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57 ABSTRACT 

A two stage approach is used in which rotation angles 
are specifically selected for easy mechanization. First 
stage provides rotations in even 30° increments so that 
multiplications are replaced by simple shift or shift 
/add operations. Rotation angles available in the sec 
ond stage each have sines with at most two nonzero 
bits in their binary representations. 

7 Claims, 6 Drawing Figures 
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VECTOR ROTATOR 
SUMMARY OF THE INVENTION 

The invention performs vector rotation in a binary 
machine (computer). Inputs are the rotation angle and 
the real and imaginary components of the vector to be 
rotated. Outputs are the real and imaginary compo 
nents of the vector after rotation. Vector rotation oc 
curs in 2-6 sequential stages depending upon accuracy 
requirements. Rotation angles at each stage are se 
lected for easy mechanization on a binary computer. 
Rotation angles available in the first stage are in even 

30° increments so that rotations can generally be ac 
complished by shift/add operations, sign changes and 
reversals of real and imaginary components. Rotation 
angles available in second and succeeding stages are 
Selected such that the binary representations of their 
sines have at most 2 nonzero bits. This characteristic 
assures that multiplications can be replaced by shift 
fadd operations. 
This vector rotator scheme has been configured for 

use in taking fast fourier transforms. Special cases of 
vector rotation include conversion from polar to rect 
angular coordinates and computations of sines and 
cosines. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 is a graphic illustration of the vector rotation 
proper; 
FIG. 2 is a graphic representation of the rotation of 

the vector in the first stage; 
FIG. 3 is a block diagram showing the first stage 

functional circuit; 
FIG. 4 is a table showing the first stage rotation re 

quirements; 
FIG. 5 is a table showing the second stage rotation 

requirements; and 
FIG. 6 is a block diagram showing the second stage 

functional circuit. 

DESCRIPTION OF THE PREFERRED 
EMBODIMENT 

The function of this method is to perform vector 
rotation in a binary machine (computer). The method 
performs this rotation in a sequence of rotations which 
have unique properties allowing the rotations to be 
performed either faster or with less hardware than 
conventional techniques. 
FIG. 1 illustrates the problem being solved by this 

invention. Vector V specified by its real and imaginary 
components a and b is to be rotated by an angle 6. It is 
desired to determine the real and imaginary compo 
nents a, and b of the vector V, following rotation. 
Mathematically, 

V = a + ih 
V. = Wei8 
where i see V-1 

By a familiar identity, 
ef8 = cos 0 + i sin 8 

and thus, 
V = (a + ib) (cos 0 + i sin 6) 
= a cos 6 -- i a sin 8 + i b cos 8 - b sin 8 
= (a cos 6 - b. sin 8) -- i (a sin 6 -- bcos 8) 
= a + i be 

Thus 
a = a cos 0 - b. sin 6 

and 
b = a sin 8 + b cos 0 

To define the function of this method more clearly, 
its inputs and outputs are as follows: 
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2 
Inputs: a, b, 6 
Outputs: a, b 

The solution in common practice proceeds in three 
parts as follows: 

l, Determine sin 6 and cos 0; 
2. Perform four multiplications, a X cos 6 a X sin 8, b 
X cos 6, b X sin 6; and 3. Perform two additions a 
cos 8 + -h sin 6 and a sin 6 + b cos 6. 

This conventional approach can be expensive due to 
the need for calculating sin 6 and cos 0 as well as be 
cause of the difficulty of performing four multiplica 
tions. 
Two primary differences exist when compared to 

conventional methods as follows: 
1. This invention does not require explicit calculation 
of sin 6 and cos 0; and 

2. This invention replaces the referenced four multi 
plications by shift/add operations which are, in 
general, much simpler. 

The invention being claimed is more general than the 
specific embodiment described. This embodiment was 
developed for one particular application known to the 
inventor. The invention is applicable, with minor de 
sign modification, to a wide variety of requirements. 
The example embodiment selected is for a special 

purpose data processor to perform Fast Fourier Trans 
forms (FFT). This data processor takes as an input a 
large number of complex time samples of an electrical 
signal and calculates the Digital Fourier Transform 
thus producing the frequency spectrum of the signal. 
Calculation of the FFT requires an enormous number 
of vector rotations, and indeed, the greatest portion of 
FFT cost is related to these vector rotations. 
The example embodiment is for 4,000 point trans 

form being computed by 12 sequential stages arranged 
in a "pipeline' fashion. The data processor uses the 
Sande-Tukey algorithm in a radix 2 design (two points 
transformed at a time). 
Random cancellations and enhancements produced 

by combining a large number of samples makes it possi 
ble to achieve adequately precise overall performance 
with an accuracy of roughly 1% at each rotation stage. 
Thus, sin 6 and cos 0 need only be determined to the 
7th binary bit. Actually, performance is adequate even 
if the 5th and 6th bits are occasionally in error. 
Vector rotation for this embodiment is performed in 

two stages. The first stage performs a rotation 6 of n.30 
where n = 0, 1, 2, 3, . . . , 12. 

The vector being transformed is within + 15 of the 
desired fianl position after completion of this first rota 
tlO. 
The second stage performs rotation by an angle 6, 

whose sine possesses at most two nonzero binary bits. 
Since only two nonzero bits exist, multiplication of a 
number by these sines can be implemented as a simple 
shift/add operation. 
The cosines of angles less than 15 are very close to 

unity and for the 6, angles have the property that the 
term (1 - cos 6) has only one nonzero bit out to the 
7th binary place. Hence, multiplications by cos 0, can 
also be implemented as a shift/add operation. 
FIG. 2 shows as dark lines the 12 rotation angles 

possible in the 1st stage. Rotations by the 4 angles given 
by 90°.n do not require multiplications at all, but can be 
accomplished with sign changes and by reversals of real 
and imaginary components. The remaining 8 vectors 
each have a sine or a cosine equal to +2. Multiplica 
tion by this angle can be accomplished by a simple ofé 
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bit shift. Assume for the moment that it is the sine 
which is 2', and let us find the cosine. 

cos 8 = i-sin 6 = (1 - sing 6)2 
by the binomial expansion, 

cos 0 = -2 sing - 28 sin 6 - 2 sing -5.27 
sin '69 - 7. 2 sil . . . 

for sin 6 = 2 
COS 30° R - 2-3 -27 -2-10 -2-13 -2-14 

For this application it is permissible to ignore the 27 
term and succeeding terms. Thus, 

cos 30' s 1 - 2 
The cos 30 multiplication can be accomplished by 
shifting three bits to the right and subtracting from the 
unshifted number. FIG. 4 shows a table of the mathe 
matical results required for each of the 12 rotation 
possibilities. Note that V is the vector which emerges 
from the first rotation and that 

V = a + i bi 
Note also that when cos 0 = 2, then sin 69a 1-28. 
FIG. 3 shows the functional circuit diagram for im 

plementing this technique. Major components are shift 
ers 5-8, input registers 9 and 10, adders 11-14, and 
output registers 16 and 17. The control signals neces 
sary to set switches 20-24 and change signs of sign 
generators 28-31 are generated by a separate subsys 
tem known as the control code generator 33. 
The V vector which emerges from the 1st Rotator 

state will be within -- 15 of the desired final angle. The 
angular rotation accomplished by the second stage 6, is 
restricted to 12 possible values each of which has the 
property that sin 6, has at most 2 nonzero bits in its 
binary representation. Thus, multiplication by sin 6, 
requires only two shifts and one add. 
Since 0, is small, cos 0, is very close to unity. It hap 

pens that for each of the 12 0, angles (1 - cos 6,) has 
only one nonzero binary bit out to the 7th binary place. 
Thus multiplication by cos 6 can be accomplished by 
shifts and adds. 
FIG. 5 shows a table of the 126, angles; the respec 

tive values of sin 6, and cos 6, and reveals the maxi 
mum errors. A cos 6 introduced by using the cos 6, 
values shown. The greatest error introduced is 2 and 
this is negligible for this application. Required outputs 
in mathematical form are also given in the table of FIG. 
5. 
Note in FIG. 5 that 6, angles generally increase in 

0.9° steps thus introducing-O.45 errors. Between the 
last two 0, values, however, a gap of 3.7 exists. Thus, 
errors as large as ti.8 can exist after second stage 
rotation. This error is judged to be acceptable for this 
application since errors are within 0.9 for 90% of the 
required rotation angles. 

If an application requires greater accuracy, however, 
then a third rotation stage can be used without greatly 
expanded hardware. The third stage would require at 
most two shift registers and four adders. It would have 
a set of shift angles 6 having sin 63 values identical to 
the sin 6, values of FIG. 5, except that all nonzero bits 
would be shifted 3 bits to the right. Thus, the greatest 
angular error emerging from the third stage would be 
-0.23 which corresponds to errors in sin 6 beyond the 
7 bit accuracy generally used in this application. Note 
that for the third stage cos 0 would be assumed equal 
to unity, since differences would be less than 2-1 1. 
FIG. 6 shows the functional circuits needed to per 

form second stage rotation. Major components are 6 
adders 34–39, 6 variable shift registers 41-46, four sign 
generators 47-50, and 2 output registers 53 and 54. 
Necessary control signals are provided by control code 
generator 55 to variable shift registers 41-46. 
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4 
The particular Fast Fourier Transform application 

being described uses the Sande-Tukey algorithm where 
points are transformed in order using radix 2 pipeline 
Stages. 
The angular rotations required for each pair of points 

vary in a regular progression according to the formula, 

2st = -360k 

where 6 is given in degrees 
M = the number of stages in the pipeline 
m = the stage of the pipeline being addressed, 
n = 1, 2, 3, . . . , M 

And k is an index variable which follows a counting 
sequence 

k = 0, 1,2,..., (2-1) 
Thus the required angular rotations start at zero and 

progress in even increments through negative angles up 
to -180°. 
Define a term (or register 70 in FIGS. 3 and 6) 0 = 

6. The 0 register has the bit values shown below. 

2 3 4 5 
b = 90° 45° 22.5° 1.25° 5.625° 

Note that the first bit of 6 reveals the quadrant loca 
tion of the desired rotation angle without reference to 
any other bit value. This being true because the rota 
tions only goes up to -180°. If the contents of the 0. 
register are multiplied by the fraction %, then a new 
term (or register) is formed whose bit values are favor 
able for determining rotator control bits. The denomi 
nator 4 can be dropped as this only shifts the result two 
places to the left. This is taken care of by the interpre 
tation of the value of the bit positions by generators 33 
and 55. Since the binary representation of 3 is 11, this 
multiplication is accomplished by one shift by shifter 
71 and one add by adder 72. This new term 6 has the 
bit positions (with interpretation) shown below: 

1. 2 3 4 5 6 
6. 120° 60 30° 150 7.59 3.75 

The proper list stage rotation angle can be deter 
mined from the first 40 bits above as given in the table 
of FIG. 4. The O through +150 are not used in the 
progression of 6. These four bits can be used to ad 
dress a 7 word decode memory contained in control 
code generator 33 which produces 5 control bits se 
lected to directly operate switches 21-24 and change 
signs in the circuit shown in FIG. 3. 
The 4th bit of 6 shows the direction of the rotation 

required for the second stage. It can be used directly as 
one of the control bits for that stage to control the sign 
generators 49 and 50. 
The first 3 bits of 6 can be ignored completely in 

determining second stage control bits since the 1st 
stage rotation exactly eliminates these bits. 
The control code generator 33 uses the 5th and 

smaller valued bits of 6 to produce control bits for the 
second rotator stage. The first requirement for generat 
ing these control bits is to determine the 6, angle which 
is closest to the desired rotation. The table of FIG. 5, 
shows the programming for the angles. The - mean 



3,927,312 
5 6 

that generator 55 will produce the same code output 50. Bits 5-9 of 0 are used to address the control code 
whether that bit position is a 1 or a 0. Available 6, generator 55 so as to produce proper word output. The 
angles, of course, are those which have at most two word output from control generator will contain a plu 
nonzero bits in their binary sine values. Thus it is rality of bits which are individually connected to shift 
worthwhile to investigate the bit correspondence be- 5 registers 41-46 (shown in cable form in FIG. 6). Shift 
tween 6 and sin 6. registers 41-46 may take the form of the well known 

l 2 3 4 5 6 7 8 9 
8, 120° 60° 30° lso 7.5° 3.75 .875 O.95 0.48 

sin 6, 30° i45° 7.2 3.6 8 09 
l 2 3 4. 5 

Least sig 
nificant 
sin 6 bit 

Note that the 30 values correspond exactly and that 
other bits differ at most by 0.5°. Differences for smaller 
angles are within 0.1. This correspondence is not sur 
prising in view of the fact that sin 6 is a nearly linear 
function for small angles. 20 
The bit value correspondence between registers 0. 

and sin 0, makes it possible to use only bits 5-9 of 0 to 
determine the proper 6, rotation. These five bits can 
reference a 12 word decode memory also contained in 
generator 55 which outputs a plurality of easily mecha- 25 
nizable control bits. These bits control the amount of 
shift of each variable shifter 41–46. If an open circuit is 
desired at a shifter, then that shifter shifts its input to 
the right a number of places more than the total places 
in its input. In this way its output is zero and a open 
circuit. 
For small angles, the ratio of bit values between 6 

and sin 6, approaches (T/3. For applications requiring 
greater accuracy than the example, closer correspon 
dence between the 6 and sin 6, registers can be ob- 35 
tained by multiplying 0 by it?3. This multiplication 
requires only two shifts and two adds to yield 11 bit 
accuracy due to the sparcity of 1's in this particular 
number. 
In operation the first stage of rotation - FIG. 3 - has 40 

fed into it the coordinates of the vector to be rotated: a, 
b, and 6. The value of the 6 is recorded in the register 
70 as 0. 6 is changed to 6 by shifters 71 and adder 72. 
The output of adder will have its 1-9 bits representing 
0; however, only bits 1-4 are used in the first stage 45 

shift registers which have their amount of shift con 
trolled by a clock which in turn is controlled by the bits 
from control generator 55. In this way the required 
outputs for 6, can be derived by programming the word 
outputs of control generator 55 in accordance with the 
table shown in FIG. 5. The outputs of the as register 53 
and be register 54 represent the desired coordinates of 
the vector after rotation. Control generator 55 can be 
any of the well known "programmable read only' de 
vices such as the 74186 PROM (see “TTL Data Book 
for Design Engineers' copyright 1973 by Texas Instru 
ments). 
The shift registers 41-46 could also be each a plural 

30 ity of shift registers and a switch each in parallel with 
the others. The switches could then be controlled by 
the outputs from control generator 55. For example 
shift register 41 could take the shape of three shift 
registers in series with three switches each shift register 
and switch being in parallel with each other. One shift 
register being a shift 7 places shift register, the second 
shift register being a shift 6 places shift register, and the 
third shift register being a shift 5 places register. The 
control generator having bits connected to each of the 
switches to control their operation. Looking at FIG. 6 
one can see that adder 34 produces an output corre 
sponding to the first half of the a register as depicted in 
FIG. 5. Adder 37 corresponds to the second half of the 
a register, likewise the b register has its first and sec 
ond parts corresponding to the outputs of adders 36 

rotation to select the control words from control gener- and 35. 
ator 33. OTHER EMBODIMENTS 
The output of control generator 33 is shown to have If V i ified i l dinat 

5 bit outputs. Bit 1 controls the position of switch 24, 'Set Y. Isip. le; plar coordinates as, 
bit 3 controls the positions of switches 20–23, bit 4 '' and it is desired to find the real and imaginary compo 
controls the sign of sign generator 30, and bits controls nents, then a simplified vector rotation technique can the sign of sign generatoril, Bit 2 controls the signs of be employed. Note that this problem is a special case of 
sign generators 28 and 29; however, since these sign vector rotation in which a =R and b = 0. The first Stage 
generators should be opposite, from each other, an of the rotator requires only 2 rather than 4 adders. 
inverter 69 is inserted in series between bit 2 and sign 55 If vector Vis specified as 
generator 28. As can be seen from reference to FIG. 4 V1.6 ossing 
all the required outputs of a and b are obtained by this then sin 6 and cos 0 are directly computed by the rota 
first stage rotational circuit. Control generator 33 can tor device. The 1st rotation stage requires no adders 
be any of the well known “programmable read only' and the second stage is reduced by almost half if only 
devices such as the 74186 PROM (see "TTL Data 60 the sine or the cosine need be computed. 
Book for Design Engineers' copyright 1973 by Texas Innumerable variations of the rotator device are pos 
Instruments). sible depending upon specific applications and upon 
The output of the a register 16 and the b register 17 specific hardware capabilities. Applications requiring 

is also fed to the inputs of the second stage rotational high degrees of accuracy will need as many as four or 
circuit FIG. 6. Again adder 72 produces all the bits 65 five stages and will need to perform some actual multi 
1-9; however, bits 1-3 are not needed for second stage plications due to the significant numbers of nonzero 
rotation. Bit 4 is used directly to control the sign of the bits which exist in the cosine functions in bit positions 
rotation by direct connection to sign generators 49 and beyond 10. 
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Applications which are not keyed to a rigid time 
schedule can take advantage of cases in which conver 
gence is quicker than worst case predictions. For these 
applications it may be worthwhile to include more 
possible rotation angles in each stage. For example, one 
could add 6, angles having nonzero bits in the following 
bit positions, (6 and 7), (5 and 7), (4 and 7) and (3 and 
7). 

claim: 
1. A method for determining the vector components 

of a vector to be rotated 6 comprising the steps of: 
determining the components of the vector rotated 0, 

in even 30 increments such that 6, equal 0 within 
a -- 15 error; 

selecting rotation angles from 0 to 15 in steps to 
represent 6, such that 6+ 6, can be selected such 
that any error between the algebraic sum of them 
and 0 is within - one half of one of said steps; 

rotating 6, the vector components of the vector 
already rotated 6; and 

selecting 6 such that the combination of 6, and - 0, 
is most nearly equal to 0. 

2. A method as set forth in claim 1 further comprising 
the step of: 
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8 
selecting the stepped values of 6, such that the sign of 
each 6, has at most two nonzero bits in its binary 
representation. 

3. A method as set forth in claim 2 further comprising 
the steps of: 

representing 0 as a binary number; '' . 
multiplying this number by 3 so as to obtain a second 
binary member having a plurality of output bits; 

determining 0, by the progression of the first four 
highest bits. 

4. A method as set forth in claim 3 further comprising 
the step of: 

utilizing fifth highest bit and lesser bits for represent 
ing in steps 6. 

5. A method as set forth in claim 4 further comprising 
the step of: 
performing said 6 rotation of the components by 

shift/add operations, sign changes and reversals of 
real and imaginary components. 

6. A method as set forth in claim 5 further comprising 
the step of: 
performing the required multiplications in the 6, 

rotation by shift/add operations. 
7. A method as set forth in claim 4 further comprising 

the step of 
utilizing the fourth highest bit to determine the sign 
of 6. 

ck :k k k sk 


