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METHOD AND SYSTEM FOR ACCOMMODATING 
PUPIL NON-CONCENTRICITY IN EYETRACKER 

SYSTEMS 

BACKGROUND OF INVENTION 

0001) 1. Field of Invention 
0002 Embodiments of the present invention relate to 
eyetracking Systems and methods that compensate for physi 
ological variations in the location of the pupil within the eye. 
0003 2. Background Information 
0004 Eyetracking has application in many areas of tech 
nology, including Software applications used to assist those 
with disabilities, military uses, and Space programs. Gener 
ally, eyetracking has application in any System where it is 
desired to know where a user is looking. 
0005. In known video eyetracking methods, the angular 
orientation, or gaze direction, of the eye is measured via 
analysis of an image of the eye. Typically, the image is made 
with a camera. Referring to FIG. 1, a video camera 4 
observes an observer's eye 1, which is illuminated by a light 
Source 3. The light Source 3 (e.g., an infrared light-emitting 
diode) illuminates the eye 1 as the viewer looks at a Screen 
2. FIG. 2 illustrates an example of an image of the eye 1 as 
Seen by a camera. The resulting camera image of the eye 1 
includes the iris, the pupil 5 (with a center 10) and a corneal 
reflection 6, i.e., a reflection of the light Source off the 
reflective corneal Surface of the eye. 
0006 Given that the cornea is approximately spherical in 
shape, the corneal reflection moves continuously acroSS the 
eye as the eye changes its orientation. Using the Pupil Center 
Corneal Reflection (PCCR) method, as disclosed in the 
references U.S. Pat. No. 3,462,604 to K. Mason, Control 
Apparatus Sensitive to Eye Movement; John Merchant & 
Richard Morrissette, A Remote Oculometer Permitting Head 
Movement, Report No. AMRL-TR-73-69 (Honeywell 
Radiation Center 1973); and Laurence R. Young & David 
Sheena, Methods & Designs. Survey of Eye Movement 
Recording Methods, Behavior Research Methods & Instru 
mentation, Vol. 7(5), 397-429 (1975), the eye's orientation 
is determined from the relative locations of the pupil center 
10 and the corneal reflection 6 within the camera image (see 
FIG. 2). It is known that the vertical and horizontal orien 
tation of the eye is directly related to the vector distance 
between the corneal reflection 6 and the pupil center 10. For 
example, as the eye rotates upward, the pupil 5 (and thus the 
pupil center 10) moves upward with respect to the corneal 
reflection 6, and as the eyeball rotates toward the camera's 
right, the pupil center 10 moves right with respect to the 
corneal reflection image. 
0007. The corneal reflection is often referred to as the 
glint Spot, and the vector between the glint Spot and the pupil 
center is often referred to as the glint-pupil vector: 

x-pupilglint (1a) 
'y pupilglint (1b) 

0008 where: 

0009) v., vy are the horizontal and vertical compo 
nents of the glint-pupil vector (input variable set) 

0010 X, are the X.y location of the pupil pupil ypupil y pup 
center image within the camera frame 
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0.011 X, y are the X.y location of the corneal glint yglint y 
reflection image within the camera frame. 

0012 Known eyetracker systems and methods com 
monly use mathematical equations to predict the eye orien 
tation from the measured glint-pupil vector. A simple 
example of a known equation to predict the eye orientation 
S. 

Thetahoz=Axo-Axiv. (2a) 
Thetave-Ayo Ayuvy (2b) 

0013 where: 
0014) Theta, Theta are the horizontal and Ver 
tical angles of the eye orientation, and 

0015 Ao, A1, Ao, A., are the coefficients used in 
predicting the eyes orientation (calibration param 
eter Set). 

0016. The variables from which the eye orientation is 
computed are commonly referred to as the "input variable 
Set'. In the example of Equations 2a, 2b above, the input 
variable set consists of the variables (v, and v). The 
coefficients, used to compute the eye orientation from the 
input variable set, are often referred to as the “calibration 
parameter Set. In the example of Equations 2a, 2b above, 
the calibration parameter Set consists of the coefficients 
(Aso A-1, Ayo, and Ay). 
0017. Typically, a “calibration procedure” is used to 
determine optimum values for calibration parameters. One 
known calibration procedure consists of the user fixating on 
a Sequence of known locations. A set of "raw' data is 
collected at each calibration point, where the raw data a 
consists of the known gaze directions and a set of measured 
input data for each of the calibration points. After the raw 
data for all the calibration points has been collected, an 
optimization procedure, Such as a regression analysis, is 
executed to find optimal values for the calibration param 
eters, which yield a minimum aggregate error in predicting 
the known gaze directions for all the calibration points. 
0018 Problem Predicting Gaze Direction Accurately 
0019. When using the PCCR method to measure the 
orientation of an eye, it is assumed that the pupil center 
represents a fixed point within the eyeball Structure. A 
problem exists, however, in that as the iris dilates and 
constricts, the pupil typically does not open and close 
completely concentrically about a fixed point on the eye. An 
exaggerated example of an eye with pupil-center Shift is 
illustrated in FIG. 3. FIG. 3 illustrates an example of how 
two pupils are not concentric; the two pupil centers (9,10) 
are at different locations within the eye. Pupil center 9, the 
center point of pupil circumference 8 is offset from pupil 
center 10, the center point of pupil circumference 7. 
0020. This pupil center shift can be explained as follows: 
The iris contracts and dilates using two opposing muscles. 
The Sphincter pupillae, oriented circumferentially around 
the inner edge of the iris, effects contraction by pulling the 
pupil closed. The dilator pupillae, oriented radially, effects 
dilation by pulling the pupil open. If the Sphincter and/or 
dilator pupillae do not actuate Symmetrically around the 
pupil, or if there is an imbalance in the counteracting 
push/pull mechanics of the iris's Sphincter and dilator 
muscles, the pupil center shifts within the eyeball. 
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0021 A problem exists because to the extent that the 
pupil-center location varies within an eyeball, the glint pupil 
vector (as measured within the camera image) will not 
represent a vector from the corneal reflection to a fixed point 
on the eyeball, and errorS result in the calculation of the 
eyeball orientation, unless these pupil-center shifts are 
accommodated. 

0022 Typically, human pupils open and close concentri 
cally enough to maintain PCCR eyetracking accuracies of 
approximately 0.7 degrees (using root mean Square error 
measurement). However, a need exists for a more accurate 
method for cases where more accurate eyetracking is 
desired, or for people whose pupil center(s) shift more than 
normal within the eyeball(s). Accordingly, it is desirable to 
have methods to measure the image location of a more 
nearly fixed reference point within the eyeball. 

SUMMARY OF INVENTION 

0023 Embodiments of the invention include a method of 
using a computer System to determine an eye's pupil-offset 
from a fixed location on the eyeball as a function of its 
diameter using an eyetracker System and the pupil-center 
corneal reflection method to measure glint-pupil vectors of 
an observer's eye. Preferably, the observer fixates an eye on 
one or more given points on a Screen and the System is used 
to measure at least one additional glint-pupil vector of the 
eye. The System quantifies measured variations in the glint 
pupil vector as pupil offsets with respect to a fixed location 
on the eyeball and codifies them as a function of measured 
pupil diameters. 

0024. Additional embodiments of the invention include a 
method to determine the orientation of an eye by accom 
modating for the eye's pupil center shift, comprising the 
Steps of determining the location of the pupil; measuring at 
least one observable feature of the eye related to the relative 
location of the pupil within the eyeball; estimating a pupil 
location-offset parameter with respect to a fixed point on the 
eyeball using at least one Said measured observable eye 
feature; and calculating the location of a fixed point within 
the eyeball as a function of the measured pupil location and 
the estimate of the pupil-location offset. 

0.025. Other embodiments of the invention include a 
method of using a computer System to quantify an eye's 
pupil-offset behavior, comprising the Steps of using an 
eyetracker System and the pupil-center-corneal reflection 
method to measure a first glint-pupil vector of the eye; 
fixating the eye on one or more given points on a Screen; 
measuring at least one additional glint-pupil vector of the 
eye, and quantifying measured pupil offsets as functions of 
measured pupil diameters. 

0.026 Still other embodiments of the invention include a 
System for compensating for pupil non-concentricity in an 
eyetracker System, comprising a video eyetracker for track 
ing the position of an observer's eye, a processor for using 
the pupil-center-corneal reflection method to measure at 
least one glint-pupil vector; a means for measuring glint 
pupil vectors as the pupil diameter varies, and a processor 
for interpreting the measured variations in the glint-pupil 
vector as pupil offsets with respect to a fixed location on the 
observer's eyeball and codified as a function of the mea 
Sured pupil diameters. 
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0027 Embodiments of the invention also include an 
apparatus for estimating the gaze direction of an eye com 
prising a computer and a camera for observing the eye. A 
measuring means measures pupil diameter and features of 
the eve related to the relative location of the pupil within the 
eyeball and a processor estimates the pupil-location-offset 
with respect to a fixed point on the eyeball using at least one 
of the measured observable eye features. A processor esti 
mates the location of the fixed point within the eyeball as a 
function of the measured pupil location and the estimate of 
the pupil-location offset. 

BRIEF DESCRIPTION OF DRAWINGS 

0028 FIG. 1 shows an illustration of known video eye 
tracker Systems. 
0029 FIG. 2 shows an example of a camera image of an 
eye exhibiting a bright image pupil and a corneal reflection. 
0030 FIG. 3 illustrates an example of pupil center shift 
as a function of pupil size. 
0031 FIG. 4 illustrates a graphical representation of 
pupil center shift as a function of pupil diameter without 
hysteresis. 
0032 FIG. 5 illustrates a graphical representation of 
pupil-center hysteresis. 
0033 FIG. 6 illustrates a graphical representation of a 
light level profile, which can be used to induce pupil 
diameter changes and thus aid in the measurement of 
pupil-center hysteresis. 

DETAILED DESCRIPTION 

0034. One method for determining the location of a fixed 
reference point within the eyeball is to measure the iris/ 
Sclera boundary, which is physically more Stable than the 
pupil/iris boundary. In Some lighting conditions, however, 
the iris/Sclera boundary can be difficult to measure accu 
rately, and the eyelids usually obscure much of the upper and 
lower parts of this boundary, So it can be difficult to measure 
its center point accurately from the observable portions of 
the iris/Sclera boundary. Another method for determining the 
location of a fixed reference point within the eyeball is to 
recognize and locate a visible landmark on the eyeball 
Surface, Such as a blood vessel in the Sclera, a distinguishing 
feature of the iris/pupil boundary, or a distinguishing land 
mark of the iris fiber pattern toward the outer edge of the iris. 
0035. According to an embodiment of the present inven 
tion, a novel method for measuring a more nearly fixed 
reference point within the eyeball comprises Steps for adjust 
ing the measured pupil-center location based on any known 
dependencies of the pupil-center location on measurable 
pupil features. For most eyes, the iris's physiological behav 
ior typically follows repeatable patterns as it dilates and 
constricts. Thus, shifting of the pupil center with respect to 
a fixed reference point within the eyeball is not random. 
Accordingly, much of any pupil-location shifting can be 
predicted by observing the behavior of the pupil diameter. 
According to methods of the present invention, if a mea 
Surement of the present pupil location within the camera 
image is known and an estimate of the pupil-center shift with 
respect to a fixed reference point on the eyeball can be made, 
the location of a fixed eyeball reference point can be 
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estimated within the camera image. According to one 
embodiment of the present invention, the effect of pupil 
center shift is accommodated by computing an “adjusted 
pupil location' within the camera image, where the adjusted 
pupil location is taken to be the location of the true (i.e., 
measured) pupil center and the estimated pupil-center shift 
from a fixed reference point. The location of the fixed 
reference point is arbitrary, but is often defined to be the 
point where the optic axis of the eye intersects the corneal 
Surface. 

0.036 Finally, according to one exemplary embodiment 
of the present invention, to predict the eyeball's orientation 
more accurately, an “adjusted’ or “corrected glint-pupil 
vector is defined to be the vector distance from the corneal 
reflection to the estimated fixed reference point on the 
eyeball. 
0037 Mathematical Representation of Pupil-Center-Shift 

vs. Pupil Diameter 
0.038 FIG. 4 shows an example of a graphical represen 
tation of pupil-center shift as a function of pupil diameter for 
a full range of pupil diameter D (Note: two such curves 
exist for each eye, each representing different dimensions of 
the eye's two-dimensional pupillary Surface.) For this 
example, f(D) and f(D) represent the horizontal and 
Vertical behaviors of the pupil-center location, wherein: 

ypup-offset f(Dpup) (3.b) 
0039) where: 

0040 Xtre, Xire are the estimates of the 
horizontal and Vertical components of the pupil 
center offset with respect to a fixed reference point 
on the eyeball; 

0041) D is the measured pupil diameter (pupil 
offset feature); and 

0042 f(D), f(D) are functions which predict 
the horizontal and vertical components of pupil 
offset as a function of pupil diameter. 

0.043 Mathematical representations of the pupil-center 
shift may be expressed in terms of equations or tables. AS a 
Simple example, the pupil-location offsets may be approxi 
mated by a pair of linear equations: 

f(Dpup)-Ynon-offsetKx(Dpup-Dnom) (4a) 
f(Dpup)-ynon-offsetKy(Dpup-Dnom) (4b) 

0044) where: 
0045 D, is a constant representing a “nominal” 
pupil diameter 

0046) Xtre, years are constants represent 
ing the pupil-center offset given the nominal value of 
the pupil diameter 

0047) K K are coefficients relating the change in 
the pupil-center offset as a function of the difference 
between the measured pupil diameter and the nomi 
nal pupil diameter 

0.048. In this linear example, parameters defining the 
pupil-center shift for an eye comprise the Set (D, 
*nom-offset' ynom-offset: K. K), and the input variable set 
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determining the pupil offset at any time consists of the Single 
variable D, the pupil diameter at that time. 
0049. In other embodiments of the present invention, 
more complex functions relating pupil diameter to pupil 
location offset may be used to generate more accurate 
models of the pupil behavior. 
0050. Pupil-Center Hysteresis 
0051 Referring to FIG.4, the pupil-center offset (for the 
associated pupillary dimension) is shown as a single-valued 
function of the pupil diameter, i.e., it is assumed that there 
is a unique value for the pupil offset for any given value of 
the pupil diameter. This Single-valued function represents no 
hysteresis in the pupil-center behavior. 

0052. In the more general case, however, pupil locations 
exhibit the phenomenon of hysteresis. For any given value 
of pupil diameter, the pupil offset may reside over a range of 
offsets. With hysteresis, the instantaneous value of the pupil 
center depends on the prior history of the pupil diameter, and 
on the direction that the pupil diameter was moving. 
0053 FIG. 5 illustrates an example of hysteresis in the 
pupil location as a function of pupil diameter. If the eye 
begins at its minimum pupil diameter, indicated by Point A 
in FIG. 5, the pupil center moves along Path 1 as the pupil 
diameter increases. If the pupil diameter continually opens 
to its maximum diameter, the pupil center follows Path 1 
until it reaches Point B. As the pupil diameter closes from 
Point B., the pupil center follows Path 2, and remains on 
Path 2 all the way back to Point A, as long as the diameter 
closes monotonically, i.e., as long as the pupil diameter does 
not temporarily open by any amount along the way. Paths 1 
and 2 are referred to as the envelope of the hysteresis loop, 
and Paths 1 and 2 define the minimum and maximum values 
of the pupil-center location as a function of the pupil 
diameter. 

0054 If the pupil diameter is closing along Path 2, and 
reverses its direction, when it reaches Point C for example, 
the pupil then transitions to Path 3, rather than retracing its 
path along 2. When it reaches Point D, the pupil can follow 
one of two paths. If the pupil continues to open, it continues 
to follow Path 3. If, on the other hand, the pupil diameter 
reverses direction and Starts to close, the pupil Switches to 
Path 4, not Path 3 that it came in on. Point D illustrates the 
general case within a hysteresis loop. If the pupil diameter 
is increasing, the pupil passes through the point on one path. 
If the diameter is decreasing, it moves through the point on 
another path. If the diameter Switches direction at the point, 
the pupil Switches paths. 
0055 Modeling Pupil Hysteresis 

pup 

0056 Pupil hysteresis may be modeled mathematically 
by defining a “pupil-offset hysteresis model” for the eye 
from which the pupil-center location may be tracked from 
observation of the pupil diameter history. The pupil-offset 
hysteresis model consists of mathematical expressions, 
which define how the pupil offset varies as a function of 
pupil-diameter changes, given all possible combinations of 
pupil diameter and pupil offset. To represent hysteresis, two 
Separate expressions are defined for the pupil-offset Versus 
pupil-diameter variation for the two cases where the pupil 
diameter is increasing and decreasing. Furthermore, Since 
the pupillary Surface is 2-dimensional, there are separate Sets 
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of rules for each axis of the pupil-center offset. The rules 
may be expressed, for example, in equation or table form. 

0057 Mathematically, the two pupil-offset versus pupil 
diameter variations are expressed as derivatives of the pupil 
offset as a function of increasing or decreasing pupil diam 
eter: 

dxpup-offset/dDpup(Dpup;xpup-offset increasing) (5a) 

0.058 and 
dxpup-offset/dDpup(Dpup;xpup-offset-decreasing) (5a) 

0059) Note that there is a corresponding pair of expres 
Sions for the pupil’s vertical axis: 

dy pup-offset/dDpup(Dpupypup-offset increasing) (5c) 

0060) and 
dy pup-offset/dDpup(Dpupypup-offset decreasing) (5d) 

0061 These four derivatives express the change in pupil 
offset with respect to the change in pupil diameter as a 
function of the diameter direction of change, and thus 
represent the two different “path directions' discussed 
above. The arguments Dup, youp-offset and youp-offset indicate 
that the values of the derivatives vary according to the 
current values of those variables. The arguments “increas 
ing” or “decreasing indicate which curve to use, depending 
on whether the pupil diameter is increasing or decreasing. 

0062 Procedure for Estimating Pupil-Center Offset from 
the Pupil-Offset Hysteresis Model 

0.063 Below, an example of a preferred embodiment of 
the present invention for estimating pupil-center offset is 
discussed. During an eyetracking operation, the pupil-center 
offset may be predicted by the following illustrative iterative 
procedure: 1) First, record or recall a prior measured pupil 
diameter D and the previously predicted 

0064 pupil offset X pup-offset-past and Spup-offset-past 

0065. 2) Measure the present pupil diameter D pres' 
0066 3) Determine the change in pupil diameter 
dDpup: 
dDpup-D pres-Dpast (6) 

0067 and determine whether the pupil diameter 
increased or decreased. 

0068 4) Find the appropriate values for dx /dD 
and dy-offset/dD from a pupil-offset"Eysteresis 
model based on: 

0069 pupil-diameter increase or decrease, 

0070) 

0.071) 

the past pupil diameter D and past 

the past pupil offset Xast and yeast. 
0072 5) Compute the changes in pupil offsets 
dx, and dye-tre as a function of the change in pupolis 

pupil diameter. If the pupil diameter is increasing: 
dipun-offsed out-offset/dboup(Doup v. 
issip."up-re (7a) 
dypup-offseidy pup-offset/dbpup(Dpupy, 
issister (7b) 
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0073. Otherwise, if the pupil diameter is decreasing: 
dispup-offsed pup-offset?dDpup(Dpup 
decreasing) dD (8a) 
dypup-offseidy pup-offset/dbpup(Dpupy, 
decreasing) dDup (8b) 

0074 (Note: In the case that the pupil diameter does not 
change, dD is Zero, So it does not matter whether the 
"increasing or “decreasing expressions are used. In this 
case, dxpense and dyne Will be Zero, whether com 
puted by either Equations 7a, 7b or 8a, 8b.) 

0075 6) Compute the new pupil offset from the old 
pupil offset and the change in the pupil offset: 
\pup-offset-pup-offset-pastdispup-offset (9a) 
youp-offset youp-offset-pastdy pup-offset (9b) pup pup p pup 

0076 Note: Preferably, if the change in pupil diameter 
dD. is large enough that there is significant curvature along 
the path from Dast to Des, the pupil diameter change 
should be broken into Smaller segments and steps (a) 
through (f) repeated for each Segment. 

0.077 Method for Accommodating Pupil-Center Shift 

0078. The implementation of a preferred procedure for 
estimating the location of a fixed reference point within the 
eyeball Structure consists of the following Steps: 

0079 First, the location of the pupil is measured within 
the eye image. In Video eyetracking, for example, the pupil 
center is often located by measuring points around the edge 
of the pupil, fitting an ellipse to these edge points, and 
mathematically calculating the center point of the ellipse. 
(Typically, the "pupil location” is taken to be the center point 
of the pupil, but other pupil location metrics, e.g. the 
bottom-most point on the pupil, may be used.) 

0080 Next, observable features of the eye are measured, 
including, for example, pupil diameter, which are related to 
the relative location of the pupil within the eyeball. Video 
eyetrackers typically measure pupil diameter as part of their 
routine image processing procedures. For example, the 
above-described elliptical fit procedure for locating the pupil 
center also produces a pupil diameter measurement. Addi 
tional parameters, Such as the time derivative of pupil 
diameter, may also be used to Support the estimation of 
pupil-center offset. 

0081. Using the measured observable eye feature, the 
pupil-location offset is estimated with respect to a fixed 
reference point on the eyeball. An example method for 
estimating the pupil-location offset based on measured 
pupil-offset features of the pupil (without hysteresis) was 
given in equations 3 and 4 above. An example method for 
estimating the pupil-location offset based on measured 
pupil-offset features of the pupil (with hysteresis) was given 
in the above section entitled “Procedure for Estimating 
Pupil-Center Offset from the Pupil-Offset Hysteresis 
Model.” 

0082 Next, the location of the fixed reference point 
within the eyeball is estimated as a function of the measured 
pupil location and the estimate of the pupil-location offset. 
Typically, the location of the fixed reference point within the 
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eyeball is expressed as the Sum of the pupil location and the 
pupil-location offset: 

fixed-ref-pipup-locpup-offset (10a) 

'fixed-ref-pf'pup-loc'pup-offset (10b) 

0083) where: 

0084) Xrised-eft, ynsed-eft represent the estimated 
location, within the camera image, of the fixed 
reference point within the eyeball 

0085 X-1, X-1, represent the location of the 
pupil within the camera image 

0086) Determining an Eye's Pupil-Offset vs Diameter 
Curves 

0087. The pupil-offset behavior of a given eye may be 
established by asking a user to fixate on one or more given 
points, and recording the measured variations in the glint 
pupil vector as the pupil diameter varies. If the eye's 
position and orientation remain fixed with respect to the 
camera, the location of the corneal reflection off the eye 
remains fixed, and all variations in the glint-pupil vector 
within the camera image may be attributed to shifts in the 
pupil location. 

0088 To accommodate pupil-offset models without hys 
teresis, the pupil-offset functions for the eye may be deter 
mined by codifying the measured pupil offsets f(D) and 
f(D) as functions of the measured pupil diameters. 
0089. To accommodate pupil-center hysteresis and 
codify the dxpop-offset/dDup, and dy-offset/dDup expres 
Sions for the pupil-diameter-increasing and pupil-diameter 
decreasing paths, it is necessary to monitor and record 
pupil-center offset changes dx-offset and dy-offset, pupil 
diameter changes dD, and whether the pupil diameter is 
increasing or decreasing. 

0090. Once pupil-offset data has been measured and 
recorded, Standard modeling and curve-fitting tools may be 
used to generate expressions for f(D) and f(D) (for 
non-hysteresis models) and of dx,-stre/dD and 
dy /dD (for hysteresis models). Due to eyetracker pup-offset PP 
instrumentation noise, for example, it may be necessary to 
measure the pupil-offset behavior multiple times to form 
good estimates of the pupil-offset functions. 

0.091 Inducing Pupil Diameter Changes for Developing 
Pupil-Offset Models 

0092. To obtain a full representation of the eye's pupil 
offset curve, it may be desirable to induce the pupil to move 
through its full range, of expected diameters. The pupil 
diameter may be induced to open and close by varying the 
light levels of the object being fixated and/or varying the 
light levels of the background Surrounding the object. To 
evoke Smaller pupil diameters, calibration points may be 
taken with a relatively bright environment, and, to evoke 
larger pupil diameters, other calibration points may be taken 
with darker environments. 

0093. To obtain complete expressions for pupil location 
hysteresis throughout the hysteresis envelope, light levels 
may be modulated. For example, a light level may be shifted 
up and down gradually from Several different light levels. A 
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wide variety of intensity variation patterns can be used to 
induce and measure the hysteresis behavior of an eye's 
pupil-center offset. Preferably, to map the full hysteresis 
loop adequately, both the outside envelope of the loop and 
the opposing path directions within the loop are character 
ized. 

0094 FIG. 6 depicts examples of light-level profiles that 
can be used to induce and measure the hysteresis behavior 
of an eye's pupil-center offset. In Section A the light level is 
monotonically increased from the lowest to the highest 
brightness level and then monotonically decreased from the 
highest to the lowest brightness level. These two “full 
Swing light-level excitations induce the pupil behavior 
required to map the lower and upper contours of the outside 
envelope of the hysteresis loop. In Section B., another 
example shows how the light level is “saw toothed” up and 
down while gradually increasing and decreasing the overall 
light level. These reversing, Saw-tooth variations in light 
level induce the pupil behavior required to map opposing 
path-directions within the envelope. 

0095 For eyetracking applications where a user is look 
ing at a computer Screen, and where the calibration data 
points are displayed on the computer Screen, varying light 
levels may be achieved by changing the background bright 
neSS of the computer display during the collection of the 
calibration data. To achieve large pupil diameters, for 
example, calibration points may be displayed against a black 
background, and to achieve Small pupil diameters, calibra 
tion points may be displayed against a bright white back 
ground. Typically, the large and Small pupil diameters 
obtained using fully black and fully bright-white back 
grounds during calibration provide a full range of pupil 
diameters expected to be encountered during eyetracking 
operation after the calibration Session. 

0096. In describing representative embodiments of the 
present invention, the Specification may have presented the 
method and/or process of the present invention as a particu 
lar Sequence of StepS. However, to the extent that the method 
or process does not rely on the particular order of StepS Set 
forth herein, the method or process should not be limited to 
the particular Sequence of Steps described. AS one of ordi 
nary skill in the art would appreciate, other Sequences of 
StepS may be possible. Therefore, the particular order of the 
StepS Set forth in the Specification should not be construed as 
limitations on the claims. In addition, the claims directed to 
the method and/or process of the present invention should 
not be limited to the performance of their steps in the order 
written, unless that order is explicitly described as required 
by the description of the process in the Specification. Oth 
erwise, one skilled in the art can readily appreciate that the 
Sequences may be varied and Still remain within the Spirit 
and Scope of the present invention. 

0097. The foregoing disclosure of embodiments of the 
present invention has been presented for purposes of illus 
tration and description. It is not intended to be exhaustive or 
to limit the invention to the precise forms disclosed. Many 
variations and modifications of the embodiments described 
herein will be obvious to one of ordinary skill in the art in 
light of the above disclosure. The scope of the invention is 
to be defined only by the claims appended hereto, and by 
their equivalents. 
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What is claimed is: 

1. A method to determine the orientation of an eye by 
accommodating for the eye's pupil center shift, comprising 
the following Steps: 

determining the location of the pupil; 

measuring at least one observable feature of the eye 
related to the relative location of the pupil within the 
eyeball; 

estimating a pupil-location-offset parameter with respect 
to a fixed point on the eyeball using at least one Said 
measured observable eye feature; and 

calculating the location of a fixed point within the eyeball 
as a function of the measured pupil location and the 
estimate of the pupil-location offset. 

2. A method according to claim 1, wherein Said step of 
measuring observable features of the eye includes the Step of 
measuring the pupil diameter. 

3. The method according to claim 2, comprising an 
eyetracker calibration procedure for use on a computer 
System wherein variations in a user's pupil diameter are 
Stimulated by varying a light level in a viewed environment. 

4. The method according to claim 2, comprising an 
eyetracker calibration procedure used in conjunction with a 
computer Screen display wherein variations in the user's 
pupil diameter are Stimulated by changing the brightness of 
the Screen display. 

5. A method according to claim 2, including the steps of: 

determining a prior measured pupil diameter D, and the 
prior predicted pupil offset X-freast and 
Spup-offset-past 

measuring the pupil diameter D, pres? 

determining the change in pupil diameter dD with the 
following relationship: dD=D-D pres past 

determining whether the pupil diameter increased or 
decreased; 

finding appropriate Values for dx,-offseadup and 
dy /dD from the pupil offset hysteresis model up-offse 

based on at least one of the following: 

pupil-diameter increase or decrease, 

the past pupil diameter D and past 

the past pupil offset X, and yes; 
computing changes in pupil offsets dx 
dy pip-offset 
and 

pup-offset and 
as a function of the change in pupil diameter; 

computing a quantity for new pupil offset from the old 
pupil offset and the change in the pupil offset with the 
following relationships: 

-pup-offset pup-offset-pas pup-offset 

spup-offsetpup-offset-pastdypup-offset. 

6. The method according to claim 5, comprising the Step 
of computing changes in in pupil offsets dx,-offs and 
ya as a function of a change in pupil diameter, including 

the 
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following Steps if the pupil diameter is increasing: 

Increasing pup 

dypup-offsei dypup-offset/dbpup(Dpupy, 
increasing) did 

and including the following Steps if the pupil diameter is 
decreasing: 

decreasing) did 
dypup-offsei dyeup offset/dbpup(Dpupy, 
decreasing) di). 

7. The method of claim 6, comprising the steps of 
determining the location of the fixed reference point within 
the eyeball as expressed as the Sum of the pupil location and 
the pupil-location offset: 

- -fixed-ref-pipup-locpup-offset 

wherein the relationships: 

Xnsed-eft, ynsed-eft represent the estimated location, 
within the camera image, of the fixed reference point 
within the eyeball and Xpup-loe Xup-toe represent the 
location of the pupil within the camera image. 

8. The method of claim 2, comprising the, Step of esti 
mating the pupil-center Shift as a function of pupil diameter 
for at least two measured pupil diameter values D, using 
the relationships: 

pup? 

and 

ypup-offset?(Dpup) 
wherein: 

Xpop-offset, Xup-offset are estimates of the horizontal and 
Vertical components of the pupil center offset with 
respect to a fixed reference point on the eyeball; 

D is a measured pupil diameter (pupil-offset feature); 
and 

f(D), f(D) are functions which predict the hori 
Zontal and vertical components of pupil-offset as a 
function of pupil diameter. 

9. The method of claim 8, comprising the Step of approxi 
mating the pupil-location offsets by a pair of linear equa 
tions: 

f(Dpup)-Ynon-offsetKx(Dpup-Dnom): 
f(Dpupynom-offsetKy(Dpup-Dnom): 

wherein: 

D, is a constant representing a “nominal” pupil diam 
eter, 

X.non-offset, ynon-offset are constants representing the pupil 
center offset given the nominal value of the pupil 
diameter, and 

K. K. are coefficients relating the change in the pupil 
center offset as a function of the difference between the 
measured pupil diameter and the nominal pupil diam 
eter. 

10. The method of claim 9, comprising the step of 
determining the location of the fixed reference point within 
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the eyeball as expressed as the Sum of the pupil location and 
the pupil-location offset: 

- -fix-ref-pipup-locpup-offset 

'fix-ref-pipup-loc'pup-offset 

wherein the relationships: 

Xnsed-reet, ynsed-refit represent the estimated location, 
within the camera image, of the fixed reference point 
Within the eyeball and X-ie, X-Ice represent the 
location of the pupil within the camera image. 

11. A method according to claim 1, wherein the StepS are 
performed iteratively and Said Step of measuring observable 
features of the eye includes the Step of measuring a pupil 
diameter. 

12. A method according to claim 11, comprising the Step 
of measuring the iris/Sclera boundary of the eye. 

13. A method according to claim 11, comprising the Step 
of recognizing and locating a feature of the eye from the 
group consisting of: a blood vessel in the Sclera, a feature of 
the iris/pupil boundary and a mark of the iris fiber pattern in 
proximity of the outer edge of the iris. 

14. A method according to claim 2, comprising Steps for 
inducing hysteresis behavior of an eye's pupil-center offset 
comprising the Steps of: 

monotonically increasing a light level from a first level to 
a Second level; 

monotonically decreasing the light level from the Second 
level to the first level; 

varying the light level in a saw tooth manner while 
gradually increasing and decreasing the overall light 
level. 

15. A method according to claim 14, comprising Steps for 
calculating the hysteresis behavior of the eye's pupil-center 
offset comprising the Steps of: 

concurrently measuring values for pupil diameter, direc 
tion of pupil-diameter change, and pupil-center loca 
tion. 

16. A method according to claim 14, including the Steps 
of: 

determining a prior measured pupil diameter Das and 
Values for predicted pupil offset Xuefisetast and 
Spup-offset-past 

measuring the pupil diameter D, pres? 

determining the change in pupil diameter dD with the 
following relationship: dD=D D pres past 

determining whether the pupil diameter increased or 
decreased; 

finding appropriate values for dx-site/dD and 
dy /dD from the pupil offset hysteresis model pup-offsef pup 

based on at least one of the following: 
pupil-diameter increase or decrease, 
the past pupil diameter D and past 

the past pupil offset Xast and yeast, 
computing changes in pupil offsets dx 
dy 

pip-offset 
and 

pup-offset and 
as a function of the change in pupil diameter; 
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computing a quantity for new pupil offset from the old 
pupil offset and the change in the pupil offset with the 
following relationships: 

pup-offset pup-offset-pastelpup-offset 

'pup-offsetpup-offset-pastypup-offset. 

17. The method according to claim 14, comprising the 
step of computing changes in in pupil offsets dxts and 
dy-stre as a function of a change in pupil diameter, 
including the 

following Steps if the pupil diameter is increasing: 

pup-offset Erypoise increasing) dD 
dypup-offsei dypup-offset/dbpup(Dpupy, 
increasing) did 
and including the following Steps if the pupil diameter 
is decreasing: 

Eyre 
pup 

?dDup(D 
decreasing) 

pup 

pupset up-offset/dpup(Ppupy, decreasing) di). 
18. The method of claim 14, comprising the steps of 

determining the location of the fixed reference point within 
the eyeball as expressed as the Sum of the pupil location and 
the pupil-location offset: 

- fixed-ref-pipup-locpup-offset 

yfixed-ref-pfpup-locitypup-offset 

wherein the relationships: 

Xnsed-eft, ynsed-eft represent the estimated location, 
within the camera image, of the fixed reference point 
within the eyeball and Xpup-loe Xup-toe represent the 
location of the pupil within the camera image. 

19. A method of using a computer System to quantify an 
eye's pupil-offset behavior, comprising the following Steps: 

using an eyetracker System and the pupil-center-corneal 
reflection method to measure a first glint-pupil vector 
of the eye; 

fixating the eye on one or more given points on a Screen; 

measuring at least one additional glint-pupil vector of the 
eye, and 

quantifying measured pupil offsets as functions of mea 
Sured pupil diameters. 

20. The method according to claim 19, comprising the 
Step of illuminating an eye with light, varying the light level, 
and monitoring the eye with a Video camera. 

21. A method according to claim 20, further comprising 
the Steps of accommodation for pupil-center hysteresis by: 

measuring a glint-pupil vector by including measure 
ments of pupil-center offset changes, pupil diameter 
changes, and determining a pupil diameter change 
factor as a function of whether the pupil diameter 
increases or decreases, and 

codifying dxpup-offset/dldpup and dypop-offset/dpup expres 
Sions for at least one of a pupil-diameter-increasing 
case and a pupil-diameter-decreasing case. 
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22. The method of claim 21, comprising the Steps of 
determining the location of the fixed reference point within 
the eyeball as expressed as the Sum of the pupil location and 
the pupil-location offset: 

- fixed-ref-pipup-locpup-offset 

'fixed-ref-pf'pup-loc'pup-offset 

wherein the relationships: 

Xnsed-reet, ynsed-refit represent the estimated location, 
within the camera image, of the fixed reference point 
within the eyeball and Xpup-toe Xpup-loe represent the 
location of the pupil within the camera image. 

23. A method according to claim 21, wherein Said Step of 
accommodating pupil-center hysteresis is performed itera 
tively and includes a Step of measuring a pupil diameter. 

24. A method according to claim 20, comprising the Step 
of measuring the iris/Sclera boundary of the eye. 

25. A method according to claim 20, comprising the Step 
of recognizing and locating a feature of the eye from the 
group consisting of: a blood vessel in the Sclera, a feature of 
the iris/pupil boundary and a mark of the iris fiber pattern in 
proximity of the outer edge of the iris. 

26. The method according to claim 20, comprising an 
eyetracker calibration procedure for use on a computer 
System wherein variations in a user's pupil diameter are 
Stimulated by varying a light level in a viewed environment. 

27. The method according to claim 20, comprising an 
eyetracker calibration procedure used in conjunction with a 
computer Screen display, wherein variations in the user's 
pupil diameter are stimulated by changing the brightness of 
the Screen display. 

28. A method according to claim 19, comprising Steps for 
inducing hysteresis behavior of an eye's pupil-center offset 
comprising the Steps of: 

increasing a light level from a first level to a Second level; 
decreasing the light level from the second level to the first 

level; 

varying the light level in a Substantially saw tooth manner 
while gradually increasing and decreasing the overall 
light level. 

29. A method according to claim 28, comprising Steps for 
mapping the hysteresis behavior of an eye's pupil-center 
offset comprising the Steps of: 

concurrently measuring values for pupil diameter, direc 
tion of pupil-diameter change, and pupil-center loca 
tion. 

30. An apparatus for estimating the gaze direction of an 
eye comprising: 

a computer, 

a camera coupled to the computer for observing the eye; 

a means for measuring pupil diameter and features of the 
eye, 

a processor for estimating the pupil-location-offset with 
respect to a fixed point on the eyeball using at least one 
of Said measured eye features, and 

a processor for estimating the location of the fixed point 
within the eyeball as a function of a measured pupil 
location and the estimate of the pupil-location offset. 
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31. An apparatus according to claim 30, wherein the 
camera is a Video camera that continuously observes the eye. 

32. An apparatus according to claim 31, comprising: 

a memory for storing a measured pupil diameter D, and 
a prior predicted pupil offset X offset as and 
Spup-offset-pt 

a processor for measuring the present pupil diameter 
D pres? 

a processor for determining the change in pupil diameter 
dD, wherein dD=Dres-Das: pup? pres pas 

a processor for determining whether a pupil diameter 
increased or decreased; 

a processor for finding appropriate values for dx, ote? 
dD and dy-offset/dD from the pupil offset Rys 
teresis model based on: 

pupil-diameter increase or decrease, 
the past pupil diameter D and past 

the past pupil offset Xast and yeast, 
a processor for computing the changes in pupil offsets 
“sis and dy-offset as a function of the change in 
pupil diameter, wherein if the pupil diameter is increas 
ing the following relations are used: 

Increasing pup 

dypup-offsedpup-offset/dbpup(Dpupy, 
increasing)*dDr. 
and, if the pupil diameter is decreasing: 
dx. pup-offset 
decreasing)*d dysse'Pup(Pup". 

pup 

d =d dDonn (Donoy, essary apper 
and 

a processor for computing the new pupil offset from the 
old pupil offset and the change in the pupil offset: 

pup-offset pup-offset-pastelpup-offset 

spup-offsetpup-offset-pastdypup-offset. 
33. An apparatus according to claim 32, comprising a 

processor for performing the Steps of determining the loca 
tion of the fixed reference point within the eyeball as 
expressed as the Sum of the pupil location and the pupil 
location offset using the following relationships: 

- fixed-ref-pipup-locpup-offset 

'fixed-ref-pf'pup-loc'pup-offset 

wherein the relationships: 

Xnsed-eft, ynsed-eft represent the estimated location, 
within the camera image, of the fixed reference point 
Within the eyeball and X-ie, X-1 represent the 
location of the pupil within the camera image. 

34. An apparatus according to claim 32, comprising a 
means for performing an eyetracker calibration Subroutine 
for use on a computer System wherein a user's pupil diam 
eter is measured as a light level is Synchronously varied in 
a viewed environment. 

35. An apparatus according to claim 32, further compris 
ing an eyetracker calibration program for use in conjunction 
with a computer Screen display wherein variations in the 
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user's pupil diameter are measured as the pupil is stimulated 
by changing the brightness of the Screen display. 

36. A System for determining an eyes orientation and 
compensating for the eye's pupil non-concentricity behav 
ior, using an eyetracker, comprising: 

a Video eyetracker for tracking the position of an observ 
er's eye; 

a processor for using the pupil-center-corneal reflection 
method to measure at least one glint-pupil vector, 

means for measuring glint-pupil vectors as the pupil 
diameter varies, and 

a processor for interpreting the measured variations in the 
glint-pupil vector as pupil offsets with respect to a fixed 
location on the observer's eyeball and codified as a 
function of the measured pupil diameters. 

37. A system as claimed in claim 36, wherein a pupils 
pupil-center hysteresis is accommodated via: 
means for including measurements of pupil-center offset 

changes, pupil diameter changes, and a parameter for 
indicating whether the pupil diameter is increasing or 
decreasing, and 

means for codifying dx 
expressions. 

38. A System as claimed in claim 36, comprising: 

/dD, and dy /dD pup-offset pup-offsef PUP 

a medium with one or more reference points for the 
observer to fixate one. 

39. A system according to claim 36, comprising: 
memory means for Storing a plurality of measured pupil 

diameters Das: 
means for recalling a prior predicted pupil offset 

up onse ps and Spup-offset-past 
means for measuring a pupil diameter D, pres? 
means for determining a change in pupil diameter dO 

wherein dD=Des-Das: pres pas? 

pup 

means for determining whether a pupil diameter has 
increased or decreased; 

means for finding appropriate values for dx fre?dD 
and dystre/dD from the pupil offset hysteresis 
model based on: 

pupil-diameter increase or decrease, 
the past pupil diameter D and past? 

the past pupil offset Xast and yeast, 
means for computing changes in pupil offsets dx,-site 

and dy-offset as a function of a change in pupil 
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diameter, wherein if the pupil diameter is increasing the 
following relations are used: 

Essi, Gylle"dDpup(Dpup Increasing pup 

dypup-offsei dy up-offset?dDpup(Dpup's 
increasing)*dD. 
and, if the pupil diameter is decreasing: 
dx. pup-offset 
decreasing)*d 
dypup-offsed pup-offset'll pup(Dpupy, 
decreasing)*dDup; and 

means for computing pupil offset values using the rela 
tionships: 
\pup-offset-pup-offset-pastdispup-offset 
'pup-offsetpup-offset-pastypup-offset. 

40. A System according to claim 36, comprising a means 
for performing an eyetracker calibration Subroutine for use 
on a computer System wherein a user's pupil diameter is 
measured as a light level is Synchronously varied in a viewed 
environment. 

41. A System according to claim 36, comprising a pro 
grammable eyetracker calibration Subroutine for use on a 
computer System in conjunction with a computer Screen 
display wherein variations in the user's pupil diameter are 
measured as the pupil is stimulated by changing the bright 
neSS of a Screen display. 

42. A System according to claim 39, comprising a means 
for performing an eyetracker calibration Subroutine for use 
on a computer System wherein a user's pupil diameter is 
measured as a light level is Synchronously varied with the 
measurementS. 

43. A System according to claim 39, comprising an 
eyetracker calibration on a programmable chip for use in 
conjunction with a computer Screen display wherein varia 
tions in the user's pupil diameter are measured as the pupil 
is Stimulated by changing the brightness of a Screen display. 

44. A System according to claim 39, comprising means for 
determining the location of a fixed reference point within an 
eyeball as expressed as the Sum of the pupil location and the 
pupil-location offset using at least the following relation 
ships: 

pup-offset fixed-ref-pipup-loc 
'fixed-ref-pf'pup-loc'pup-offset 

wherein the relationships: 
Xnsed-refit, yixed-refit represent the estimated location, 

within the camera image, of the fixed reference point 
within the eyeball and Xpup-los, Xpup-loe represent the 
location of the pupil within the camera image. 

k k k k k 


