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(57) Abstract: A computing system is provided including processing
circuitry configured to receive inference-time molecular structure data
for an inference-time molecular structure (I), including inference-time
atomic basis density expansion coefficients p, and data indicating atom-
ic attributes for each atom in the inference-time molecular structure (I),
input the inference-time molecular structure data to a trained kinetic
energy density functional machine learning model Ts ¢ (p, (I)) to there-
by generate a predicted value for electronic non-interacting kinetic en-
ergy Tgs (p, (I)) of a density function p (r), wherein the trained machine
learning model has been trained on a training data set that includes,
as input, atomic attributes for each atom in a training-time molecular
structure (I), and atomic basis density expansion coefficients p for the
training-time molecular structure (I), and corresponding ground truth
values for non-interacting kinetic energy Tg (p, (I)), and output the pre-
dicted value for non-interacting kinetic energy Tg (p, (I)) for the infer-
ence-time molecular structure (I).
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KINETIC ENERGY DENSITY FUNCTIONAL MACHINE LEARNING MODEL

BACKGROUND
[0001] 1 Introduction
[0002] Density functional theory (DFT) is a quantum chemistry method for

solving for molecular energy and properties. It is widely adopted due to its widely
desirable accuracy-eftficiency trade-oft, and has fostered many scientific discoveries. In
the common Kohn-Sham formulation to solve a molecular system with N electrons, by
maintaining N one-electron wavefunctions {¢;(r)}}_; known as orbitals, the majority
of kinetic energy can be covered explicitly, and after also covering the majority of
internal potential energy explicitly with the classical counterpart (i.e. Hartree energy),
the remaining unknown portion, known as the exchange-correlation (XC) energy, only
makes up a small portion and is thus easier to approximate. Nevertheless, optimizing N
orbitals deviates from the original idea of DFT to optimize the one-electron density ,
and this immediately introduces an order-N more computation complexity (Fig. 1A).
This is increasingly undesired in the current age when simulating large-scale systems
for applications in practice is eagerly desired. For this reason, there is an increasing
interest in methods that follow the original spirit of DFT, now called orbital-free DFT
(OFDFT).

[0003] Given well-developed XC functionals, the central task in OFDFT is to
approximate the non-interacting kinetic energy (the kinetic energy computed from
orbitals) as a density functional (KEDF) T¢[p]. Classical approximations take local
density value or semi-local density features (derivatives of the density) to compute the
energy. Considering the limited accuracy and fewer semi-local features (e.g., kinetic

and exchange energy densities) in OFDFT, explicit nonlocal calculation
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(convolution/double integral) is found indispensable and modern developments mostly
follow this form. Parameters in these formulations are determined by the uniform
electron gas (UEG) theory. Many successes have been achieved for material systems,
but accuracy is still limited for molecules, mainly due to the electron density in
molecules being highly concentrated and far from the case in UEG.

[0004] There are also attempts to use machine learning to approximate KEDF
by leveraging data to compensate for the theoretical mismatch. Kernel ridge regression
is on known approach, and deep neural networks have also been explored recently. Yet,
these methods use a regular grid (or plane-wave basis) to represent density, which is
still not suitable enough for molecule systems as the steep density change near atoms
requires a high resolution but at the cost of unnecessarily many grid points in low-
density regions. Even using irregular grids commonly needs a number of grids in the
tens of thousands of times the number of electrons. This is especially unaffordable in
nonlocal calculation. Moreover, few of these machine learning methods showed
extrapolation of their performance to molecules far larger than those in training data
(out-of-distribution generalization). Extrapolation to larger molecules for such machine

learning methods is a significant technical challenge for OFDFT.

SUMMARY

[0005] To address these issues and other issues discussed herein, a computing
system is provided including processing circuitry configured to receive inference-time
molecular structure data for an inference-time molecular structure, including inference-
time atomic basis density expansion coetficients, and data indicating atomic attributes
for each atom in the inference-time molecular structure, input the inference-time

molecular structure data to a trained kinetic energy density functional machine learning



WO 2025/035285 PCT/CN2023/112628

model to thereby generate a predicted value for electronic non-interacting kinetic
energy of a density function, wherein the trained machine learning model has been
trained on a training data set that includes, as input, atomic attributes for each atom in
a training-time molecular structure, and atomic basis density expansion coefficients for
the training-time molecular structure and corresponding ground truth values for non-
interacting kinetic energy, and output the predicted value for non-interacting kinetic
energy for the inference-time molecular structure.

[0006] This Summary is provided to introduce a selection of concepts in a
simplified form that are further described below in the Detailed Description. This
Summary is not intended to identify key features or essential features of the claimed
subject matter, nor is it intended to be used to limit the scope of the claimed subject
matter. Furthermore, the claimed subject matter is not limited to implementations that

solve any or all disadvantages noted in any part of this disclosure.

BRIEF DESCRIPTION OF THE DRAWINGS

[0007] Fig. 1A shows a schematic overview of two conventional DFT
approaches, and their orders of complexity.

[0008] Fig. 1B shows a schematic view of a computing system configured with
a trained kinetic energy density function (KEDF) machine learning model that, at
inference time, receives inference-time molecular structure data and outputs a
prediction of non-interaction kinetic energy, according to one example of the present
disclosure.

[0009] Fig. 1C shows a view illustrating how the KEDF machine learning
model 1s trained using density coefficients and the kinetic energy and gradient

computed from each of a plurality of self-constrained field (SCF) approximation cycles,
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to predict non-interacting kinetic energy that can be used to compute ground-state
energy of the molecular system.

[0010] Fig. 2 at (a) — (c) shows three charts that illustrate comparisons of the
predictions of the KEDF machine learning model to KSDFT calculations for several
test datasets.

[0011] Fig. 3 at (a) — (¢) shows three charts that illustrate the calculation
efficiency and extrapolation ability of the trained KEDF machine learning model as
used to make OFDFT predictions, in a system referred to as M-OFDFT, as compared
to conventional KSDFT.

[0012] Fig. 4 at (a) — (d) shows four charts that illustrate the performance of the
trained KEDF model in M-OFDFT vs. other conventional approaches, at different
predictive tasks for the to the 10-residue Chignolin protein.

[0013] Fig. 5 shows density optimization curves for the trained KEDF model in
M-OFDFT as applied to a QM9 molecule, with different initializations functions for
comparison.

[0014] Fig. 6 shows a schematic view of the transformer neural network
architecture of the KEDF machine learning model, referred to as the Graphormer
architecture.

[0015] Fig. 7 illustrates concatenation of auxiliary basis for different atom types,
in the KEDF machine learning model, according to one example.

[0016] Fig. 8 illustrates a schematic view of the computing system of FIG. 1B,
performing generation of the training data set and training of the KEDF machine
learning model, at training time, and outputting of the trained KEDF machine learning

model for use at inference time.
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[0017] Figs. 9A — 9C illustrate a method for using a kinetic energy density
function (KEDF) machine learning model at inference time and training time, according
to one example of the present disclosure.

[0018] Fig. 10 includes graphs showing coetficient scale changes after the local
frame transformation. For each coefficient dimension p, the height of the depicted bar
represents the relative change in scale, with negative values indicating a reduction in
the scale of the coefficient due to the local frame transformation. These graphs
demonstrate that the local frame substantially decreases the coefficient scale across
diverse basis dimensions and atom types.

[0019] Fig. 11 includes graphs showing gradient scale changes after the local
frame transformation. For each coefficient dimension p, the height of the bar represents
the relative change in gradient scale. In the graphs, the local frame transformation
notably reduces the gradient scale across a wide range of basis dimensions and atom
types.

[0020] Fig. 12 includes graphs that show the gradient and density coefficient
scale of the QM9 dataset. The Loo metric is used to measure the maximum scale of data.
(a)-(b) present the gradient scale before and after the dimension-wise rescaling
transformation. This technique can significantly reduce the gradient scale across
various coefficient dimensions. (¢) shows the coefficient scale after the dimension-wise
rescaling transformation.

[0021] Fig. 13 is a graph showing gradient scale changes without being
centralized by the atomic reference model, demonstrating that the atomic reference
model can considerably reduce the gradient scale.

[0022] Fig. 14 includes a pair of graphs that show curves of total energy and

gradient norm during density optimization for a randomly selected molecule from the
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QMO dataset. In Fig. 14, 1stLocGradNorm denotes the step of the first local minima of
gradient norm, 1stLocEngUpd denotes the step of the first local minima of single-step
energy update and GlobEngUpd denotes the step of the global minima of single-step
energy update. E, Ex and |[VpEIl denote optimized total energy, ground-truth total
energy and the norm of energy gradient, respectively. IstLocGradNorm denotes the
step of the first local minima of gradient norm, 1stLocEngUpd denotes the step of the
first local minima of single-step energy update and GlobEngUpd denotes the step of the
global minima of single-step energy update. E, Ex and ||VpEll denote optimized total
energy, ground-truth total energy and the norm of energy gradient, respectively.
[0023] Fig. 15 is a graph showing composition ratios of different QMugs bins.
[0024] Fig. 16 includes two graphs showing additional visualizations of the
optimized density around different atoms in an ethanol molecule.

[0025] Fig. 17 includes a pair of graphs showing HF force prediction accuracy
on two extrapolation settings.

[0026] Fig. 18 includes a pair of graphs showing ablation study results for non-
locality of the model architecture, wherein graph (a) shows energy prediction accuracy
on test ethanol molecules, and graph (b) shows HF force prediction accuracy on test
ethanol molecules.

[0027] Fig. 19 shows a schematic view of an example computing environment

in which the computing systems and methods shown in Figs. 1B-18 may be enacted.

DETAILED DESCRIPTION
[0028] Herein, a computing system and method for OFDFT is described that is
referred to as M-OFDFT (M stands for molecules), and which is particularly suited for

such molecules using a KEDF machine learning model. For an efficient density
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representation for molecules, expansion coefficients on an atomic basis are used in the
KEDF machine learning model. An atomic basis naturally fits the pattern of density in
molecules because both concentrate around atoms, as shown in Fig. 1B. This alignment
allows a much smaller representation dimension, where commonly only tens of the
number of electrons suffices for the number of bases. The KEDF model receives input
of the species (e.g., data indicating the atomic number and number of electrons) and
positions of atoms, i.e., the structure of the molecule, together with the density
coefficients attributed to each atom. As shown in Fig. 1B The KEDF model is
implemented using a transformer-based neural network architecture (referred to herein
as Graphormer) which makes an explicit nonlocal calculation, and has the potential for
better gencralization and extrapolation with more data and parameters than
conventional models. Graphormer is described with reference to Fig. 6 and in
Chengxuan Ying, Tianle Cai, Shengjie Luo, Shuxin Zheng, Guolin Ke, Di He, Yanming
Shen, and Tie-Yan Liu. Do transformers really perform badly for graph representation?
Advances in Neural Information Processing Systems, 34:28877-28888, 2021, the
disclosure of which is herein incorporated by reference.

[0029] Learning a density functional is a more challenging task than
conventional machine learning. The model is used to construct an objective function to
optimize density coefficients, so it needs to know the fine energy landscape and keep
the optimization on track, as merely fitting point-to-point data does not achieve
sufficiently accurate results. As shown in Fig. 1C, to address this challenge, the
inventors of the subject application reviewed the data generation process and managed
to produce multiple coefficient data points for each molecular structure, and also
provide a gradient label for each data point. As explained in further detail below, they

also chose proper density initializations to ensure the optimization stayed in regions
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where the model is reliable. Optimizing the training objective is also challenging due
to the geometric variability of input data and the vast range of gradient data. The
inventors correspondingly used local frames to orient the atomic basis to reduce the
geometry variability and meanwhile enhance chemical environment invariance, and
introduced a series of techniques to enable effective optimization.

[0030] The practical utility and attraction of the computing systems and
methods described herein including the KEDF machine learning model and M-OFDFT
is demonstrated herein in the following ways. First, M-OFDFT achieves an accuracy
never seen by OFDFT with classical KEDFs on a range of molecular systems, including
those as large as a protein. Chemical accuracy is achieved on in-scale test molecules,
and on larger-scale molecules, the error is still much smaller than that from classical
KEDFs. The optimized density also shows a clear shell structure, which is deemed hard
for OFDFT. This suggests the functional enables a working OFDFT for molecular
systems. Second, M-OFDFT indeed shows a lower empirical time scaling of 0 (N146)
than that O(N?*°) of KSDFT. The absolute time is always smaller, particularly,
achieving a 5.7-fold speedup on Chignolin (684 electrons), and a 27.4-fold speedup on
the protein B system (2,750 electrons) where KSDFT is around the margin of
affordability. Third, an extrapolation study has been shown to larger-scale systems that
other machine-learned functionals have seldom achieved. Here, the functional achieves
a non-increasing per-atom energy error with the increase of number of heavy atoms in
molecule (exponent -0.11), which is seldom seen in direct energy prediction (exponent
0.235 using the same architecture). This demonstrates the merit of leveraging a more
fundamental formulation to use machine learning for molecular sciences. The better
extrapolation of learning an objective than learning an end-to-end map also aligns with

the observation in machine learning. In view of these benefits, the computing systems
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and methods described herein push forward the accuracy-scalability trade-off frontier
in quantum chemistry, and could benefit various molecular science and engineering
problems.

[0031] Turning now to a detailed description of Fig. 1B, a computing system
10 is illustrated which comprises a computing device 12. Computing device 12
comprises processing circuitry 14, associated volatile memory 16, and non-volatile
storage device 18 linked by a communications bus. The non-volatile storage device
stores instructions, that when executed using parts of the memory 16 by the processing
circuitry 14, causes the processing circuitry 14 to perform the functions described
herein. In this way, processing circuitry 14 is configured to perform these functions.
[0032] As shown, at inference the processing circuitry 14 is configured to
receive inference-time molecular data 20 including an inference-time molecular
structure M and inference-time atomic basis density expansion coefficients p. The
inference time molecular structure M is a data structure that includes data that
structurally describes a physical molecular system 22. More specifically, inference-time
molecular data 20 includes data indicating atomic attributes of each atom Z in the
inference-time molecular structure M. For example, the atomic attributes may be one
or more of atomic positions X and atomic number Z. Any suitable encoding for the data
may be used to indicate the atomic positions X and atomic number Z. The atomic basis
density expansion coefficients p represent the electrical density functional p® as the
expansion coefficients under atomic basis, as shown. These density expansion
coefficients p may simply be referred to as density coefficients, and may be supplied
after preprocessing by a density feature preprocessing module described below.

[0033] The processing circuitry 14 is further configured to input the inference-

time molecular structure data 20 to a trained kinetic energy density functional (KEDF)
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machine learning (ML) model Tso(p, M) 24 to thereby generate a predicted value for
electronic non-interacting kinetic energy Tss 26 of a density function p(r), which can
be based on or determined by atomic basis density expansion coefficients p. As
described below in more detail with reference to FIG. 8, for example, the trained KEDF
ML model (or KEDF model for simplicity) has been trained on a training data set that
includes, as input, atomic attributes, such as one or more of atomic positions X and/or
atomic numbers Z, of each atom in a training-time molecular structure M, and atomic
basis density expansion coefficients p for the training-time molecular structure M, the
atomic basis density expansion coefficients p indicating values by which electron
charge density is represented on an atomic basis, and that includes corresponding
ground truth values for non-interacting kinetic energy Ts(p, M). The training data set
can also include ground truth values for the kinetic energy density expansion gradient
VpTs(p, M). In one example configuration the trained KEDF ML model 20 includes a
neural network 28, such as the transformer-based neural network shown in FIG. 8. An
output layer 30 is provided to sum the energy contributions of each atom in the
molecular structure M .

[0034] The processing circuitry is further configured to output the predicted
value for non-interacting kinetic energy 7s¢ 26 for the inference-time molecular
structure M 20. The processing circuitry may further be configured to output a
predicted value for the kinetic energy density expansion gradient Vp7s(p, M) through
backpropagation for the inference-time molecular structure M . The processing
circuitry may further be configured to perform an orbital-free Density Functional
Theory (DFT) calculation 32 using the predicted value of the kinetic energy density
expansion gradient. An example form of an OFDFT calculation for determining ground

state energy 1s shown in FIG. 2, and further described below.

10
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[0035] 2 Results

[0036] 2.1 The Orbital-Free Density Functional Theory for Molecules

[0037] In OFDFT, the energy functional is decomposed in the same way as in
KSDFT:  E[p] = Ts[p] + Enlp] + Exclp] + Eexelp] .  where  Egyx[p]

:= [ p(r)Voye () dr is the external potential energy from the nuclei in the molecule,

p(Mp(r')

lr=7"I|

Eylp] = % f drdr' is the classical internal potential energy (Hartree energy)

that covers the major part of the electric interaction energy among electrons, Ts[p] is
the non-interacting part of the kinetic energy, and the exchange-correlation (XC) energy
Exc[p] accounts for the rest of the kinetic and internal potential energy, and accurate
explicit approximations are available. In KSDFT, the non-interacting kinetic energy
can be directly calculated from orbitals. But as a density functional, its expression is
unavailable. Hence, the focus in OFDFT is to develop an accurate approximation to the
KEDF Tg[p].

[0038] As mentioned, M-OFDFT adopts atomic bases (atom-centered
contracted Gaussians with spherical harmonics) for an efficient density representation
in molecules, which concentrates on atoms around which the density is distributed, as
shown in FIG. 1B. They are even designed to mimic the nuclear cusp condition for
accurately describing the sharp change near the nuclei, which is hard for grid or plane-
wave bases. As a result, the commonly required number of atomic bases is much fewer
(~103) than the number of grids, which is highly favorable especially for nonlocal
calculation indispensable for KEDF. Moreover, atomic bases often come in a shell
structure, i.e., basis functions concentrate on different radii from the nucleus. This helps
the OFDFT method to easier find the shell structure of density in molecules, which is

deemed hard without orbitals. Under an atomic basis {w), (r)}fj’:l, the density can be

expanded as: p(r) = X, p,w, () . As the atomic basis depends on the structure M :

11
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= {X,Z} of the molecule, i.e., the positions X := (x,- -+, x4 (conformation) and
atomic numbers Z := (ZW ... Z4) of all atoms (constitution) in the molecule, the
density is fully described by the tuple (p, M). The KEDF model hence follows the form
Ts(p, M), which directly outputs the integrated value instead of kinetic-energy density
on grids.

[0039] Fig. 1B and C show an overview of the computing system of the present
disclosure (also referred to as M-OFDFT), while Fig. 1A shows conventional
approaches. As shown in Fig. 1A, conventional KSDFT solves the Schrodinger
equation by maintaining N one-clectron wavetunctions, while OFDFT relies on only a
single one-electron density function, reducing the computational complexity by an
order of N. At Fig. 1B, the computing system 10 is shown using the expansion
coefficients p on an atomic basis to represent electron density. The KEDF model based
on the non-local Graphormer architecture takes as inputs density coefficient features
(or simply density coefticients) p and molecular structure M to predict kinetic energy
Tsp. In Fig. 1C, the trained KEDF model is shown being used as the objective function
for optimizing the density coefficients p.

[0040] A machine-learning model for T¢(p, M) is employed and trained on
data, due to lack of instructive theory for KEDF far from uniform. For relevance in
deployment, data are generated on a certain set of molecular structures. However,
learning a density functional is more challenging than conventional machine training,
since the trained KEDF model is used as the objective function for optimizing the
density coefficient p for a given molecular structure, as shown in Fig. 1C. To capture
the function landscape on the coefficient space of p for each molecular structure M,
the inventors managed the KSDFT calculation process to generate multiple p samples

for each molecular structure M and also calculate the gradient label V,T;, leading to

12
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data following the pattern {M @, {p(d'k), Ts(d’k) ) |7pTS(d’k) } } . Also introduced herein

kZa

are some techniques to handle geometric variability and the vast range of gradient data
for effective training.

[0041] For the architecture of the Ts,8(p, M) model, noting that the
coefficients in p can be attributed to each atom according to the center of the
corresponding basis function, the input (p, M) can be seen in a graph structure, where
the atom type and coefficients define the node feature, and the relative location of an
atom pair defines the edge feature, as shown in Fig. 1B. The inventors hence use a graph
neural network based on the Graphormer model as Ts(p, M), as shown in Figs. 1B, 6
and 8. The nonlocality is covered by the self-attention layer from the transformer
architecture of the KEDF model, which explicitly computes the interaction between
every pair of node features. To better accommodate the graph structure, edge features
are also involved in the corresponding node pair interaction, which is shown to improve
graph-theoretical performance. The interaction results are used to update node features,
and after several layers of such updates, the T output is given by aggregating the final
node features. According to an ablation study that was conducted, the nonlocal
formulation is crucial for the desired extrapolation performance of decreasing the per-
atom error as system scale increases.

[0042] After the Tsg (p, M) model is trained, the ground-state energy and
density of a given molecular structure M can be solved from the density optimization
procedure (See Fig. 1C):

min  Eg(p, M) := Tg9(p, M) + Ey(p, M) + Exc(p, M) + Eope(p, M) .

p: normalized
[0043] Here, Ey and E,,; can be explicitly computed from (p, M), and Ex,

can be computed on grids in a conventional manner. The optimization is solved by

13
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gradient descent as self-consistent iteration is unnatural for the density. In the

optimization, the normalization constraint, [ p(r)dr = p7

w = N where w, :=
1l wy (1) dr, is linear, so the gradient is projected onto the admissible plane before

updating the coefficients:
ptD = pk) 4 5(1 _W_WT)VE (p®, M) (D)
) wTw/ P8 P ’

[0044] where ¢ is a step size. Notably, due to directly operating on density, the
complexities to calculate E,,;, Exc, and Ey terms are square-rooted over those in
KSDFT, resulting in O(N), O(N) (for semi-local pure XC functionals) and O(N?)
complexities. The T g (p, M) model has O(N?) complexity, so the complexity for the
OFDFT of the present disclosure in each optimization iteration is O (N?). This achieves
order-N less cost than KSDFT, which is typically O (N?3).

[0045] 2.2 M-OFDFT Achieves Chemical Accuracy on Molecular Systems
[0046] The inventors studied the performance of M-OFDFT on molecules with
similar sizes as those in the training data. Two cases were considered for this study. In
the first, data was generated on a set of ethanol conformations from the MD17 dataset,
and in the second, on molecules in equilibrium conformation from the QM9 dataset.
The former studies the generalization in conformation space while the latter in the
chemical space. Each dataset was split into three parts for the training and validation of
the KEDF model and the test of M-OFDFT using the trained model. For ease of training,
the APBE KEDF was used as a reference and the Graphormer model (See Fig. 6 for
details) was allowed to learn the residue.

[0047] M-OFDFT was evaluated in terms of the mean absolute error (MAE) in
energy, as well as in the Hellmann-Feynman (HF) force. The results are 0.18 kcal/mol
and 1.18 kcal/mol/A on ethanols, and 0.93 kcal/mol and 2.91 kcal/mol/A on QM9. M-

OFDFT achieves chemical accuracy (1 kcal/mol energy MAE) in both cases.

14
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[0048] To show the significance of this result for OFDFT on molecules, the
performance is compared with classical KEDFs, including Thomas-Fermi (TF) KEDF

which is exact in the uniform electron gas limit, its correction with density gradient
1 - . .
TF + ng where vW represents the von Weizsicker KEDF, an empirical variant

TF+vW, and the reference method APBE. Noting that different KEDFs may have
different absolute energy biases, it is required to compare the MAE in relative energy.
On the ethanol dataset, a relative energy is taken between a conformation and the
equilibrium conformation. On QMO9, as each molecule only has one conformation, a
relative energy is taken between a pair from the 6,095 isomers of C7H190O> in the QM9
dataset, which can be seen as different conformations of the same “molecule.” Fig. 2
shows the model predictions on the test datasets compared to KSDFT calculations. Fig.
2 at (a)-(b) shows a comparison in energy and HF force prediction of M-OFDFT with
classical KEDFs (with 95% confidence interval bars). Fig. 2 at (¢) shows a visualization
of densities optimized by various methods. The curves plot the integrated density on
spheres with varying radii, centered at the oxygen atom in an ethanol molecule. As
shown in Fig. 2 at (a) and (b), M-OFDFT achieves chemical accuracy on relative energy,
and is two orders more accurate than OFDFT using classical KEDFs.

[0049] As a qualitative investigation of M-OFDFT, the optimized density on
ethanol by these methods is visualized in Fig. 2 at (¢). The major peaks on the left and
right show the density of core electrons of the oxygen and the bonded carbon, while the
minor peak in the middle reflects the density of electrons in the covalent bonds to the
hydrogen and the carbon. M-OFDFT accurately recovers this shell structure, which is
deemed difficult for OFDFT, and the optimized density almost coincides with the

density by KSDFT. In comparison, the classical KEDF of APBE does not align well
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with the true density around the covalent bonds. These results suggest that the inventors
have developed a working OFDFT for molecular systems.

[0050] 2.3 M-ODFT Has Lower Empirical Time Complexity than KSDFT
[0051] As mentioned, when using atomic basis to represent density, OFDFT
achieves O(N?) time complexity, which is lower than that O(N3) of KSDFT. This
advantage of M-OFDFT is empirically verified in Fig. 3 at (a). Both M-OFDFT and
KSDFT are tested on a subset of molecular structures from the QMugs dataset with 106
to 696 electrons. The running time values are grouped and averaged within each bin of
the number of electrons of width 20. The absolute running time of M-OFDFT is always
shorter than that of KSDFT, and achieves up to 6.7-fold speedup over KSDFT. The
complexity of M-OFDFT is lower than O(N?), and is indeed order-N less than that of
KSDFT.

[0052] With sophisticated atomic orbitals and numerical optimization, KSDFT
can typically handle molecular systems of up to approximately 500 atoms using a
modern PC cluster. To demonstrate the scaling advantage of M-OFDFT, the model was
tested on two large-scale systems that are seldom encountered in the context of KSDFT
calculations: (1) the 47-residue (709 atoms) peripheral subunit-binding domain BBL-
H142W (PDB ID: 2WXC), and (2) the 47-residue (738 atoms) KS5I/K39V double
mutant of the Albumin binding domain of protein B (PDB ID: 1PRB). The all-atom
geometry conformations for each system are extracted for evaluation from Kresten
Lindorff-Larsen, Stefano Piana, Ron O Dror, and David E Shaw, How fast-folding
proteins fold, Science, 334(6055):517-520, 2011. The results indicate that M-OFDFT
requires 0.41 hours and 0.45 hours to calculate the two test systems, respectively,
achieving 25.6-fold and 27.4-fold speedup compared to KSDFT calculations. The

PySCF software was used for KSDFT calculations and the default setting was adopted.
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[0053] 2.4 M-OFDFT Extrapolates Well to Larger Scale Molecules

[0054] OFDFT has the advantage of handling large systems with affordable
cost, for which other quantum chemistry methods such as KSDFT become sharply cost-
demanding. But due to the same reason, data are scarce for such systems. Accordingly,
a machine-learning-based OFDFT method that can extrapolate to molecules in larger
scales than seen in training (out-of-distribution generalization) is generally desirable,
though technically challenge to achieve. In conducting such a study on M-OFDFT, the
KEDF ML model (Graphormer model — see Fig. 8 for details) was allowed to learn the
sum of KEDF and the XC energy altogether. This is to completely get rid of calculation
on grids (for the APBE KEDF reference and the PBE XC functional), whose additional
O(MNg,;4) memory cost in gradient descent becomes unaffordable for large molecules.
It is noted that such a modification does not lead to obvious accuracy loss in the in-
scale study.

[0055] To evaluate the significance of the extrapolation behavior, the error of
M-OFDFT was compared with a natural variant of machine-learning-based quantum
chemistry method that directly predicts the ground-state energy from the molecular
structure M in an end-to-end manner. This is referred to herein as M-PES, representing
the potential energy surface for molecules, and uses the same Graphormer model
architecture for a fair comparison. To study the effect of density feature on extrapolation,
the inventors also considered a variant that has the MINAO density feature in its input
in addition to M, which is called M-PES-Den herein.

[0056] Fig. 3 shows calculation efficiency and extrapolation ability of M-
OFDFT. In Fig. 3 at (a), an empirical time cost of M-OFDFT and KSDFT for molecules
in various scales is shown. At (b) and (c), the extrapolation performance on QMugs is

shown. The shading in Fig. 3 represents a 95% confidence interval. At (b), all models
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have been trained on molecules with less than 15 heavy atoms, and extrapolated to
larger QMugs systems with increasing molecule scale. At (c¢), all models have been
trained on a suite of QMugs datasets with increasing molecule scale (up to 30 heavy
atoms), and extrapolated to 50 QMugs conformations with 50-60 heavy atoms. The
black dotted line denotes the performance of M-OFDFT trained on the first QMugs
dataset.

[0057] The inventors studied the extrapolation on the QMugs dataset, which
contains molecules much larger than those in QM9 that only have no more than 9 heavy
atoms. To construct an extrapolation task, the KEDF model was trained on QMugs
molecules with no more than 15 heavy atoms. As QMugs molecules with no more than
9 heavy atoms are few, all the QM9 molecules were also included in training. To study
the trend of extrapolation, the rest of the QMugs molecules were grouped according to
their number of heavy atoms into bins of width 5, and the per-atom energy MAE of M-
OFDFT was evaluated on 50 molecular structures from each bin with increasing scale.
[0058] The result is shown in Fig. 3 at (b). The per-atom MAE by M-OFDFT
is not only orders smaller in absolute value than the end-to-end counterparts M-PES
and M-PES-Den, but also keeps non-increasing and even decreases (the negative
exponent) with increasing molecule scale. This is beyond the expectation on the
common local-structure-based energy prediction models, since the error in each local
environment would not be reduced by a larger global environment, and almost always,
the prediction on each local environment cannot cover the effect from global interaction,
which becomes stronger as the molecule increases, and hence increases the per-atom
error when amortized. The non-increasing per-atom MAE is not achieved by directly

using a nonlocal model in end-to-end energy prediction as shown by the M-PES curve,
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and the similar increasing trend of the M-PES-Den curve indicates that even
augmenting with a density feature does not trigger the non-increasing trend.

[0059] With this evidence, the inventors postulate that the qualitatively better
extrapolation performance comes from modeling a density functional as the objective
function of the target density and energy, instead of directly modeling the map to the
targets. In this way, part of the complexity in the map is transferred to the optimization
process, while the objective function therein may be simpler and easier to extrapolate.
Particularly for the KEDF model, its dependency on molecular structure M is only for
locating and characterizing the basis of density, but not for the result of the entire
interaction process among electrons and atoms, which appears very complicated and
subtle if hiding the electronic descriptor. Notably, such a conclusion has also been
observed in machine learning, indicating a potentially general conclusion of better
extrapolation from modeling the objective function of the target.

[0060] To further substantiate the significance of the extrapolation capability of
M-OFDFT, the amount of additional large-scale molecular data required by end-to-end
counterparts to achieve extrapolation performance comparable to that of M-OFDFT
was investigated. For this purpose, 50 QMugs molecules with 50-60 heavy atoms were
selected as the extrapolation benchmark and the models were trained on a suite of
molecular datasets with increasing molecular size. Specifically, the QMugs molecules
with no more than 30 heavy atoms were grouped into bins with a width of 5 and larger-
scale molecules were progressively incorporated into the training set. A similar
molecule count was also maintained across all training datasets to avoid the influence
of data size. As illustrated in Fig. 3 at (c), both the M-PES and M-PES-Den models
required additional molecules with at least twice the larger scale (30 versus 15) to

achieve energy prediction accuracy comparable to M-OFDFT (0.068 kcal/mol). These
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results supportively demonstrate the superior extrapolation performance of M-OFDFT.
Moreover, the high efficiency of M-OFDFT in learning density functionals from
accessible molecules is very promising for pushing the quantum chemistry methods to
unaffordable large-scale systems.

[0061] In recent years, accelerating first-principle calculations for large-scale
biomolecular systems has become an appealing task in quantum chemistry, particularly
in the context of protein structures. To assess the generalization capability of M-OFDFT
for protein systems, the 10-residue Chignolin protein (comprising 168 atoms) was
selected as a model system. This protein has been extensively studied experimentally
and has abundant conformational structures derived from molecular dynamics (MD)
simulations. For the extrapolation task, the KEDF model was trained on short-peptide
fragments obtained from approximately 1,000 Chignolin conformations, each fragment
containing no more than five residues. The model was then extrapolated to the same
protein conformations. The fragments were constructed by “cutting out” subsequences
of the Chignolin sequence, including discontinuous subsequences with residue gaps.
They were chosen due to being long enough to sample important long-range effects,
but still short enough such that reference KSDFT calculations were accessible in a
reasonable time. Both the Chignolin conformations and fragments were neutralized,
since the focus was on isolated molecular systems where all atoms or functional groups
stay neutral and all electrons are paired. In this task, the external potential energy was
also introduced into the learning objective since it can increase the training stability of
the KEDF model.

[0062] The results are presented in Fig. 4 at (a). Fig. 4 shows extrapolation of
performance on Chignolin. Fig. 4 at (a) Energy prediction accuracy of 1,000 Chignolin

conformations of three methods with increasing training scale. In Fig. 4 at (b), relative
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energy prediction accuracy of 50 Chignolin conformations of three methods compared
to APBE. All deep learning models are trained with all fragments here. Fig. 4 at (c) and
(d) generally show finetuning performance on larger-scale molecules. Fig. 4 at (c)
shows energy and Fig. 4 at (d) shows Hellmann-Feynman (HF) force prediction
accuracy of 50 Chignolin conformations of three methods with/without finetuning
models on 500 Chignolin conformations. The error reduction ratios of finetuned models
over ‘FromScratch’ baselines are listed.

[0063] Impressively, M-OFDFT consistently outperforms both M-PES and M-
PES-Den in terms of energy prediction accuracy as the scale of training fragments
increases. Furthermore, the performance of M-OFDFT, trained with all fragments, was
compared to the classical KEDF APBE on 50 random Chignolin conformations. Fig. 4
at (b) demonstrates that the method disclosed herein achieves a significantly lower per-
atom relative energy MAE compared to APBE (0.098 kcal/mol vs. 0.684 kcal/mol),
highlighting the strong extrapolation capacity of this approach for biomolecular
systems.

[0064] Extrapolation to out-of-scale molecules remains a grand challenge for
machine learning-driven quantum chemistry methods, especially for large-scale
systems with extremely scarce training labels. One potential strategy to improve
extrapolation performance is pretraining the models on numerous small molecules that
are computationally accessible, and then finetuning the models on a smaller sample set
of systems of interest. A technical challenge exists to design an effective pretraining
framework that can efficiently exploit small molecules to extract transferrable
knowledge. To evaluate such a transfer learning strategy, the extrapolation performance
of M-OFDFT and the end-to-end counterparts on 50 random Chignolin conformations

were compared after finetuning all models on 500 Chignolin conformations. The
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models trained from scratch on the same 500 conformations serve as “FromScratch”
baselines. As depicted in Fig. 4 at (¢) and (d), the disclosed method achieves greater
performance gains over ‘“FromScratch” models in both energy and force accuracy.
Notably, M-OFDFT attains a significant 35.4% and 40.8% error reduction for force and
energy prediction, respectively. This result implies that the disclosed formulation can
exploit the transferrable and physical knowledge from accessible protein fragments
more efficiently than the end-to-end learning paradigm.

[0065] 3 Conclusion and Discussion

[0066] Described herein is a computing system and methods referred to as M-
OFDFT, an orbital-free density functional theory that works successfully on molecules.
The kinetic energy density functional (KEDF) for OFDFT is regarded as challenging
to approximate (harder than the exchange-correlation functional), especially for the
electronic density space for molecular systems. By leveraging machine learning models
such as the Graphormer architecture shown in Fig. 6, such approximation can be
achieved much more accurately, as demonstrated on a wide range of molecular systems.
With the achievement of working accuracy on molecules, M-OFDFT provides desirable
scalability of OFDFT into solving molecular systems. The empirical cost of M-OFDFT
is orders lower than that of the popular KSDFT, and the advantage becomes more
dominant as the empirical scaling O(N**%) is reduced by more than order-N over
KSDFT. Therefore, M-OFDFT is believed to have pushed forward the accuracy-cost
trade-off frontier of quantum chemistry.

[0067] The present disclosure also demonstrates the benefit of using an
appropriate formulation of quantum chemistry when leveraging machine learning. M-
OFDFT has shown qualitatively better larger-scale extrapolation performance than the

direct ground-state energy prediction formulation M-PES and M-PES-Den, even
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though they also consume 0(N?) complexity and achieve a lower in-scale validation
error. M-OFDFT can also provide the ground-state density which enables calculation
of various properties. The KEDF model could also be used for constructing quantum
embedding for more accurate multi-scale calculation.

[0068] In contrast to existing work on learning KEDF, the density is represented
here on atomic basis, which greatly reduces the feature dimension, enabling an efficient
nonlocal KEDF model that captures long-range effects to enhance accuracy. Some
other approaches to learning the XC functional also adopt atomic basis, but the absence
of the molecular structure input disallows the interaction of density components hosted
on difterent atoms. To inform the model of the optimization landscape, the training data
is enriched with gradient labels and labels for multiple densities on the same molecular
structure. Comparisons of the present approach to other approaches to supervising the
optimization behavior of a functional model, show that other approaches are not as
effective. Moreover, some other approaches require the projection onto the in-
distribution manifold be applied in each step of density optimization for stability, while
M-OFDFT only needs the initialization to be in distribution (see Fig. 5), indicating
better optimization behavior.

[0069] While statistical guarantees are established for the in-distribution
generalization of machine learning models, reliable extrapolation remains an open
challenge, which has long hindered the application of machine learning in the science
domain. The present disclosure achieves better extrapolation performance over ground-
state energy prediction by learning a density functional, whose underlying rule is
simpler and more universal, and therefore easier to extrapolate. The density
optimization process also takes over a part of the complication in the dependency of

ground-state properties on the molecular structure.
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[0070] Incorporating exact properties of KEDF into the machine learning
model could further improve extrapolation. Geometric invariance is built into the model,
which significantly improves the accuracy. Nevertheless, it is not always
straightforward to gain benefits from these properties, since some would introduce
more training challenges, or require specific architectures that come with unintended
capacity restriction. For example, an attempt was made to use the von Weizsicker
KEDF as the reference KEDF which introduces the positivity property to the residual
KEDF model Ts g 5,5, but the range of the resulting gradient labels for T g ¢ ;.o are too
large to train an ML model effectively. An attempt was also made to directly learn the
KEDF (without a reference) and the universal functional, which have convex surrogates,
but the results are far from desirable again due to more challenging training problems.
The KEDF also has a scaling property, but it cannot be translated into an exact equation
under atomic basis.

[0071] From the machine learning perspective, extrapolation can be further
improved with more data and a larger model. Notably, the transformer architecture has
enabled foundation models for language, and the Graphormer model itself (see Fig. 6)
has shown remarkable extrapolation performance on molecular property prediction.
Accordingly, better extrapolation could be expected with a larger dataset and model
size, all the way to serve as a foundation model of KEDF.

[0072] 4 Methods

[0073] Outlined below are methods to train and use the KEDF model. As
mentioned, learning a density functional faces more challenges beyond conventional
machine learning. This comes from two sides: (1) The model is used not as an end-to-
end predictor, but as an objective to optimize the density. This requires the model to be

aware of the energy landscape on the density-coefficient space, and proper density

24



WO 2025/035285 PCT/CN2023/112628

optimization methods. These challenges are addressed herein. (2) The characteristics of
the target functional itself poses difficulties in model training (e.g., geometric
variability and vast gradient range). Such considerations are taken into account in
designing the model and developing techniques to address the training difficulties.
[0074] 4.1 Training the KEDF Model

[0075] As a density functional, the KEDF model is used to optimize density
coefticient p for a given molecular structure M (Fig. 1C and FIG. 8), and therefore it
needs to know how to vary with p for a fixed M through training. To achieve this, the
training data first needs to provide T labels for multiple p values given each M value,
i.e., following the form {M (D {p(@k), Ts(d‘k)}k}d. This can be achieved by leveraging
solutions in intermediate steps of the self-consistent field (SCF) iteration in a KSDFT
calculation for each molecular structure M (¥, The rationale is that the task in each

SCF step k is to solve a non-interacting fermion system in an effective one-body

potential, whose ground state can be solved exactly using the orbitals. The non-

interacting kinetic energy Ts(d'k)

can thus be exactly calculated from these orbitals, and
the corresponding density coefficient p(**) can be calculated from these orbitals by
density fitting. In particular, adopted herein is an even-tempered auxiliary basis with its
[} parameter taken as 2.5 as the density basis. A well-acknowledged pure XC functional
(i.e., only depends on density but not orbitals), e.g., PBE, is used to make sure the data
pairs demonstrate a density functional. Restricted-spin calculation is adopted on the 6-
31g(2df,p) basis set, which is sufficient for the considered molecules which are

uncharged, in near-stable conformations, and only involve light atoms (up to fluorine).

The training loss function for the T o (p, M) model is:

Yd Xk Ts,e(P(d'k),M(d)) - Ts(d.k)|_ (2)
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[0076] However, although the predicted energy by a trained KEDF model is
accurate at the ground-state density coefficient, it was found that subsequent density
optimization using the model still decreases the energy. This indicates that T¢ labels
tfrom multiple SCF steps alone do not yet sufficiently demonstrate the energy landscape
on the coefficient space for density optimization. With the inventors’ realization that
the optimization curve should be stationary at the ground-state density, providing
further supervision on the gradient V,Ts(p, M), which provides more information on
the energy landscape and directly affects the optimization process, was considered.
Fortunately, the gradient label is also available from each SCF step, again due to the
solution to each SCF step k on molecular structure M (9 being the ground state of non-
interacting fermions in an effective one-body potential. The fitted density coefficient

p{@H) from the solution then represents the ground-state density of the system, which

minimizes the total energy Ts(p,]\/[ (d)) + pTv(g#{ ) subject to the normalization

constraint pTw@ = N, where v é?}c ) is the effective one-body potential in vector form

under the atomic basis of density.

w @@y @7
w@T @

[0077] This means (1 - ) (Vst(p(d'k),]V[(d)) + v(g?’;{)) = 0, which

gives gradient supervision on the subspace of normalized density coefficients. An

efficient implementation was made to calculate the unprojected gradient label

vé?']f )from each SCF step solution. The corresponding gradient loss function is:

Z 2 I — M (V T ( (d,k) M(d)) _ V T(d:k)) (3)
d Lk w@T @ | \piso\P" pls '
[0078] An ablation study was conducted on the effect of multiple-step data and

gradient supervision.

[0079] 4.2 Geometric Invariance
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[0080] The second extraordinary challenge beyond conventional machine-
learning tasks is that the data shows large variability. In the input feature to the model
Tso(p, M = {X,Z}), atomic coordinates X require a specific coordinate system, the
choice of which introduces an arbitrary variability of the input feature, also known as
SE(3) equivariance. Moreover, in addition to the radial component (contracted
Gaussians), atomic basis also has an angular component, which depends on the
coordinate system. The coefficient feature p then also has this variability. It is then
desired that the features or model be invariant with respect to the change of coordinate
system, so as to learn the essential dependency on density irrespective of geometric
representation.

[0081] For the atomic coordinates X, the Graphormer model is naturally SE(3)-
invariant to its shift and rotation, since the model only leverages relative distances of
atom pairs for later processing, which is naturally invariant. For the density coefficient
p, possible approaches include choosing a standard global coordinate system (e.g., by
PCA on the atom positions) or building a model naturally invariant to the shift and
rotation of the global coordinate system. But these approaches cannot make an invariant
feature for the same pattern of density distribution. For example, consider the
coefficients corresponding to the atomic basis on the three hydrogen atoms in a methyl
group. As the three H-C bonds are symmetric, the densities on the bonds are the same
(ignoring influence from nearby non-bonded atoms) and thus have the same
contribution to the kinetic energy from themselves. But as the three bonds have
different orientations relative to a common coordinate system, the coefficients are
different. To further eliminate this unnecessary variability, adopted herein is a local
frame to endow cach atom with its own coordinate system for its atomic basis and

coefficients, depending on the local chemical environment, basically the bonding
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pattern, of the atom. Similar ideas are also considered in many previous attempts, where
the x-axis unit vector X is pointed from the center atom to the nearest neighbor atom,
2= % x (x® — x(®) where x® is the coordinates of the second-nearest atom to this
atom x© which is not on £, and $ := 2x%. Following this, hydrogen atoms in the
neighborhood of the center atom are excluded to obtain more stable local structures.
Since the local frame is chosen all based on relative positions of the atoms, it is
equivariant to the global shift and rotation, making the density coefficient SE(3)-
invariant. In addition, the coefficient on the ¥ direction reflects the density on the most
significant (shortest length) bond at the atom. This leads to the same density coefficients
on the three hydrogen atoms in a (perfectly symmetric) methyl group even though the
H-C bonds have different orientations, and the change in the coefficient reflects the
density change on the H-C bond. Both the scale (standard deviation) of atomic density
coefficients and gradient labels are significantly reduced with the use of local frames,
especially for H atoms where most of the coefficient dimensions exhibit a > 60% scale
reduction ratio. Moreover, this approach immediately reduces the training loss and
stabilizes the optimization process, resulting in a significant improvement in the density
optimization stage.

[0082] 4.3 Learning with a Vast Gradient Range

[0083] Even with the geometric variability removed, the range of data is still
vast. What makes it worse is that conventional data normalization technique is not
applicable in this task, since there is also a gradient label, minimizing whose scale is
conflicting with minimizing the coefficient scale (dividing a scale to the coefficient
means multiplying the scale to the gradient). Having both large coefficients and
gradient implies a function with a large Lipschitz coefficient. To handle this challenge,

a series of techniques are introduced to enable effective training, including a
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reparameterization of the density coefficient, atomic reference model, and dimension-
wise rescaling.

[0084] Dimension-wise Rescaling

[0085] First, a numerical treatment of dimension-wise rescaling is considered
to allow more flexibility in data normalization. Specifically, for each coefficient
dimension, an attempt is made to normalize its gradient data points to a target scale. If
the resulting coefficient standard deviation is larger than a chosen maximum scale, then
that dimension is rescaled to normalize the coefficients to the maximum scale. The

procedure of obtaining the rescaling factor A}, of dimension p can be summarized as

- Al7wus,, s <
mln{ *;g w‘g(sz:u) ,”Vp#TS”mEsg

Ay =

" 4

1, %75 <5
[0086] where 5, is the target scale of gradients, S; is the maximum scale of
coefticients, ” Vp#TS” is the infinity norm (i.e., L metric) of gradient and a'(pﬂ) is

the standard deviation of coefficients. Each coefficient dimension will be rescaled by

r

Py = Aupy independently. Then the corresponding gradient scale that the KEDF model
need to fit will be reduced by VPuTSI = W, Ts /Ay (A =1 for most cases).

[0087] Natural Reparameterization

[0088] Nevertheless, even with this approach to trade-off coefficient scale and
gradient scale, simultaneously reducing both scales is still difficult. Two techniques are
introduced before applying dimension-wise rescaling. Firstly, since different bases
have different importance in representing density, different coefficient dimensions have
different sensitivities to the density function, causing some dimensions to have
particularly large Lipschitz coefficient for the energy. Therefore, a natural

reparameterization of the density coefficients is conducted. The principle is to make the
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Euclidean metric in the reparameterized coefficient space reflect the L2-metric in the
density-function space, so that the sensitivities across coefficient dimensions are
balanced, allowing a better dimension-wise rescaling result to make learning easier.
Under atomic basis, this principle induces a metric on density coefficient d(p,p’)? =
(p —p")"W(p —p"), where W is the overlap matrix of the density basis. Thus the
density can be reparameterized by p := M'p, where M satisties MMT = W . This
reparameterization also leads to natural gradient descent in density optimization, which
is shown to converge faster than standard gradient descent.

[0089] Atomic Reference Model

[0090] To further improve the coefficient-gradient scale trade-off, the
coefficient absolute scale can be reduced by subtracting a statistical mean (data
centering), but this cannot reduce the gradient absolute scale. Therefore, an atomic
reference model is introduced for the kinetic energy that is linear in density coefficients.
For a simple dependency on molecular structure M (n), density coefficients
corresponding to the same atom type/species/chemical element share the same linear

weight. The linear model is constructed by taking the per-type linear weights garcn) as
the statistical mean of gradient data for each atom type, and fit a per-type bias Tyr¢,) on

the training dataset, as illustrated by

W\ _ v o s
(TS )M(n) = IpmPpron + Ty

[0091] This effectively centers the gradient labels for the main Graphormer
Model to learn.

[0092] Density Optimization

[0093] In the deployment stage, the common density initialization is out-of-
distribution with respect to training density, as the latter is the solution to an effective

non-interacting system while the former is the superposition of isolated atomic density.
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Two approaches bypass the problem: use an initialization that is a solution to a non-
interacting system, or train a model that projects the initialized density in-distribution,
specifically toward the ground-state density. Proper stopping criteria have been
designed for in-scale and larger-scale systems.

[0094] After training, the KEDF model Tg g (p, M) is used to solve for the
ground-state density and energy of a given molecule in structure M by minimizing the
total electronic energy with respect to density coefficient p. Gradient descent is used to
optimize p, as it is unnatural to formulate the process into SCF iteration, and gradient
descent also works in KSDFT more stably than SCF iteration. Note that the
normalization constraint of density is handled by projecting the standard gradient g onto
the admissible plane before updating the coefficients.

[0095] Fig. 5 shows typical density optimization curves for a QM9 molecule
with different initializations. Initializing the optimization with ground density (“Ground
Density” in figure) leads to a stationary line. All other curves, excluding MINAO,
consistently remain above the KSDFT energy. Notably, at the final step, ProfMINAO
yields an energy that is only marginally higher (0.60 kcal/mol) than KSDFT. The
energy convergence obtained from the Hiickel initialization is 5.34 kcal/mol, while the
energy convergence achieved using the MINAO+1SCF initialization 1s 1.90 kcal/mol.
[0096] For initialization, note the common method MINimal Atomic Orbital
(MINAO) gives densities out of distribution from the training data, since they do not
exactly correspond to the solution of an eigenvalue problem. This mismatch leads to
unreliable results even in previous simple tasks and with kernel methods. Therefore, an
initialization that is indeed an eigenvalue solution, e.g., the Hiickel initialization, is
considered. Alternatively, employing a machine learning model to project the MINAO

density onto the space of eigenvalue solutions (ProjMINAOQO) may also be considered.

31



WO 2025/035285 PCT/CN2023/112628

[0097] Initialization of the density requires special attention. As shown in Fig.
5, with all the training techniques disclosed herein, the optimization curve from the
ground-state density keeps stationary. But the result from the MINAO density, which
is the common KSDFT initialization, is undesired: the curve stabilizes for a while but
with a gap below the ground-state energy, and even diverges later. A hint on this
problem can be drawn from the curve from the density after the first SCF iteration from
MINAO (MINAO+1SCF), which although starts with the same extent of deviation
from the ground-state density as MINAO in terms of energy, converges stably and well
approaches the true value. This observation implies that the problem with MINAO is
probably due to its out-of-distribution nature: the model is trained on densities that
come from the eigensolutions to effective one-electron Hamiltonian matrices, while the
MINAO density is from the superposition of orbitals on each atom in isolation. This
inspires us to employ an initial density that is in distribution.

[0098] The first choice is the Hiickel initialization, which is from the
eigenvalue-problem solution of a simple Hamiltonian matrix, hence is an in-distribution
density. From Fig. 5, although the initialization seems much worse than MINAO in
terms of total energy, it surprisingly converges well to the ground-state density.

[0099] The second choice, dubbed ProjMINAO, is to employ a model to correct
the MINAO density towards an in-distribution density. In practice, an additional output
branch is introduced to the model for predicting the required correction on the input
coefficient towards the ground-state coefficient. Accordingly, a density loss is
introduced to also train this branch. As shown in Fig. 5, after correction, the density
optimization curve indeed converges well and gives an accurate energy result. The
result appears even better than using the Hiickel initialization as the density corrector

provides a starting point near the ground-state where the model approximates the
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functional more confidently (since near-convergent SCF solutions distribute around the
ground state). Note that even after the correction, density optimization is still effective,
which suggests the potential to give better results than the end-to-end
“structure— ground-state density—ground-state energy’ pipeline.

[00100] Another issue that needs to be addressed for density optimization is a
proper stopping criterion. In principle, the optimization process converges at the
stationary point (zero projected gradient) of the total energy functional. But in practice,
due to discretization error, the exact zero-gradient point may be missed. There, the
result at the step of minimum single-step energy update after a chosen number of
gradient-descent steps is chosen instead. For larger-scale systems, however, this
criterion is not as suitable since the model more or less shows some extrapolation error,
and even a minor error around the ground-state may lead the optimization towards
unreliable regions of the model. Therefore, in this case, results after a long optimization
are not reliable. Accordingly, the methods disclosed herein stop when the projected
gradient norm first stops decreasing. If there 1s no such a step within the chosen number
of steps, then the step where the energy update first stops decreasing may be chosen. If
such a step is still absent, the step with the minimal energy update within the chosen
number of steps may be chosen. The priority of projected gradient norm is higher than
that of energy update is due to the former is more sensitive to extrapolation hence
provides a safer stop.

[00101] Fig. 8 shows computing device 12 of computing system 12 at training
time. Processing circuitry 14 of computing device 12 is configured to train the kinetic
energy density function machine learning model 7Tsg(p, M) on a training data set 56
that 1s generated at least in part by the following operations. At training time, based on

orbital values (e.g., coefficients C for wave functions) computed in intermediate cycles
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of a self-consistent field (SCF) algorithm 52 evaluation of training-time molecular
structure data 50 for the training-time molecular structure, computing the atomic basis
density expansion coefficients p, non-interacting kinetic energy Ts(p), and gradients of
the non-interacting kinetic energy Vp Ts(p) for the intermediate cycles. The processing
circuitry 14 is further configured to store the density expansion coefficients and
training-time molecular structure as training-time inputs, and the non-interacting
kinetic energy and the kinetic energy density expansion gradients as ground truth output
in the training data set 54. These values may be processed by the density feature
preprocessing module in the manner described herein, prior to being stored in the
training data set, or prior to be being inputted into the KEDF model 20.

[00102] As shown in Fig. 6, the kinetic energy density function machine learning
model Tsa(p, M) can have a graph neural network transformer architecture configured
to implement a non-local attention mechanism. It will be appreciated that the kinetic
energy density function machine learning model 7sq(p, M) includes a transformer
neural network with a multi-headed attention mechanism that is trained by
backpropagation using the training-time inputs and the ground truth output. As shown
in Fig. 8, one example of the multi-headed attention mechanism is configured to
compute attention and loss for a predictive task of predicting the non-interacting kinetic
energy 7s(p) given the density expansion coefficients p as input, and is configured to
compute loss by backpropagation with respect to the input density expansion
coefficients for a predictive task of predicting the kinetic energy density expansion
gradient. Each loss is typically measured by comparing the predicted value to the
ground truth value for the inputs. A backpropagation algorithm may be used to train the

KEDF model 20 based on the loss functions.
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[00103] As shown in Fig. 8, the training-time molecular structure data 50
includes data indicating atomic attributes, such as atomic coordinates X and atomic
number Z. In addition, the molecular structure data 50 may indicate atomic attributes
such as a number of electrons in the training-time molecular structure, and an orbital
basis set. The SCF algorithm 52 is executed at least in part by iterating through a
plurality of SCF cycles. Herein, SCF cycles are also referred to as steps and denoted by
the index k. In each SCF cycle the processing circuitry is configured to: compute a
plurality of orbital coefficients by which the orbital basis set 1s expanded to determine
orbital values for each electron, based on the orbital coefficients construct a matrix
approximating the single-electron energy operator of a given quantum system, such as
a Fock matrix F, using the constructed matrix compute updated orbital coefticients C,
based on the updated orbital coefficients compute non-interacting kinetic energy,
compute a gradient value VpTs(p, M) for the non-interacting kinetic energy, compute
density expansion coefficients p under atomic basis based on the orbital coefticients C,
store values for the non-interacting kinetic energy density expansion coefficients, non-
interacting kinetic energy, and kinetic energy density expansion gradients, and
determine whether a total energy and/or the density matrix has converged to within a
convergence threshold, and if converged, update a density matrix for the training-time
molecular structure based on the orbital coefficients and cease iterating.

[00104] The training-time molecular structure data can be stored in a graph data
structure, in which the atomic position and atomic number are represented as node
features in the graph data structure, and the atomic positions are used to compute edge
values in the graph data structure. As shown in Fig. 8 at the density feature
preprocessing module, the density coefficients can be expressed in a local atomic frame

of reference, which is equivariant to global shift and rotation, and makes the density
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expansion coefficients SE(3)-invariant. Further, the density coefficients can be subject
to natural reparameterization to make a Euclidean metric in a reparameterized
coefticient space trend towards an L2-metric in density-function space. Yet further, the
density coefficients can be subject to dimension-wise rescaling. An atomic reference
model can be adopted for the kinetic energy that is linear in density coetficients, such
that density coefficients corresponding to a same atom type, species and/or chemical
element share a same linear weight.

[00105] Turning now to FIG. 9A-9C, a computerized method 100 according to
one example implementation is illustrated. The method may be implemented using the
hardware and software eclements described herein, or other suitable hardware and
software. Method 100 is implemented at two different times, inference time and training
time. Training time typically occurs before inference time. Steps 102-112 are
implemented at inference time, and steps 114-156 are implemented at training time.
Continuing with Fig. 9A, method 100 includes, at 102 receiving inference-time
molecular structure data for an inference-time molecular structure M. The inference
time molecular structure data that is received includes inference-time atomic basis
density expansion coefficients p and data indicating atomic attributes, such as atomic
positions X and atomic number, of each atom Z in the inference-time molecular
structure M. At 104, the method includes inputting the molecular structure data to a
trained kinetic energy density functional machine learning model 7so(p, M) to thereby
generate a predicted value for electronic non-interacting Kinetic energy Ts(p, M) of a
density function p(r), which can be based on or determined by determined by atomic
basis density expansion coefficients p. As shown at 106, the trained kinetic energy
density machine learning model has been trained prior to inference time on a training

data set that includes, as input, atomic attributes such as atomic positions X and/or
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atomic numbers Z of each atom in the training-time molecular structure M, and atomic
basis density expansion coefficients p for the training-time molecular structure M. As
shown at 108, the atomic basis density expansion coefficients p indicate values by
which electron charge density is represented on an atomic basis, and that includes
corresponding ground truth values for non-interacting kinetic energy 7s(p, M) and as
shown at 109, the training data set can further include ground truth values for the kinetic
energy density expansion gradient Vp7s(p, M). At 110, the method includes outputting
the predicted value for non-interacting kinetic energy for the inference-time molecular
structure. At 111, the method includes outputting from the trained kinetic energy
density function machine learning model a predicted value of the kinetic energy density
expansion gradient through backpropagation at inference time. At 112, the method
includes performing an orbital-free Density Functional Theory (DFT) calculation using
the predicted value of the kinetic energy density expansion gradient. An example
equation for such calculation is shown in Fig. 1C.

[00106] Fig. 9B illustrates steps performed at training time. As shown, method
100 turther includes, at 114 generating a training data set. The training data set may be
generated at least in part by the steps shown at 116-128. At 116, the method includes
based on orbital values computed in intermediate cycles of a self-consistent field (SCF)
algorithm evaluation of training-time molecular structure data for the training-time
molecular structure, computing the atomic basis density expansion coefficients, non-
interacting kinetic energy, and gradients of the non-interacting kinetic energy for the
intermediate cycles. At 118, the method may include performing density feature
preprocessing, such as shown at steps 120-126. At 120, the method may include
expressing the density coefficients in a local atomic frame of reference, which is

equivariant to global shift and rotation, and makes the density expansion coefficients

37



WO 2025/035285 PCT/CN2023/112628

SE(3)-invariant, as described herein. At 122, the method may include subjecting the
density coefficients to natural reparameterization to make a Euclidean metric in a
reparameterized coefficient space trend towards an L2-metric in density-function space,
as described herein. At 124, the method may include subjecting the density coefficients
to dimension-wise rescaling, as described herein. At 126, the method may include
adopting an atomic reference model for the kinetic energy that is linear in density
coefticients, such that density coefficients corresponding to a same atom type, species
and/or chemical element share a same linear weight, as described herein. It will be
appreciated that the inference-time molecular structure data can be stored in a graph
data structure, the atomic position and atomic number are represented as node features
in the graph data structure, and the atomic positions are used to compute edge values in
the graph data structure.

[00107] At 128, the method includes storing the computed density expansion
coefficients and training-time molecular structure as training-time inputs, and the non-
interacting kinetic energy and the kinetic energy density expansion gradients as ground
truth output in the training data set . At 130, the method further includes training the
trained kinetic energy density function machine learning model Tsq(p, M) on the
training data set.

[00108] At 132, the method can include configuring the kinetic energy density
function machine learning model 7so(p, M ) to have a graph ncural network
transformer architecture configured to implement a non-local attention mechanism. At
134, the method can include configuring the non-local attention mechanism to be a
multi-headed attention mechanism that is trained by backpropagation using the
training-time inputs and the ground truth output. As shown at 136, the multi-headed

attention mechanism is configured to compute attention and loss for a predictive task
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of predicting the non-interacting kinetic energy given the density expansion coefficients
as input, and, as shown at 138, is configured to compute loss by backpropagation with
respect to the input density expansion coefficients for a predictive task of predicting the
kinetic energy density expansion gradient loss. At 140, the method may include
outputting the trained kinetic energy function machine learning model Tso(p, M).

[00109] Turning now to Fig. 9C, step 116 of method 100 may be implemented
by performing step 116A. It will be appreciated that the training-time molecular
structure data can include data indicating atomic coordinates, and an atomic number.
The molecular structure data can further include a number of electrons in the training-
time molecular structure, and an orbital basis set. At 116A, the method includes
executing the SCF algorithm at least in part by iterating through a plurality of SCF
cycles, and in each SCF cycle performing the following operations: at 142 computing
a plurality of orbital coefficients by which the orbital basis set is expanded to determine
orbital values for each electron, at 144 based on the orbital coefficients constructing a
matrix approximating the single-electron energy operator of a given quantum system
(e.g., a Fock matrix F), at 146 using the Fock matrix compute updated orbital
coefficients C, at 148 based on the updated orbital coefficients compute non-interacting
kinetic energy Ts(p, M), at 150 compute a gradient value VpTs(p, M) for the non-
interacting kinetic energy Ts(p, M), at 152 compute density expansion coefficients p
under atomic basis based on the updated orbital coefficients C, at 154 store values for
the non-interacting kinetic energy density expansion coefficients, non-interacting
kinetic energy, and kinetic energy density expansion gradients, and at 156 determine
whether a total energy and/or the density matrix has converged to within a convergence
threshold, and if converged, update a density matrix for the training-time molecular

structure based on the orbital coefficients and cease iterating. In this manner, training
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data can be produced during the execution of an SCF algorithm, when performing
KSDFT.

[00110] Further, the computerized method can include iteratively optimizing the
density expansion coefficients p for an inference-time molecular structure M using the
trained kinetic energy density function machine learning model 7s¢(p, M ). This can be
accomplished by, in in each of a plurality of iteration cycles: inputting the molecular
structure data and density expansion coefficients p to the trained kinetic energy density
functional machine learning model Tso(p, M) to thereby generate a predicted value for
electronic non-interacting kinetic energy 7so(p, M) of the density function p(r), and
then generating the predicted kinetic energy density expansion gradient Vp7s(p) by
backpropagation through the trained kinetic energy density functional machine learning
model Tso(p, M) with respect to the input atomic basis density expansion coefficients
p computing the gradient of the sum of Hartree energy, external potential energy, and
exchange-correlation energy, with respect to the input atomic basis density expansion
coefficients p, and adding it to the computed gradient Vp7s(p); projecting the gradient
onto a linear subspace of density expansion coefficients that determine n