the meridional
plane as desired.

The method of the present invention has general applicabili-
ty to any oscillatory mechanical system with plural degrees of
freedom and has specific applicability to systems which obey
the differential equation

d’x | dz .
mW+Cm+kz—O

Such systems, which include nonpendulous and pendulous
meridian-seeking gyroscopes can be represented graphically
in a phase-plane diagram by writing the equation for the
system in the form i

dv I
vdx+2ﬁv Lgz=0

where x in the displacement of the system from its equilibrium
position,

e »
" 8= Srnan
T . k
=damping ratio, r=w, where wp =\/1:n

and is the angular natural frequency of the system, ¢ is the

time, and plotting v versus x. Phase-plane diagrams are very
useful in analyzing oscillatory of vibratory systems. An exam-
ple of phase-plane diagram analysis is set out at pages 353-
—363 in the book entitled “Mechanical vibrations,” Fourth
Edition, by J.P. Den Hartog, published by McGraw-Hill Book
Company.

When §=0 the trajectories in the x, v-plane are circles, the
radii of which are the initial values, x,, of the displacement.
Then 8 is different from zero, and much greater than unity, the
phase-plane trajectories become virtually straight lines
everywhere, except in the neighborhood of an asymptote
whose equation is given by x'+(8—v6%~1)x=0, which all other
trajectories but one approach asymptotically and proceed
along to the stable, singular point at the origin of the phase
plane. A point P(x,v), the representative point of the state of
the system, progresses in time along a trajectory defined by
the initial condition of the damped motion, and, upon ap-
proaching the asymptote, will proceed along this to the origin,
which it will reach only after infinite time. One exception to
this approach to the origin is the trajectory whose equation is
X +@+Vée—1) x=0, and which represents a straight line-
through the origin. No trajectory can cross this straight line,
but can only approach it along the above asymptote and will
be referred to here in a special sense as a second asymptote of
the system, along which the motion rapidly proceeds to .the
proximity of the singular point at the origin. These two asymp-
totes are trajectories of slowest and fastest approach respec-
tively, to the singular point of the origin.

The method of damping the system, whose equilibrium posi-
tion coincides with the singular point in the phase plane, con-
sists in releasing the system with zero velocity from its dis-
placed position, allowing the representative point to proceed
along the circular trajectory, defined by the initial displace-

dz

v=g'=
dr



3

ment, until the representative point arrives at the intersection
between the undamped trajectory and the damped trajectory
represented by the “fast” asymptote. At this point the damp-
ing is switched on, and the representative point, P(x,v), moves
rapidly along the fast asymptote into the proximity of the sta-
ble singular point at the origin, which is the equilibrium posi-
tion of the system.

The fast asymptote is, thus, the equivalent of a switching
line, except that the switching action is not initiated by the fast
asymptote, but rather by determining the interval of the un-
damped motion so that at the time of switching the representa-
tive point will be at the fast asymptote.

However, due to errors in the timer, it may happen that the
switching from the undamped to the damped state of the
system occurs either too early or too late so that, instead of
proceeding directly to the origin along the fast asymptote, the
representative point will proceed along one of the neighboring
trajectories, become “‘captured” by the ‘‘slow” asymptote
and, thus, never reach the origin, or the equilibrium position.
To remedy this failing, the original cycle, consisting of a first
time interval of free, undamped motion followed by second
timed interval of damped motion, is repeated by starting a new
interval of undamped motion from the final position of the
representative point at the slow asymptote. After completing
the second cycle, the point will again virtually come to rest on
the slow asymptote. The second encounter of the representa-
tive point with the slow asymptote represents a position closer
to the origin, than at the first encounter after the first damping
cycle. Thus, by iterating the process a number of cycles, it is
possible to get as close to the origin as desired, despite errors
in timing of the free, undamped interval of motion.

It is apparent that the slow and the fast asymptotes, which
are characteristic of the system, serve as reference or
guidelines, and that in particular the slow asymptote will
establish a fixed reference line, from which the undamped mo-
tion will start each cycle, thus preventing a cumulative error in
position of the system state point, or representative point P,
for a single, constant error in the timing of the undamped in-
terval of motion.

This type of damping process is of particular value in the
damping of a meridian-seeking gyroscope so that it will come
to rest in or near to the meridional plane rapidly and from any
initial displacement.

The use of the fast asymptote and the slow asymptote as *-
switching lines™ is a special case of the more general approach
of employing any two selected switching lines, one to deter-
mine the time for applying the supercritical damping and the
other to determine the time for removing the damping and al-
lowing undamped or proper motion.

The determination of the interval of time for the representa-
tive point P to intercept the selected switching line at the end
of the initial undamped motion is simplified if the moving ele-
ment of the system starts with no initial velocity. This is ac-
complished by applying supercritical damping simultanecusly
with the release of the system from its initial displacement.
This brings the slow asymptote into existence, and as a result
the representative point, which is now moving on a damped
trajectory, cannot cross the slow asymptote, but comes vir-
tually to rest thereon, so that the undamped motion will be in-
itiated from the slow asymptote.

The apparatus for selectively applying the damping force in-
cludes a means for sensing the speed at which the element
moves toward its equilibrium position. The apparatus further
includes a means responsive to the sensing means and thus to
the instantaneous velocity of the element for generating a
damping force that is proportional to the velocity of the mov-
ing element. This damping force is applied to the moving ele-
ment through a timer which sets the interval of time during
which the damping force is applied and also sets the interval of
time between the applications of the damping force, when
iterative damping is employed.

The time interval between the applications of the damping
force, as well as the magnitude of the damping force are ad-

3,577,646
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justable to compensate for changes in operating conditions,
for example to compensate for changes in latitude when the
moving element is the spin axle of a meridian-seeking
gyroscope.

Alternatively, the generated damping force may be propor-
tional to the square of the instantaneous velocity on it may be

. primarily proportional to the instantaneous velocity below a
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first selected magnitude of velocity and primarily proportional
to the square of the instantaneous velocity above a second
selected magnitude of velocity.

BRIEF DESCRIPTION OF THE DRAWINGS

The above and other features and advantages of the present
invention may be understood more fully and clearly upon con-
sideration of the following specification and the accompany-
ing drawings in which:

FIG. 1 is a phase-plane representation of the normalized
motion of an undamped oscillatory or vibratory element;

FIG. 2 is a phase-plane representation of the normalized
motion of an over-damped or supercritically damped moving
element having oscillatory motion;

FIG. 3 is a block diagram of the damping apparatus in ac-
cordance with the present invention;

FIGS. 4 and 5 are graphs of the damping ratio versus time of
the iterative damping in accordance with the present inven-
tion;

FIG. 6 is a phase-plane representation of the general
method of iterative damping in accordance with the present
invention;

FIGS. 7 and 8 are phase plots graphically depicting a
preferred method of iterative damping in accordance with the
present invention;

FIG. 9 is a phase-plane representation of the motion of an
undamped element and a supercritically damped element
along the fast asymptote;

FIG. 10 is a phase-plane representation graphically depict-
ing the iterative damping in accordance with the present in-
vention for a moving element having a negative initial angle;
and

FIG. 11 is a phase-plane representation of large initial angle
undamped motion of a moving element which has a restoring
force that is proportional to the sine function for the displace-
ment.

DESCRIPTION OF THE PREFERRED EMBODIMENTS

Devices that have elements that oscillate or vibrate about an
equilibrium position may be analyzed more easily by consider-
ing mathematical equations for the motion of the element and
graphical plots of the solutions of the equations for the mo-
tions of the device.

In one embodiment of this invention the device having an
oscillatory element having periodic motion about an equilibri-
um position is a meridian-seeking gyroscope, although the in-
vention is in no way limited to this particular device for it is
equally applicable to any device having oscillatory motion,
such as ordinary gravity pendulums, bifilar and trifilar pendu-
lums, torsion pendulums, spring-centered shafts and spring-
suspended masses, for example. However, a meridian-seeking
gyroscope will be employed in describing the invention.

In general there are two types of meridian-seeking
gyroscopes, either of which could be used in describing the in-
vention. These are the pendulous gyroscopes and the nonpen-
dulous gyroscopes. The pendulous meridian-seeking
gyroscope will be employed in this description.

Such a gyroscope includes a spinning rotor, spin axle,
suitably mounted in a stator frame, with means for keeping it
spinning. The gyroscope proper is enclosed in frame, which is
a pendulous horizontal axis gyrocompass has 2° of freedom, 1°
of freedom about an elevation axis and another degree of
freedom about an azimuth axis. In using a pendulous
gyroscope to describe the invention, the spin axle movement
will be taken to be synonymous to movement of the frame en-
closing the gyroscope proper of the illustrative gyroscope.
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For small angles of displacement the equations of motion of
a damped pendulous meridian-seeking gyroscope may be writ-
ten in the simplified form

cd‘”+Hw Hd0 n
and
H‘“-}-Ma 0 @)

where C is the damping moment coefficient about the azimuth
axis;  is the azimuth angle, with the angle being positive to
the east; H.is the angular momentum of the gyro rotor about
the spin axis; ) is the local horizontal component of the
earths’s spin velocity, w,; © is the elevation angle, which is
positive upward; M is the pendulous moment about the eleva-
tion axis; and ¢ is time.

In these equations, 1 and 2, the damping about the elevation
axis and the moments of inertia of the gyro container and the
gyro wheel about the two axes perpendicular to the spin axis
have been neglected. These quantities are negligibly smali
compared to the remaining quantities, and are generally
ignored in analyzing the performance of a pendulous meridi-
an-seeking gyroscope. The absence of these quantities in the
following mathematical equations in no way invalidates the
results of the analysis, but makes the system amenable to
phase-plane representations. Additionally, it is convenient to
normalize equations 1 and 2 by introducing nondimensional
time defined by Y=w, ¢, where w, is the natural undamped
frequency of the system given by

200
. H
and by setting
Cwo =925
He
and .
Wb
o= £

8 is commonly called the damping ratio and is defined as the

ratio of the actual damping moment coefficient, C, to the.

- hypothetical damping coefficient having the value 2H/w,,
which hypothetical damping coefficient produces critical
damping. When these substitutions are made in equations

1 and 2 the following results:
"6 +l// d (3)-
and g
Ve
;‘1};‘+ E—' 0 (4)

As is well known, the end of a spin axle of an undamped
gyroscope traces an elliptical path in a vertical plane which is
perpendicular to the meridional plane with the major axis in
the azimuth plane and the minor axis in the meridional plane.
With the substitution

wof

=t

the elliptical path normally traced by the spin axle becomes a
circle, which greatly facilitates the representation of the mo-
tion. The damped motion will, of course, be correspondingly
modified since the elevation and azimuth axes now have the
same scale factor.

Separating the variables in equations 3 and 4 results in the
equations

24 25284 y=0 5)
=3
T dr (6)
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6

Equations 5, which represents the azimuthal motion, is a
second order differential equation having a single parameter
8, which denotes the damping ratio of the system. Thus, §<1
represents an under-damped system, the solution of which can
be expressed by a damped sinusoid. 6=1 results in “critical”
damping which gives rise to a damped linear algebraic func-
tion, while 8>1 represents an over-damped or supercritically
damped system. Finally, in the case where §=0, the solution is
an undamped sinusoid representing, for small angles, a simple
harmonic motion. .

The solution of the equations, 5 and 6, for the undamped
case and for the supercritically damped case, where §>>1,
are respectively given by

=i, cos T—&y sint (5a) &gsinégcost (6a) for
&0, and the set of solutions

Y= e"f[t,//o cosh g7 —= 'ﬁ ] sinh nr] (5b)

=e‘5'[’;’ cosh 711'—{- smh 111-] ( ﬁb)

for 8> 1, where s, is the initial a21muth angle, £, is the initial
elevation angle, and 7 Vo1,

Equation 5 is a general equation for a damped linear oscilla-
tory system that has a single degree of freedom. A single-
degree-of-freedom spring system is an example of such a
system. A discussion of this system and the resultant dif-
ferential equation is set out in the Den Hartog book -
Mechanical Vibrations™ at pages 24 to 26. Additionally, equa-
tion 5 is the same for both pendulous and nonpendulous
meridan-seeking gyroscopes for their azimuth motion, where
¥ is the azimuth angle and § is the damping ratio about the
azimuth axis. For a nonpendulous gyroscope, however, the
natural frequency of the undamped motion is given by

_
wo —\/Tv

where I is the moment of inertia about the azimuth axis.

For purposes of better illustrating the present invention the
behavior of the gyroscope is depicted in a special type coor-
dinate plane known as the phase plane in which the nondimen-
sional azimuth velocity, dyy/dr, of the spin axle is plotted -
against the azimuth displacement, i, of the spin axle. Phase-
plane diagrams are useful in analyzing oscillatory systems and
a specific example is set out at pages 353—363 of the above-

referred to book by Den Hartog. By introducing the abbrevia-
tion S
ay
. 4
v T dr

equation 5 can be rewritten as follows:

v sy y=0
dy "N
in which the dimensionless time 7 has been eliminated to ob-
tain an equation in { and ¢'. The solution of equation 7 is the
locus for the spin axle in the ¢, ¢/’ plane.
A point P may be employed on the phase-plane diagram to
represent the state of the system at any instant. Thus, point P
represents the displacement and velocity of the end of the spin

axle at a particular time and will be hereafter referred to as the
representative point P. '
When the damping ratio §=0, equation 7 reduces to
d¢’
which has the well-known solutlon o
¥'=HaxC 6]

where the constant on the right side is
determined by the initial conditions. Thus, if at 7=0, =0 and
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Y=, this constant, C, will be equal to 2 and equation 9
becomes

Y Hgraxy,k. (9a) This is the equation of a family of
concentric circles of radius s, and corresponds to the
undamped precessional motion of the gyro due to the action
of the pendulous moment in conjunction with the earths’s
rotation.

The phase-plane representation of equation 9a is depicted
in FIG. 1 with curves a, b, and ¢ representing some of the
possible solutions. In FIG. 1, the representative point P moves
clockwise with constant angular velocity along the circular
trajectory of radius i,. The instantaneous position of point P is
defined by the angle 7, which, according to convention, is
negative. The instantaneous values of ¢ and 104’ are thus
given by Y=, cos T and "=, sin 7.

An alternative way of considering the undamped preces-
sional motion of the spin axis of a meridian-seeking gyroscope
would be to plot displacement éwhich is proportional to the
displacement along the elevation axis, against the displace-
ment ¢s along the azimuth axis, that is, to plot the behavior of
the gyro using the ¢, ¢ coordinate plane. Since £ equals nega-
tive §' (equation 6), this coordinate plane may be represented
by taking FIG. 1 and rotating the phase-plane representation
through 180° about the ¢ axis. This will produce the more
familiar ¢, ¢ plane, in which the motion proceeds counter-
clockwise, and the angle 7 is positive.

For supercritically damped systems, where >>1, it will be
seen that the solution for equation 7 results in a phase-plane
representation that is drastically different from the plot where
&=0, which is depicted in FIG. 1. The solution curves of equa-
tion 7 for 8>>1, form a family of trajectories as depicted in
FIG. 2. These trajectories are virtually straight parallel lines,
such as lines -4 in FIG. 2, except in the region surrounding
the straight line marked A1-Al. The equation for line A1-Al
is ¢’ + (8—V&—1=0. This line as an asymptote that cannot
be crossed by any solution curve and all of the latter will there-
fore approach this line asymptotically and will then move
along it toward the singular point at the origin, 20.

For example, as shown in FIG. 2 a trajectory point P starting
at given initial conditions Y=, ¥'=y," will travel on the
trajectory f passing through the point i, ¥,' approaching
Al-A1l asymptotically while moving toward the origin 20,
which is the point of stable equilibrium.

The motion along asymptote A1-A1 is the slowest approach
to the origin, which approach is representative of the -
creeping” motion generally encountered in overdamped
systems.

In the present invention a supercritical damping ratio is em-
ployed. For illustrative purposes it is assumed that this damp-
ing ratio is 10 times the critical damping. Such a large value of
damping ratio as =10, causes the motion along the line
A1-A1 to be so slow as to make the settling time of the gyro
hundreds of times longer than can be practically tolerated.
However, as will be described hereinafter, the otherwise un-
desirable characteristic of the slow asymptote is employed in
the method and apparatus of the present invention to aid in
bringing the oscillatory or vibratory element to rest at or near
the equilibrium point in a relatively short interval of time.

The trajectory along the line A2-A2, which passes through
the origin 20, as shown in FIG. 2, constitutes a trajectory of
fastest approach to the origin. Thus, if a trajectory originates
on this asymptote, A2-A2, or is by some means made to enter
thereupon, the representative point P will move rapidly along
the asymptote toward the origin and reach the proximity
thereof in the shortest possible time. The equation for line
A2-A2is

WHE+ 8—1) ¢=0.

Since the origin is a stable singular point, the representative
point P travelling along the fast asymptote comes to rest in the
proximity of the meridional plane, which plane passes through
the origin and is perpendicular to the i axis.
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The slow and fast asymptotes A1-Al and A2-A2, respec-
tively, in FIG. 2 are displaced from the axes ¢, 104’ by an
angle «. This angle a is directly dependent upon the selected
damping ratio 3, and since by definition,

1 Cuy

=2 THe
8§ is directly dependent on the basic characteristics of the
system. As the damping ratio & increases, the angle «
decreases and for an infinite damping ratio 8, a would be zero
so that the fast asymptote would coincide with the ¢’ axis and
the slow asymptote would coincide with the ¢ axis of the
phase-plane representation in FIG. 2.

As depicted in the phase plane, where ¢ is assumed to be 10,
FIG. 2, the family of curves resulting from the solution of
equation 7 consists of trajectories that are virtually straight
parallel lines, except in the vicinity of the slow asymptote,
A1-A1l. The trajéctories for 8=10 are more nearly perpen-
dicular to the ¢ axis than shown in FIG. 2 and the subsequent
FIGS. of the drawing. This is because the angle a is exag-
gerated to show more clearly the relationship of the terms of
the equations. For example, the angle « in FIG. 2 is depicted
as being between 6° and 7°, while in actual practice the angle
is less than 3° for a damping ratio §=10.

As the damping ratio 8 is increased above the assumed value
of 10, the trajectories become straighter and more parallel to
each other up to the point where the damping ratio is infinite
and the trajectories become paraliel to the ' axis. Conversely,
as the damping ratio is decreased below 10, the family of
trajectories become less straight and more curved up to the
point where 8=0, with a resultant family of concentric circles.
Trajectories for 8=1.25 are shown in FIG. 8.23 on page 356 of
the above-identified book. The shortest possible time in which
the gyro spin axis can be brought to the meridian plane, as -
seen by combining FIGS. 1 and 2, is to bring the representa-
tive point P along a circular trajectory representing undam-
pened motion onto the fast asymptote A2-A2 and then allow
point P to follow this asymptote to the origin, which is located
in the meridian plane.

An apparatus for performing the method of the present in-
vention is depicted schematically in the block diagram of FIG.
3. For illustrative purposes, the device to be controlled is as-
sumed to be a meridian-seeking gyroscope having preces-
sional motion with displacement about both azimuth and
elevation axes.

The operation of the control system depicted in FIG. 3 is
described with reference to the phase plane as representative-
ly depicted in FIGS. 1 and 2. The azimuthal movement of the
spin axle of the gyroscope is set forth by equation 7 and con-
forms to the solutions of this equation, when &0 and =10 as
depicted in FIGS. 1 and 2, respectively. The inputs to the
gyroscope, which are shown schematically on FIG. 3, are £’
and —2 8y’ to which the gyroscope responds with the outputs
Y and §’'. When 8 equals zero the only input is £ and the
gyroscope executes a simple harmonic motion, the preces-
sional motion depicted in FIG. 1. On the other hand, for &
equal to 10, the motion of the gyroscope, which is described
by the representative point P, will be along one of the trajecto-
ries shown in FIG. 2. -

The control system operates on the azimuth motion of the
spin axle, which is the oscillatory of vibratory element of the
meridian-seeking gyroscope 1 in FIG. 3. The control system
includes a pickoff 1 coupled to the azimuth motion of the spin
axle of the gyroscope 1 and has an output representative of the
displacement and velocity of the gyroscope spin axle in the
azimuth plane. The output of the pickoff 2 is amplified by am-
plifier 3 and applied to motor 4. The output of the motor 4 is
coupled back to the input of the pickoff 2 through a speed-
reduction mechanism, such as a gear box 5. The displacement
output of the gear box combines with the displacement output
from the gyroscope to form a summing junction 6. The
coupling between the gear box 5 and the motor 4 and the gear
box 5 and the summing junction 6 is mechanical, which

5 mechanical coupling is shown by dotted lines in the drawing.
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Thus, the azimuth motion of the gyroscope 1 is followed up by
a servosystem consisting of pickoff 2, amplifier 3, motor 4,
and gear box 5.

A typical pickoff and servoloop for a meridian-seeking
gyroscope is described in the copending U.S. Pat. application
Ser. No. 529,325, filed Feb. 23, 1966, by Leonard R. Am-
brosini and assigned to the same assignee as this application
now U.S. Pat. No. 3,512,264. For purposes of illustration, it
will be assumed that the gyroscope 1, pickoff 2, amplifier 3,
motor 4, and gear box 5 of FIG. 3 are similar to the cor-
responding elements in the referenced application.

The output of the motor 4 is also applied to a tachometer-
generator 7, the output voltage of which is applied to an am-
plifier and demodulator 8. The output voltage of the tachome-
ter-generator 7 is representative of the angular velocity and is
proportional to the angular velocity of the spin axle in the
azimuth plane and is applied to a timer and damping con-
troller 9 for generating a damping torque about the azimuth
axis, which torque is proportional to the instantaneous
velocity of the spin axle in the azimuth plane. The damping
torque is applied to the oscillatory element, that is to the
gyroscope 1 through a torquer 10.

15

20

In the servo described above, the 'gear box 5: allows the

motor 4 to run at a relatively high speed for more uniform mo-
tion. This relatively high speed also increases the output volt-
age of the tachometer-generator 7 mounted on the shaft of
motor 4. The relative displacement between the gyrodriven
part of the pickoff 2 and the motor-driven part of the pickoff 2
generates an error signal e. This error signal is amplified by
amplifier 3 and applied to the motor 4 with such a polarity that
it reduces the pickoff error signal. Phase and amplitude com-
pensation may also be provided in the amplifier to improve the
servoresponse.

Additionally, the stability of the servo may be improved by
applying the velocity feedback signal from the output of the
tachometer-generator 7 through a feedback network 12 to the
input of the amplifier 3 as shown in FIG. 3.

The output voltage of the tachometer-generator 7, which is
proportional to the azimuth velocity dyy/dt, is amplified and
demodulated in the amplifier and demodulator 8 and then fed
to the timer and damping controller 9, which controls the in-
puts to the gyroscope torquer 10.

The gyroscope torquer 10 is depicted to FIG. 3 by coils 13
and 14, whose axes are at right angles to one another. Coil 13
is mounted on the gyroscope housing and carries a constant
current 1. Coil 14 is mounted on the servo followup of the
gyroscope and carries a variable current I, which is propor-
tional to the tachometer-generator 7 output voltage, which is
proportional to the output velocity dii/dt of the gyroscope.
Coil 13 cooperates with coil 14 so that when both coils are ap-
propriately excited a torque will be developed about the
azimuth axis of the gyroscope. The gyroscope torquer 10 thus
furnishes the damping term (28y) about the azimuth axis of
the gyroscope. The torque exerted by one coil on the other is
given by T=C,I,],, where C, is a constant of proportionality.
Since I, is constant and I, is proportional to ', it is evident
that T=C/', where C, is another constant of proportionality.
By giving I, the proper value so that C,=C,1,;=28, one thus
achieves that T=28y', which is the desired instantaneous value
of the damping torque to be impressed upon the gyroscope.
While the damping torque is shown in FIG. 3 as being applied
to the gyroscope or moving element by way of a torquer, it
could be applied in any suitable manner. For example, it could
be applied by use of some type of coulomb damping or viscous
damping.

After the gyroscope has reached its operating speed and has
generally been oriented in the direction of the meridian by
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Timer and damping controller 9 includes a constant current
generator 16 and a variable current generator 17, which is
responsive to the output voltage of the tachometer-generator
7 through the amplifier 8 and thereby responsive to the instan-
taneous velocity dy/dr of the gyroscope about the azimuth
axis. The outputs of the generators 16 and 17 are applied to
the torquer 10 through transmission gates 18 and 19, respec-
tively. The conduction states of the transmission gates 18 and
19 are controlled by the output of a variable timer 21. When
the variable timer has an output signal of a particular polarity
the gates will be placed in their conduction state to pass the
signal from the associated current generator. In this manner,
the duration of the interval of each damping pulse may be con-
trolled as well as the interval between the damping pulses. by
programming the variable timer 21. Additionally, the applica-
tion of the first damping pulse may be controlled and may be
timed to take place at the moment of uncaging, as representa-
tively shown in FIG. 4, or at some later selected time, as shown
in FIG. 5. In the charts of FIGS. 4 and 5, the application of the
damping ratio 8 is shown on a time scale, the time intervals
being predetermined by the variable timer 21. The curves 22 .
and 23 of FIGS. 4 and 5 occur at the same time as the output
signal from the variable timer-21 which opens the transmission
gates 18 and 19. The time scale and the intervals of time on
FIGS. 4 and 5 are shown for an illustrative meridian-seeking
gyroscope having a natural undamped period of 240 seconds
at a particular latitude.

Ideally, during the initial period after uncaging, the
gyroscope precesses without damping for the length of time
required for the representative point P on the circular trajec-
tories of FIG. 1 to intersect the fast asymptote A2-A2 of FIG.
2. At this time, the full damping torque is switched on by the
timer, and as a result, the representative point P travels along
the fast asymptote A2-A2 into the meridian plane where it
comes to rest.

The method includes in the preferred case the use of the
asymptotes, in the displacement-velocity representation (FIG.
2) of a supercritically damped system, as reference lines or
switching lines, to determine when the damping should be ap-
plied or removed. The asymptotes, which are defined in the
displacement-velocity plane of the motion by the magnitude
of the supercritical damping ratio of the system, pass through
the origin of the displacement—velocity plane and have the
slopes of (—8—V&—1) and (—&+V32—1), respectively, for
the “fast” and the “slow” ‘asymptote. For high supercritical
damping, the slow asymptote forms a relatively small angle
with the dxsplacement axis, whlle thwej;a_st asymptote forms an
equal angle with the velocity axis. Motion originating on or
entering upon the slow asymptote requires infinite time to
reach the equilibrium position, generally known as a “creeping

_motion,” while motion along the fast asymptote reaches the

proximity of the equilibrium position in the shortest possible
time.

In the preferred method, the fast asymptote represents the
ideal sw1tchmg line for applymg the damping torque. Instead
of using the fast asymptote as the switching line, or the fast
and the slow asymptotes as switching lines, any two arbitrarily
selected switching lines can be used, as shown in the phase-
plane representation of FIG. 6, which is a combination of the

- circular trajectories of FIG. 1 and the family of trajectories for

65

70

some other means, for example a magnetic compass, the -

meridian-seeking operation may be initiated by uncaging the
gyroscope. At the time the gyroscope is uncaged, power isap-
plied to the control system of FIG. 3 from the power source
15. At this time the timing sequence established by the timer
and damping controller 9 begins.

75

5=10 of FIG. 2. The lines A1-A1 and A2-A2, respectively,
represent the slow and fast asymptotes, for a given supercriti-
cal damping ratio.

S1 and §2 are switching lines passing through the origin of
the ¢, ¢’ plane and forming an angle y between them. The
angle vy is proportional to the time interval of undamped
precessional motion along a circular trajectory from S1 to S2
in the phase plane for small angles of o, such that the system
is essentially linear. A timing sequence in accordance with the
present invention is provided whereby the gyroscope is
uncaged at an initial azimuth angle ¥, and then allowed to
precess undamped through an interval 7, at the end which the
undamped precession circle 30 intersects switching line S2 at
point C,. At this point the supercritical damping is switched on
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and the representative point P proceeds along the damped
trajectory 31, which is parallel to the fact asymptote, A2-A2,
until at By, it is intercepted by the switching line S1. The
damping is now removed and the gyro allowed to precess free-
ly with the representative point following a circular trajectory
32 for an interval given by the angle y between the switching
lines $1 and S2, at the end of which interval it is intercepted by
the switching line S2 at point C;. With accurate timing the
time intervals corresponding to the arcs BoCy; B,C,; B;C,, are
all equal. Similarly, the damped trajectory segments CoB;;
C,B;; C,B;, etc. all correspond to equal time intervals. As a
consequence, the representative point will follow the zigzag
path- between the switching lines until after a sufficient
number of cycles it reaches the proximity of the meridian
plane.

The ratio between the azimuth displacement amplitudes of
any two consecutive cycles is constant. Thus,

¥n-+1
n
One can then express the amplitude after n complete cycles
by Wn=(y,cos®) p* where p is the angle between the
switching line S1 and the ¢ axis.
One notes from FIG. 6 that
_¥n41
P="gn

= p=constant

will decrease as @ gets larger and vy gets smaller, resulting ina
greater reduction in amplitude after a given number of cycles.
However, unavoidable errors in timing make such an improve-
ment illusory since the absolute error in a timing interval
could under these conditions, even be equal to the length of
the interval itself. As a result, the “switching lines” will not
remain in their fixed, predetermined positions, but will shift
relative to each other, in such a way as to cause the mag-
nitudes of the angles ¢ and y to vary in a prohibitive and in-
determinate manner. To overcome the possibility of errors in
timing, the slow asymptote is alternatively used as one of the
switching lines. In this way, every undamped interval will be
commenced from a fixed reference line.

Although the use of the slow asymptote as a reference for
the initiation of the undamped intervals tends to ensure that
the end of the undamped interval and the beginning of the fol-
lowing damping interval will occur at the point where the
trajectory of the undamped precession intersects the fast
asymptote, other circumstances. may conspire to end the un-
damped precession interval either before or after intersection
with the fast asymptote. Thus, the timer will be subject to er-
rors, for example, the local latitude is not always accurately
known, the period of the gyroscope increases as the initial am-
plitude gets larger, etc., all of which adds up to the fact that
seldom, if ever, will the damping interval be initiated on the
fast asymptote, when it is selected as a switching line.

Thus, even when the fast asymptote is selected as the
switching line for the application of damping, the damping is
made iterative, i.e., the cycle, made up of the undamped inter-
val and the damping interval, is repeated a sufficient number
of times, so as to reduce the amplitude of the gyroscope to an
acceptable value. The iterative damping, with the slow and
fast asymptotes used as “switching lines,” is depicted graphi-
cally in FIGS. 7, 8, and 10.

In FIG. 7, it is assumned that the error, At (corresponding to
an error of Ar/wo in real time), in the undamped time interval

To =%—2¢z

is negative, so that the damping interval is initiated premature-
ly, at B, an angle At ahead of the fast asymptote, thus making
the switching line S3 pass through B. As a result, the damped
motion now takes place along the trajectory 40 which passes
through point B. The magnitude of the error angle A7 is exag-
gerated in FIGS. 7, 8, and 10, similar to the exaggeration of
the angle a for ease of drawing. These angles are only illustra-
tive and are not limiting.
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The trajectory 40 is virtually parallel to the fast asymptote
A2-A2, and is “captured” at point C by the slow trajectory
Al-Al, on which it comes to a virtual stop and then “creeps”
toward the origin at an extremely low rate. A few seconds
after the representative point has been *‘captured” by the slow
asymptote, the damping is switched off by the timer, and the
gyroscope resumes its free precession, with the representative
point P now moving along the circular trajectory 41 or arc
CD. Since the angle COD=AOB=, it is clear that, at the end
of the undamped time interval the representative point P will
be at D on the “‘switching line”” OB, or §3. This switching line
S3 is defined by the equation Y-+’ tan (a+A7)=0, while the
ideal switching line, i.e., the fast asymptote has the equation
Yrhp tan aa=0. At the end of the undamped time interval, the.
timer 21 again switches on the damping and the representative
point now proceeds along the damped trajectory 42 through
D, until it is captured at E by the slow asymptote. The iteration
may be continued in this manner, until the amplitude of the
gyroscope oscillation has been reduced below the magnitude
of the allowable error.

When the timing error is positive, and the undamped trajec-
tory extends an angle Ar, beyond the fast asymptote, the
damping process will have the appearance shown in FIG. 8,
which is self-explanatory in view of FIG. 7, with the second
switching line now being defined by the equation: Y+’ tan
(a—A=0.

In order to determine the attenuation of the gyroscope am-
plitude after a certain number of iterations of the damping
process, one may apply the following considerations: the angle
a is less than 3° for §=10, so that by reference to FIGS. 7 and
8, it is seen that s, =~,A7 or

—_

0

AT

Since this ratio is constant for a given error, At, one obtains
readily the residual amplitude of the gyroscope oscillation
after n iterations: ¥,=y,(AT)™.

For an exemplary meridian-seeking gyroscope one can, for
the purpose of illustration, assume that one-quarter period of
undamped precession will require about 60 seconds. The
transversal of the arc between the slow and fast asymptote
then requires, approximately 56 seconds for a damping ratio
of 10. Assuming the very pessimistic value of A7=0.05 rad., or
Ar=seconds, the undamped interval will be about 56 seconds
=+ 2 seconds. From both analytical and graphical investiga-
tions, it has, furthermore, been found that 12 seconds of time
is adequate for the damped interval, as well as for the initial
damping interval. The time interval sequence to be generated
by the timer 21 will thus have the appearance shown schemati-
cally in FIG. 4, where the negative timing error, A7, of minus
0.05, or the equivalent of minus 2 seconds has been assumed.

If the initial amplitude is, say 5°, the amplitude of the
gyroscope after four iterations of the damping cycle will be
U= (0.05)*3.125X10% degrees =~0.1 seconds of arc. In
fact for this small initial amplitude sufficient accuracy is ob-
tained in most cases with only three cycles of iteration, since
¥="(0.05) 3=2 seconds of arc. Furthermore, for many appli-
cations even two iterations, for which ¥,=40 seconds of arc
would be adequate.

The interval for damping along the fast asymptote for the il-
lustrative gyroscope having a natural undamped period of 240
seconds may be calculated by reference to the phase plot of
FIG.9.

The two asymptotes on the phase plot are derived in the fol-
lowing manner. The diagram depicts the solution for the equa-

tion , d‘pl 950/ L p=0
dy’
Setting o
and solving equation (7) for ¥', one obtains
=V
V=T (12)
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which, for any constant value of m, defines a straight line
through the origin of slope —1/m+28. Thus, in the y, (¢’ plane
(the phase-plane), every solution curve or trajectory must
cross the isocline, given by equation (12), with the slope m.
Isocline is the mathematical term for a curve, such that when
crossed by a family of trajectories, every trajectory crosses the
curve at the same slope with respect to the coordinate axes. By
assigning different values to m, a family of isoclines results, the
m-values of which define the slope of the trajectories that
cross them. '

There are several specific values of m that are of special in-
terest. Thus, the isocline for m== is '=0, i.e., the $-axis, and
all trajectories must cross this axis at right angles to it. Of par-
ticular interest is the case in which the directions of the trajec-
tories are the same as the direction of the isocline, or

v
"y
Substituting this value of ¢'/{ in equation (12) gives a second
degree algebraic equation in m, the roots of which are

=—bx VE—

Substituting these two values of m in equation (12) gives the
two isoclines

1, orm=—5%9

(12a)

(12b)

Since the slopes of the trajectories must be parallel to these
two isoclines at every point on them, the trajectories cannot
cross, but must approach these lines asymptotically. Equations
(12a) and (12b) thus define two asymptotes of the phase
plane. The asymptote defined by equation (12a) has a small
negative slope, while the one defined by equation (12b) has a
large negative slope. Equation (12a) defines the slow asymp-
tote and equation (12b) defines the fast asymptote. These
equations can be rewritten in either of the following forms.
Slow asymptote:

Y+ (8+n)yY'=0 (12ai) or Y'+(&—n)=0 (12aii)
Fast asymptote: ,
Y+(8—n W'=0 (12bi) or Y'+(8+n =0 (12bif)

The asymptotes are drawn on the phase-plot of FIG. 9, with
the slow asymptote being line 45 and the fast asymptote being
line 46.

Assuming a representative point P starting at the intersec-
tion of the circular trajectory for undamped precession with
the fast asymptote and the application of damping at this time,
the time interval for damping can be calculated.

The equation (12bii) for the fast asymptote, line 46 can be
written in the form .

d¢ _(5+7))‘P (13)
and solving this for 7

=t (W

‘ "a+nf¢ (14),
or

.——1' + —Iny+C (15)

At the beginning of the damping mterval =0 and tb=\l/(0),
which makes'
Iny(0)
d-k7
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The dimensionless time along the fast asymptote becomes
then 1
=5 g (0) ~Ing] (16)

Since q is small, 1ess than 3° for 6= 10 one may set

“tan ama=8—n=8—188— L= 6—-‘/52(1_%

—‘/ 1—;- Since <<1 ;2 can be approxi-

mated by l—i: so that 6—é 1————6 6+ 5 Thus

tan ema=8—ymg

Again, because of the smallness of , one can write
$(0)=yoa=Le

Consequently, the dimensionless time 7 along the fast
asymptote is given in terms of the distance § from the origin:

In (26)—ln ¥

B L (17)
corresponding to the real time.
In (28 ) In ¥
b= (et (18)

Since 1n (0)=—x, it is seen that even along the fast asymp-
tote it theoretically requires infinite time to reach the origin.
This presents no problem, however, since it is not necessary to
reach the origin, but only to get sufficiently close to it in a
reasonable time. To obtain a numerical answer, as an exam-
ple, let it be assumed that the time to approach within one
second of arc_of the'origin, which is very little error or dis-
placement from the equilibrium position, is desired for a linear
system with an initial azimuth angle of

1
=15
radian. The Y-axis position of one second of arc is then, ap-
proximately, 5X10%o.
Substituting this value of ¢ and the natural undamped
period for the frequency wo in the expression for ¢, (equation
18) the following result is obtained:

: (10,000)
"\

P=" w0 (@)
=T ' 'i;’"(iﬁ,ﬁ(ﬁ)ﬁ)— T
27 (8+n) (20)
For the illustrative gyroscope having a natural undamped

period T of 240 seconds and a damping ratio of 10, the time to
reduce the displacement from 0.1 radians to 1 second of arc is

or (19)

240

t=2r(19.05) ™

(10 ,000

+=13.3 seconds.

For the example of an initial displacement of ,=0.1 radians
and a residual displacement of ¥=1 second of arc the ratio o
between the damped interval of time and the undamped inter-
val of time may be written

, T In (20 ,000
o= -
%f&t 2w ———)(6-|-17)
. T 1
or, since 71;»5’

_6.3—0.635 In (25)
6+1
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The general expression for the ratio between the damped in-
terval of time and the undamped interval of time is

Yo
: _T[ln -2—5«)—1n ://:l
74——211 2% %—%)(6-}—71) (21)

The above analysis also holds true for negative azimuth an-
gles. A phase representation of iterative damping for an initial
negative azimuth angle and a negative timing error is shown in
FIG. 10.

All of the previous considerations and results have been
based on the assumption that the initial angle, ¥, of the
gyroscope oscillation is small, say less than 5°, so that the un-
damped precession angle, 7,, is independent of the magnitude
of ,, that is, the system is assumed to be linear. Actually, this
is of course not generally true as the magnetic compass used
for rough alignment of the meridian-seeking instrument with
the meridian, may have a large unknown declination at the
point of setup of the instrument, and as a result the initial
angle ), may become too large to justify the assumption made
in setting up equation 1, namely that sin y==. Consequently,
the more exact equation for the undamped precessional mo-
tion of the gyroscope, in the phase-plane coordinates, is

g=

T

ay’
y & F in =
v av ~-sin 0 (22)
If this equation is integrated twice and solved for the dimen-
sionless time, 7, one obtains the undamped precession interval
between the two asymptotes:

123 ay
T Ty — T = T
¥t 4/2(cos ¥ —cos Fy)
Yo COS av
wosine 4/2(cos ¥—cos ¥p)

(23)

The above integral can be solved in terms of elliptic func-
tions, but this rather lengthy procedure can be evaded by
resorting to an approximation based on the following reason-
ing: Since the angle « is small, of the order of 3°, one may, for
the sake of simplicity, instead of considering the arc

()

consider the full arc (7/2), i.e., the quarter period. If one now
compares the length of the quarter period, for the case that U,
approaches zero with that for say, $;,=45°, one obtains the dif-
ference
AT [rolygess®— [rolgg=0

=1.633—1.571

=.062 radians
or

Aty= QT;A‘U =2.37 seconds

Thus, at the end of the first undamped precession interval,
7, the representative point P will be lagging by an angle Ar of
about 0.062 radians, in addition to the assumed timing error
Ar,. The ratio of the amplitudes after 1 cycle of damping will
then, be approximately

%=Afo+An=.05+.0612=0.112
(]
so that the initial 45° angle is now reduced to approximately
5°. As a consequence, in the next and the following damping
cycles, the error, Ay, due to the initial angle, vanishes, and
only the assumed timing error of 0.05 radians is present. Con-
sequently, after 4 cycles of damping, the initial amplitude of
45°is reduced to
Ps=0.112%(0.05)*x45°

~6.3x degrees

=2.27 seconds of arc.
It now becomes evident that even with much larger initial an-
gles, one can achieve a rapid attenuation of the gyroscope am-
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plitude of oscillation. For example,‘ taking }=90° and the
same timing error of 0.05 rad., one obtains in a similar manner
after 4 cycles of damping

P,~0.233%0.0552X(0.05)*}90°x3600=14 sec. of arc.
Obviously, by increasing the number of damping cycles to 5 or
6, adequate alignment with the meridian can be obtained with

initial angles approaching 180°, and with a total time for

alignment of about 8 min. (»=7). This is in contradistinction
to the long time required for alignment of a continuously

damped exemplary gyroscope when the initial angle
approaches 180°.

FIG. 11 is a phase-plane representation of the undamped
precessional motion of the gyro for initial angles between 0
and +180°. The portrait is shown only for one quadrant, since
the curves in the other 3 quadrants are the mirror images of
the adjacent quadrants. The curves begin to deviate ap-
preciably from the circular form, associated with small initial
angles, as the latter go beyond, approximately, 5° This is
made evident by the dashed curve 50, which represents t,~c
onst., which curve intersects all of the precession curves at
points of equal time, 7,, from the time of uncaging. Thus, with
the timing of the undamped precession interval kept constant
at the value 7,, the damping will be switched in at the point,
where the particular curve intersects the curve 5¢. This will
cause the representative point to proceed along a damped
trajectory toward the slow asymptote 51. Whether it arrives at
the asymptote before switching to the next undamped preces-
sion interval takes place, depends on the magnitude of the ini-
tial angle and on the length of time that has been allotted to
the damping interval. In the diagram of FIG. 11, there is illus-
trated the case of the gyroscope being uncaged at an initial
angle of 45°, which case has been considered in the discussion
of the numerical evaluation of the settling accuracy.

In FIG. 11, the representative point P proceeds along the
undamped precessional curve 52 for the interval of time al-
lotted for undamped precessional movement. The damping is
then applied and the representative point P now proceeds
along a damped trajectory 53 and approaches the slow asymp-.
tote 51. At the end of this first cycle the azimuth angle is
reduced from 45° to less than 5°. The damping cycles are then
repeated until the oscillatory element is within the allowable
error with respect to the meridian plane. It should be noted
that for large angles, neither the asymptotes nor the damped
trajectories are straight lines. However, this is of no con-
sequence for a qualitative evaluation of the behavior at large
initial angles.

For purposes of illustration, it has been assumed that the
damping ratio 8=10. However, this damping ratio may be
varied over a wide range.

The larger the damping ratio becomes, the shorter will be
the time interval required to deprive the gyroscope or other
oscillatory element of the velocity gained during the un-
damped precession interval. Thus, in the limit, as & ap-
proaches infinity, the trajectories of FIG. 2 becomes parallel
straight lines, perpendicular to the y-axis, while the slow and
fast asymptotes become coincident with the y-axis and {'-axis,
respectively.

This condition can, of course, not be realized. Furthermore,
it does not appreciably shorten the time of a single cycle. One
notes that the undamped precession interval is now

To=?-2r for Ar=0

while the interval along the damped trajectory is zero. Thus,
for the previously considered gyro period of 240 seconds, the
time of the undamped precession interval,

1'0-—2

5
will be 60 seconds, as compared with 54 seconds for 8=10, as-

sumning a negative timing error of 2 seconds. Thus, for four
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iterations after an initial damping interval of 12 seconds, the
total saving in time would be 36 seconds.

Although this case is only academic, it indicates neverthe-
less that very little time is saved by using even a very large
value of 8. This is, of course, due to the fact that most of the
time required for a complete cycle is used up in the more or
less constant undamped precession interval, Furthermore, the
power required for the damping torques increases at least as
&. Thus, increasing the magnitude of the damping ratio from
&=10 to, say, 8=50, would require at least 25 times more
power, as well as larger coils, in order to effect a time saving of
approxirnately 13 percent.

Consider now the case that the damping ratio be reduced
from 8=10 to, say 8=2.5. This increases the time along the
damped trajectory by about 4 times that for 8=10, while the
length of the undamped precession interval reduces to about

18

Alternatively, one may use a damping torque which for small
azimuth velocities is predominantly proportional to the
velocity, but which for high azimuth velocities is predomi-
nantly proportional to the square of the velocity. Such a

torque is given by T=Cp+ kMN @7

- where the value of the constant k is appropriately chosen so as

10

44 seconds for A=0. The time for a complete cycle including

the initial damping interval is now (4) (12)4+44=92 sec. This is
an increase of approximately 35 percent over the 68 seconds
per cycle for =10, which increase would be unacceptable in
many applications.

Thus, one can conclude from both practical and theoretical
considerations that, although no optimum value of the damp-
ing ratio exists per se, an optimum range of the damping ratio
may be found to exist between, say §=5 and =20, although §
may be any value over 1. The assumed value of §=10, used in
describing the iterative damping process, can, therefore, be
considered representative of this process.

When the meridian-seeking gyroscope is used at different
latitudes, it will be necessary to adjust the timing and damping
control 50 as to compensate for the change in latitude. How-
ever, such compensation need not be exact; an error of +1° in
latitude can be easily tolerated. The need for the compensa-
tion of the timing control is due to the fact that the period of
‘the gyroscope is a function of the latitude:

i Constant

Mo, cos A~ veos A (24)

so that in order to avoid an error in the undamped precession
interval, it is necessary to vary the latter with latitude in the
same way as T varies, i.e., instead of making the undamped
precession time interval ¢,, constant, one makes it vary in the
same manner as T:

_To_(T_ ‘/____H -
“"wo— 2 2"‘) M, cos A (25)

For this purpose, a latitude compensator 25 is provided in the
control system of FIG. 3 which will allow the same propor-
tional adjustment of each of the individual undamped preces-
sion time intervals depicted in FIGS. 4 and 5. This can be
achieved in several different ways, depending on the type of
timing device employed. With mechanically or elec-
tromechanically driven timers, the speed of the timer may be
varied in inverse proportion to the gyroscope period, i.e. in
proportion to+/cos A, so as to expand or contract the timing
sequence in a corresponding manner. In the case of an elec-
tronic timing device, either a variation in the electronic time
constants, or a variation in the integrator voltage of a timing
device, proportional to the gyroscope period, may be utilized
for the adjustment of the timing control.

Although the damping control system and method have
been described on the basis of employing torque linearly pro-
portional to the velocity of the azimuth motion, damping
torques that are not linearly proportional to the azimuth
velocity may also be used. One may, for example use a damp-
ing torque proportional to the square of the azimuth velocity

Ts=Cll¥ (26)

Tr=2r
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to suit the requirements.

Various changes may be made in the details of construction
of the system and in the method without departing from the
spirit and scope of the invention as defined by the appended
claims. .

I claim:

1. A method of damping the motion of a mechanical system
element which is oscillating about an equilibrium position, the
motion of the element having a substantially undamped natu-
ral period of oscillation, the method comprising the step of ap-
plying supercritical damping force to the element for a
selected interval of time commencing from when the ratio of
the instantaneous velocity of the element toward its equilibri- .
um position to the instantaneous displacement of the element
from its equilibrium position is approximately equal to the
ratio of 7 to the product of the undamped natural period of
oscillation and the damping ratio.

2. A method in accordance with claim 1 including the addi-
tional steps of repeating the step a selected number of times so
as to further damp the motion of the element.

3. The method in accordance with claim 1 wherein the
selected interval of time, ¢, is given by the expression

Yo
r[ln LI xlz]
27+ Vo—1]

undamped period, ¥, is the initial displacement from the
equilibrium position,  is the displacement from the equilibri-
um position at the end of said selected interval of time, and § is
the supercritical damping ratio.

4. The method in accordance with claim 1 wherein the su-
percritical damping force is proportional to the velocity of the
moving element.

5. The method in accordance with claim 1 wherein the su-
percritical damping force is proportional to the square of the
velacity of the moving element.

6. The method in accordance with claim 1 wherein the su-
percritical damping force is a function of the velocity of the
moving element.

7. A method in accordance with claim 1 wherein the super-
critical damping ratio is approximately 10.

8. A method in accordance with claim 1 wherein the super-
critical damping ratio is between 5 and 20,

9. The method of damping in accordance with claim 1 in-
cluding in addition a first initial step of applying supercritical
damping force to the element for a selected interval of time
and a second initial step of removing the supercritical damp-
ing force thereby allowing the element to move undamped
until supercritical damping force is reapplied in accordance
with claim 1.

10. The method in accordance with claim 9 wherein the
time at which the supercritical damping force is removed
precedes the time at which supercritical damping force is
reapplied by an amount which is approximately equal to the
quantity £, where ¢ is given by the expression

where § is the supercritical.‘damping ratio and T is the un-
damped natural period.

{=

where T is the natural

=



