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polynomial equations. The solutions are Iteratively computed and expressed as RNS residue values. The method further includes
determining a series of digits In a weighted number system (e.g., a binary number system) based on the RNS residue values.
According to an aspect of the invention, the method includes using a Chinese Remainder Theorem process to determine a series
of digits In the weighted number system based on the RNS residue values. According to another aspect of the invention, the
determining step comprises identifying a number in the weighted number system that Is defined by the RNS residue values.
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(57) Abstract: A method is provided for generating a chaotic sequence. The method includes selecting a plurality of polynomial

equations. The method also includes using residue number system (RNS) arithmetic operations to respectively determine solutions
for the polynomial equations. The solutions are iteratively computed and expressed as RNS residue values. The method further
includes determining a series of digits in a weighted number system (e.g., a binary number system) based on the RNS residue values.
According to an aspect of the invention, the method includes using a Chinese Remainder Theorem process to determine a series of
digits in the weighted number system based on the RNS residue values. According to another aspect of the invention, the determining

step comprises identifying a number in the weighted number system that is defined by the RNS residue values.
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DIGITAL GENERATION OF A CHAOTIC NUMERICAL SEQUENCE

The mnvention concerns numerical sequence generation. More
particularly, the invention concerns a method for digitally generating a chaotic
numerical sequence.

Chaotic systems can gencerally be thought of as systems which vary
unpredictably due to the defining characteristics of: sensitivity to 1nitial conditions;
being dense; and being topologically transitive. The characteristics of denseness and
topological transitivity mean that the resultant numerical values generated by a
chaotic circuit do not clump together. When measured or observed, chaotic systems
do not reveal any discernible regularity or order. Chaotic systems are distinguished
by a sensitive dependence on a set of 1nitial conditions and by having an evolution
through time and space that appears to be quite random. However, despite 1ts
“random” appearance, chaos 1s a deterministic evolution.

There are many types of chaotic communications systems known in the
art. Such chaotic communications systems include a chaotic spreading based
communications system, a coherent chaos shift keying based communications system,
a non-coherent chaos shift keying based communications system, and a differential
code shift keying (DCSK) based communications system. Such chaotic
communications systems also include a chaotic on-off keying based communications
system, a frequency-modulated DCSK based communications system, a correlation
delay shift keying based communications system, a symmetric code shift keying
(CSK) based communications system, and a quadrature CSK based communications
system.

Chaotic communications systems offer promise for being the basis of a
next generation of low probability of intercept (LPI) wavetorms, low probability of
detection (LPD) waveforms, and secure waveforms. While many chaotic
communications systems have been developed for generating chaotically modulated

waveforms, such chaotic communications systems suffer from low throughput. The
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term “throughput” as used herein refers to the amount of payload data transmitted
over a data link during a specific amount of time.

The throughput limitation with chaos based communication systems
can be traced to the way 1n which chaos generators have been implemented. Chaos
generators have been conventionally constructed using analog chaotic circuits. The
reason for reliance on analog circuits for this task has been the widely held
conventional belief that efficient digital generation of chaos 1s impossible.
Notwithstanding the apparent necessity of using analog type chaos generators, that
approach has not been without problems. For example, analog chaos generator
circuits are known to drift over time. The term “drift” as used herein refers to a slow
long term variation 1in one or more parameters of a chaotic signal. Another problem
with such analog circuits 1s that state information must be constantly transterred over
a communication channel to keep a transmitter and receiver synchronized, thereby
reducing data throughput. Still another problem with analog chaotic circuits 1s that
their rate of advancement from state to state 1s fixed by the physical characteristics of
the circuit and 1s not easily verified.

The transmitter and receiver in chaos based communication systems
are often synchronized by exchanging state information over a data link. Such
synchronization can reduce the problems associated with drift by communicating
updated state information. However, such a synchronization process offers
diminishing return because state information must be exchanged more often between
the transmitter and the receiver to obtain a high data rate. This high data rate results
in a faster relative drift. In effect, state information must be exchanged at an
increased rate between the transmitter and receiver to counteract the faster relative
drift. Although some chaotic communications systems employ a relatively efficient
synchronization process, these chaotic communications systems still suffer from low
throughput.

Communications systems may use multiple pseudo-random number
generators to generate a digital chaotic-like sequence. However, such

communications systems only produce more complex psecudo-random number
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sequences that possess all pseudo-random artifacts and no true chaotic properties.
While certain polynomials can mimic chaotic behavior, the arithmetic precision
required to generate chaotic number sequences requires an impractical
implementation. Stated differently, the binary arithmetic necessary in order to
achieve digital chaos 1s prohibitive.

In view of the forgoing, there 1s a need for a chaotic communications
system having an increased throughput. There 1s also a need for a chaotic
communications system configured for generating a signal having chaotic properties.
As such, there 1s further a need for a chaotic communications system that offers state
drift and update properties that are more favorable to high data rate applications.
Most significantly, there 1s a need for a method for digitally generating a chaotic
number sequence that can be used for a variety of communications system
applications.

A method 1s provided for generating a chaotic sequence. The method
includes selecting a plurality of polynomial equations. The method also includes
using residue number system (RNS) arithmetic operations to respectively determine
solutions for the polynomial equations. The solutions are iteratively computed and
expressed as RNS residue values. The method further includes determining a series
of digits in a weighted number system (e.g., a binary number system) based on the
RNS residue values.

According to an aspect of the invention, the method includes using a
Chinese Remainder Theorem process to determine a series of digits in the weighted
number system based on the RNS residue values. According to another aspect of the
invention, the determining step comprises 1dentifying a number 1n the weighted
number system that 1s defined by the RNS residue values.

According to another aspect of the invention, the determining step
comprises 1dentifying a truncated portion of a number 1n the weighted number system
that 1s defined by the RNS residue values. The truncated portion 1s selected to include

any secrially arranged set of digits comprising a portion of the number 1n the weighted
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number system. The truncated portion 1s selected exclusive of a most significant digit
of the number 1n the weighted number system.

According to another aspect of the invention, the method includes
selecting a value for each of N moduli 1n a RNS used for solving each of the
polynomial equations. The method also includes selecting each modulus for each of
the polynomial equations so that cach polynomial equation 1s irreducible. The
method further includes selecting each modulus for each of polynomial equations so
that solutions iteratively computed via a feedback mechanism for the polynomial
equations are chaotic.

According to another aspect of the invention, the method includes
selecting the polynomial equations to include at least a cubic type polynomial
cquation. The method also includes selecting each of the polynomial equations to be
identical exclusive of a constant value. The constant value 1s selected so that the
polynomial equation 1s irreducible for a predefined modulus. The polynomial
cquations are also selected to be a constant or varying function of time.

According to another aspect of the invention, the method includes
iteratively computing the solutions using a feedback mechanism. The feedback
mechanism 1s selected to include selectively defining a value of a variable of a
polynomial equation for each solution iteratively computed. The value 1s based on a
previous iteratively computed solution of the polynomial equation.

A chaotic sequence generator 1s also provided. The chaotic sequence
generator 18 comprised of a computing means. The computing means 1s configured to
use residue number system (RNS) arithmetic operations to respectively determine
solutions for two or more polynomial equations. The solutions are 1teratively
computed and expressed as RNS residue values. The chaotic sequence generator 18
further comprised of a mapping means. The mapping means 1s configured to
determine a series of digits 1n the weighted number system based on the RNS residue
values.

According to an aspect of the invention, the mapping means 18

configured to determine a series of digits in the weighted number system based on the
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RNS residue values using a Chinese Remainder Theorem process. The mapping
means 1s also configured to identify a number 1n the weighted number system that 1s
defined by the RNS residue values. The mapping means 1s further configured to
identify a truncated portion of a number 1n the weighted number system that 1S
defined by the RNS value.

According to another aspect of the invention, the mapping means 1s
configured to sclect the truncated portion to include any serially arranged set of digits.
The set of digits are comprised of a portion of the number 1in the weighted number
system. The mapping means 1s also configured to select the truncated portion to be
exclusive of a most significant digit when all possible weighted numbers represented
by P bits are not mapped, i.e. when M-1 <2°. P is a fewest number of bits required to
achieve a binary representation of the weighted numbers. The most significant digit 1s
comprised of a number in the weighted number system.

According to another aspect of the invention, the computing means 1s
configured to utilize modulus selected for each polynomial equation so that each
polynomial equation 1s irreducible. The computing means 1s further configured to
utilize a modulus selected for each polynomial equation so that solutions 1teratively
computed via a feedback mechanism are chaotic. The polynomial equations include
at least a cubic type polynomial equation. The polynomial equations are 1dentical
exclusive of a constant value. The polynomial equations are one¢ of a constant or
varying function of time.

According to yet another aspect of the invention, the chaotic sequence
generator 18 further comprised of a feedback mechanism. The feedback mechanism 1s
configured to selectively define a variable “x” of a polynomial equation as a solution
computed 1n a previous 1teration.

Embodiments will be described with reference to the following
drawing figures, in which like numerals represent like 1items throughout the figures,
and 1n which:

FIG. 1 1s a conceptual diagram of a chaotic sequence generation that 1s

useful for understanding the invention.
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FIG. 2 1s a flow diagram of a method for generating a chaotic sequence
that 1s useful for understanding the invention.

FIG. 3 1s a block diagram of a chaotic sequence generator that 1s useful
for understanding the invention.

FIG. 4 1s a block diagram of a chaotic sequence generator
implementing memory based tables that 1s useful for understanding the invention.

The present invention concerns a method for generating a chaotic
sequence which can be used 1n various types of chaos based communications systems.
Such chaos based communications systems include a chaotic signal spreading based
communications system, a coherent chaos shift keying based communications system,
a non-coherent chaos shift keying based communications system, and a differential
code shift keying (DCSK) based communications system. Such chaotic
communications systems also include a chaotic on-off keying based communications
system, a frequency-modulated DCSK based communications system, a correlation
delay shift keying based communications system, a symmetric code shift keying
(CSK) based communications system, and a quadrature CSK based communications
system.

It will be appreciated that each of the foregoing chaos based
communications systems requires a chaos generator which 1s capable of producing a
chaotic sequence. A chaotic sequence, as that term 15 used herein, 1s a signal having a
time varying value expressed 1n analog or digital form that has no discernible
regularity or order. Those skilled 1n the art will readily appreciate that the chaotic
sequence can be used 1n a variety of ways, depending on the particular type of chaotic
communications system which 1s desired for implementation.

The invention will now be described more fully hereinafter with
reference to accompanying drawings, 1n which 1llustrative embodiments of the
invention are shown. This mvention, may however, be embodied in many different
forms and should not be construed as limited to the embodiments set forth herein. For
example, the present invention can be embodied as a method, a data processing

system, or a computer program product. Accordingly, the present invention can take
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the form as an entirely hardware embodiment, an entirely software embodiment, or a
hardware/software embodiment.

Some embodiments of the present invention provide a method for
digitally generating a chaotic sequence. In this regard, 1t should be appreciated that
the presence of any discernible pattern in a chaotic sequence 1s much more difficult to
identify as compared to patterns that emerge over time with a pseudo-random number
sequence. As such, a chaotic sequence 1s characterized by a greater degree of
randomness as compared to conventional pseudo-random number sequence. In this
regard 1t will be appreciated that a chaotic sequence can advantageously be used 1n a
cryptographic system having a high degree of security feature. A chaotic sequence
can also be used 1n a variety of communications system applications. For example, a
chaotic sequence 1s used to spread a signal’s power over a wide band of frequencies
or to frequency hop over a wide band of frequencies 1n a chaotic manner.

Referring now to FIG. 1, there 1s provided a conceptual diagram of a
chaotic sequence generator that 15 useful for understanding the invention. As shown
in FIG. 1, generation of the chaotic sequence begins with N polynomial equations
fo(x(nT)), ..., Ina(X(nT)). The N polynomial equations fo(x(nT)), ..., Ixn.1(X(nT)) can
be selected as the same polynomial equation or as different polynomial equations.
According to an aspect of the invention, the N polynomial equations fo(x(nT)), ..., I
1(x(nT)) are selected as 1rreducible polynomial equations having chaotic properties 1n
Galois field arithmetic. Such 1rreducible polynomial equations include, but are not
limited to, 1irreducible cubic polynomial equations and irreducible quadratic
polynomial equations. The phrase “irreducible polynomial equation™ as used herein
refers to a polynomial equation that cannot be expressed as a product of at least two
nontrivial polynomial equations over the same Galois field (f). For example, the
polynomial equation f(x(nT)) 1s irreducible 1f there does not exist two (2) non-
constant polynomial equations g(x(nT)) and h(x(nT)) in x(nT) with rational
coctticients such that {(x(nT)) = g(x(nT))-h(x(nT)).

As will be understood by a person skilled in the art, each of the N

polynomial equations fo(x(nT)), ..., fx.1(X(nT)) can be solved independently to obtain
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a respective solution. Each solution can be expressed as a residue number system
(RNS) residue value using RNS arithmetic operations, 1.¢. modulo operations.
Modulo operations are well known to persons skilled 1n the art. Thus, such operations
will not be described in great detail herein. However, 1t should be appreciated that a
RNS residue representation for some weighted value “a” can be defined by

mathematical Equation (1).

R = {a modulo my, a modulo m,, ..., a modulo my_} (1)

where R1s a RNS residue N-tuple value representing a weighted value “a”. Further,
R(nT) can be a representation of the RNS solution of a polynomial equation {(x(nT))
defined as R(nT) = {fo(x(nT)) modulo my, f;(x(nT)) modulo my, ..., fx.1(X(nT))
modulo my_1}. mgy, my, ..., my.; respectively are the moduli for RNS arithmetic
operations applicable to each polynomial equation fo(x(nT)), ..., In.1(x(nT)).

From the foregoing, 1t will be appreciated that the RNS employed for
solving each of the polynomial equations fo(x(nT)), ..., In.1(x(nT)) respectively has a
selected modulus value my, my, ..., my.;. The modulus value chosen for each RNS
moduli 1s preferably selected to be relatively prime numbers po, pi1, ..., Pn.1. The
phrase “relatively prime numbers™ as used herein refers to a collection of natural
numbers having no common divisors except one (1). Consequently, each RNS
arithmetic operation employed for expressing a solution as a RNS residue value uses a
different prime number po, p1, ..., pn-1 @S a moduli mg, my, ..., mn.;.

Those skilled 1n the art will appreciate that the RNS residue value
calculated as a solution to cach one of the polynomial equations fo(x(nT)), ..., In
1(x(nT)) will vary depending on the choice of prime numbers po, pi, ..., pn-1 S€lected
as a moduli mg, my, ..., my.;. Moreover, the range of values will depend on the
choice of relatively prime numbers po, p1, ..., pno1 Selected as a moduli mg, my, ...,
my.;. For example, if the prime number five hundred three (503) 1s selected as
modulus my, then an RNS solution for a first polynomial equation fo(x(nT)) will have
an 1nteger value between zero (0) and five hundred two (502). Similarly, 1f the prime

number four hundred ninety-one (491) 1s selected as modulus m;, then the RNS

_8_
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solution for a second polynomial equation f;(x(nT)) has an integer value between zero
(0) and four hundred ninety (490).

According to an embodiment of the invention, each of the N
polynomial equations fy(x(nT)), ..., fno1(x(nT)) 1s selected as an 1rreducible cubic
polynomial equation having chaotic propertics in Galois field arithmetic. Each of the
N polynomial equations fo(x(nT)), ..., fIn.1(X(nT)) can also be selected to be a constant
or varying function of time. The 1irreducible cubic polynomial equation 1s defined by

a mathematical Equation (2).
f(x(nT)) = Q(k)x (nT) + R(k)x*(nT) + S(k)x(nT) + C(k,L) (2)

where n 1s a sample time index value. k 1s a polynomial time index value. L 1s a
constant component time index value. T 18 a fixed constant having a value
representing a time interval or increment. Q, R, and S are coefficients that define the
polynomial equation f(x(nT)). C 1s a coefficient of x(nT) raised to a zero power and
1s therefore a constant for cach polynomial characteristic. In a preferred embodiment,
a value of C 1s selected which empirically 1s determined to produce an 1rreducible
form of the stated polynomial equation f(x(nT)) for a particular prime modulus. For a
oiven polynomial with fixed values for Q, R, and S more than one value of C can
exist, each providing a unique iterative sequence. Still, the invention 1s not limited 1n
this regard.

According to another embodiment of the invention, the N polynomial
cequations fo(x(nT)) ... fx.1(x(nT)) are 1dentical exclusive of a constant value C. For
example, a first polynomial equation fy(x(nT)) is selected as fy(x(nT)) = 3x°(nT) +
3x°(nT) + x(nT) + Co. A second polynomial equation fi(x(nT)) is selected as
fi(x(nT)) = 3x°(nT) + 3x*(nT) + x(nT) + C;. A third polynomial equation f>(x(nT)) is
selected as f5,(x(nT)) = 3x°(nT) + 3x*(nT) + x(nT) + C,, and so on. Each of the
constant values Cy, Cy, ..., Cn.118 selected to produce an 1rreducible form 1n a residue
ring of the stated polynomial equation f(x(nT)) = 3x°(nT) + 3x*(nT) + x(nT) + C. In
this regard, 1t should be appreciated that each of the constant values Cq, C;, ... Cn.118

assoclated with a particular modulus my, my, ..., my.; value to be used for RNS
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arithmetic operations when solving the polynomial equation f(x(nT)). Such constant

values Cy, Cy, ..., Cy.1 and associated modulus mg, my, ..., my.; values which produce

an 1rreducible form of the stated polynomial equation f(x(nT)) are listed 1n the

following Table (1).
TABLE 1

Modul1 values mg, my, ..., mn.: Sets of constant values Cy, Cq, ..., Cnot:
3 {1, 2}

5 1,3}

11 4, 9}

29 {16, 19}

47 {126, 31}

59 {18, 34}

71 {10, 19, 20, 29}

83 {22,26,75, 79}
101 127, 38, 85, 96}
131 126, 39, 77, 90}
137 {50, 117}

149 {17, 115, 136, 145}
167 {16, 32,116, 132}
173 {72, 139}

197 {13, 96, 127, 179}
233 132,77}

251 {39, 100, 147, 243}
257 {110, 118}

269 169, 80}

281 {95, 248}

293 {37,223}

311 {107, 169}

317 {15, 55}

347 {89, 219}

443 {135, 247, 294, 406}
461 {240, 323}

467 {15, 244, 301, 425}
479 1233, 352}

491 {202, 234}

503 {8,271}

Still, the invention 1s not limited 1n this regard.

_10-
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The number of discrete magnitude states (dynamic range) that can be
generated with the system shown 1in FIG. 1 will depend on the quantity of polynomial
cquations N and the modulus values my, my, ..., my.; values selected for the RNS
number systems. In particular, this value can be calculated as the product
M=mp-my,* mz*-my-...*mnN.]J.

Referring again to FIG. 1, 1t should be appreciated that each of the
RNS solutions Nos. 1 through N 1s expressed 1n a binary number system
representation. As such, cach of the RNS solutions Nos. 1 through N 1s a binary
sequence of bits. Each bit of the sequence has a zero (0) value or a one (1) value.
Each binary sequence has a bit length selected 1n accordance with a particular moduli.

According to an embodiment of the invention, each binary sequence

representing a residue value has a bit length (BL) defined by a mathematical Equation

(3).
BL = Ceiling[Log2(m)] (3)

where m 18 selected as one of moduli my, my, ..., my.;. Ceiling[u] refers to a next
highest whole integer with respect to an argument u.

In order to better understand the foregoing concepts, an example 1S
uscful. In this example, six (6) relatively prime moduli are used to solve six (6)
irreducible polynomial equations fo(x(nT)), ..., fs5(x (nT)). A prime number pg
assoclated with a first modulus my 1s selected as five hundred three (503). A prime
number p; associated with a second modulus m; 18 selected as four hundred ninety one
(491). A prime number p; associated with a third modulus m; 1s selected as four
hundred seventy-nine (479). A prime number p3 associated with a fourth modulus ms
1S selected as four hundred sixty-seven (467). A prime number p4 associated with a
fifth modulus my4 1s selected as two hundred fifty-seven (257). A prime number ps
assoclated with a sixth modulus ms 1s selected as two hundred fifty-one (251).
Possible solutions for fo(x(nT)) are 1n the range of zero (0) and five hundred two (502)
which can be represented 1n nine (9) binary digits. Possible solutions for f;(x(nT)) are

in the range of zero (0) and four hundred ninety (490) which can be represented 1n
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nine (9) binary digits. Possible solutions for f,(x(nT)) are 1n the range of zero (0) and
four hundred seventy eight (478) which can be represented 1n nine (9) binary digits.
Possible solutions for f3(x(nT)) are 1n the range of zero (0) and four hundred sixty six
(466) which can be represented 1in nine (9) binary digits. Possible solutions for
f4(x(nT)) are 1 the range of zero (0) and two hundred fifty six (256) which can be
represented 1in nine (9) binary digits. Possible solutions for fs(x(nT)) are 1n the range
of zero (0) and two hundred fifty (250) which can be represented 1n eight (8) binary
digits. Arithmetic for calculating the recursive solutions for polynomial equations
fo(x(nT)), ..., fa(x (nT)) requires nine (9) bit modulo arithmetic operations. The
arithmetic for calculating the recursive solutions for polynomial equation f5(x(nT))
requires eight (8) bit modulo arithmetic operations. In aggregate, the recursive results
fo(x(nT)), ..., fs(x (nT)) represent values 1n the range from zero (0) to M-1. The value
of M 1s calculated as follows: po*p1*p2°p3*pa* ps=3503 - 491479 - 467 - 257 - 251
=3,563,762,191,059,523. The binary number system representation of cach RNS
solution can be computed using Ceiling[Log2(3,563,762,191,059,523)] =
Ceiling[51.66] = 52 bits. Because each polynomial 1s 1irreducible, all
3,563,762,191,059,523 possible values are computed resulting 1n a sequence
repetition time of M times T seconds, 1.€, a sequence repetition times an interval of
time between the computation of each values 1n the sequence of generated values.
Still, the mnvention 1s not limited 1n this regard.

Referring again to FIG. 1, the RNS solutions Nos. 1 through N are
mapped to a weighted number system representation thereby forming a chaotic
sequence output. The phrase “weighted number system™ as used herein refers to a
number system other than a residue number system. Such weighted number systems
include, but are not limited to, an integer number system, a binary number system, an
octal number system, and a hexadecimal number system.

According to an aspect of the invention, the RNS solutions Nos. 1
through N are mapped to a weighted number system representation by determining a
series of digits in the weighted number system based on the RNS solutions Nos. 1

through N. The term “digit” as used herein refers to a symbol of a combination of
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symbols to represent a number. For example, a digit can be a particular bit of a binary
sequence. According to another aspect of the invention, the RNS solutions Nos. 1
through N are mapped to a weighted number system representation by identifying a
number 1n the weighted number system that 1s defined by the RNS solutions Nos. 1
through N. According to yet another aspect of the invention, the RNS solutions Nos.
1 through N are mapped to a weighted number system representation by identifying a
truncated portion of a number 1n the weighted number system that 1s defined by the
RNS solutions Nos. 1 through N. The truncated portion can include any serially
arranged set of digits of the number 1n the weighted number system. The truncated
portion can also be exclusive of a most significant digit of the number 1n the weighted
number system. The phrase “truncated portion” as used herein refers to a chaotic
sequence with one or more digits removed from 1its beginning and/or ending. The
phrase “truncated portion™ also refers to a segment including a defined number of
digits extracted from a chaotic sequence. The phrase “truncated portion™ also refers
to a result of a partial mapping of the RNS solutions Nos. 1 through N to a weighted
number system representation.

According to an embodiment of the invention, a mixed-radix
conversion method 1s used for mapping RNS solutions Nos. 1 through N to a
welghted number system representation. “The mixed-radix conversion procedure to
be described here can be implemented 1in” [modulo moduli only and not modulo the
product of moduli.] See Residue Arithmetic and Its Applications To Computer
Technology, written by Nicholas S. Szabo & Richard I. Tanaka, McGraw-Hill Book
Co., New York, 1967. [In a mixed-radix number system,] “a number x may be

expressed 1n a mixed-radix form:
N-1

x=ay||R +-+a;RR, +a,R +aq,
=1

where the R; are the radices, the a; are the mixed-radix digits, and 0 <a; <R;. Fora

given set of radices, the mixed-radix representation of x 1s denoted by (a,, a,.1, ..., a1)
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where the digits are listed order of decreasing significance.” See Id. “The multipliers

of the digits a; are the mixed-radix weights where the weight of a; 1s
i—1

HRj for i£1.” See Id.

j=1

For conversion from the RNS to a mixed-radix system, a set of moduli
are chosen so that m; = R;. A set of moduli are also chosen so that a mixed-radix
system and a RNS are said to be associated. “In this case, the associated systems have

the same range of values, that 1s

The mixed-radix conversion process described here may then be used to convert from

the [RNS] to the mixed-radix system.” See Id.

“If m; = Rj, then the mixed-radix expression 1s of the form:

N-1
x=ay| [m, +---+asmm, +a,m +a,
i=1

where a; are the mixed-radix coefficients. The a; are determined sequentially 1n the

following manner, starting with a;.” See Id.

N-1
x=ay| [m;, +---+asmm, +a,m, +a,
i=1

1s first taken modulo m;. “Since all terms except the last are multiples of m;, we have

(x)m = a,. Hence, a 18 just the first residue digit.” See /d.

“To obtain a,, one first forms x-a; 1 1its residue code. The quantity x-
a 18 obviously divisible by m;. Furthermore, m; 1s relatively prime to all other

moduli, by definition. Hence, the division remainder zero procedure [Division where
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the dividend 1s known to be an integer multiple of the divisor and the divisor 1s known

to be relatively prime to M] can be used to find the residue digits of order 2 through N
of

5  Inspection of

N-1
[x = aNHmi +-tamm, +a,m +a, |
i=1

shows then that x 1s a;. In this way, by successive subtracting and dividing in residue
notation, all of the mixed-radix digits may be obtained.” See /d.

“It 1S 1nteresting to note that

10 al(x>ml,a2<i> ,a3< > >
m, " mym, ”

and 1n general for 1>1

X
a, =
Iy e A,

> See Id. From the preceding description it 1s seen that the mixed-radix conversion

process 1s 1terative. The conversion can be modified to yield a truncated result. Still,
15  the invention 18 not limited 1n this regard.
According to another embodiment of the invention, a Chinese
remainder theorem (CRT) arithmetic operation 1s used to map the RNS solutions Nos.
1 through N to a weighted number system representation. The CRT arithmetic
operation 18 well known 1n the art and therefore will not be described here 1in detail.

20  However, a brief discussion of how the CRT 1s applied may be helpful for
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understanding the mvention. The CRT arithmetic operation can be defined by a

mathematical Equation (4).

<<[3x3 (n=DT)+3x; (n=DT) + x,(n—DT) + C, (nT)]bO> %) P
Y = Po Dol u (4)

<([3x?m (n=DT)+3x3 ,(n=DT) + X, (n=DT)+C,y , (nT)]by ) - >

Pn-1 pN—l

Mathematical Equation (4) can be re-written as mathematical Equation (5).

<[3x3((n ~DT)+3x;(n—=DT)+ x,((n —DT) + CO(nT)]bO> M SRR

5 y- o (5)
([3)6?0—1 (n—1T)+ 3)@’2&/—1 (n=DT)+xy (n—-1DT)+Cy_, (nT)]bN—1> i

Pn-1 pN—l "

where Y 18 the result of the CRT arithmetic operation. n 1s a sample time index value.
T 15 a fixed constant having a value representing a time mterval or increment. Xo-Xn.
arc RNS solutions Nos. 1 through N. po, p1, ..., pn.1 are prime number moduli. M 1s a

fixed constant defined by a product of the relatively prime numbers po, p1, ... Pn-1. o,

10 by, ..., bnog are fixed constants that are chosen as the multiplicative inverses of the
product of all other primes modulo pg, pi1, ..., Pno1, respectively. Equivalently,
-1
. 4 M A
;=|— | modp,.
P

The b;’s enable an 1somorphic and equal mapping between an RNS N-tuple value
representing a weighted number and said weighted number. However without loss of
15  chaotic properties, the mapping need only be unique and 1somorphic. As such, a
welghted number x can map 1nto a tuple y. The tuple y can map into a weighted
number z. The weighted number x 1s not equal to x as long as all tuples map 1nto
unique values for z in a range from zero (0) to M-1. Thus for certain embodiments of

the present invention, the b;’s can be defined as

_16-



CA 02684269 2009-10-15

WO 2008/130973 PCT/US2008/060431
-1
b. = / M \ d
B mo p ;o
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In other embodiments of the present invention, all b;’s can be set equal to one or more
values without loss of the chaotic properties.
As should be appreciated, the chaotic sequence output Y can be
5  expressed 1n a binary number system representation. As such, the chaotic sequence
output Y can be represented as a binary sequence. Each bit of the binary sequence
has a zero (0) value or a one (1) value. The chaotic sequence output Y can have a

maximum bit length (MBL) defined by a mathematical Equation (6).

MBL = Ceiling[Log2(M-1)] (6)
10  where M 1s the product of the relatively prime numbers po, p1, ..., pno1 selected as
moduli my, my, ..., mx.;. In this regard, it should be appreciated the M represents a

dynamic range of a CRT arithmetic operation. The phrase “dynamic range” as used
herein refers to a maximum possible range of outcome values of a CRT arithmetic
operation. It should also be appreciated that the CRT arithmetic operation generates a

15  chaotic numerical sequence with a periodicity equal to the inverse of the dynamic
range M. The dynamic range requires a Ceiling[Log2(M)] bit precision.

According to an embodiment of the invention, M equals three
quadrillion five hundred sixty-three trillion seven hundred sixty-two billion one
hundred ninety-one million fifty-nine thousand five hundred twenty-three

20 (3,563,762,191,059,523). By substituting the value of M into Equation (6), the bit
length (BL) for a chaotic sequence output Y expressed 1n a binary system
representation can be calculated as follows: BL =
Ceiling|Log2(3,563,762,191,059,523) = 52 bits. As such, the chaotic sequence output
Y 1s a fifty-two (52) bit binary sequence having an integer value between zero (0) and

25  three quadrillion five hundred sixty-three trillion seven hundred sixty-two billion one
hundred ninety-one million fifty-nine thousand five hundred twenty-two

(3,563,762,191,059,522), inclusive. Still, the invention 1s not limited 1n this regard.
_17-



CA 02684269 2009-10-15

WO 2008/130973 PCT/US2008/060431

10

15

20

25

30

For example, chaotic sequence output Y can be a binary sequence representing a
truncated portion of a value between zero (0) and M-1. In such a scenario, the chaotic
sequence output Y can have a bit length less than Ceiling] Log2(M-1)]. It should be
noted that while truncation affects the dynamic range of the system 1t has no effect on
the periodicity of a generated sequence.

As should be appreciated, the above-described chaotic sequence
generation can be iteratively performed. In such a scenario, a feedback mechanism
(c.g., a feedback loop) can be provided so that a variable “x” of a polynomial equation
can be selectively defined as a solution computed 1n a previous iteration.
Mathematical Equation (2) can be rewritten 1n a general 1terative form: {(x(nT) =
Q(K)x ((n-T) + R(K)x*((n-1)T) + S(k)x((n-1)T) + C(k,L). For example, a fixed
coefficient polynomial equation is selected as f(x(n-1ms)) = 3x"((n-1)-1ms) + 3x°((n-
1):1ms) + x((n-1)-1ms) + 8 modulo 503. n1s a variable having a value defined by an
iteration being performed. x 18 a variable having a value allowable 1n a residue ring.
In a first iteration, n equals one (1) and x 1s selected as two (2) which 1s allowable 1n a
residue ring. By substituting the value of n and x 1nto the stated polynomial equation
f(x(nT)), a first solution having a value forty-six one (46) 1s obtained. In a second
iteration, n 18 incremented by one and x equals the value of the first solution, 1.¢.,
forty-six (46) resulting in the solution 298, 410 mod 503 or one hundred thirty-one
(131). In a third iteration, n 18 again incremented by one and x equals the value of the
second solution.

Referring now to FIG. 2, there 1s provided a flow diagram of a method
200 for generating a chaotic sequence that 1s useful for understanding the invention.
As shown in FIG. 2, the method 200 begins with step 202 and continues with step
204. In step 204, a plurality of polynomial equations fy(x(nT)), ..., In.1(x(nT)) are
selected. In this regard, 1t should be appreciated that the polynomial equations
fo(x(nT)), ..., In1(X(nT)) can be selected as the same polynomial equation except for a
different constant term or different polynomial equations. After step 204, step 206 18
performed where a determination for each polynomial equation fo(x(nT)), ..., In-

1(x(nT)) 1s made as to which combinations of RNS moduli mg, my, ..., mx.; used for
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arithmetic operations and respective constant values Coy, Cy, ..., Cn.1 generate
irreducible forms of each polynomial equation fo(x(nT)), ..., fx.1(X(nT)). In step 208,
a modulus 1s selected for each polynomial equation fo(x(nT)), ..., fn.1(x(nT)) that 15 to
be used for RNS arithmetic operations when solving the polynomial equation
fo(x(nT)), ..., Ina(X(nT)). In this regard, it should be appreciated that the modulus 1s
selected from the moduli 1dentified 1in step 206. It should also be appreciated that a
different modulus must be selected for each polynomial equation fo(x(nT)), ..., fx
1(x(nT)).

As shown 1n FIG. 2, the method 200 continues with a step 210. In step
210, a constant Cy, 18 selected for each polynomial equation fo(x(nT)), ..., In1(x(nT))
for which a modulus 1s selected. Each constant C,,, corresponds to the modulus
selected for the respective polynomial equation fo(x(nT)), ..., In.1(xX(nT)). Each
constant Cy, 18 selected from among the possible constant values 1identified 1n step 206
for generating an 1rreducible form of the respective polynomial equation fo(x(nT)), ...,
fxo1(x(nT)).

After step 210, the method 200 continues with step 212. In step 212, a
value for time increment “T” 1s selected. Thereafter, an 1nitial value for “x” 1s
selected. In this regard, 1t should be appreciated that the 1nitial value for “x” can be
any value allowable 1n a residue ring. Subsequently, step 216 1s performed where
RNS arithmetic operations are used to iteratively determine RNS solutions for each of
the stated polynomial equations fo(x(nT)), ..., fni(x(nT)). In step 218, a series of
digits in a weighted number system are determined based 1n the RNS solutions. This
step can involve performing a mixed radix arithmetic operation or a CRT arithmetic
opceration using the RNS solutions to obtain a chaotic sequence output.

After step 218, the method 200 continues with a decision step 220. If a
chaos generator 1s not terminated (220:NO), then step 224 1s performed where a value
of “x”” 1n each polynomial equation fo(x(nT)), ..., In.1(X(nT)) 18 set equal to the RNS
solution computed for the respective polynomial equation fo(x(nT)), ..., Ina(X(nT)) 1n

step 216. Subsequently, the method 200 returns to step 216. If the chaos generator 1s
terminated (220:YES), then step 222 1s performed where the method 200 ends.
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A person skilled in the art will appreciate that the method 200 1s one
architecture of a method for generating a chaotic sequence. However, the invention 1s
not limited 1n this regard and any other method for generating a chaotic sequence can
be used without limitation.

Referring now to FIG. 3, there 1s 1llustrated one embodiment of a
chaotic sequence generator 300 which could be used to implement the inventive
arrangements. The chaotic sequence generator 300 18 comprised of hardware and/or
software configured to generate a digital chaotic sequence. In this regard, 1t should be
appreciated that the chaotic sequence generator 300 1s comprised of computing
processors 3020-302n.1. The chaotic sequence generator 300 15 also comprised of a
mapping processor 304. Each computing processor 302(-302x.1 18 coupled to the
mapping processor 304 by a respective data bus 306¢-306n.;. As such, cach
computing processor 302¢-302x.1 1s configured to communicate data to the mapping
processor 304 via a respective data bus 306¢-306n.1. The mapping processor 304 can
be coupled to an external device (not shown) via a data bus 308. In this regard, 1t
should be appreciated that the external device (not shown) includes, but 1s not limited
to, a communications device configured to combine or modify a signal 1n accordance
with a chaotic sequence output.

Referring again to FIG. 3, the computing processors 302¢-302n.1 are
comprised of hardware and/or software configured to solve N polynomial equations
fo(x(nT)), ..., tna(X(nT)) to obtain a plurality of solutions. The N polynomial
equations fo(x(nT)), ..., In.1(X(nT)) can be 1rreducible polynomial equations having
chaotic properties 1in Galois field arithmetic. Such irreducible polynomial equations
include, but are not limited to, irreducible cubic polynomial equations and 1rreducible
quadratic polynomial equations. The N polynomial equations fy(x(nT)) ... fn.1(X(nT))
can also be 1dentical exclusive of a constant value. The constant value can be selected
so that a polynomial equation fo(x(nT)), ..., In.1(X(nT)) 18 1rreducible for a predefined
modulus. The N polynomial equations fo(x(nT)), ..., fn.1(X(nT)) can further be

selected as a constant or varying function of time.
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Each of the solutions can be expressed as a unique residue number
system (RNS) N-tuple representation. In this regard, it should be appreciated that the
computing processors 302¢-302n.; employ modulo operations to calculate a respective
solution for each polynomial equation fy(x(nT)), ..., fxo1(X(nT)) using modulo based
arithmetic operations. Each of the computing processors 302-302x.1 are comprised of
hardware and/or software configured to utilize a different relatively prime number po,
P1, ..., PN-1 a8 a moduli mg, my, ..., my.; for modulo based arithmetic operations. The
computing processors 302¢-302y.; are also comprised of hardware and/or software
configured to utilize modulus mg, my, ..., my_; selected for each polynomial equation
fo(x(nT)), ..., Ina(X(nT)) so that cach polynomial equation fo(x(nT)), ..., In.1(X(nT)) 18
irreducible. The computing processors 302¢-302x.1 are further comprised of hardware
and/or software configured to utilize moduli my, my, ..., my.; selected for each
polynomial equation fo(x(nT)), ..., fn.1(X(nT)) so that solutions iteratively computed
via a feedback mechanism 310p-310x.; are chaotic. In this regard, 1t should be
appreciated that the feedback mechanisms 3104-310x.; are provided so that the
solutions for each polynomial equation fy(x(nT)), ..., fx.1(x(nT)) can be iteratively
computed. Accordingly, the feedback mechanisms 310¢-310x.; are comprised of
hardware and/or software configured to selectively define a variable “x” of a
polynomial equation as a solution computed 1n a previous iteration.

Referring again to FIG. 3, the computing processors 302¢-302y_; are
further comprised of hardware and/or software configured to express cach of the RNS
residue values in a binary number system representation. In this regard, the
computing processors 302¢-302x.; can employ an RNS-to-binary conversion method.
Such methods are generally known to persons skilled in the art and therefore will not
be described 1n great detail herein. However, 1t should be appreciated that any such
method can be used without limitation. It should also be appreciated that the residue
values expressed in binary number system representations are hereinafter referred to
as moduli solutions Nos. 1 through N comprising the elements of an RNS N-tuple.

According to an embodiment of the invention, the computing

processors 3020-302y.; are further comprised of memory based tables (not shown)
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containing pre-computed residue values 1n a binary number system representation.
The address space of cach memory table 1s at least from zero (0) to my, for all m, mg
through myn.;. On each iteration, the table address 1s used to initiate the sequence.
Still, the invention 1s not limited 1n this regard.

Referring again to FIG. 3, the mapping processor 304 1s comprised of
hardware and/or software configured to map the moduli (RNS N-tuple) solutions Nos.
1 through N to a weighted number system representation. The result 1s a series of
digits 1n the weighted number system based on the moduli solutions Nos. 1 through N.
For example, the mapping processor 304 can be comprised of hardware and/or
software configured to determine the series of digits in the weighted number system
based on the RNS residue values using a Chinese Remainder Theorem process. In
this regard, 1t will be appreciated by those skilled in the art that the mapping
processor 304 1s comprised of hardware and/or software configured to 1dentify a
number 1n the weighted number system that 1s defined by the moduli solutions Nos. 1
through N.

According to an aspect of the invention, the mapping processor 304
can be comprised of hardware and/or software configured to 1identify a truncated
portion of a number in the weighted number system that 1s defined by the moduli
solutions Nos. 1 through N. For example, the mapping processor 304 can also be
comprised of hardware and/or software configured to select the truncated portion to
include any serially arranged set of digits of the number 1n the weighted number
system. Further, the mapping processor 304 can include hardware and/or software
configured to select the truncated portion to be exclusive of a most significant digit
when all possible weighted numbers represented by P bits are not mapped, 1.¢., when
M-1 <2". P is a fewest number of bits required to achieve a binary representation of
the weighted numbers. Still, the invention 1s not limited 1n this regard.

Referring again to FIG. 3, the mapping processor 304 1s comprised of
hardware and/or software configured to express a chaotic sequence 1n a binary
number system representation. In this regard, 1t should be appreciated that the

mapping processor 304 can employ a weighted-to-binary conversion method. Such
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methods are generally known to persons skilled 1n the art and therefore will not be
described 1n great detail heremn. However, 1t should be appreciated that any such
method can be used without limitation.

A person skilled in the art will appreciate that the chaotic generator
300 1s on¢ architecture of a chaotic generator. However, the invention 1s not limited
in this regard and any other chaotic generator architecture can be used without
[imitation.

A block diagram of an example chaotic sequence generator 400
implementing memory based tables 1s provided 1n FIG. 4. As shown in FIG. 4, the
chaotic sequence generator 400 1s comprised of an 1nitial condition enable (ICE) 412,
initial state registers (ISRs) 416, 426, 436, 446, 456, 466, switches 418, 428, 438, 448,
458, 468, unit delays 422, 430, 440, 450, 460, 470, and lookup tables 420, 424, 432,
434,442,444, 452,454, 462, 464, 472, 474. The chaotic sequence generator 400 18
also comprised of an adder 476, a truncator 478, an even/odd output manager 480, a
cos/sin operator 486, a square root of a natural logarithm operator (square root
operator) 488, and multipliers 490, 492. Each of the listed components 412 through
492 are well known to persons skilled 1n the art, and therefore will not be described 1n
orcat detail herein. However, a briet description of the listed components 412 through
492 18 provided to assist a reader in understanding the present invention.

Referring again to FIG. 4, cach of the ISRs 416, 426, 436, 446, 456,
466 1s comprised of hardware and software configured to store a set of 1nitial
conditions. The ISRs 416, 426, 436, 446, 456, 466 arc also comprised of hardware
and software configured to communicate a set of mitial conditions to the switches
418, 428, 438, 448, 458, 468, respectively.

The ICE 412 1s comprised of hardware and software configured to
control the switches 418, 428, 438, 448, 458, 468. In this regard, 1t should be
appreciated that the ICE 412 can generate a high voltage control signal and a low
voltage control signal. The ICE 412 can also communicate control signals to the

switches 418, 428, 438, 448, 458, 468. The switches 418, 428, 438, 448, 458, 468 are

responsive to the control signals receirved from the ICE 412. For example, 1f the ICE
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412 communicates a high control signal to the switch 418, then the switch 418 creates
a path between the ISR 416 and the LUT 420. However, if the ICE 412
communicates a low control signal to the switch 418, then the switch 418 creates a
path between the unit delay 422 and the LUT 420.

The unit delays 422, 430, 440, 450, 460, 470 and lookup tables 420,
432,442,452, 462, 472 provide feedback mechanisms for iterated computations of
irreducible polynomial equations fo(x(nT)), ..., fn.1(x(nT)) modulo my, my, ..., my;.
In this regard, 1t should be understood that the lookup tables 420, 432, 442, 452, 462,
472 are comprised of hardware and software configured to perform lookup table
operations for computing irreducible polynomial equations fo(x(nT)), ..., fxo1(x(nT))
modulo my, my, ..., myn.;. The lookup tables 420, 432, 442, 452, 462, 472 are also
comprised of hardware and software configured to communicate results of the
computations to the lookup tables 424, 434, 444, 454, 464, 474, respectively. The
lookup tables 424, 434, 444, 454, 464, 474 arc comprised of hardware and software
configured to perform lookup table operations for mapping the results into a desired
welghted number system. The lookup tables 424, 434, 444, 454, 464, 474 are also
comprised of hardware and software configured to communicate results expressed in
a weighted number system representation to the adder 476.

The adder 476 1s comprised of hardware and software configured to
perform an addition operation. The addition operation involves combining the results
expressed 1in a weighted number system representation to form a single output. The
adder 476 1s also comprised of hardware and software configured to communicate the
single output to the truncator 478. The truncator 478 1s comprised of hardware and
software configured to 1identify a truncated portion of a number in the weighted
number system that 1s defined by the single output of the adder 476. The truncator
478 1s also comprised of hardware and software configured to communicate a
truncated output to the even/odd output manager 480.

The even/odd output manager 480, the cos/sin operator 486, the square
root operator 488, and the multipliers 490, 492 are provided to complete a bivariate

Gaussian conversion of two (2) uniformly distributed random variables to a pair of
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quadrature Guassian output. In this regard, 1t should be appreciated that the even/odd
output manager 480 1s comprised of hardware and software configured to forward a
truncated output having an even indexed value to the cos/sin operator 486. The
cven/odd output manager 480 18 also comprised of hardware and software configured
to forward a truncated output having an odd indexed value to the square root operator
488. The cos/sin operator 486 1s comprised of hardware and software configured to
perform a cosine operation and a sine operation using the even indexed truncated
output received from the even/odd output manager 480. The cos/sin operator 486 18
also comprised of hardware and software configured to communicate the result of the
cosine operation to the multiplier 490 and the result of the sine operation to the
multiplier 492.

The square root operator 488 1s comprised of hardware and software
configured to perform a square root of a natural logarithm operation using the odd
indexed truncated output received from the even/odd output manager 480. The square

root operation can be defined by a mathematical Equation (7).

R = sqrt(-2In(odd indexed truncated output)) (7)

where R 1s a result of a square root of a natural logarithm operation. The square root
opcrator 488 18 also comprised of hardware and software configured to communicate
the result of the square root operation to the multipliers 490, 492.

The multiplier 490 1s comprised of hardware and software configured
to perform a multiplication operation for combining the result of the cosine operation
and the result of the square root of a natural logarithm operation. The multiplier 490
1s comprised of hardware and software configured to communicate a product of the
multiplication operation to an external device (not shown). Similarly, the multiplier
492 1s comprised of hardware and software configured to perform a multiplication
operation for combining the result of the sine operation and the result of the square
root of a natural logarithm operation. The multiplier 492 1s comprised of hardware
and software configured to communicate a product of the multiplication operation to

an external device (not shown).
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A person skilled in the art will appreciate that the chaotic sequence
generator 400 1s one architecture of a chaotic sequence generator. However, the
invention 1s not limited 1n this regard and any other chaotic sequence generator
architecture can be used without limitation.

According to one embodiment of the invention, the method described
in FIG. 2 can continue with a further step of generating a chaotic communication
signal using the chaotic sequence which 1s thus generated. In particular, a
communication signal which 1s to be communicated from a transmitting device to a
recerving device can be directly or indirectly modified using the chaotic sequence.
For example, the chaotic sequence can be used to induce chaotic signal spreading over
a range of different frequencies, a coherent chaos shift keying, a non-coherent chaos
shift keying, and a differential code shift keying (DCSK). The chaotic sequence can
also be used to generate a chaos encoded on-off keying, a chaos encoded frequency-
modulated DCSK signal, a chaos encoded correlation delay shift keying signal, a
chaos encoded symmetric code shift keying (CSK), and a chaos encoded quadrature
CSK based communications system. In this regard 1t will be appreciated that the
chaos sequence generated herein can be used 1n place of any psecudorandom sequence
generated using conventional means.

In light of the foregoing description of the invention, it should be
recognized that the present invention can be realized 1n hardware, software, or a
combination of hardware and software. A method of generating a chaotic sequence
according to the present invention can be realized 1n a centralized fashion 1n one
processing system, or 1n a distributed fashion where different elements are spread
across several interconnected processing systems. Any kind of computer system, or
other apparatus adapted for carrying out the methods described herein, is suited. A
typical combination of hardware and software could be a general purpose computer
processor, with a computer program that, when being loaded and executed, controls
the computer processor such that it carries out the methods described herein. Of
course, an application specific integrated circuit (ASIC), and/or a field programmable

gate array (FPGA) could also be used to achieve a similar result.
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The present invention can also be embedded 1n a computer program
product, which comprises all the features enabling the implementation of the methods
described herein, and which, when loaded 1in a computer system, 1s able to carry out
these methods. Computer program or application 1n the present context means any
expression, 1n any language, code or notation, of a set of instructions intended to
caus¢ a system having an information processing capability to perform a particular
function either directly or after either or both of the following a) conversion to another
language, code or notation; b) reproduction 1n a different material form. Additionally,
the description above 1s intended by way of example only and 18 not intended to limat

the present invention 1n any way, except as set forth 1n the following claims.
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CLAIMS

1. A method for generating a chaotic sequence, comprising:

selecting a plurality of polynomial equations;

using residue number system (RNS) arithmetic operations to respectively
determine a plurality of solutions for said plurality of polynomial equations, said
plurality of solutions iteratively computed and expressed as RNS residue values; and

determining a series of digits in said weighted number system based on said

plurality of RNS residue values.

2. The method according to claim 1, wherein said determining step
further comprises 1dentifying a number 1n said weighted number system that 1s

defined by said plurality of RNS residue values.

3. The method according to claim 1, wherein said determining step
further comprises 1dentifying a truncated portion of a number 1n said weighted

number system that 1s defined by said plurality of RNS residue values.

4. The method according to claim 1, further comprising selecting a value
for each of N moduli in a RNS used for solving each of said plurality of polynomial

cquations.

5. The method according to claim 4, further comprising selecting cach
said modulus for each of said plurality of polynomial equations so that each said

polynomial equation 1s irreducible.

0. The method according to claim 4, further comprising selecting each
said modulus for each of said plurality of polynomial equations so that solutions
iteratively computed via a feedback mechanism for said polynomial equations are

chaotic.
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7. The method according to claim 1, further comprising selecting each of

said plurality of polynomial equations to be 1dentical exclusive of a constant value.

5 8. The method according to claim 1, further comprising iteratively

computing said plurality of solutions using a feedback mechanism.

9. The method according to claim &, further comprising selecting said
feedback mechanism to include selectively defining a value of a variable of a
10  polynomial equation for each solution iteratively computed, said value based on a

previous iteratively computed solution of said polynomial equation.
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| POLYNOMIAL fo(x(nT)) RNS SOLUTION NO. 1
—— >

MODULI m,
L -

POLYNOMIAL f;(x(nT)) RNS SOLUTION NO. 2

MODULI m,

POLYNOMIAL f5(x(nT)) RNS SOLUTION NO. 3
_9
MODULI m,
RNS SOLUTIONS CHAOTIC SEQUENCE OUTPUT
NOS. 1 THROUGH N e — S
MAPPED TO
WEIGHTED NUMBER
POLYNOMIAL f3(x(nT)) RNS SOLUTION NO. 4 SYSTEM
—

MODULI m,

]
POLYNOMIAL f,(x(nT)) RNS SOLUTION NO 5

— >
‘ MODUL! m, ! 5

POLYNOMIAL fy_4(x(nT)) RNS SOLUTION NO. N
- >

FIG. 1

MODULI my,_,
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