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corporation of New York 

Filed Sept. 16, 1963, Ser. No. 309,003 
5 Claims. (C. 328-165) 

This invention relates to digital and analog informa 
tion handling systems and, more particularly, to means for 
and a method of synthesizing a network having a desired 
transfer characteristic. 
From the standpoint of the signals involved, the basic 

problem in designing electrical transfer networks may be 
stated simply. An input waveform of known shape is to 
be applied to the network and, in response, the network 
should deliver a desired output waveform. Unfortunate 
ly, finding a combination of conventional circuit compo 
nents which will in fact achieve such a waveform trans 
formation is often quite difficult and, in some cases, im possible. 

Consider, for example, the difficulties involved in de 
signing an extremely steep-skirted low-pass filter having 
a cut-off frequency of W c.p.s. The problem may be 
presented in the time-domain, waveform context by deter 
mining the "impulse-response' of such a network. By 
means of known methods of analysis, it may readily be 
shown that if a unit impulse is applied to an "ideal” low 
pass filter, the output waveform, Eo, has a shape given by 
the following relation: 

E. sin Wi 
Wt 

where t is time and t=0 is the time at which the input 
impulse is applied. It will be noted that E is not zero 
valued when t is less than zero, leading to the conclusion 
that the network must begin delivering an output even 
before an input is applied. Clearly such a network is 
not physically realizable, although its response could be 
imitated if an arbitrarily long delay were permissible be 
tween the occurrence of the input signal and the beginning 
of the response. - 

Still other situations arise where the transfer response 
to be synthesized, while physically realizable in theory, 
is so complex as to make synthesis by conventional tech 
niques impractical. The design of transmission path 
equalizers exemplifies the difficult problems often en 
countered. If a single data pulse is applied at the trans 
mitting end of an unequalized telephone transmission line, 
for example, an oddly shaped waveform which is quite dis 
similar from the transmitted pulse is received at the other 
end. This distorted waveshape is then applied to the 
equalization network from which, ideally, emerges a 
single pulse shaped like the transmitted pulse. As will 
be readily appreciated, the design of such an equalization 
network is often so complicated that a detailed analysis 
and Synthesis by known methods is not economically 
Worthwhile. Consequently, only approximate equaliza tion is normally attempted. 
Complex network synthesis problems arise in many 

other fields, including control systems, closed-loop servo 
mechanisms, electronic simulating systems, and soon. In 
all of these areas, it is desirable that the desired trans 
ferresponse be developed quickly, accurately, and auto matically. 

Accordingly, it is a principal object of the present in 
vention to synthesize a network having a desired trans 
fer response through the use of high speed digital and 
analog information handling techniques. 

In a principal aspect, the present invention takes the 
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2 
form of an artificial transfer network which may be made 
to accurately approximate a desired response. In accord 
ance with the invention, the input signal to the network 
is first sampled and encoded to form a polynomial Series 
of binary numbers, the terms of which represent the am 
plitude of the input signal taken at intervals. By means 
of a novel multiplying circuit, this input polynomial is 
then multiplied by another binary polynomial stored in a 
digital memory. In accordance with a principal feature 
of the invention, this stored polynomial is representative 
of the impulse response desired and is composed of a 
fixed number of terms, each of which is optimized by a 
coacting, special-purpose network in response to auto 
matically programmed input information. The decoded 
product of the input polynomial and the stored polynomial 
forms the desired output waveform. 

According to a further feature of the invention, the 
“artificial transfer network” may be advantageously 
adapted to automatically equalize a transmission facility. 
As contemplated by the invention, means may be included 
at the transmission end of the facility for generating a 
short duration testing signal having a finite frequency con 
tent throughout the selected band of interest. This test 
ing signal is then transmitted over the facility, sampled 
at the receiving end, and the resultant samples passed to 
the optimizing network which automatically develops a 
polynomial series of numbers which most nearly ap 
proximates the inverse of the test response sample series. 
This inverse series is then stored in the digital memory 
to affect equalization of both phase and amplitude of the incoming signals. 
These and other objects, features and advantages of the 

invention will be more clearly understood following a con 
sideration of the following detailed description and draw 
ings of a specific embodiment of the invention. In the drawings: 

FIG. 1 is a simplified block diagram of the artificial net 
work contemplated by the invention; 

FIG. 2 is a detailed drawing of memory and multiplier 
circuits which may be employed to instrument the present invention; 
FIG. 3 shows a special-purpose analog computing ar 

rangement which may be employed in the invention; 
FIG. 4 illustrates the operation of the circuit of FIG. 3; 
FIG. 5 shows a circuit, the consideration of which is 

useful in understanding certain principles underlying the invention; 
FIGS. 6 through 10 are waveforms which are useful 

in describing the principles of the invention; 
FIG. 11 illustrates a transmission path equalizing sys 

tem as contemplated by the present invention; 
FIGS. 12A and 12B show a pair of waveforms of the 

type transmitted and received during the process of equal 
izing a transmission path by means of the scheme shown in FIG. 11; 

FIG. 13 shows in more detail the 
circuit of FIG. 11; and 

FIG. 14 illustrates a simple digitally-operated poten 
tiometer which may be used to instrument the computer shown in FIG, 13. 

GENERAL DESCRIPTION 
FIG. 1 of the drawings shows an artificial network of 

the type contemplated by the present invention. Input 
terminal 20 of the analog-to-digital encoder 21 con 
stitutes the input to the artificial network. The binary 
output signal from encoder 21 is fed to a first input of 
digital multiplier 23. The other input to digital multi 

preset and computer 

plier 23 is connected to the output of a digital memory 
24. The portion of the artificial transfer network which 
includes multiplier 23 and memory 24 is enclosed in dotted 
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lines and is shown in detail in FIG. 2 of the drawings. 
The digital memory 24 is connected to receive binary in 
formation from the computer 25. Circuit details of a 
typical computer used to instrument the invention are 
shown in FIG. 3 of the drawings. The output of the 
digital multiplier 23 is connected to the input of a digital 
to-analog decoder 26, the output of which forms the out 
put for the artificial network. 

In accordance with the invention, the input signal which 
is to be passed through the artificial network is applied 
to input terminal 20 and hence to the input of the analog 
to-digital encoder 21. Encoder 21 samples the input wave 
form at intervals and encodes the amplitude of each sample 
into a binary “word” composed of several digits. Each 
of these binary words is a binary number representative 
of the amplitude of a particular sample. The multiplier 
23 forms the polynomial product of the series of binary 
numbers from encoder 21 and another series of binary 
numbers from the memory 24. According to the inven 
tion, the polynomial number series stored in memory 24 
is representative of the impulse response desired and is 
composed of a fixed number of terms, each of which is 
developed and optimized by the computer 25. The signal 
appearing at the output of multiplier 23 is also a poly 
nomial series of binary numbers which is translated by 
the decoder 26 into a continuous output waveform which 
appears at output 27. 

BACKGROUND 
In order to obtain a more complete understanding of 

the present invention, it will be necessary to consider sev 
eral basic principles which underlies its operation. With 
this in view, attention is directed to the illustrative circuit 
shown in FIG. 5 of the drawings. In FIG. 5, a signal 
source 30 is shown which delivers an output signal, E1, to 
the input of a sampling circuit 31. The ouput signal E2, 
from sampling circuit 31 is fed to the input of an ideal 
low-pass filter 32 having a cut-off frequency of W cycles 
per second. The “ideal” low-pass filter 32, not being 
physically realizable, is used in a theoretical sense only. 
As will be seen, the ideal filter 32 may be eliminated. 
The filter 32 delivers an output signal, E3, to the input 
of an arbitrary band-limited network 33. The output 
terminal 34 receives an output signal, E4, from the net 
work 33. 
The signal from source 30 is characterized in that is pos 

sesses no frequency components higher than W cycles per 
second. FIG. 6 of the drawings illustrates a typical wave 
form for signal E.1. The circuit 31 samples the signal E 
and delivers a series of pulses, Ea, the amplitude of each 
pulse being scaled to represent the amplitude of E taken 
at intervals. With the waveform as shown in FIG. 6, cir 
cuit 31 would deliver a series of sample pulses as shown 
in FIG. 7 of the drawings. 
circuit 31 may be expressed functionally by the following 
relation: 

S.A.G.(t-nT) 
where AG (t-nT) is the nth sample pulse and T, the 
spacing between pulses, is less than 1/2W seconds. 
AS is well known from the Nyquist sampling theorem, 

the sample signal E2, if passed through the ideal low-pass 
filter 32, would be converted back into the original wave 
form E1. Thus it may be seen that closing the switch 34 
does not affect the shape of the waveform E. Further 
more, if it is assumed that the band-limited network 33 
will pass no frequency components higher than W cycles 
per Second, the low-pass filter 32 performs no useful func 
tion (it does not affect any of those signals which pass 
through network 33). Thus the switch 35 may also be . 
closed without altering the form of the signal which is 
delivered to output terminal 34. Since switch 35 can be 
closed without changing the output waveform E, it is 
apparent that it makes no difference whether the signal E 
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4 
as shown in FIG. 6 or the sample pulses E2 as shown in 
FIG. 7 are applied to the network 33-the shape of the 
output waveform E4 is unaffected. 
To determine the nature of the output signal E4, con 

sideration need therefore only be given to the response of 
the network to a series of sample pulses such as the series 
shown in FIG. 7. It will be convenient to start with an 
investigation of the network's response to a single input 
pulse of unit amplitude as shown in FIG. 8 of the draw 
ingS. 
When a single impulse is applied to the network 33 

shown in FIG. 5, an output waveform of the type illus 
trated by FIG. 9 is delivered to terminal 34. This output 
waveform is termed the "impulse response' of the network. 
It will be remembered that network 33 passes no frequency 
components higher than W cycles per second. Conse 
quently, the impulse response may also be represented by 
a series of sample values, Bo through B5, taken at in 
tervals T-1/2W as shown in FIG. 9. 
The network 33, in addition to being band-limited, will 

also be assumed to be both linear and time-invariant. By 
"linear' is meant that the shape of the impulse response is 
not in part dependent upon the magnitude of the input im 
pulse applied. By “time-invariant" is meant that if an in 
put to the network, X(t), resulting in an output Y(t), then an 
input X(tT) will cause an output Ytry. By making use 
of the Superposition principle for linear, time-invariant sys 
tems, the output from network 33 due to a series of input 
pulses may be considered to be made up of the responses 
due to each previous pulse taken singly. 

By Way of example, consider the response of network 
33 to the series of pulses shown in FIG. 7 of the draw 
ings. The first pulse, having an amplitude Ao-0, delivers 
no output at all as shown in curve a of FIG. 10. The 
Second pulse, having an amplitude A1, delivers an output 
waveshape as shown in curve b of FIG. 10. The ampli 
tude of the response from this second pulse is merely A1 
times the amplitude of the response due to the unit im 
pulse. Curves c through f show the response of net 
Work 33 to the third through sixth pulses respectively. 
Notice in curves c and f that the response is negative 
going since the fifth and sixth pulses shown in FIG. 7 
were negative-going. In accordance with the superpo 
sition principle mentioned earlier, determination of the 
output from network 33 is merely a matter of adding the 
responses of the various pulses. Thus at t=0, the out 
put from network 33 would have an amplitude AB, at 
t=T, E4=AoB1-i-A1Bo, and so on. 

It may now be noted that the sample series of the out 
put signal from network 33 is analogous to the product 
of two polynominals. This is illustrated by the multipli 
cation shown below: 

Ao--A1X--A2X?-- . . . AXn 
Bo--BX--B2X2-- . . . BXk 

Co--CX--CX?-- . . . C-Xn+k-1 
where: 

and so on. 
Note that the coefficients, Co through C-1, of the 

product polynominal are the same as the sample ampli 
tudes of the output signal from the network. Thus it is 
seen that, to calculate the output of a network in re 
Sponse to an input waveform, the polynomial represent 
ing the network's impulse response would be multiplied 
by the polynomial sample series of the input waveform. 
The resulting polynomial would be a representation of 
the output waveform. 

In accordance with one aspect of the present invention, 
a desired transfer network may be synthesized by actu 
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ally performing this polynomial multiplication. The in 
put signal to the network is sampled and encoded to form 
a first polynomial series of binary numbers. This first 
polynomial is then multiplied times a second binary poly 
nomial stored in a digital memory. This second poly 
nomial which is stored in the memory is representative of 
the impulse response desired. According to a further fea 
ture of the invention, the stored polynomial may be 
limited to a predetermined maximum number of terms, 
each of which may be optimized by a coacting, special 
purpose analog computer. The decoded product of the 
first and second polynomials forms the desired output 
waveform. 
As shown in FIG. 1 of the drawings, the input signal 

is first applied to the analog-to-digital encoder 21. En 
coder 2 may comprise any one of many well-known en 
coders, such as those used in PCM systems. An encoder 
which may be advantageously used in conjunction with 
the present invention is described in U.S. application, Ser. 
No. 227,271, filed Oct. 1, 1962, by F. D. Waldhauer, now 
Patent No. 3,161,868. The Waldhauer encoder delivers 
an m-digit binary word which is representative of the in 
stantaneous amplitude of the input signal. The m-digits 
of each word are delivered in parallel; that is, each digit 
is delivered on its own output conductor. 

DETAILED DESCRIPTION-MULTIPLIER AND 
MEMORY 

FIG. 2 of the drawings illustrates a novel memory and 
multiplier circuit which may be advantageously employed 
to instrument the present invention. The m digits from 
the encoder 21 are applied in parallel to the m multiplier 
input conductors 31 through 33. Conductors 31 through 
34 comprise the information inputs to the input shift 
register which consists of (n--in-1) register stages 35 
through 38. (Where n is the number of digits in each 
word stored in memory 24.) The outputs of stages 35 
through 38 are connected to row conductors 39 through 
42, respectively. It will, of course, be understood that 
(n--in-1), the total number of input shift register stages 
and row conductors, is dependent both on the number of 
digits in the encoded word from the encoder 21 and the 
number of digits in each word stored in memory 24. 
In the memory circuit 24 shown in detail in FIG. 2, 

digital information is stored in a series of shift registers 
44 through 46. Each register stores a digital word com 
prising n digits and has as many stages as digits in the 
word stored. The output from shift register 44 is fed into 
the multiplier 23 by means of a column conductor 47. 
Similarly, the output from register 45 is connected to col 
umn conductor 48 and the output from register 46 is con 
nected to column conductor 49. The total number of 
memory shift registers and associated column conductors, 
k is equivalent to the total number of impulse response 
samples to be stored in the memory 24. 
With the m row conductors 39 through 42 and the 

k column conductors 47 through 49 are connected mk 
AND gates 50. Each of the AND gates 50 is provided 
with two inputs, one of which is connected to a row con 
ductor and the other connected to a column conductor. 
For example, the column conductor 47 is connected to an 
input of m AND gates 50, the other input of these AND 
gates being connected to respective ones of the m row 
conductors 39 through 42. 

Each of the AND gates 50 is provided with an output 
conductor which is connected to the input of a Summing 
binary counter. The output of each AND gates 50 asso 
ciated with column conductor 47 delivers an output sig 
nal to an “accumulator set' of binary counters 54. In like 
manner, the AND gates associated with column conductor 
48 deliver output signals to an accumulator set 55 and 
those AND gates 50 connected to column conductor 49 
deliver output pulses to an accumulator set of counters 
56. Each accumulator set 54 through 56 is provided 
with an output circuit comprising a set of AND gates, one 
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6 
input of each gate being connected to a gating conductor 
60 and the other input of each being connected to one 
of the counters in an accumulator. Each of the binary 
counters in the set 54 has an output connected to an input 
of one of the AND gates 61. Similarly, the set of counters 
55 is connected to a set of AND gates 62 and the set of 
counters 56 is connected to a set of AND gates 63. The 
output of each AND gate 61 is connected to the input 
of one of the binary counters in set 55. The outputs from 
AND gate 62 are then connected to the input to the next 
set of counters (not shown) and so on. The output from 
the AND gates 63 is delivered to the decoder 26 and 
forms the output from the multiplier. 
To initiate the operation of the artificial network, the 

encoder 21 shown in FIG. 1 delivers to the multiplier 23 
a binary word representing the amplitude of the first 
sample of the input signal. This m-digit binary number, 
A, is delivered to the input shift register stages 35 through 
37. The least significant binary digit of this word is ap 
plied to the stage 35, and so on, with the most significant 
digit being applied to register stage 37. 

Before operation is commenced, the shift registers 44, 
45 and 46 are filled with appropriate information from 
computer 26 by moving the switches 70 to their upper 
positions while digits are shifted into the associated reg 
ister. Each switch 70 is then returned to its normal posi 
tion to allow the digits to circulate through each reg 
ister. 

Each shift register in the memory 24 holds a binary 
word representative of the amplitude of a single impulse - 
response sample. Thus, the kth sample having an ampli 
tude B is stored in register 44, with the least significant 
digit being the first to appear on column conductor 47. 
Similarly, the register 45 holds a binary word represent 
ative of the amplitude of the next to the last impulse re 
sponse sample, B-1. The amplitude of the first sample, 
Bo, is stored in binary form in the last register 46. All 
of the impulse response sample words are stored in the 
registers such that the least significant digit appears at the 
output of the register and is delivered to the connected 
column conductor first. 
At the first instant in which multiplication is com 

menced, all of the digits in the first sample A are multi 
plied by the least significant digit of each of the impulse 
response samples Bo through Bk. The AND gates 50 per 
form the digit-by-digit multiplication and the respective 
products are stored in the proper binary counter accumu 
lator sets 54 through 56. During the next portion of the 
multiplication operation, the input register shifts the sam 
ple Ao downward, the least significant digit moving from 
stage 35 to stage 36. Also, the digits in the memory reg 
isters 44 through 46 are shifted one stage to the right. 
Multiplication of the next-to-least significant digit of the 
stored words times the newly aligned input word is then 
accomplished. The binary counters in the accumulator 
sets 54 through 56 are provided with a "carry' mechanism 
such that whenever one counter changes state twice the 
next counter to the left is caused to change state. Each 
time the input word is shifted in the input register, the 
memory registers 44 through 46 also shift to deliver a 
new digit to the multiplying matrix. Finally, when the 
initial input word is shifted entirely out of the input reg 
ister, the accumulator sets 54 through 56 hold the product 
of the initial sample A times respective ones of the 
stored samples Bo through Bn. At that time, gating con 
ductor 60 is energized thereby passing the contents of each 
accumulator set 54 through 56 to the next accumulator 
set to the right. This shifting between the accumulator 
sets of counters provides the necessary alignment of sub 
products that must be summed. Note that the accumula 
tor sets 55 and 56 are provided with an additional counter 
on the left for registering the possible extra carry digit. 
As may be appreciated from a consideration of the 

arrangement shown in FIG. 2, the output from the AND 
gates 63 represents a series of binary words each being 
a part of the product of the input sample series and the 
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stored sample series. This output sample series is passed 
in binary form to the decoder 26 as shown in FIG. 1 of 
the drawings. Decoder 26 may well comprise a parallel 
binary input-analog output decoder of the type described 
in U.S. Patent 3,145,377 which issued Aug. 18, 1964 to 
F. A. Saal. 
DETAILED DESCRIPTION-ANALOG COMPUTER 
As explained above, the output of a network in response 

to a given input signal may be simulated by multiplying 
the polynomial series representing the input waveform 
times the polynomial representing the network's impulse 
response. The resulting polynomial series, when decoded, 
forms the desired output waveform. 
One method of impulse response determination which 

is applicable to the transmission path equalization prob 
lem involves determining the impulse response of the path 
to be equalized and then storing, in time reversed order, 
the samples of this response. Although such a scheme 
corrects for phase distortion only, it has proven to be 
quite useful. U.S. Patent 2,908,874 which issued to 
J. R. Pierce on Oct. 13, 1959 describes a method of form 
ing, on an analog basis, the product of the incoming 
signal and the time-reversed impulse response of the path 
to be corrected. In U.S. Patent 3,071,739 issued to J. P. 
Runyon on Jan. 1, 1963, a phase distortion equalizer 
which forms the product of the input signal and the time 
reversed impulse response of the transmission link by 
digital means is described. Unlike the present invention, 
these prior equalization schemes are inherently unable to 
correct amplitude distortion and accordingly, additional 
equalizers must also be employed. As will be explained 
below, however, the present arrangement employs opti 
mized impulse response data such that an equalizer 
according to the invention is capable of correcting for 
both phase and amplitude distortion. 

In some applications, the artificial network may be 
"programmed' directly. In situations where the desired 
impulse response is already known or readily ascertained, 
the necessary information may be developed and stored 
in the memory by straightforward techniques. Likewise, 
where the input waveshape is known and the desired out 
put waveshape is also known, the impulse response re 
quired may, in some cases, be found by dividing the 
desired output polynomial by the input polynomial. 
Often, however, direct division will yield an unbounded, 
nonconvergent series requiring special analytical algo 
rithms or other techniques for solution. 

In the usual case, furthermore, the total number of 
terms in the "perfect' impulse response series (even if it 
could be conveniently derived) will exceed the capacity 
of the memory. Unfortunately, the best approximation 
using a fixed number of stored terms is not obtained by 
merely filling the memory to capacity with the first terms 
appearing in the perfect response and then disregarding 
the remaining terms of the series. Instead of “truncat 
ing' the impulse response series in this fashion, great 
improvement may be realized in accordance with the 
present invention by optimizing the magnitude of each 
term individually. A high-speed analog computer may 
be employed to provide this optimization function. The 
use of the optimizing computer increases the versatility 
of the artificial network and provides the best possible 
performance with a memory and multiplier of predeter 
mined capacity. 
The optimization problem solved by the computer may 

be best illustrated by referring once again to the poly 
nomial multiplication shown below. 

From which may be obtained the following (n+k) 
equations: 
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and so on-up to the last equations: 
Con-k-2)=An Bk-1--An-1Bs 
Conk-1)-An Bk. 

If the input signal series of coefficients, A through 
An is known, the problem is to find the series of impulse 
response coefficients, Bo through B, which will produce 
a series of product coefficients most similar to the desired 
output series. It should also be remembered that the 
total number of terms in the impulse response is limited 
by the capacity of the memory-that is, k is a fixed, finite 
number. It may be seen that the problem is “over 
determined,” there being k unknowns and (n-1-k-1) 
equations. 
The optimum solution for such an overdetermined sys 

tem of equations may be found through the use of "linear 
programming.” Since all of the equations cannot be sat 
isfied exactly, the approach begins with the criterion that 
none should depart from exact equality by more than an 
arbitrary error, r. Thus, the following 2(n+k-1) in 
equalities may be written: 

and so on-up to the last inequations: 

In accordance with the linear programming scheme, a 
maximum or minimum value of a linear function of many 
variables is sought while, at the same time, these variables 
are constrained to satisfy a set of linear conditions. The 
inequalities shown above thus form the conditions and an 
equation representing the total error forms an equation 
to be minimized. 
The linear programming method of impulse response 

optimization may be more clearly understood by refer 
ring to a specific example. For this purpose, the method 
of optimizing the terms of an impulse response for equal 
izing a telephone transmission facility will be described. 
ASSume that a single impulse is transmitted through the 
telephone facility such that it emerges at the receiving 
end as an oddly shaped waveform. It is desired to ap 
ply this distorted waveshape to the input of the digital 
equalization network Such that a single pulse of the type 
transmitted emerges from the equalizer. Hence, the dis 
torted input Waveshape and its samples, Ao through A. 
are known. The desired output waveshape, being a single 
pulse, is also known. Stated in terms of polynomials, it 
is desired to select an impulse response series, Bo through 
Bk, which will deliver an output series, C through Cn+k. 
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all terms of which except one, C (indicating the pulse), 
are as close to Zero as possible. The inequalities for all 
of the "C" terms except C may then be written as below: 
A Boar 
AoBoS-r 
A1Bo--A Bar 
A1Bo--ABS-r 
and so on-up to the last inequations: 
AB2r 
AnBS-r 
The equation to be maximized is then merely the equa 
tion for the selected output coefficient, C, which is to 
be representative of the position of the output pulse. 
This equation, determined from the polynomial multi 
plication, may be Written, in general form, as follows: 

Ci-fB0, B1, B2, ... Bio 
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FIG. 3 of the drawings shows a special purpose ana 

log computing arrangement which may be employed in 
accordance with the present invention. FIG. 4 of the 
drawings illustrates the operation of the computer shown 
in FIG 3. In order to simplify the discussion of the 
method and apparatus for developing optimum values, 
for the stored impulse response, a problem having only 
two variables, Bo and B1, will be considered. Thus as 
Sume that the following set of linear inequations in two 
variables is given: 
Bo-B121 
Bo-BS-1 
Bo--3B1215 
Bo--CBS-15 
In addition, assume that it is desired to maximize the function: 

C=2Bo--B1 
FIG. 4 of the drawings shows graphically the state 

ment of the problem. The shaded area indicates the 
region where all four constraining inequations are satis 
fied; hence, only values of Bo and B1 in this region are 
valid solutions. The dashed line shows the locus of all 
points for which C, the function to be maximized, has 
the value 8. Since some of these points lie in the valid 
region, they would be permissible solutions to the prob 
lem if there were not "better' points, also in the valid 
region, producing a value of (2Bo-B1) greater than 8. 
These “better' points lie on lines parallel to the dashed 
line at distance farther from the origin. In fact, the line 
passing through a vertex P will yield the maximum value 
for C=(2Bo-1-B1). Hence, the solution will be Bo=4.5, 
B1=3.5, and C= 12.5. 
Of course, for problems of more than two variables, 

the optimum solution is no longer pictorially evident 
because of its higher dimensionality. However, in these 
cases the problem is similarly solved by searching for 
a vertex of the valid region (which would then be a 
convex polyhedron in a multidimensional Euclidian 
space) through which the locus of points satisfying the 
function to be optimized may be passed to produce the 
optimum values for the impulse response variables. 
An analog computation for solving such a linear pro 

gramming problem in its simplest form involves investi 
gating each constraining inequation for satisfaction, start 
ing with some arbitrarily selected set of values for the 
variables. For those inequalities which are satisfied no 
correction is made on the existing values of the variables; 
for those which are not satisfied a correction is made 
which changes the variables toward decreasing the non 
satisfaction. Eventually, all constraints will be satisfied 
but the values of the variables at this time would gen 
erally not be optimum. For this reason, changes are also 
included in the variables which tend to force them in a 
direction toward optimizing the desired function, at the 
same time forcing them toward satisfying all constraints. 
Assume a poor first guess, Bo--13, B=-4, as 

shown in FIG. 4 of the drawings. The following two 
constraints are not satisfied: 
Bo-BS-1 
B-3Bs-15 
If equal importance is attached to satisfying all con 
straints, changes are made in a direction to improve the 
nonsatisfaction of each of the above two constraints by 
changing them at the same rate. FIG. 4 shows the path 
(broken line) which is taken in order to reach the region 
where all constraints are satisfied. Once point '0' is 
reached, no further change takes place. If at the same 
time maximization of (2Bo--B1) is considered, then the 
path shown as a solid line is taken until point P is reached. 
If it is considered more important to satisfy particular 
constraints or to reach the valid region as soon as pos 
sible, the appropriate rates of change can be weighted 
for these purposes. 
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FIG. 3 of the drawings shows an analog computing 

arrangement using conventional components which may 
be used to instrument the problem illustrated by FIG. 4. 
Electrical signals representing the variables Bo and B1 
appear at the outputs of summing integraters 80 and 81 
respectively. The signal appearing at the output of in 
tegrater 81 is also passed through an inverting amplifier 
82 which delivers a signal representative of -B1. A 
battery 83 provides a source of a positive unit reference 
Voltage and battery 84 constitutes a source of a negative 
aunit reference voltage. 
The combination of an integrater 85, switch 86, and diode 94, form a source of a decreasing, maximizing po 

tential. Initially, switch 86 is in the upper position to 
apply a reference potential to the integrater 85, thereby 
establishing an initial condition. When switch 86 is 
moved to the lower position, the potential from battery 
84 causes the output voltage from integrater 85 to de 
crease until it is finally clamped at zero by diode 94. 
The computer shown in FIG. 3 includes four sum 

ming amplifiers, 87, 88, 89 and 90, each of which han 
dies one of the constraining inequalities. Summing 
amplifier 87, like the other four amplifiers, is provided 
with three input conductors. A first one of these inputs 
is connected to the output of integrator 80 by means of 
a multiplying network 91. The second input to sum 
ming amplifier 87 is connected to the output of the in 
verting amplifier 82 by means of the multiplying network 
92. The third input to summing amplifier 87 is con 
nected to the source of the negative unit reference po 
tential 84 through multiplying network 93. All three 
of the multiplying networks 91, 92 and 93 are adjusted 
such that they present equal signal attenuations rela 
tive to one another. Accordingly, a signal appears at 
the output of the summing amplifier 87 which is repre 
sentative of the quantity (Bo-B1-1). 
The output of summing amplifier 87 is connected 

through a resistance 95 to the input of a high gain, in 
verting amplifier 96. A diode 97 is connected between 
the input and output of amplifier 96 and is poled in a 
direction to allow positive current flow from the output 
to the input of amplifier 96. A second feedback path 
around amplifier 96 comprises a diode 98 connected in 
series with source 99. The diode 98 is poled to allow 
positive current flow from the input to the output of 
amplifier 96. The combination of the amplifier 96 and 
its two associated feedback paths form a switching ar 
rangement of the type commonly used in analog com 
plating systems. Whenever a negative input is applied to 
the input of amplifier 96, a zero voltage is delivered to 
its output conductor 60. When a positive voltage is 
applied, the diode 98 is forward biased and a negative 
potential equal to the potential delivered by source 99 
is delivered to conductor 100. Consequently, conductor 
100 receives a negative voltage only when the quantity 
(Bo-B1-1) is greater than zero. Accordingly, it may 
be seen that conductor 100 receives a negative potential 
whenever the following inequation is not satisfied: 

Bo-BS1 
The three inputs to each of the remaining summing 

amplifiers 88, 89, and 90 are "programmed' by the same 
method used for summing amplifier 87. The amplifier 
88 is connected to deliver an output representative of the quantity 

(Bo-B-I-1) 
The output of amplifier 88 is then connected to a switch 
ing arrangement which includes the high gain, inverting 
amplifier 102 to whose output is connected to conductor. 
103. The conductor 103 accordingly receives a positive 
voltage whenever the variables Bo and B1 fail to satisfy 
the following relation: 

Bo-Be-1 
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The inputs to the summing amplifier 89 are programmed 
Such that a voltage representing the quantity 

(Bo--3B1-15) 
appears at the output of amplifier 89. A switching ar 
rangement including amplifier 05 is connected to the 
output of the summing amplifier 89 such that conductor 
106 receives a negative potential whenever nonsatisfac 
tion exists for the following inequality: 

Bo--3Bs15 
The inputs to the summing amplifier 90 are connected 
Such that a potential representing the quantity 

(Bo-3B1--15) 
appears at its output. The switching arrangement which 
includes the high gain, inverting amplifier 108 delivers 
a positive voltage to conductor 109 when, and only when, 
the following inequation is not satisfied. 

As discussed previously, for those inequations which 
are satisfied no correction is to be made on the existing 
values of the variables; however, for those which are not 
satisfied a correction is made which changes the variables 
toward decreasing the nonsatisfaction. Thus, when the 
inequality, (Bo-B1)-21, is not satisfied, the variables Bo 
and B1 should be decreased and increased respectively at 
the same rate. Thus, the minus voltage appearing on 
conductor 100 when this equality is not satisfied is ap 
plied through a multiplying network having a relative 
coefficient attenuation of --.7 to the input of the integrater 
80. This negative voltage on conductor i00 is also ap 
plied to the input of the integrater 81 through a coeffi 
cient multiplying network having a value -.7 (so that 
the net positive voltage is applied). Similarly, the volt 
ages on conductors 103, 106 and 169 are connected to 
the inputs of the two integraters 80 and 81 to provide ap 
propriate changes in the variables whenever selected ones 
of the remaining three inequalities are nonsatisfied. 

Provision is also made for including changes in the 
variables which tend to force them in a direction toward 
optimizing a desired function. Since, in the example 
given, it is desired to maximize the quantity (2Bo--B), 
the variable B1 is made to increase at a rate equal to 
half the rate of increase for B when all of the inequa 
tions have been satisfied. In order to insure stability, 
the variables' propensity for maximizing the desired func 
tion should not be allowed to outweigh the forces which 
tend to satisfy the inequations. Otherwise, the changes 
toward maximization might pull the variables outside the 
range of satisfaction and thus yield an incorrect solution. 
To insure stability, therefore, means are provided for 
steadily decreasing the maximizing potentials over a 
period which is long in comparison to the expected solu 
tion time. The output of the integrater 85 provides this 
source of decreasing potential. Before solution is started, 
the switch 86 is held in the upper position to establish 
an initial output condition from the integrater 85. When 
the switch 86 is moved to the lower position, the output 
voltage from integrater 85 decreases in a linear fashion 
until zero output potential is reached. At this time, the 
clamping diode 94 becomes forward-biased thereby 
arresting any further decrease in output potential. 
The two variables are made to change at their proper 

respective rates by connecting the output of integrater 
85 to the inputs of the integraters through appropriately 
adjusted potentiometers. Since variable Bo, to achieve 
maximization, should increase at twice the rate of vari 
able B1, the maximizing input to integrater 81 is con 
nected to the output of integrator 85 through a multiply 
ing network having a coefficient of --.3 while integrater 
88 is connected through a multiplier having a --.6 co 
efficient. % 
The computational scheme described above is, of 
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2. 
course, subject to a variety of design modifications which 
will be apparent to those skilled in the art. A description 
of further design techniques is contained in the article, 
"Linear Programming on an Electronic Analogy Com 
puter,' by I. B. Payne appearing in volume 75, Part I, 
Transactions of the A.I.E.E., Communications and Elec 
tronics, pp. 139-143 (1956). 
As discussed previously with regard to FIG. 4 of the 

drawings, the computer shown in FIG. 3 will eventually 
find those values of Bo and B for which all of the con 
straining inequations are satisfied and for which the maxi 
mum permissible value for the function to be optimized 
exists. When this solution is achieved it then becomes 
possible to encode each of the variables into digital form 
and to distribute the digital words representing the solu 
tions to the problem into the digital memory of FIG. 2 
of the drawings. For this purpose, as shown in FIG. 3, 
the output of the integrating amplifier 80 is connected to 
one input of a transmission gate 111 while the output 
from integrating amplifier 81 is connected to one input 
of a transmission gate 112. Other variables whose values 
would be computed in an enlarged computer would be 
delivered in a similar manner to the inputs of other trans 
mission gates as illustrated by the broken-line AND gate 
113. The other input to each of these AND gates is 
connected to a synchronization generator 15 which 
delivers the variable in their analog form one after 
another to an analog-to digital encoder 116. The en 
coder 16 converts the analog signals representing the 
solutions to the variables into digital form and delivers 
these digital signals to the distribution circuit 117. 
Distribution circuit 117 then distributes each encoded 
word to the proper one of the shift registers in the digital 
memory 24 as shown in FIG. 2 of the drawings. 

During the period when digital information from the 
distribution circuit 117 is being stored in the registers 
44, 45, and 46, the switches 70 shown in FIG. 2 are in 
their upper position as previously discussed. The in 
formation from the computer having been fed into the 
digital memory 24, the artificial network is then ready 
to begin operation as contemplated by the invention. 
Thus it is seen that the use of the optimizing computer 
in combination with the digital memory and digital multi 
pliers provides an extremely versatile artificial network 
capable of optimum performance with minimum compo 
nent expense. 

Automatic transmission path equalization 
As described earlier, the “artificial transfer network' 

according to the invention is particularly well adapted 
for use in equalizing transmission channels. In accord 
ance with another feature of the invention, the optimizing 
computer may be automatically programmed in response 
to a test signal sent over the path to be equalized. FIG. 
11 of the drawings illustrates such an automatic trans 
mission path equalizing system in block diagram form. 

FIG. 11 shows a transmission channel 120 having a 
transmitting terminal and a receiving terminal. A test 
signal generator 121 is connected to the transmitting 
terminal of channel 120 by means of a switch 122. The 
equipment at the receiving terminal of channel 120 in 
cludes an analog-to-digital encode 21, a digital multiplier 
23, a digital memory 24, a computer 25, and a decoder 
26. These components are connected and perform in the 
Same manner as discussed earlier with regard to FIG. 1 
of the drawings. The computer 25, however, is a modi 
fication of the computer 25 shown in FIG. 1 and may be 
automatically programmed. 
Also shown in FIG. 11 is a preset circuit 125. It is 

the function of the preset circuit 125 to provide appro 
priate digital data to the computer 25” so that it may be 
automatically programmed in accordance with the 
response of the transmission channel 120 to a test signal 
generated by the signal generator 12. One input con 
ductor 126 of preset circuit i25 is connected to the 
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transmission path 120 while a second input conductor 
127 connects preset circuit 125 to the output of encoder 
21. Path 28 connects the preset circuit 125 to the 
computer 25'. The details and operation of the preset 
circuit 125 will be discussed below with regard to FIG. 
13 of the drawings. 
FIG. 12A illustrates the waveform produced by the 

test signal generator 121. This waveform comprises an 
initial single frequency test tone useful for synchronizing 
the preset circuitry 125 followed by a single test pulse. 
The test pulse is separated from the preliminary timing 
tone by a sufficient time interval to insure that the ef 
fects produced by the tone have completely died away 
by the time the test pulse appears. FIG. 12B of the 
drawings shows a waveform typical of the type which 
might appear at the receiving terminal of the channel 
in response to the application of the generated testing 
signal. The response to the test pulse, since it is isolated 
in time from the synchronizing tone, indicates the re 
sponse of the transmission facility to the single test pulse 
only. Although no particular shape of test pulse is re 
quired, it is important that the testing pulse generated 
has at least a finite frequency content throughout the 
band of interest. To equalize pulse-type data transmis 
sion facilities, the test pulse may well take the form of 
one of those pulse signals ordinarily transmitted over the 
channel to be equalized. 
As will be remembered from the previous description, 

it is desirable to equalize the channel 120 in a manner 
such that the test response signal received is translated 
by the equalizer back into the form of the test produced 
by the generator 121. In terms of polynomials, the 
sample series of the test response, when multiplied times 
the polynomial stored in the memory. 24, should produce 
an output polynomial representative of the sample values 
of the original test signal. As will be seen, the digital 
sample values of the test response may be employed 
to automatically preset the weighting potentiometers in 
the computer 25. 

FIG. 13 of the drawings illustrates the preset circuit 
125 in more detail and also shows the manner in which 
preset circuit 125 is interconnected with the computer 
25'. The initial, single frequency test tone which ap 
pears at the receiving terminal of transmission line 120 
(as shown in FIG. 12B) is applied through input con 
ductor 126 to the input of an amplifier 129. The fre 
quency of the test tone is not critical, the only require 
ment being that it is transmittable over the unequalized 
facility. The output of amplifier 129 is applied across 
a "servo-operated” potentiometer 130. The output sig 
nal from potentiometer 130 is, in turn, fed to the input of 
a peak detector 31. One input of a differential ampli 
fier 132 is connected to the output of peak detector 131 
through one pole of double pole switch 133, the other 
input to the amplifier 132 being connected to reference 
voltage source 134. As shown in FIG. 13, the output of 
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amplifier 132 is connected through the other pole of 
switch 133 to control the servomechanism of potentiom 
eter 30. 
The double-pole switch 133 is arranged such that when 

the connection between peak detector 131 and amplifier 
132 is broken, the connection between amplifier 132 and 
the servomechanism of the potentiometer 132 is also 
broken. At the same time, connection of the output of 
peak detector 131 is transferred to the input of a threshold 
circuit 135 and to one input of AND gate 136. Signals 
appearing at the output of the threshold circuit 135 are 
applied to the inputs of three delay circuits 137, 138 
and 139. The output of delay circuit 137 is connected to 
the "set' input of a flip-flop circuit 140 while the “reset' 
input of flip-flop 140 is connected to the output of delay 
circuit i38. The output signals from delay circuit 138 
are also applied to the “set' input of another flip-flop 
141, the "reset' input to flip-flop 141 being connected to 
the output of delay circuit 139. Output signals from 
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4. 
the flip-flop 140 are applied to the second input of AND 
gate 136 and an alarm device 142 is connected to the 
output of AND gate 136. The conductor 127, which Sup 
plies coded sample signals from the encoder 21 as shown 
in FIG. 11, is connected through a transmission gate 
43 to the word distribution circuit 144, the gate 143 be 
ing controlled by signals from flip-flop 141. 
The preset circuit 125 distributes the digital sample 

values of the test response so that each sample value 
may be used to preset the appropriate weighting potenti 
ometers in the computer 25'. To accomplish this func 
tion, it is necessary to provide means capable of indicat 
ing the time at which the test response signal will appear 
at the receiving terminal of the transmission path. The 
preset circuit 125, operating in response to the prelimi 
nary single frequency test tone which is received as shown 
in FIG. 12B, provides the necessary time marking signal. 
The preset circuit 125 first determines the normal 

level of the preliminary test tone envelope and then 
generates a time mark signal at the time to when the test 
tone envelope falls below a predetermined trigger level. 
As shown in FIG. 12B, the trigger level may conveniently 
be set at half the amplitude of the normal level. The 
test signal generator 121 shown in FIG. 11 produces a 
test tone which, at a time preceding the test pulse by a 
predetermined duration, drops in amplitude at a sufficient 
ly slow rate that the test tone envelope suffers no signifi 
cant distortion during transmission over the still un 
equalized transmission facility. 
The preliminary test tone as received is applied through 

conductor 126 to the input of amplifier 129. Amplifier 
129 may include a tuned circuit resonant at the test tone 
frequency in order to reduce noise signals. However, 
such a tuned circuit should be of sufficiently low "Q' 
to pass the tone envelope without distortion. The am 
plified test tone from amplifier 129 is then applied across 
the servo-operated potentiometer 130. Peak detector 
131 develops a rectified signal having a waveshape like 
that of the tone envelope and delivers this signal to one 
input of differential amplifier 132. Amplifier 132 pro 
duces an output signal representative of the difference be 
tween the amplitude of the test tone envelope and the 
reference amplitude from source 134 and delivers the 
difference signal to change the position of the movable 
tap on potentiometer 130 such that, regardless of the 
amplitude attenuation suffered by the tone during trans 
mission, the tone amplitude as it appears at the output 
of the automatic potentiometer 30 is always the same. 
It should be noted that the automatic gain control device 
just described is only an example of one of the many 
ways for referencing the received signal which are known 
to the art. 

After the appropriate level has been found by the servo 
mechanism associated with potentiometer 130, the switch 
133 is moved to its lower position, disabling the potenti 
ometer from further movement and applying the now 
referenced test tone to threshold device 135. If desired, 
the switch 133 may be actuated in response to a zero 
signal from differential amplifier 132. When the test tone 
envelope falls below the trigger level as shown in FIG. 
12B, the threshold circuit 135 generates a time marking 
pulse and applies this pulse to the inputs of the three 
delay networks 137, 138 and 139. 

Delay circuit 137 has the shortest delay time, A, sec 
onds, so that the pulse appears again first at the “set' 
input of flip-flop 140, causing it to deliver an output signal 
at the time (to--A) as shown in FIG. 12B. At this time, 
at least one input to AND gate 136 is energized. Should 
the other input to gate 136 be energized (by a noise burst 
occurring on the transmission line, for example), the 
gate 136 will actuate the alarm 142 to notify the testing 
personnel that a trouble condition exists. In this manner, 
the transmission line continues to be monitored for 
spurious signals until the test response is about to begin 
at time (to--A2) as shown in FIG. 12B. At that moment, 



3,314,015 
S 

the time marking pulse appears at the output of delay net 
work 138, resetting the flip-flop. 140 and turning ON the 
flip-flop 41. The signal from flip-flop. 141 energizes 
transmission gate 143, allowing the coded signals from en 
coder 21 to be gated into the word distribution circuit 
144. At time (to--A3), when the test response signal has 
passed, the marking pulse appears at the output of delay 
network 139, resetting flip-flop. 141. 
The encoder 21 shown in FIG. 11 continuously samples 

and encodes the incoming signal, thereby producing a 
binary series of numbers which represent the sample 
values of the incoming pulse train. Transmission gate 43 
allows the appropriate sample values of the test response 
to be delivered to the word distribution circuit 144. The 
distribution circuit 144 separates the encoded signal on a 
Word-by-Word basis, delivering each word (or sample) to a 
Separate output conductor in the set of conductors 128. 
Thus, the first sample of the test response, Ao, is de 
livered in digital form to the uppermost output conductor. 
The second sample, A1, in a similar manner, is delivered to 
the second output conductor, and so on. 

It will, of course, be remembered that encoder 21 may 
well be adapted to deliver the output sample words in 
parallel; that is, each digit appearing on a separate con 
ductor from the encoder. Thus, the output conductors in 
the Set 128 in practice may each comprise a plurality of 
conductors where it is desired to continue to handle these 
sample words on a parallel basis. 

FIG. 13 shows only a portion of the computer 25 
in order to illustrate the manner in which the impulse 
response data may be used to automatically preset the 
interconnected weighting potentiometers. For illustrative 
purposes therefore, there is shown only the apparatus for 
handling the following single inequation: 

the remaining inequations are automatically programmed 
in the same manner. The apparatus shown in FIG. 13 
includes a pair of integraters 145 and 146 (analogous to 
integraters 80 and 81 as shown in the more detailed FIG. 
3) which deliver signals representative of the variables B 
and Bo, respectively. The output of integrater 145 is 
connected through the weighting potentiometer 148 to one 
input of the summing amplifier 150 (similar to amplifier87 
of FIG. 3, for example). Similarly, the output of in 
tegrater 146 is connected through a weighting potenti 
ometer 151 to another input of the summing amplifier 
150. The output of summing amplifier 150 is directly con 
nected to a threshold detector 155 which is like the 
threshold device 102 of FIG. 3. Threshold detector 155 
delivers a signal to conductor 157 whenever the inequa 
tion A Bo-i-AoB12r is unsatisfied; that is, whenever the 
Sum of the signals applied to the inputs of amplifier 150 is 
greater than the arbitrarily selected reference quantity "r." 
The signal from conductor 157 is applied to the input of 
integrater 145 through weighting potentiometer 158 and to 
the input of integrater 146 through the weighting potenti 
ometer 159. For the reasons discussed in regard to FIGS. 3 and 4 
of the drawings, the weighting potentiometers 148 and 
158 should be set to a value representative of the am 
plitude quantity Ao. This quantity represents the am 
plitude of the first sample and appears in digital form 
on the uppermost output conductor 128 from the distribu 
tion circuit 144. Similarly, the potentiometers 159 and 
151 are to be set in accordance with the value A which 
appears in digital form on output conductor second from 
the top in set 128. 
for providing a setting on a potentiometer in accord 
ance with coded signals. Typical among these digital 
potentiometers is that shown by W. W. Fisher et al. in 
their U.S. Patent 2,782,408, issued Feb. 19, 1957. An 
other scheme is shown in FIG. 14 of the drawings. As 
shown, four logarithmically related resistors are con 
nected in series and each may be shunted whenever the 

Many schemes are known to the art 
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6 
associated electromagnetic relay is actuated. Thus, digi 
tal signals applied to the conductors 161 may be con 
verted into a value of resistance between terminals 162 
and 63 which is representative of the value of the digital 
"word.' Such a scheme may be used to instrument po 
tentiometers 148, 151, 58, and 159 shown in FIG. 13. 

It will be apparent from the description above that the 
preset circuitry 125 and the computer 25' may be dis 
connected from the remaining portion of the circuit once 
the appropriate information has been stored in the digital 
memory 24. Accordingly, it will be possible for the 
computer and preset circuitry to be employed in equaliz 
ing a large number of transmission channels leaving the 
memory, multiplier, coding and decoding circuits to do. 
the work once the information storage has been accom 
plished. 

It is to be understood that the arrangements which have 
been described are illustrative of the application of the 
principles of the invention. Numerous other arrange 
ments may be devised by those skilled in the art without . 
departing from the true spirit and scope of the invention. 
What is claimed is: 
1. Apparatus for synthesizing a network having a de 

sired impulse response which comprises, in combination 
with a source of a time varying input signal, means for 
sampling and encoding said signal to form a first series 
of binarially expressed numbers, a digital memory, means 
for storing in said memory a second series of binarially 
expressed numbers, said second series being composed of 
a fixed number of terms representative of the sample 
values of an impulse response which approximates said 
desired impulse response, means for multiplying together 
said first and said second series to form the polynomial 
product thereof, and means for translating said product 
into an output signal, 

2. An artificial network having input and output termi 
nals and having an actual transfer characteristic which 
closely approximates a desired transfer characteristic, said 
desired transfer characteristic being defined as the rela 
tionship between a selected known input waveform and 
a desired output waveform, said artificial network com 
prising, in combination with a source of a time varying 
signal connected to said input terminal, means for sam 
pling said signal and encoding each sample to form a first 
series of binarially expressed numbers, a digital memory 
for storing a second series of binarially expressed numbers, 
said second series of numbers being composed of a limited 
number of terms the value of each of which is selected 
such that when said second series of numbers is multiplied 
times the sample values of said known input waveform 
a polynomial product is produced which most nearly ap 
proximates the sample values of said desired output wave 
form, means for multiplying said first series from said 
sampling and encoding means times said second series 
from said memory to form a third series of binarially ex 
pressed numbers, and means for translating said third 
series into an analog output signal. 

3. Apparatus as set forth in claim 2 wherein said means 
for multiplying together said first and second series com 
prises, in combination, means for storing a first binarially 
expressed number from said first series in a first shift reg 
ister, a series of memory units each of which stores a 
binarially expressed number in said second series, an 
AND-gate multiplying matrix for cross-connecting each 
stage of said first shift register with the output of each 
of said memory units, accumulator means connected to 
said matrix for simultaneously storing the first series of 
subproducts formed by multiplying said first number 
times each of the numbers in said second Series, means 
for storing a second number from said first series in Said 
first register, and means for shifting said first series of 
subproducts within said accumulator means and adding 
said first series of subproducts to a second series of Sub 
products formed by said second number. 

4. Apparatus for equalizing an electrical transmission 



3,314,015 
17 

path which comprises, in combination, means at the trans 
mitting end of said path for generating a short duration 
testing signal having a frequency spectrum of finite value 
throughout a selected band of interest, means for passing 
said testing signal over said transmission path, means for 
sampling and encoding said signal as distorted by said 
path to form a first polynomial series of binary numbers, 
means for developing a second polynomial series of num 
bers which most nearly approximates the inverse of said 
first series, a binary memory, means for storing said sec 
ond series in binary form in said memory, means for multi 
plying said second series of numbers stored in said mem 
ory times the sample values of incoming signals as they are 
received from said path to form a product series, and 
means for decoding said product series. 

5. Apparatus as set forth in claim 4 wherein said 
means for developing said second series of numbers com 
prises, in combination, an analog computer adapted to 
automatically converge to an optimal solution for a prob 
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lem having k variables and a greater number of restric 
tions, said restrictions being electrically defined within 
said computer by means of settings on a plurality of po 
tentiometers, means for adjusting the settings on said po 
tentiometers in accordance with the values of said num 
bers in said first series, and means responsive to said 
computer for generating said second series of numbers 
wherein each term is representative of the optimal solu 
tion of respective ones of said k variables. 
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