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(57) Abstract: In general all the geophysical data sets are non-linear in nature and should be tackled in non-linear manner in order to
& preserve the subtle information, contained in the data. It was customary to linearize non-linear problems for mathematical simplicity
and to avoid tedious computations. The said invention presents a method to solve a non-linear inversion problem in non-linear
manner at the same time it avoids cumbersome mathematical computations without loosing any information contained in the data.
The efficacy of the invention is demonstrated on synthetic and field resistivity data, but it can be used for non-linear inversion of any
geophysical data, as the general approach of the geophysical inversion is same for any data set.
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NON-LINEAR INVERSION TECHNIQUE FOR INTERPRETATION OF
GEOPHYSICAL DATA USING ANALYTICALLY COMPUTED FIRST AND
SECOND ORDER DERIVATIVES

FIELD OF THE INVENTION

The present invention relates to an efficient non-linear inversion technique for
interpretation of geophysical data using analytically computed first and second order
derivatives.

The invention has wide range of applications in exploration geophysics i.e. for
interpretation of geophysical data to delineate groundwater zones, mineral deposits,
geothermal reservoir and subsurface mapping, which in turn can be useful for
hydrocarbon exploration. The invention presents an innovative inversion scheme,
which can be used to interpret various geophysical data in absence of amy prior
information. The said inversion technique has been applied to interpret 1D resistivity

sounding data.

BACKGROUND OF THE INVENTION

In geophysical inversion first a model of subsurface is assumed then the
theoretical geophysical response over the model is computed and it is compared with
the observed data. This process is repeated for various models until there is minimum
difference between the computed and observed response. Various inversion schemes
have been designed on the basis of relationship between a small perturbation of the
model and its effects on the observations, which are dealt in detail by Dimri V. P. in the
book entitled ‘Deconvolution and inverse theory’ published by Elsevier science
publishers in 1992. General approach of inversion of any geophysical data is same. In
case of resistivity inversion a guessed model for resistivity and thickness of different
layers is assumed and its theoretical response is computed. The computed results are
then compared with the observed apparent resistivity data. The process is repeated
iteratively till the difference between them is minimum. The theoretical apparent
resistivity values are computed for a guessed model, with the use of linear filter
described in detail by Ghosh, D.P. in his Ph.D. thesis, “The application of linear filter
theory to the direct interpretation of geological resistivity measurements’ Delft,

Netherlands, 1970. It is observed that generally the change in model space and
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corresponding change in data space are non-linearly related to each other. The gradient
methods to deal with this non-linear problem involve tedious and time consuming
mathematics of Hessian matrix consisting of second order derivatives terms hence, the
commonly used methods for the inversion of resistivity data are ridge regression and

Occam’s inversion, which solve the non-linear problem in linear fashion.

The ridge regression method was proposed in 1970 and was applied to various
geophysical data sets. References may be made to Marquardt, D.W. An algorithm for
least square estimation of non-linear parameters, J. Soc. Indust. App.Math.,11, 431-
441, 1963; Marquardt, D.W., Generalized inverse, ridge regression, biased linear
estimation and non-linear estimation, Technometrics,12, 591-612,1970; Horel, A.E.
and Kennard, R.W., Ridge regression: biased estimation for non orthogonal problems,
Technometrics, 12, 55-67, 1970; Horel, A.E. and Kennard, R.W., Applications to non-
orthogonal problems, Technometrics, 12, 69-82, 1970; and Parker, R.L., The inverse
problems of resistivity sounding, Geophysics, 49, 2143-2158, 1984.

Inman, J. R., was first to use the ridge regression method for inversion of resistivity
data to overcome the problem with’ small eigenvalues in Inman, J.R., Resistivity
inversion with ridge regression, Geophysics, 40, 798-817, 1975. In this method the
small eigenvalues encountered are increased by a factor known as damping parameter,
where choice of damping parameter is responsible for the stability of the inversion. The
method is also known as damped least square inversion where the non-linear problem is

linearized and it converges only when initial guess is close to the solution.

To overcome the problems associated with gradient methods involving difficulties
associated with computation of second order derivatives, Occam’s inversion method
was introduced by Constable, S.C., Parker R.L. and Constable, C.G., in Occam’s
inversion: A practical algorithm for generating smooth models from electromagnetic
sounding data, Geophysics, 52, 289-300, 1987 to find the smoothest model that fits the
magnetotelluric (MT) and Schiumberger geoelectric sounding data. References may be
made to Constable et al, 1987; deGroot-Hedlin, C. and Constable, S., Occam’s
inversion to generate smooth two-dimensional models from magnetotelluric data,

Geophysics, 55, 1613-1624, 1990; LaBrecque et al, The effects of noise on Occam’s
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inversion of resistivity tomography data: Geophysics. 61, 538-548, 1996; S. Weerachai,
and E. Gary-D, An efficient data space Occam’s inversion for MT and MV data: EOS,
Transactions, American Geophysical Union. 77(46) Suppl., p. 156, 1996; and Wei-
Qian, et al., Inversion of airborne electromagnetic data using an OCCAM technique to
resolve a variable number of layers: Proceedings of the Symposium on the Application
of Geophysics to Environmental and Engineering Problems (SAGEEP), 735-739, 1997,
where in a highly nonlinear resistivity problem is framed in a linear fashion. In order to
stabilize the solution the damping parameter of the ridge regression method remains the
part of the Occam’s inversion. The parameterization is carried out in terms of its first
and second derivative with depth and minimum norm solution provides the smoothest

possible model.

However the drawbacks of this technique are:

*  For mathematical simplicity an alternative way of minimization was proposed to
avoid computation of second order derivatives carrying useful curvature
information of the objective function to be minimized.

= Convergence in this technique is highly dependent upon the choice of damping
parameter or Lagrange’s parameter.

For practical purposes the Occam’s iteration steps are given as:
1
§; =— [aTa +p! {WG(x)T WG(x) }T [aTax —ptWG)T WA@(x)L:x,
where ‘i’ stands for iteration, . is Lagrange’s parameter account for smoothness, W is

weighting matrix, G(x) is Jacobian of the functional to be minimized A ®(x) measures

misfit.

0'is a matrix given as

0 0 0
-1 1 0
0 -1 1 0
0 0 -1 1

Thus due to lack of curvature information in the above inversion it yield
unconverging results for p < 1 cases. Hence, there is a need to incorporate curvature

information in terms of Hessian matrix. For values of p > 1 more weightage goes to
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smoothness of model and for p. < 1 more weightage goes to the misfit function. Hence,
there exists a problem owing to the choice of Lagrange’s parameter ‘p’ in Occam’s

inversion.

OBJECTS OF THE INVENTION

The main object of the invention is to provide a new and an efficient non-linear
inversion technique for interpretation of geophysical data using analytically computed
first and second order derivatives, which obviates the drawbacks as detailed above.

Another object of the present invention is to show that the present invention has
its direct implications in interpretation of resistivity data for the exploration of
groundwater, mineral deposits, geothermal reservoir, subsurface mapping and
delineation of fractures. The subsurface mapping in turn assists in oil exploration.

Still another object of the present invention is to provide a stable technique that
converges for Lagrange’s parameter p<l, for non-linear inversion of resistivity data.
This is another addition to the existing method, which gives better convergence only for
p=1.

Yet another object of the present invention is to incorporate the curvature
information in terms of second order derivatives of the functional to be minimized to
direct the minimization problem.

Still another object of the present invention is to use analytical expressions to
compute the first order and second order derivatives of the objective functional to be
minimized for accuracy and fast computations.

Yet another object of the present invention is to solve the non-linear
optimization problem with global optimization strategy, which is independent of the

initial model used.

BRIEF DESCRIPTION OF THE ACCOMPANYING DRAWINGS
In the drawings accompanying this specification,

Figure 1: (a-f) Represents convergence of the modified algorithm for different
values of u using observed apparent resistivity data along a profile in Southern

Granulite Terrain (SGT), India. Solid lines denote the observed data, asterisks (*)



10

15

20

25

30

WO 2007/116261 PCT/IB2007/000727

denote the predicted values using the modified algorithm The Starting model is a half
space of 10° ohm-m.

Figure 2: Represents plot of iterations vs. RMS misfit for different values of p
using the same observed apparent resistivity data along a profile in Southern Granulite
Terrain (SGT), India.

SUMMARY OF THE INVENTION .

Accordingly the present invention provides a new and an efficient non-linear
inversion technique for interpretation of geophysical data using analytically computed
first and second order derivatives which comprises a new and stable method to solve
non-linear inversion problem and obviates the cumbersome computations involved in
solution of non-linear problems that requires tedious algebraic computation of second
order derivative matrix known as Hessian matrix carrying very useful curvature
information, which guarantees that the misfit function with the updated (new) point is
less than misfit function with the current point.

In an embodiment of the present invention the non-linear inverse problem is
solved by an efficient and stable inversion scheme wherein the problem in not
linearized as is done in the prior att.

In another embodiment of the present invention the Hessian matrix elements
comprising second order derivatives of the objective functional to be minimized are
computed for two iterations and in further iterations this tedious piece of algebra is
obviated using an algorithm described in details of the inventions without loosing the
useful information contained in the Hessian terms.

In yet another embodiment of the invention the efficacy of the present invention
has been shown over the previous techniques using 1-D DC resistivity data wherein it is
shown that the new method proposed herewith is more robust and works efficiently for
u<1, whereas existing technique yields poor convergence in such cases as shown in
example 2.

The non-linear resistivity inversion relates observed data and model parameters
by equation
© = g(x) ey
Where,
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® =(0,...,0, )is a vector representing observations at different half electrode

separations in Schlumberger sounding, N is number of half electrode separations,

gx) = (g1(x),....en(x))represents predicted data at different half electrode

separations, which are computed using model parameters.

The inverse problem is posed as an unconstrained optimization problem by the
use of the Lagfange multiplierp™!, set forth to minimize misfitX =|We-Wg(x)|,

subject to the constraint that roughness R= “6}(” is also minimized. Thus the

functional to be minimized is given as

U= Llpx|*+ L A(WAO(x)T (WAB () -2} | @
n
where 9 is N x N matrix defined as:
0 0 0
-1 1 0
0= 0 -1'1 0
0 (; -1 1

W is weighting matrix, yx is acceptable misfit value and, A®(x) = WO - Wg(x).

Expanding the functional in Taylor’s series at x= xi (say) we get

U(xy +8,1,0)=U(x,n,0)+ JE8+%5TQk8
where J; =VXU=aTax—l(WG(x))T WAG(x) and
1}

Qu =VX2U=aTax—&Vx{(WG(x>)TWA@(x)}

Using the identity
V {(WG(x))T WAB®x)} =(WH(x))" WAG(X) - (WG(x))" WG(X)
the Qg becomes

Qi =Vx2U=aTax—ﬁ{<WG<x»TWG<x)—(WH(x»TWA@(x)}

where G(x) is Jacobian of g(x) and H(x) is Hessian of g(x) .

If we define
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(WH)T waA® =Z WH ;WA® ; =1
J

wherein Hj is Hessian of g(x) evaluated at j™ data point and A®;=8; —g;(x), q is the
nonlinear part of the Hessian.
Minimization of the functional (2) using Newton’s method for i iteration step &;

yields
8;=— [aTa+ pt {WG(x)T WG(x)—q}T1 * [aTax —plwex)?t WAca(x)]X:xi (3)
Thus x;,1=x;+98; forms the iterative basis to solve the optimization of
functional (2). The equation (3) gives correction steps wherein we have incorporated
second order derivative terms in form of ‘q’. By setting ‘q’ as a null matrix, the
equation gives the model (’:orrection of the Occam’s inversion technique. In our work
we solve the problem iteratively using smoothed Gauss Newton method as follows:
Xir1 =X + ;04 @)
where o; is the extra smoothing parameter which contains curvature information.
Following Chernoguz, N.G., A smoothed Newton-Guass method with application to
bearing only position location: IEEE Trans. Signal Processing, 43(8), 2011-2013, 1995,
we compute a; as follows:

. ~¢'(0)/¢" (0)if 0<at; <1
' 1 otherwise

)

where q)'(O) the is first order derivative and (p" (0) is the second order derivative of

U(x; +a;8;,H1, ®) that are computed as:
¢ (0)=5;" [0 ox; —n " WG(x;)T WA®(x;)] and

9'(0)=-8;"[0 ax; —p {(WG(x;)" WAO(x;) - WH(x;)" WA®B(x;)3;}]

the computation of Hessian matrix is involved in each iteration if we use equation (4)
directly For very large data sets computation of the Hessian in each iteration becomes
very tedious and time consuming. To minimize the tedious computations and at the
same time to preserve the curvature information in the extra smoothing parameter o

using the Hessian matrix we use following expression

a; =1—exp(-ti®) (6)
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where ¢ and s are positive scalar constants (s> 1), and are given as
T =—In(l-o),
s=log,[In(l—oty)/In(l1—oy)]

In the said invention the equations (3, 4 and 5) are used for first two iterations to
get the two consecutive values of ‘o’ say o and o, that are less than 1. In subsequent
iterations, equation (6) can be applied directly to find the values of extra smoothing
parameter ‘0.’ to be used in correction steps of equation (4), and then the step size ‘5/’

to be used in equation (4) can be computed as
-1
8; =— [aTa +pt {WG(x)T WG(x) }] [aTax —pn'WG((x)T WA@(x)]x:xi

by setting ‘q’ as a null matrix. This avoids computation of the tedious Hessian matrix in
each iteration.

Generally, derivatives are calculated using finite-difference techniques that
introduce many errors as mentioned by Gill, P.E., Murray, W. and Wright, M.H., in
book ‘Practical optimization’ published by Academic press in 1981. Errors associated
with Hessian terms computation have a substantial effect on inversion algorithm. The
use of analytical expressions instead of finite difference solves all the above problems.
Hence, in the said invention, the Hessian terms are calculated analytically. In the said
method initial model can be chosen at random as in the case of global optimization
techniques.

Novelty of the said method lies in improved convergence of the inversion
method for even p <1 by inclusion of second order derivatives of the objective function
to be minimized, which are computed analytically. These derivatives carry useful
curvature information but involves tedious piece of algebra. Hence other inventive step
in the said method is to avoid tedious second order derivative computations by
incorporating expressions described in equation 6.

The following examples are given by way of illustration and therefore should

not be construed to limit the scope of the present invention.

Example -1
Efficacy of the said invention in achieving good inverted model is shown here
using synthetic model where the thickness of the layers is kept constant (=3.5 m) in

order to have a smooth model. A forward response is computed using the synthetic
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model and that is inverted to get back the synthetic model. In the following table
" synthetic and inverted models are shown which shows that the error between the

synthetic model and the model obtained after inversion using the said invention is very

less.
Synthetic Model Inverted Model
Log;o Resistivity (ohm-m) | Logio Resistivity (ohm-m)
0.90 0.93
1.19 1.25
1.78 1.63
2.05 1.97
2.32 2.29
2.58 2.57
Example — 2

This example demonstrates the comparative convergence of the said invention
with the existing Occam’s inversion. RMS misfit that measures the difference between
the observed and computed response has been shown for different values of p for same
number of iterations. It is clear from this example that the RMS misfit for u <1 is less
in case of the said invention. The used synthetic model has been shown in example 1

for computation of following results.

RMS Misfit
RMS Misfit
1) . ) (Occam’s Inversion | No. of Iterations
(Using the said Invention) )
Technique)
1.5 0.0741 0.0553 5
1.0 0.0529 1.0576 5
0.75 0.0416 1.2609 5
0.5 0.0297 1.8186 5
0.25 0.0170 1.2405 )
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Example - 3

The said invention is used to interpret 1-D DC resistivity sounding data. The
data from a geologically complex area of south India, Southern Granulite Terrain
commonly known as SGT over a 10 km long profile located at 11°34°54°” N, 78°3°18"
E is used. The area represents a field example to demonstrate a wider applicability of
the technique for any geological formation favorable for hydrocarbon, mineral deposit,
groundwater geothermal reservoir etc. The convergence of the said invention has been
shown in Figure 1 (a-f) for different values of p. The assumed starting model is a half
space of 10° ohm-m, which is far from the observed one. The method searches for the
lowest misfit until it becomes constant with further iterations as shown in Figure 2.

It is clear from above examples that the said invention is very efficient, robust
and simple to be used for thg inversion of geophysical data. The method obviates the
need to linearize a nonlinear problem to simplify the prdblem and in general converges
within 5 to 6 iterations. The improved convergence of the inversion method for even p
<1 is achieved by including second order derivatives of the objective function to be
minimized, which are computed analytically. Efficacy of the said invention is
demonstrated with synthetic and real examples. For u<1, the said invention gives less
RMS error as compared to Occam’s as the number of iteration increases. In the said
invention we choose initial model at random as in the case of global optimization
techniques. The said invention can be applied to any non-linear geophysical data set in
similar manner as demonstrated for resistivity data. The technique can be extended to
2-D inversion in similar way.

The said non-linear inversion technique can be used for interpretation of
geophysical data to delineate the groundwater zones, exploration of minerals, oil and

geothermal reservoir and to map the subsurface structures.

The main advantages of the invention are

1. To provide an efficient and stable non-linear inversion technique for interpretation
of the geophysical data. '

2. A technique that can be used to delineate the groundwater zones, exploration of

minerals, oil and geothermal reservoir and to map subsurface structures.
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3. To achieve least RMS misfit as well as a good inverted model in order to delineate
the subtle features from given observed data set.

4, To solve the non-linear optimization problem in non-linear manner with global
optimization strategy, which is independent of the initial model used.

5. To preserve the curvature information during the optimization in form of Hessian
matrix whose elements are computed accurately using analytical expressions and at
the same time to reduce the tedious calculations for fast convergence.

6. The errors associated with the first and second order derivative computations,
which lead to instability during inversion, were minimized by using analytical

expressions.
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We claim:

1. A novel efficient non-linear inversion of geophysical data using analytically

5.

computed first and second order derivatives, said method comprising solving non-
linear inversion without requiring computations involved in solving non-linear
inversion using algebraic computation for computation of second order derivative
matrix wherein misfit function with updated point is less than misfit function with
current point.

A method as claimed in claim 1 to invert 1D DC resistivity data wherein a smooth
model is assumed for subsurface resistivity variation.

A method as claimed in claim 2 wherein resistivity transform for the smooth
model is computed using well-known Pekeris recurrence relation. -

A method as claimed in claim 1 and 2 wherein:

(a) First order (Jacobian) and second order derivatives (Hessian) are
computed analytically and are multiplied with the filter coefficients to
obtain the theoretical apparent resistivity values;

(b) a theoretical response is matched with the observed response, and misfit
between these is computed using smoothed Gauss-Newton optimization;

(c) A search is effected for p to minimize the objective functional
depending on user’s choice, preferably by a Golden section search;

(d) wherein if in any two consecutive iteration different values of extra
smoothing parameter ‘e’ in Gauss-Newton optimization are obtained
such that these are <1, then Hessian computation is bypassed and the
value of o obtained by consecutive o values are used in iteration steps,
otherwise a=1;

(e) the least square difference between observed and theoretical response is
minimized incorporating curvature information in extra smoothing
parameter and all the steps above are repeated until a desired RMS
misfit is obtained.

A method as claimed in claims 1 to 4 wherein 5 to 6 iterations are carried out and

converged using global optimization.
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A method as claimed in claims 1 to 5 wherein in first and second order
derivatives, associated errors that lead to instability during inversion are
minimized by using analytical expressions.

A method as claimed in claims 1 to 6 wherein the convergence criteria of existing
Occam’s inversion is improved by incorporating the curvature information in the
form of second order derivatives in smoothed Gauss — Newton iteration steps.

A method as claimed in claims 1 to 7 wherein the non-linear resistivity inversion
relates observed data and model parameters is solved by the equation

0 =g(x) M
where

® =(9,....,0, )is a vector representing observations at different half electrode

separations in Schlumberger sounding, N is number of half electrode separations,

gx) = (g1(x),.....8n(x)) represents predicted data at different half electrode

separations, which are computed using model parameters.
A method as claimed in any preceding claim wherein the inverse problem is posed
as an unconstrained optimization problem by the use of the Lagrange

multiplieru_l, set forth to minimize misﬁtX="W®—Wg(x)“, subject to the

constraint that roughness R= I]@X“ is also minimized, thereby the functional

being minimized being taken as

= Lox|*+ L {(Wa0 ()" (WAB(x) - 22} ®
p
where 8 is N x N matrix defined as:
0 0 0
-1 1 0
0= 0 -1 1 0
0 6 -1 1

W is weighting matrix, y» is acceptable misfit value and, A®(x) = WO - Wg(x).

PCT/IB2007/000727
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