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(57) ABSTRACT 
A processing system comprising a plurality of individ 
ual units is optimized by first estimating the yields of 
the individual units at a standard set of operating con 
ditions and then establishing optimum flow rates using 
a linear programming model or similar mathematical 
tehniques. Individual units are then controlled and lo 
cally optimized consistent with a sensitivity analysis 
which is performed by treating a proposed change in 
operating conditions of an individual unit as a distur 
bance in the unit yield column of the linear program 
ming model. The overall system may then be opti 
mized for the changes in operating conditions by de 
termining and establishing new flow rates. The steps of 
changing operating conditions and establishing new 
flow rates may be repeated until the sensitivity analy 
sis reveals that any further change in operating condi 
tions will not further improve the profit of the overall 
system. 
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APPARATUS FOR OPTIMIZNG MULTUNT 
PROCESSING SYSTEMS 

RELATED APPLICATION 

This is a continuation-in-part of copending applica 
tion Ser. No. 246,445, filed Apr. 21, 1972, now aban 
doned which is incorporated herein by reference. 

BACKGROUND OF THE INVENTION 

This invention relates to a method for optimizing 
large, complex processing systems comprising a plural 
ity of individual units. 
A number of techniques are available for optimiza 

tion of such large processing systems. Linear program 
ming is one of the most widely used techniques, and 
modern refinery complexes are optimized by linear 
programming almost without exception. However, a 
linear programming model is at best an approximation 
of a real physical system. For example, it is commonly 
assumed that the yield information incorporated into 
the LP (linear programming model) is relatively fixed 
and the coefficients of the constraint equations which 
represent these yields are also fixed. In reality, how 
ever, these yield coefficients are dependent upon the 
operating conditions of the units and any change in the 
operating conditions for a single unit will of necessity 
affect the operation of other units. 

In many instances, the operating conditions may be 
closely controlled. Local unit managers have appropri 
ate tools (i.e., mathematical models, optimizers, and 
process control computers) for the local optimization 
and control of their individual units. As a result, large 
amounts of detailed information about the processes 
are continuously generated which are valuable for ac 
curate adjustment of operating conditions. Each pro 
cess unit can thus be locally optimized and controlled 
continuously. 
However, any change in operating conditions of a 

unit which locally optimizes the unit will not necessar 
ily optimize the overall system. In fact, a change in op 
erating conditions which optimizes the local unit may 
have an adverse effect on the overall system. As a re 
sult, changes in operating conditions of the individual 
units have been discouraged or avoided for fear of the 
adverse effect on the overall system. 
Changes in the operating conditions of individual 

units have been avoided for another reason. Any at 
tempt to change the operating conditions at an individ 
ual unit would necessarily render the LP and its solu 
tion obsolete since the yield coefficients in the LP for 
a particular unit would change. Such a change would 
therefore require the LP to be solved again and prior 
art computer techniques for solving LP's are extremely 
cumbersome and complex. In the case of a digital com 
puter, a great deal of computer time is required to solve 
an LP, particularly where the LP described a complex 
processing system. 
Because of the foregoing difficulties associated with 

making the changes in operating conditions in the prior 
art, individual local objective functions consistent with 
the overall objective function of the system have been 
assigned and every effort has been made to maintain 
those operating conditions at the individual units which 
will satisfy the local objective functions rather than 
change to better operating conditions. In other words, 
no effort is made to deliberately change the operating 
conditions at the units to optimize the overall system. 
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2 
Sensitivity analyses such as that disclosed by C. S. 

Bightler and D. J. Wilde, Hydrocarbon Processing, 44, 
No. 2, 111 (1965) have been proposed to determine 
the effect of changes in LP constraints on the operation 
of a system. However, no specific method has been pro 
posed to take advantage of the sensitivity analysis for 
changes in the yield coefficients of an LP which opti 
mizes the overall system, i.e., making changes in the 
operating conditions which will optimize the overall 
system as indicated by the sensitivity analysis. 

SUMMARY OF THE INVENTION 

It is an object of this invention to provide an im 
proved method of and apparatus for controlling the op 
eration of a processing system including a plurality of 
individual processing units supplied by a plurality of 
feed streams of materials being transformed by the 
units into a plurality of product streams flowing from 
the units where the marginal product yield and the mar 
ginal product cost for each unit are dependent upon the 
operating conditions. 

It is a more specific object of this invention to pro 
vide an improved method of and apparatus for control 
ling the operation of the processing system in a manner 
so as to encourage and implement changes in operating 
conditions for the individual units even though those 
changes do require a change in the linear program 
model of the processing system. 

In accordance with these objects, a preferred em 
bodiment of the invention comprises feed stream com 
puter means for generating initial feed stream signals 
representing the initial feed stream flow rates for a 
given yield and cost at each of the units under a given 
set of operating conditions so as to maximize the profit 
ability of the overall system. Feed stream control 
means are coupled to the feed stream computer means 
for controlling the feed stream flow rates in response to 
the initial feed stream signals. Unit yield and cost com 
puter means generate new yield and cost signals repre 
senting new yield and cost for one of the units corre 
sponding to an increase in the profitability of the over 
all system. Unit control means are coupled to the unit 
yield and cost computer means for controlling the op 
erating conditions at the one unit in response to the 
new yield and cost signals. Another feed stream com 
puter means is coupled to the unit yield and cost com 
puter means for repeatedly and continuously generat 
ing new feed stream signals representing new feed 
stream flow rates in response to the new yield and cost 
signals. The other feed stream computer means is cou 
pled to the feed stream control means for controlling 
the feed stream flow rates in response to the new feed 
stream signals. 

It is also a specific object of this invention to provide 
an improved method of and apparatus for operating 
and utilizing a linear program model. 

In accordance with this specific object, the feed 
stream computer means includes means for computing 
the feed stream flow rates x from the linear program 
model having an overall system objective function of 
maximizing the profitability. 

Z - c1-1 . . . . cx, 
subject to 
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. Pixn - Q 
x > O for all i T 

p1.x . . . 

c is the marginal profit coefficient of the jth unit, x is 
the flow rate of the ith stream, p is the yield column of 
the jth unit and a function of operating conditions, Q 
is the demand constraint column, at is the yield coeffi 
cient of the ith feed stream producing the jth product 
stream unit, and b is the demand coefficient of the ith 
product stream. 

It is another specific object of this invention to assure 
that all changes in operating conditions at the units im 
prove the overall profitability of the system. 

In accordance with this specific object, the unit yield 
and cost computer means includes means for comput 
ing a local objective function 

f = (Act - T'Ap) > 0 
where Act is the change in the marginal profit coeffi 
cient for the mth unit, Apn is the change in the mth 
yield column for the mth unit and at are the simplex 
multipliers (ci, ... cng at the previous operating con 
ditions where g is the inverse of the basis matrix in pi, 
. . . Pn). 

It is a further specific object of this invention to pro 
vide an improved method of and apparatus for correct 
ing the linear program model after permitting a change 
in operating conditions at one of the operating units. 
In accordacne with this specific object, the other feed 

stream computer means includes means for computing 
the feed stream flow rates 

where 

BRIEF DESCRIPTION OF THE DRAWINGS 
FIG. 1 is a schematic diagram of a multiunit process 

ing system which may be operating in accordance with 
this invention; 
FIG. 2 is a block diagram of the method of this inven 

tion; 
FIG.2a is a block diagram showing a slight modifica 

tion of the method shown in FIG. 2; 
FIG. 3 is a block diagram of a modified method em 

bodying the invention; 
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4 
FIG. 4 is a simplified refinery system operated in ac 

cordance with the method of this invention; 
FIG. 5 is a graphical solution of a local optimization 

problem; 
FIG. 6 is a block diagram of a processing system op 

erated in accordance with the method depicted in FIG. 
2, 
FIGS. 7 (a-d) are schematic circuit diagrams of a 

local computer and process control shown in block 
form in FIG. 6 where FIG. 7a shows circuitry for com 
puting unit yield and cost coefficients, FIG. 7b shows 
circuitry for computing the local constraints and the 
local objective function, and FIGS. 7 (c and d) shows 
circuitry for correcting the linear program model; 
FIGS. 8 (a-c) are schematic circuit diagrams of the 

system computer and control shown in block form in 
FIG. 6 where FIG. 8a shows circuitry for computing the 
solution to the linear program model, FIG. 8b shows 
circuitry for determining the bases in the linear pro 
gram model and FIG. 8c shows circuitry for controlling 
the feed stream flow rates to the units; 

FIG. 9 is a flow diagram for a programmed digital 
computer which performs the same correction of the 
linear program performed by the circuitry of FIGS. 7(c- 
d); 
FIG. 10 is a block diagram of a typical refinery sys 

tem which is controlled in accordance with this inven 
tion, 

FIG. 11 is a block diagram of a fluid catalytic crack 
ing unit of the system shown in FIG. 6; and 
FIG. 12 is a block diagram depicting the relation and 

interconnections between the circuit diagrams of FIGS. 
7(a-d) and FIGS. 8(a-c). 
TABLE OF CONTENTS FOR THE DETALED 

DESCRIPTION 
I. Complex Processing System Employing Invention 
II. Method of Operating Complex Processing System 
III. General Description of a Simple Processing System 
IV. Detailed Description of the Simple Processing Sys 
tem including Analog Computer Control 
A. Computing Yield and Cost Coefficients at the 
Local Computer 

B. Computing an LP Solution at the System Com 
puter 

C. Computing the Bases of the LP Solution at the 
System Computer 

D. Setting the Flow Rate Controls 
E. Computing and Storing the Inverse Basis Matrix 
F. Computing the Simplex Multipliers 
G. Checking Local Optimization 
H. Checking Local Constraints 
I. Checking the Local Objective Function 
j. Correcting the LP Solution 

1. Computing Sensitivity Coefficients 
2. Computing New X's 
3. Computing New Basis Matrix 
4. Computing New Simplex Multipliers 
5. Computing New Cost Coefficients 

V. Control of the Simple Processing System with a Dig 
ital Computer 
A. Correction of the LP 
B. Computing the Local Objective Function 

VI. Numerical Examples 
VII. Method of Operating a Complex Refinery System. 
VIII. Modified Method of Operating a Complex Sys 
te. 
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IX. Another Numerical Example. 
DETALED DESCRIPTION OF A PREFERRED 

EMBODIMENT 

I. Complex Processing System Employing Invention 
FIG. 1 is a schematic diagram of a complex process 

ing system including a plurality of individual operating 
units 10- which are interconnected by a plurality of 
streams of material 12-s. The units 101-7 have local 
computers 14-, which are utilized to determine operat 
ing conditions which optimize the operation of the as 
sociated local units 10-7. An overall planning computer 
16 which is in communication with the various com 
puter 10, through communications links 18- is also 
provided. The computer 16 is utilized in planning the 
optimum operation of the entire system. The operation 
of the system of FIG. 1 in accordance with the method 
of this invention will now be discussed with reference 
to FG, 2. 

II. Method of Operating Complex Processing System 
Initially, the yields at standard or design operating 

conditions and the corresponding costs for various 
units 14- are estimated as indicated at block 20. These 
yields and costs may be estimated utilizing the local 
unit tools available to the local unit managers including 
mathematical models, optimizers and process control 
computers. 
After the yields and costs for the individual units 

have been estimated, data representing the yields and 
costs is transmitted to the overall system planning com 
puter 16 through data communication links 81.7 as in 
dicated at block 22. The overall system computer 16 
solves the LP utilizing the transmitted yields as indi 
cated at block 24, and the LP solution is then transmit 
ted over the data links 18- to each of the local units 
10. In addition, the local objective function based on 
the LP solution is also transmitted over the data links 
18 as indicated by block 26. 

In accordance with this invention, the local manager 
of each unit and/or his local computer is now in a posi 
tion to perform a sensitivity analysis and thereby deter 
mine if a change in operating conditions at his particu 
lar unit which will result in optimization of his unit, e.g., 
improved product quality or quantity, will also satisfy 
the local objective function transmitted from the over 
all system computer 16. Using a proposed change indi 
cated by his mathematical model or optimizer, he tests 
the local objective function on his local computer 14 as 
indicated by block 28. If the change satisfies the local 
objective function, the change in operating conditions 
may be made and the resulting change in yield is trans 
mitted through the overall system computer 16 through 
the appropriate data link 18 as indicated at block 30. 

In accordance with another important aspect of this 
invention, the overall system computer 16 may now 
correct the LP solution as indicated at block 32 without 
again solving the entire LP. The steps represented by 
blocks 26 and 28, 30 and 32 may now be repeated until 
any further change in yield of a unit will no longer sat 
isfy the local objective function. 

It will therefore be seen that the foregoing method 
advantageously permits local unit optimization which is 
consistent with overall planning of the system by pro 
viding communication between the local unit level and 
the overall system planning level as by data links 18 
while permitting those changes in yield of individual 
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6 
units which will satisfy an overall objective function 
which is consistent with the optimization of the overall 
system. Thus in accordance with another aspect of the 
invention, the two levels of decision making, the overall 
system level and the individual unit level, are cor 
dinated to establish overall optimum solution. The rela 
tionships between overall system optimization, local 
unit optimization, the overall system objective function 
and the local objective function will now be described 
in terms of a small and somewhat simple processing sys 
te. 

In describing the invention as depicted in FIG. 2, a 
particular nomenclature will be utilized. Although this 
nomenclature is more or less standard in linear pro 
gram modeling, a glossary providing definitions of the 
nomenclature will now be set forth for convenience 
and clarity. 

Glossary 

demand coefficient for ith stream 
base matrix 

harginal profit coefficient of jth unit 
= relative cost coefficient of jth nonbasic 
column 

st local decision vector of ith unit 

Acan -- n Apu, 
-- so , objective function for J. 

local optimization 

a set of convex constraints for mth unit 
(p's, d's) F equality constraints of demand and supply 
- = vector function of product yields of jth 

unit 
= yield column of jth unit 
= yield coefficient for ith stream of jth 

unit 
F demand constraint column 
= convex region of feasible operation of mth 

unit 
a sensitivity coefficients 
= temperatures 
= flow rates for the ith stream 
- overall objective function for the system 

n (Pn ca) 

i 

. 
s a P 

: 
Greek 

- inverse of B 
= row vector of profit coefficients of base 
columns 

= disturbances 
= simplex multipliers 

Superscript represents original values 
Superscript represents disturbed values 
Superscripts -, -- represent the lower and the upper limits, respectively 
Underline-represents a vector 
Underlines=represent a matrix 

Let x be the ith stream (one of the streams 12 in FIG. 
1) and d is a decision vector of operating conditions for 
the ith unit (one of the units 10 in FIG. 1). Loosely 
speaking, the overall system objective is to maximize an 
overall profit function of the entire system Z; i.e., 
Maximize Z = Maximize Z (x, d, . . . d) 

{X, d, . . . dy 
(1) 

where N is the number of process units in the system, 
subject to: 

(i) Yield equations 
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pi pi (, d.), for all i, 
(2) 

where p is a column vector representing the product 
yields of ith unit. P is generally a vector of nonlinear 
functions which define product yields as functions of its 
operating conditions (d) and feedstock (xi); 

(ii) Non-negativity constraints 
e 0 for all i, 

(3) 

(iii) Demand-supply constraints 
L (x, pi's, d's) = b, 

(4) 

Inequality constraints are assumed to be converted to 
equality constraints in the form of Equation (4) by add 
ing slack variables; and 

(iv) Limits on decision vectors 
di s d s d" for all i. 

(5) 

Equations (1)–(5) define the problem symbolically. 
More specifically, we are concerned with the following 
special case. 

c. (d) (6) 
N 

Maximize 2 = Max 
= 

{X, di, . . . .dy } 
where c is the marginal cost or profit coefficient for 
the ith unit subject to 

p (d) x1 + p. (d) x + . . . + py (d) ry = Q 
(7) 

and Equations (2) and (3) where p is the yield col 
umn for the jth unit and Q is the demand constraint col 
unn. Notice that if a standard set of operating condi 
tions are assumed, d, d, ..., d. the above problem 
just reduces to a regular LP problem for determining an 
optimal schedule for the production flow rates (X*). 
As one of the di 's changes, the yields from ith unit 
change, this in turn requires changes in another part of 
the system either in xi 's ord's. Equations (2), (6) and 
(7) are generally highly nonlinear and complex. If the 
dimensionality of the problem is reasonable, an opti 
mum seeking method may be used to directly search 
the optimum. However, for large systems such as refin 
eries, thousands of equations are commonly involved, 
precluding direct search methods, and the simplex type 
of computational algorithms must be relied upon. The 
Simplex method and simplex algorithms are described 
in Linear Programming and Extensions, by George B. 
Dantzig, 1963, pages 94-100 which is incorporated 
herein by reference. 
Assuming a set of standard operating conditions 

(designated by adding superscript o), the problems of 
overall system optimization becomes 
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Maximize 2 = c (8) 

subject to 

p. x1 + p. x. +...+ p. x = Q 
(9) 

and x e o 
where c's and p's are calculated at the standard oper 
ating conditions, d's. Q represents the demands of the 
products, and is given by 

b 

Q = b, 
b. 

b; equals the demand coefficient of the ith stream. This 
is nothing but a regular LP problem. The optimum op 
erating conditions of individual units di's), i.e., for a 
given schedule of production (x = x), are 

Maximize f (d., x) with respect tod 
(10) 

subject to yield equations 
pm pin (xn, den) 

(1) 

where max f. is the local objective function for the mth 
unit, and defined as 

f. - c, - Trpin (xn, dm) 
(2) 

Here, at represents the simplex multipliers of the basic 
feasible solution x. 
The optimization of the overall system in accordance 

with Equations (6) and (7), the optimization of the 
local units in accordance with Equations (10) and (11) 
and the use of local objective function (12) in accor 
dance with this invention will now be discussed in detail 
mathematically. 
As indicated at block 20, the yields and costs of the 

various units must be estimated at standard operating 
conditions. This is accomplished through the use of a 
mathematical model of each unit usually in the form of 
a computer program which predicts the yield product 
quantity and quality as function of standard operating 
conditions. The estimation which may be performed on 
the local computers 14 generates the yield column 

in Equation (9) where at equals the yield coefficient of 
the ith stream for the jth unit. 
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After this initial step, the values in the columns p 
and the value for each care transmitted to the overall 
system planning computer 16. With the transmission of 
the values for the yield columns p and the c as indi 
cated at block 22, Z = c. x +... c. x subject to pi 
x +... + p. x = Q. Since Q, all p and all c, are 
known, flow rates x may be determined to maximize Z 
for the standard operating conditions as indicated at 
block 24. The solution to the LP along with the local 
objective function is now transmitted to each unit as 
indicated at block 26 where the sensitivity analysis is 
performed. 
For simplicity, only one of the p columns is assumed 

free to be chosen subject to unit constraints. This will 
be called the mth unit. For the time being, it will be as 
sumed that a local objective function f is known and 
the local optimum solution is obtained from the mathe 
matical model of that unit and the sensitivity analysis 
so as to be consistent with the objective function f. 
This local optimization has generated new operating 
conditions resulting in a change in product yield coeffi 
cient p and a new cost coefficient c. To show that the 
overal objective function actually increases, the plan 
ning problem is analyzed as follows. 
Since the effect of local optimization on the planning 

model appears as some perturbation in the nth yield 
column pin, Equation (9) becomes 
pi xt . . . + p. Xn . . . + p. x = Q- Apn n 

(13) 

and the overall system objective function Z becomes 
Z = c x + . . . + c x t . . . c. - Acm xn 

(14) 
where 

- O Apn - pm pn 
--- --- o Acm F c. Cm. 

The nth column could be either basic or nonbasic, 
where a basic column has positive relative cost coeffi 
cients and a nonbasic column has negative relative cost 
coefficients. (A basis is any collection of the variables 
which contain exactly as many variables as there are 
constraints. See also the aforesaid book by Dantzig, 
page 81.) If nonbasic originally, the mth column can 
come into the bases in the first iteration only if its rela 
tive cost factor becomes positive. Otherwise, the prob 
lem is already solved. Since the object is to improve the 
standard operation of the overall system by simulta 
neously considering the local strategies and the overall 
system problem, the units of concern should generally 
be in the bases. If the first m columns are the bases for 
the original optimal solution, Equations (13) and (14) 
may be rewritten as 

x+ O th...t 
O 

o o 

ox1 + ox +...+ oxn - co-1-n + 1 + . . . . cxn - 22 
-- (TAP, cin), (16) 

where 6 is the inverse of the basis matrix 8, 

ir-i . . . 
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10 
and r = Yg where y' = (c. . . . c.). (17') 
A sensitivity analysis may now be performed which 

allows the local manager to determine the effect of the 
change in Ap, and Act without solving the LP again. 
From Equation (14), the objective function z is, if n-1, 

.., x equal to Zero. 
Z = Z + (Act - a Apm) n 

( 18) 

Equation (18) is verbally interpreted as follows: If the 
quantity in the parentheses becomes positive, the over 
all objective function increases, since x must always 
be positive. Notice that, for given x', only the last term 
of Equation (18) is dependent upon the local optimiza 
tion. in Equation (18) can be represented in terms 
of the original value x, and the sensitivity coefficient 
s, and hence, the local objective function f is given 
by 

Act 1 Apni 
f(d) - + so (19) 

where 

s = ( - mth row of 3 - ) (i. (20) 

It is important to realize that if f can be made positive 
by changing d, the overall objective function can be 
increased further. No deliberate changes in local oper 
ating conditions should be made, unless the local objec 
tive function defined by Equation (19) is rendered pos 
itive. 
The local manager's next question concerns how far 

he can move his unit in the positive direction of his ob 
jective function. If his local optimization is subject only 
to yield constraints of Equation (11), then he can be 
allowed to move until a maximum value of f is 
reached. This point should be an extreme corner of the 
space defined by yield equations, p = P, (x, d). In 
reality, however, if the local changes are too large, the 
overall scheduling problem may easily become unfeasi 
ble (or degenerate) at the new conditions. Therefore 
the local manager can only be allowed to move within 
the valid limits of the overall planning problem. Addi 
tional constraints from the overall problem thus must 
be satisfied always at the local level. To assure that the 
overall solution does not become degenerate, the con 
straints given the following Equations are required for 
the local optimization of the mth unit: 

xi > 1 . ., for i only if Ap / 0 (21) 

EP, F gb - SAen n 

(15) 

whete 

S = 6 Ap = 6. APrm 

e gas APrm 

k (22) 

• A. Ap 
Sin k 
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By multiplying the nth row by sill -- s, and substract 
ing it from the ith row of Equation (15), it is easily 
shown that the new solution x' is simply, 

S o 
1 - so b, for i = 1,..., m x = b - (23) 

where b. = the ith element of (go). The new basis ma 
trix, B, with the perturbed column is 

f t t 
B = B. pit Api) - B +.... O Ap (24) 

The inverse of B is obtainpd from Equations (22) and 
(23) after considerable algebraic manipulation. 

5 

g = g + - ( - 3 - ) 
S. C 

s, ( - g- ) 
(25) 

s CY 
1 + s, ( - 3 - ) 

The last term of Equation (25), 'denoted by AB, is an 
m X m matrix where the ith row is the mth row of 6 
multiplied by a scalar factor -i- slo 1+s). In other 
words, the new inverse of basis matrix is the sum of the 
original inverse matrix and Ag defined above. 
The changes in simplex multipliers are also obtained 

similarly. The new simplex multipliers II is, by defini 
tion, 

'g' = (C. . . . . C., + AC.) g = y + (0, .. 
y y C (g + Ag) (26) 

Substitutions of Equations (17) and (25) into Equa 
tion (26) result in the following Equation: 

AC testC 

(27) 

= a + f. (-g -) = a + Art (28) 

Changes in simplex multipliers are given by the mth 
row of B multiplied by a scalar constant. It is important 
to notice that the numerator of f is the same as the 
quantity in the parenthesis in Equation ( 18). 
Now that I is known, the relative cost coefficients 

are readily obtained from the definition. 
C = C, - I - p = C, - (1+ATI) p. 

(29) 

P Cp A7p. 

(30) 

Changes in the overall solution will occur only in the 
rows for which p, has non-zero elements. Therefore, 
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12 
although the total number of rows of the planning 
model may reach to several hundred, the number of the 
additional constraints for local optimization defined by 
Equation (21) is generally reasonable, so as to be in 
cluded into the local optimization packages. Equations 
(11), (19), (21) and (22) define the local optimization 
problem. 
From the results of the local optimization, only the 

yield column p' and the cost coefficient c, are trans 
mitted to the overall system computer 16 as indicated 
at block 28. These replace the old values p and c. 
The overall objective function increases monotoni 
cally, since we have already assured that f is positive 
at each interation. The overall solution is then adjusted 
as indicated at block 32 to respond to the local changes 
just implemented. 
Tests are now made to see whether the corrected so 

lution is optimal: If any of the relative cost coefficients 
C, of the nonbasic columns became positive in the last 
iteration, Z can be further increased by forcing this col 
umn into the bases. This involves changes in the bases. 
Otherwise, the system is at an optimum with the latest 
yield information. This procedure is iterated until f, 
cannot be made positive over the entire range of d. 
The object has been to improve the optimal overall 

solution (x, Z) obtained based on the standard yields 
and the standard operating conditions by considering 
the effect of a local optimization on the overall prob 
lem. The overall objective function (Z) can be im 
proved only in two ways: First, when the local objective 
function (f) becomes positive, Z will be increased by 
adjusting the original solution (x) to accommodate the 
local changes. In this portion of the improvement, no 
bases change is required. Moreover, should this adjust 
ment render sign changes in at least one relative cost 
coefficients of the nonbasic columns, Z can be im 
proved move by forcing one of the nonbasic columns 
with positive C, into the base. Second, although f can 
not be positive, it is possible to increase Z if at least one 
of the nonbasic c, becomes positive at some value of 
f (even if negative). It is not, however, guaranteed 
that Z increases for the second case. Since f is nega 
tive, the adjustment in x to accommodate the local 
changes will first decrease Z by fix, and then Z will 
be increased when the nonbasic column with a positive 
C, enters into the base. Therefore, the net change in Z 
could be either positive or negative. 
The foregoing iterative procedure has neglected the 

second possibility described above. To make the proce 
dure complete, it is preferred that the range of negative 
fo be examined at least once during the entire proce 
dure, preferably in the first iteration. Fortunately, it 
can be easily proved that if no sign changes in C, of non 
basic columns occur at both the maximum and the min 
imum values off, then no such change is possible over 
the entire feasible range off. Therefore, it is sufficient 
to test the optimality of the overall solution at only 
these two values. 
The foregoing method is particularly well suited for 

the optimization of large refinery complexes. Almost 
without exception, the operation of refineries is 
planned by linear programming. Many of the constraint 
equations are reasonably linear and yields from some 
units are almost fixed except for a few key process 
units, such as catalytic cracking, hydrocracking, and 
catalytic reforming units. Detailed mathematical mod 
els for these key units will become the main tool for the 
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local optimization and control of individual units. The 
key process units of the refinery may be individually 
optimized and controlled continuously with small pro 
cess control computers at the plant site, and the over El 
planning program is solved once every day (or more 
often if required) with a large computer located at the 
computing center of the refinery complex. Shortterm 
scheduling for production targets is derived from the 
overall planning program. To meet this target under 
varying situations in the refinery, day-to-day operation 
should be adjusted frequently, if not continuously. 
The local managers must have detailed information 

about their individual units for local optimization and 

2. ' 
control. This should include, for instance, unit operat 
ing conditions, the state of the catalyst, performance of 
auxiliary equipment, and the like. In addition to these, 
the above described method allows the local managers 
to consider the inventory problem (between processes) 
as a local decision. They can thus adjust their produc 
tion rate based on the tankage availability of their feed 
stock and products. Most of the process information 
remains in the process level and only a fraction of it 
passes to the planning level as iteration proceeds. 
The method of this invention takes advantage of the 

current practice as much as possible. It allows use of 
the current LP model for the overall planning and the 
detailed process models for the local optimization 
tools. It provides the communication link between 
these two levels for adjusting the overall planning as 
well as the local strategies to keep the refinery opera 
tion always close to the optimum. 

III. Description of a Simple Processing System 
As shown in FIG. 6, a simple processing system com 

prises four processing units 110-7 which are respec 
tively supplied by four raw material feed streams 1121 
to produce two product streams 1125 and 1126. As in 
the complex case shown in FIG. 1, local computers 
114 are associated with the respective operating units 
110 to control the operating conditions of these 
units. An overall system computer 116 is in communi 
cation with the local computers 1141-4 through data 
communication links 118A and 118B1-1. The data 
communication links 118A are utilized to transmit sig 
nals representing unit operating conditions to the sys 
tem computer 116 while data links 118B are utilized to 
transmit signals representing the local objective func 
tions from the system computer 116 to the local units 
114. In addition, control links 120-4 are provided be 
tween the system computer 116 and valve 122- for 
controlling the flow of raw materials through the feed 
streams 1121-4. 
The units 110- may comprise any of a number of 

processing units such as those found in a refinery, e.g., 
a catalytic cracker, a hydrocracker, a catalytic re 
former, a gas plant, etc. For purposes of this embodi 
ment of the invention, the units 110-4 will be consid 
ered as processing units wherein temperature is a spe 
cific operating condition sensed by sensors 1241-1, 
which temperature is a function of the setting of a valve 
126 as controlled by the local computers 1141-4. The 
individual operating conditions, i.e., the operating tem 
perature, in turn controls or affects the individual 
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14 
yields of the individual units 110- as well as the profit 
or cost of the units. It will of course be understood that 
the other operating conditions may be sensed including 
the quality of the products produced by the units. 

In the system comprising the units 110- as shown in 
FIG. 6 streams 1 12- and the product streams 112 and 
1126 may be defined in terms of a LP model having the 
overall system objective of maximizing the profit. 

Z - C-x + c2x2 it coxa - c 
(31) 

subject to 

E. x -- 2. A E. x = : (32) 

where the c's are the cost coefficients for the four oper 
ating units, the p's are the yield coefficient for the two 
product streams of the four units and the b's are the de 
mand constraints for the two feed streams. The LP 
model also includes a certain constraints which require 
that the x's of all feed streams be greater than or equal 
to zero. In addition, the individual units may be sub 
jected to local constraints which require that, for in 
stance, for Unit 4, 

P4 2. O 
p24 2 O 
C 2 O 

and p -- 2 p + 3 c = 2. 
The system of FIG. 6 including the local computers 

is operated in accordance with the method described in 
the block diagram of FIG.2a which differs only slightly 
from that shown in FIG. 2. In the block diagram of FIG. 
2, the correction of the LP is performed at the system 
planning level on the system computer as indicated at 
block 32. In the block diagram of FIG. 2a, the correc 
tion of the LP solution is performed at the local com 
puter as indicated at block 30a and the corrected LP 
is transmitted to the system computer as indicated at 
block 32a. 

IV. Detailed Description of the Simple Processing 
System Including Analog Computer Control 

The simple processing system of FIG. 6 under analog 
computer control will now be described. Because of the 
complexity of the circuitry involved, it may be helpful 
from time to time to refer to the drawing of FIG. 12 
which illustrates the relationship of the circuits shown 
in FIGS. 7(a-d) and 8(a-c) with interconnections iden 
tified by the appropriate reference characters. 
A. Computing Yield and Cost Coefficients. At the 

Local Computer 
FIG. 7a, which represents a portion of the analog 

computer circuitry of the local computer 114, includes 
circuitry for estimating the cost and yield coefficients 
for the unit 110 at standard operating conditions as de 
picted by block 20 in FIG.2a. As shown in FIG. 7u, the 
estimating circuitry includes a differential amplifier 
150 for comparing a signal sensed by the sensor 124, 
which may comprise a thermocouple, and a setpoint 
signal taken from a movable contact 152 associated 
with a slide wire 154 supplied by a suitable DC source 
designated as V. With the sliding contact 152 set at 
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a position corresponding to standard operating or de 
sign conditions for the unit 110, the output from the 
differential amplifier 150 will drive a motor 156 which 
in turn controls the position of the valve 126 through 
a mechanical linkage 158 until the temperature as mea 
sured by the sensor 1244 equals the setpoint deter 
mined by the position of the sliding contact 152. 

In order to estimate the yield coefficient p- and the 
cost coefficient c for standard operating conditions, 
the temperature signal from the sensor 124 is applied 
through resistors 162, 164 and 166, designated respec 
tively as kp, kp, and kc. These resistors 162, 164 
and 166 are appropriately chosen such that the temper 
ature signal applied therethrough will produce signals 
representing the yield coefficients p and p, and the 
cost coefficient c. Thus the resistors 162, 164 and 166 
actually represent a model of the unit 110, relating the 
standard operating temperature of the unit to the yield 
and cost coefficients. 
Although not shown in any drawings, similar yield 

and cost coefficient estimating circuitry is provided in 
the other local computers 1141-3. Since the units 110-8 
are similar to the unit 110, the circuitry may be identi 
cal except for the choice of the resistors corresponding 
to resistors 162, 164, and 166 which, of course, must 
represent a model of the relationship between the stan 
dard operating temperature and the yield and cost co 
efficients for the other units. 
After the yield and cost coefficients for all of the 

units 110 have been estimated, signals representing 
the yield coefficients and the cost coefficients are 
transmitted to the central computer 116 as depicted by 
block 22 of FIG. 2. As shown in FIG. 7a, the signals 
p, p, and care transmitted to the system computer 
116 through lines 168, 170 and 172. Similar lines are 
provided from the other local computers 1141-3 to the 
central computer 116. 

B. Computing an LP Solution at the System Com 
puter 

Once the yield coefficient and cost coefficient signals 
have been transmitted to the system computer 116, the 
system computer 116 may solve the LP defined by the 
equations (31) and (32) as depicted by block 24 of 
FIG. 2a. The specific circuitry at the system computer 
116 which is capable of solving the LP will now be de 
scribed with reference to FIG. 8a. 
As shown in FIG. 8a, the system for solving the LP 

comprises a number of variable resistors 174 which 
have resistance values which represent and are propor 
tional to the various yield coefficients of the various 
units. In order to solve the LP for standard operating 
conditions, it is necessary that the variable resistors 174 
be set so as to correspond with the yield coefficients 
which are transmitted over lines 168 and 170 from the 
local computer 114 and similar lines from other local 
computers 110-3. For purposes of illustration, the man 
ner in which the resistors 174 are set so as to represent 
the yield coefficient p will now be described. 
A switch 176 in the line 168 as shown in FIG. 8a is 

closed when control of the overall system is initiated, 
either manually or by automatic means not shown, so 
as to apply the signalp to the non-inverting terminal 
of a differential amplifier 178 while a signal from a 
movable contact 180 associated with a slidewire or 
variable resistor 182 connected across a DC power sup 
ply +V is applied to the inverting terminal. The output 
of the differential amplifier 178 is connected to a motor 
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184 which is in turn mechanically coupled to the slide 
wire contact 180 through a mechanical linkage 186 so 
as to move the contact 180 until the output of the dif 
ferential amplifier 178 is nulled. Another mechanical 
linkage 188 is connected from the motor 184 to the 
variable resistor 174 corresponding with the yield coef 
ficient p so as to control the magnitude of the resis 
tance such that it equals or is at least proportional to 
the input signal p, to the differential amplifier 178. 
Similar circuitry bearing the same reference characters 
is associated with the line 170 from the local computer 
114 for controlling the magnitude of the resistor 174 
representing the yield coefficient p. It will of course 
be appreciated that the other resistors 174 correspond 
ing to the other yield coefficients for the other units 
110-a will be set in an identical manner by circuitry not 
shown. 
The circuitry for solving the LP also includes a num 

ber of variable resistors 190 which represent or are pro 
portional to the cost coefficients for the various units 
110-4. In the case of the resistor 190 representing the 
cost coefficient c, the magnitude of the resistor will be 
set in response to the signal c applied over the line 
172 from the local computer 110, to the system com 
puter 116 utilizing circuitry which is substantially iden 
tical to that for setting the yield coefficient including 
the differential amplifiers 178 and 184. The magnitude 
of the resistors for the cost coefficients of the other 
units 110-3 will be set in an identical manner. 
Having now set the resistances in the circuitry for 

solving the LP in accordance with the estimated yield 
and cost coefficients transmitted from the local units 
110,-4, the circuitry shown in FIG. 8a is now ready to 
solve the LP. Generally speaking, the circuitry of FIG. 
8a, represents well known analog circuitry for solving 
an LP. For example, substantially identical circuitry is 
disclosed in a book entitled "Analog Computation," 
Albert S. Jackson, McGraw Hill Book Company, Inc., 
1960, pages 353-363. However, for the sake of com 
pleteness of disclosure, the circuitry in FIG. 8a will now 
be described in considerable detail. 
The LP solution circuitry includes a resistance 192 

having a magnitude equal to e which represents the 
speed of movement of the solution point for the LP 
through various coordinates of four-dimensional space 
defined by the variables x1, x2, x and x which are 
the feed stream flow rates to the various units 110. 
The resistor 192 is located in a line 194 connecting a 
+ volt DC power supply to each of the cost coefficient 
resistors 190. The output of the resistors 190 are then 
applied to integrating amplifiers 196. The other in 
puts to the integrating amplifiers 1961 are provided by 
feedback signals which are operated upon by yield co 
efficient resistors 174, which feedback signals will be 
described subsequently. Signals representing the value 
for the feed stream flow rates x1, x, x and x which 
maximize the overall objective function Z, are gener 
ated at the output of the integrating amplifiers 196 
respectively. 

In order to generate the previously referred to feed 
back signals, the various feed stream flow rate signals 
x1, x2, xa, and x are applied through various yield co 
efficient resistors 174 to two summing amplifiers 198 
and 1982. In particular, the signals x, x, x' and x 
are applied, through resistors 174 representing the 
yield coefficients p1, p1, p1 and p, respectively, to 
the four different inputs of the summing amplifier 198. 
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In addition, a -1 volt signal is applied through a resistor 
200 representing the demand constraint b to another 
input of the summing amplifier 1981. The sum signal at 
the output of the amplifier 1981 is applied to a multiply 
ing amplifier 202 which generates an output signal 
equal in magnitude to the sum signal multiplied by any 
arbitrary, large, real number K. The output signal from 
the multiplying amplifier 202 is then applied as one of 
the feedback signals to the yield coefficient resistors 
174 representing the yield coefficients p, p, pia 
and p at the input to the integrating amplifiers 196 
respectively. 

Similarly, the feed stream flow rate signals x1, x2, x 
and r may be applied to the inputs of the summing 
amplifier 198, through yield coefficient resistors 174 
representing pel, p, pea and pe. A -l volt signal is 
also applied through resistor 200, representing the de 
mand constraint b, to another input of the summing 
amplifier 1982, and the output from the summing am 
plifier 1982 is applied to a multiplying amplifier 202, 
having a multiplication factor of K. The output from 
the multiplying amplifier 2022 is then applied as a feed 
back signal to the resistors 174 at the input of the inte 
grating amplifiers 1961, where the resistors 174 repre 
sent the yield coefficients p, p, pa and prespec 
tively. Note that the integrating amplifiers 1961 and the 
summing amplifiers 1981 include diode limiting circuits 
204 and 206. 

In order to solve for the X, which represents the 
maximum Z at standard operating conditions for the 
units 110, a summing amplifier 208 is provided. Sig 
nals representing x, x', is and x are applied to the 
inputs of the summing amplifier 208 through resist 
ances 190 representing the cost coefficient c, c, ca 
and c respectively. 
By way of general explanation, the above described 

circuitry of FIG. 8a solves the LP by searching out the 
point in four-dimensional space which represents the 
maximum value of Z at the standard set of operating 
conditions subject to particular demand constraints. As 
mentioned previously, e represents the movement of 
the solution point through four-dimensional space 
where the four dimensions are x, x, x and x. In the 
circuit shown in FIG. 7a, the rate of movement e of the 
solution point along the x' direction, the c, direction, 
the x direction and the direction have been equal 
ized. Thus the signal applied to the resistors 190 repre 
senting the cost coefficients c, c., ca and cat the in 
puts to the integrating amplifiers 1961-4 represent the 
rates of change with respect to the time of the variables 
x1, x, x' and x, or i, ii., is and i. The quantities 
i., ii., is and it, after multiplication by the cost coef 
ficients c, c, ca, and c are integrated with respect 
to time by the integrating amplifiers 1964-1. By choosing 
a --1 volt source connected to the resistor 192 having 
a value e, the output signal from the resistor 192 is pos 
itive such that the solution point is constrained to move 
in a direction which increases the value of Z. In order 
to assure that the solution point is constrained to move 
within boundaries determined by the demand con 
straints band b, the feedback signals from the multi 
plying amplifiers 202 and 202 are utilized to cancel 
out any velocity component normal to the boundaries, 
while permitting movement of the solution point along 
lines parallel to the boundaries. As long as the signal at 
the output of the resistor 192 is positive, the solution 
point will always have a component of movement along 
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the gradient of Z until the maximum of Z is reached. 
When the maximum of Z is reached, the last compo 
nent of movement of the solution point in the direction 
of the gradient of Z will have been cancelled by the 
feedback signals to the integrating amplifiers 196-, and 
the solution point will come to rest. The diodes 204 of 
the diode limiting circuits are necessary to assure that 
the values of the variables x1, x, x' and x, always re 
main positive. Diodes 206 of the amplifiers 198 and 
198 are required to assure that the outputs from the 
summing amplifiers 1981 and 198, are always negative, 
.C., 

O b, a pix -- pix. -- pixa -- pix 
b. 2 pixi - pax. + pax + p. x. 

C. Computing the Bases of the LP Solution at the 
System computer 

Signals representing the solution of the LP, that is sig 
nals representing the value of x, x, x and x, are 
now applied over lines 210 to circuitry shown in FIG. 
8b for determining which of the feed stream flow rates 
are the bases, i.e., which of the feed stream flow rates 
have negative cost coefficients associated therewith. 
This circuitry, which is located at the system computer, 
is responsive to cost coefficient signals c, c, c' and 
c which are transmitted from the various local units 
110- to the system computer 116 over lines 172. 
Two checking circuits 214 determine which of the 

various cost coefficients c, c., ca and c are greater 
than or equal to zero. As a result of the check per 
formed by the circuits 214, various switches 216 
which are associated with the various checking circuits 
214, are positioned so as to place the movable contact 
a in contact with stationary contact b or stationary 
contact c. If the cost coefficient checked by one of the 
circuits 214 is greater than or equal to zero, the mov 
able contact a, which is moved by a mechanical linkage 
218 associated with a relay of the checking circuit 214 
will move so as to be in contact with stationary contact 
b. If the cost coefficient is less than zero, the movable 
contact a will be moved or remain in contact with the 
stationary contact c. Additional switches 220 and 220 
having a movable contact d and stationary contacts e 
and fare actuated by the linkage 218. In switches 220 
and 220, the movable contact d is in contact with the 
stationary contact fifthe cost coefficient c and care 
greater than or equal to zero. If these cost coefficients 
are less than zero, movable contact dis in contact with 
stationary contact e. Additional switches 222 and 222. 
are provided having movable contacts g and stationary 
contacts h and i. When the cost coefficient c and c. 
are less than zero, the linkage 218 associated with the 
c and cachecking circuits 214 will place the movable 
contacts g in contact with the stationary contacts i. If 
the cost coefficient c and c are greater than or equal 
to zero, the movable contact g will be placed in contact 
with the stationary contacts h. 

In the particular LP which has just been solved by the 
circuitry shown in FIG. 8a, the cost coefficients cand 
ca, have been assumed to be less than zero and the cost 
coefficients c, and chave been assumed to be greater 
than zero. As a result, the movable contacts a, d and g 
of the switches 216, 220 and 2221 respectively 
have assumed the position shown in FIG. 8b. As a re 
sult, the solutions to the LP x, x, x and x which 
are applied over lines 224 to the movable contacts a of 
the various switches 216 are sorted out such that the 
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signals representing the bases a and rappear on out 
put lines 226 and 228 and signals representing the non 
bases x and x appear on output lines 230 and 232. 
Had the polarity of the cost coefficients c, c, c, and 
c differed from that assumed, the signals appearing on 
the output lines 226, 228, 230 and 232 would of course 
differ since the bases and non-bases would differ ac 
cordingly. 

Similar switching circuitry 300 is provided for sorting 
out the basic cost and yield coefficient signals so as to 
obtain basic yield coefficient signals p1, pig, p, and 
p, on lines 302, non-basic yield coefficient signals pi, 
pi, p and pa on lines 304, basic cost coefficient sig 
nals c and c on lines 306 and non-basic cost coeffi 
cient signals on lines 308. The entire LP solution is then 
transmitted over lines 226, 228, 230, 232, 302, 304, 
306 and 308 to the local computer 114 as indicated 
in block 26 of FIG 2 
D. Setting the Flow Rate Controls 
Now that the LP has been solved, the feed stream 

flow rate x, x, x' and x, may be established by ap 
propriately setting the valves 1121- shown in FIG. 8c. 
In order to set the valves 1 12-4, signals x1, x, x' and 
x20 are applied to the local computer l 14 as shown 
in FIG. 7a over output lines 226, 228, 230 and 232. 
The setting of the valves 122 and 122 is done in re 

sponse to the signals x and x, on lines 226 and 228 
having switches 234 and 236 therein as shown in FIG. 
7c. The switches 234 and 236 include a movable 
contact a-1 and stationary contacts b-1 which are con 
nected to lines 226 and 228 and stationary contacts C-1. 
The movable contacts a-1 are momentarily placed in 
contact with the stationary contacts c-1 by a linkage 
not shown when the switch 176 in the LP solution cir 
cuitry of FIG. 8a is closed. This results in the charging 
of capacitors 238 and 240 of FIG. 7c so as to store sig 
nals representing the flow rates x4 and c'. The X 
and x, signals are then transmitted back to system 
valve control circuitry shown in FIG. 8c over lines 239 
and 241. 
The lines 239 and 241 are connected to the inverting 

input terminals of differential amplifiers 242 and 244 
of the valve control circuitry shown in FIG. 8c. The in 
verting terminals of the differential amplifiers 242 and 
244 are connected to the sliding contacts 246 and 248 
of slidewires or potentiometers 250 and 252 which are 
connected between a DC power supply --V and ground. 
The output from the differential amplifiers 242 and 

244 are utilized to drive valve control motors 256 and 
258 which are mechanically linked to the slidewire 
contacts 246 and 248 as well as the feed stream flow 
rate control valves 122 and 122 respectively. Thus the 
motors 256 and 258 reposition the valves 122 and 
122 until the output of the differential amplifiers 242 
and 244 are nulled when the voltages on the slidewire 
contacts 246 and 248 equal the voltage across the ca 
pacitors 238 and 240 which represent or are propor 
tional to the feed stream flow rates x and x. 
Similar notor control circuitry is provided for posi 

tioning the valves 122 and 1223. This circuitry includes 
switches 260 and 262 in the lines 230 and 232 as shown 
in FIG. 8c which are actuated by and linked with the 
switches 176 in the LP solution circuitry of FIG. 8a so 
as to apply the feed stream flow rate signals xi and a 
to capacitors 264 and 266 to the non-inverting termi 
mals of differential amplifiers 268 and 270 and ground. 
The inverting terminals of the differential amplifiers 
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268 and 270 are connected to sliding contacts 272 and 
274 of slidewires 276 and 278. Motors 280 and 282 
which are connected to the outputs of the amplifiers 
268 and 270 reposition the valves 122 and 122 while 
moving the sliding contacts 272 and 274 to null the out 
put of the differential amplifiers 268 and 270. Since the 
switches 176 shown in FIG. 8b are closed infrequently, 
only when the LP solution circuitry of FIG. 8a is uti 
lized switches 260 and 262 are of the self-locking type 
so as to remain closed since the charge on the capaci 
tors 264 and 266 would leak off and this would in turn 
erroneously reposition the valves 122 and 122. 

E. Computing and Storing the Inverse Basis Matrix 
The p, pig, p, and passignals which are transmit 

ted over lines 302,304,306 and 308 and form the basis 
matrix in the LP; i.e., p1 = B, p1 = Ba, p = B. 
and p = B., are applied to a circuit 310 for comput 
ing the inverse of the base matrix g. The output of the 
inverse base matrix circuit 310 is applied through 
switches 3121, 312, 312a and 312 to capacitors 314, 
314, 3143 and 314. The signals (3, 31, 3, and £3, 
are applied to the capacitors 314- when movable 
contacts a-2 are in contact with stationary contact b-2 
of the switches 312. The movable contacts a-2 are 
placed in this position by means of a linkage with the 
switches 176 of the LP solution circuitry shown in FIG. 
8a but only for a sufficient length of time so as to 
charge the storage capacitors 314- to voltages repre 
senting the values offs, 3, £3, and (3. 

F. Computing and Storing the Simplex Multipliers 
The signals representing 6 are now applied over 

lines 316- to circuitry shown in FIG. 7d for computing 
simplex multipliers n, and n. The simplex multiplier 
circuitry comprises multiplying amplifiers 318 which 
combine the signals f6, g, g, and g, with signals 
representing c, and c, on lines 306 to obtain the prod 
uct signals representing £3, c, g, c., (3 c and 61. 
c. The signals c and c are obtained from lines 306. 
Outputs from the multiplying amplifiers 318 are ap 
plied to a pair of summing amplifiers 322 and 322 to 
obtain the simplex multipliers at, and n, on lines 
324,182. 
G. Checking Local Optimization 
Unlike the prior art practice of striving to maintain 

the operating conditions at the local units 110 on 
which the LP solution is based, the operating units 
110- in accordance with this invention are free to vary 
or change the operating conditions so as to change the 
LP solution as long as the local objective functions for 
the individual units 110- are satisfied. The process of 
changing the operating conditions to change the yield 
and cost coefficients in the LP begins when, as shown 
in FIG. 7a, switches 328 and 328 are actuated so as 
to place movable contacts a-3 in the contact with sta 
tionary contacts b-3 so as to charge capacitors 330 and 
330, to a voltage proportional to the signals p and c. 
Movement of the switches 328 and 328 to this posi 
tion is controlled automatically by a linkage with the 
switch 176 of the LP solution circuitry shown in FIG. 
8a. This in turn applies signals p and c to summing 
amplifiers 332 and 332 while a signal p from the 
resistor 162 is applied to a summing amplifier 332. Si 
multaneously, a switch 334 which connects a trigger 
pulse generator with a pulse generator for generating 
pulses of random amplitude is closed by a linkage con 
nected to the switch 176 in FIG. 7b. The trigger pulse 
generator which generates pulses at a constant rate 
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triggers the random pulse generators 338-a which 
apply the pulses of random amplitude to the summing 
amplifiers 332-8 so as to produce new yield coefficient 
signals p and p' and a new cost coefficient signal c' 
after a polarity inversion by polarity changing (PC) am- 5 
plifiers 340-3. 
Since the pulses from the generators 338-3 are of 

purely random amplitude, there is no certainty that the 
change in operating conditions represented by these 
pulses will be consistent with the optimization of the 10 
local unit as well as local constraints let alone the local 
objective function which is consistent with the overall 
optimization of the system. Accordingly, a first test is 
made to determine if the change represented by the 
random pulses will optimize the local unit. This is ac- 15 
complished by checking if the yield coefficient for the 
most valuable product stream which flows through line 
112 more than offsets the change in yield coefficient 
for the less valuable product stream flowing through 
the line 112 as shown in FIG. 6. 2O 
The check is performed by first applying signal p 

and p to the polarity changing amplifiers 342 and 
342 to the summing amplifiers 344 and 344. The re 
sulting signals p1 and -pe are applied to summing 
amplifiers 344 and 344, along with the new yield coef- 25 
ficient signals p and pe. If the resulting change Ap14 
in the pi yield coefficient is more than four times 
greater than the resulting change Ap, in the yield coef 
ficient, then the unit 110 will be locally optimized 
since the yield in stream 112 is considered to be four 30 
times as valuable as the yield in stream 112. This check 
is performed by applying a signal proportional to Ap,4 
to the non-inverting terminal of a differential amplifier 
346 and the signal Ap, to the inverting terminal of the 
amplifier 346 after multiplication by a factor of 4 due 
to a resistance 348 in the input circuit. If the output is 
greater than zero as determined by a checking circuit 
348, the relay of the comparison circuit 348 will be ac 
tuated to close switches 3451-3 by means of a mechani 
cal linkage 356 so as to apply signals p1, p' and c4 
to the circuit for checking local constraints. However, 
if Ap - 4Ap, is negative, the switches 3541-3 will re 
main open awaiting the testing of the next set of ran 
dom pulses from the generator 338-3 as controlled by 
the trigger pulse generator 336. Note that the initiation 
of a change in operating conditions is entirely auto 
matic in this embodiment and not a result of a manage 
rial decision. 
H. Checking Local Constraints 50 
Assuming now that the signal Ap14 - 4Ap24 is positive 

indicating local optimization so as to close the switches 
354, the new yield coefficients p1 and pe' and the 
new cost coefficient c are applied over lines 3561-4 to 
a summing amplifier 358 shown in FIG.7b. As pointed 55 
out previously, the local constraints on the unit 110. 
require that p + 2p + 3c = 2 or p + 2p2.' -- 3c, 
-2 = 0. In order to satisfy this equation representing 
the local constraints, the line 356 includes a resistor 
360, having a value representing the integer 2 and the 60 
line 356a includes a resistor 360 representing the inte 
ger 3. Also, a DC source generating a 1 volt is con 
nected to a fourth input terminal of the summing ampli 
fier 358 through a resistor 360a having a value repre 
senting the integer 2. 65 

If the local constraints are satisfied, the error at the 
output of the summing amplifier 358, after polarity in 
version by an amplifier 362 and integration by a capaci 
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45 
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tor 364 should equal zero. In order to determine when 
the charge on the capacitor 364 does equal zero, the 
Zero voltage across a capacitor 366 which is connected 
to ground is compared with voltage across the capaci 
tor 364 by comparison circuit 368. If the error does 
equal zero, switches 370 will be closed by a relay link 
age 371 so as to apply the signals p1, p, and c, to the 
circuitry for checking the local objective function. If 
the error from the amplifier 358 is more or less than 
zero, the switches 370 will remain open awaiting the 
next set of random pulses from the generator 338 
which do pass the local optimization check. 

I. Checking the Local Objective Function 
Assuming that the local constraints are satisfied and 

the switches 370 are closed by the relay of the compari 
son circuit 368, the new yield coefficient signals p" 
and p' and the new cost coefficient signal c' are ap 
plied as inputs to summing amplifiers 382-8. Signals 
representing p1, p, and -c, are also applied to 
the summing amplifiers 382-a having been stored on 
capacitors 374-3. Note that the charge on the capaci 
tors 374-3 is a result of the application of signals pi, 
p, and c, over lines 168, 170 and 172 to polarity 
changing amplifiers 378 through switches 380 which 
are opened by partially shown linkages with the 
switches 76 in FIG. 8b and the switch 334 in FIG 7a 
when these switches are closed. 
After polarity changes performed by amplifiers 384 

connected to the outputs of the summing amplifier 
382-3 signals representing Apia, Ap, and Ac, are gener 
ated. The Ap, and Ap, signals are applied to multiply 
ing circuits 386 and 386 where they are combined 
with the simplex multiplier signals it and it, which 
represent the voltage across capacitors 388 and 388 
charged by the signals passed through closed switches 
378 in the lines 324-, which are opened by means of 
partially shown linkages when the switches 176 in FIG. 
8a and the switch 334 in FIG. 7a are closed. The output 
from the multiplying circuits 386 and 386 are signals 
representing the product of at Api and 7T, Ap which 
are applied to a summing amplifier 392. The output 
from the summing amplifier 392 is then summed with 
the signal AC at summing amplifier 394 to produce a 
signal, after a polarity change at the amplifier 396, rep 
resenting Act - tAp, - T'Ap 24. This signal is then 
multiplied at a multiplication circuit 398 by a signal x 
which is applied over line 326 from the circuitry shown 
in FIG. 7c to charge capacitor 400 through a switch 
402 which is closed by means of a partially shown link 
age until the switches 176 shown in FIG. 8a and the 
switch 334 shown in FIG. 7a are closed. The product 
at the output of the multiplying circuit 398 is a signal 
f, which is the local objective function (Ac - ToAp) 
Since the overall system profitability will be maxi 

mized only when f, is maximized, thee new f, signal 
which is applied across a capacitor 404 is compared 
with the previous f. signal which was applied through 
a closed switch 406 across a capacitor 408. For per 
forming this comparison, a comparison circuit 410 is 
provided. If the comparison circuit 410 determines that 
the voltage across the capacitor 404 is greater than the 
voltage across the capacitor 408, the comparison 410 
will actuate its relay to close the switch 406 momentar 
ily. The relay will also close switch 412 in the line 326, 
and switches 414 connected between lines 324 and 
324 and the capacitors 388 and 388 to provide a new 



3,891836 
23 

x signal (x') and new it and ar, signals (7T and T.) 
to the local objective function circuitry in preparation 
for the next check. The relay of the comparison circuit 
410 will also close switches 416 and 418 to apply sig 
nals Ap, and Ap, over lines 420 and the signal cover 
lines 422 to the circuitry of FIGS. 7c and d. In addition, 
closure of the switches 418 momentarily will charge the 
capacitors 4741-3 to values representing c", p1 and p" 
in preparation for the next check of the local objective 
function, 
Should the local objective function f. fail to be fur 

ther maximized by the change in operating conditions 
the relay in the comparison circuit 410 will not be actu 
ated and the switches 412, 414, 416 and 418 will re 
main open in the position shown awaiting the next set 
of pulses from the random pulse generator 338-3. 

J. correcting the LP Solution 
1. Computing sensitivity Coefficients 
Assuming that the change in operating conditions 

does maximize the local objective function, the LP so 
lution is corrected in accordance with block 30a of 
FIG. 2a by circuitry shown in FIGS. 7c and 7d. In this 
connection, the signals Apia, and Ap, are applied to 
multiplying circuits 424 - along with signals represent 
ing the coefficients of 3 to generate product signals 
representing 6, Ap1, gi'Ap, 62.'Apis and 62.Ap24. 
The signals gap and gap are summed at a sum 
ming amplifier 426 to generate signals representing 
the negative of the sensitivity coefficient s. At the 
same time, signals 3Ap, and gas.Ap, are summed at 
the summing amplifier 426 to generate the negative of 
the sensitivity coefficients. To obtain the sensitivity 
coefficients sands, the signals is and 52 are applied 
to polarity changing amplifiers 428 and 428. 

2. Computing New x's 
Sensitivity coefficient signals s and s may now be 

utilized to compute the new values of the feed stream 
flow rates x and x' to determine if they satisfy the 
constraints requiring that x' be greater than or equal 
to zero and x be greater than or equal to zero. This 
check is performed by summing the signal s1 with a 
signal equal to - at a summing amplifier 430. The sum 
signal s+1 is applied to a dividing circuit 4321 along 
with the sensitivity coefficient signals to obtain a sig 
nal representing 

Similarly, the sum signal sit-1 is applied to a summing 
circuit 432, along with the sensitivity coefficient signal 
s to obtain a signal representing 

s: 

1+s 

These signals are then multiplied by x appearing on 
lines 326 at multiplying circuits 4341 and 4342 to obtain 
a signal 

x and his i-hs 
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These signals which appear at the output of the multi 
pliers 434 and 434 are then applied to summing am 
plifiers 436 and 436, and undergo a polarity change at 
amplifiers 438, and 438, to generate signals represent 
ing the new feed stream flow rates x and x,'. The sig 
nals x and x2' are applied to checking circuits 440 
and 440, to determine if x is greater than or equal to 
Zero and x' is greater than or equal to zero so as to sat 
isfy the constraints on the feed stream flow rates. 

If this last check indicates that x and x, are greater 
than zero, the LP solution is corrected by applying the 
signals x' and x' which appear across capacitors 442 
and 442 at the output of the checking circuits 440 and 
440, to the capacitors 238 and 240 as the relays associ 
ated with the checking circuits 440 and 440, move the 
movable contacts a-1 of switches 234 and 236 to a posi 
tion of contact with the stationary contacts c-1. This in 
turn applies the x' and x' signals to the differential 
amplifiers 244 and 242 over lines 239 and 241 respec 
tively so as to reposition the valves 122, and 122. Of 
course, if the check at the checking circuits 440 and 
440, had indicated that x' and x," were less than zero, 
the LP solution would not be corrected but rather wait 
for the next set of random pulses from the generators 
338-3 representing another change in operating condi 
tions at the unit 110. 

3. Computing New Basis Matrix 
Correction of the LP further requires that the signals 

representing 6', f', 61' and gia' be applied across 
the capacitors 314- to update the inverse of the basis 
matrix to reflect the changes in operating conditions at 
the unit 110. The signals f3, 3, £3 and 3' are 
generated by the application of the signals 3, 6 and 
(31 to multiplying circuits 446-, along with the signals 

s 
1+s 

to generate signals representing Af3, Ag, Ag, and 
Af32. The signals at the output of the multipliers 446. 
are then added to the signals (3, 3, and g with 
summing amplifiers 448 having outputs connected to 
polarity changing amplifiers 450. The signals (3, 
f32', 61' and £312' may then be applied to the capacitors 
314. for computation of the base matri; in response 
to closure of the switches 444 in lines 452 connected 
to the stationary contacts c-4 of switches 312. Thus 
when the checking circuits 440 and 440 indicate that 
the constraints on x' and x' are satisfied, the relays of 
the checking circuits 440, and 440, will automatically 
close the switches 444 and place the movable contacts 
a-2 of the switches 312 in contact with the stationary 
contacts C-4. So as to charge the capacitor 314 
representing g, ge', (314 and 3. 

4. Computing New Simplex Multipliers 
The ge', 6", 8' and ge' signals are also utilized to 

generate new simplex multipliers ar,' and it'. Referring 
now to FIG. 7d, the signals ga', (3, 3, and £3' are 
applied to multipliers 452, along with the new cost co 
efficient signal c, on line 422 which corresponds with 
the change in operating conditions at unit 110, and the 
cost coefficient signal c, on line 306. The signals 
f3'c' and 6'c. are summed by the summing ampli 
fier 454 having an output coupled to a polarity chang 
ing amplifier 456 to obtain the simplex multiplier sig 
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nal Te'. Similarly, signals 6'c' and A12'c. are summed 
at a summing amplifier 454 having an output coupled 
to a polarity changing amplifier 456 to obtain a sim 
plex multiplier signal 7t'. The signals it," and n are 
applied through momentarily closed switches 458 in 
line 460 to the local objective function circuitry shown 
in FIG.7b. Closure of the switches 458 is accomplished 
by the relays of the checking circuits 440, and 440, 
through a linkage 462. In this connection, it will be un 
derstood that momentary closing of the switches 458 in 
FIG. 7c and the switches 414 in FIG. 7b are sufficiently 
coincident to allow the signals at' and at to be applied 
to and stored on the capacitors 388 and 388. 
Conditions at the local unit 110 must of course be 

changed such that the operating conditions actually 
correspond with those represented by the corrected 
LP. This is actually accomplished simultaneously with 
the correction of the LP by the closure of a switch 464 
as shown in FIG. 7a so as, to apply the signal p' at the 
output of the amplifier 340, through a resistor 466 
which is connected to the inverting input terminal of a 
differential amplifier 468. Closure of the switch 464 ac 
complished by the linkage 462 associated with the 
checking circuits 440 and 440, shown in FIG. 7c re 
mains closed for a sufficient length of time to charge 
the capacitor 466 to a voltage corresponding with the 
new yield coefficient p". 

Differential amplifier 468 which has its non-inverting 
terminal connected to the sliding contact 152 of the 
slidewire 154 generates an output which is utilized to 
drive a motor 470 which in turn repositions the contact 
152 so as to null the output from the amplifier 468. 
This in turn will produce unbalance at the amplifier 
150 so as to drive the motor 156 and reposition the 
valve 126 until the change in temperature of the unit 
110 as sensed by the sensor 124 again produces a null 
at the output of the amplifier 150. This control of the 
operating conditions assumes a linear relationship be 
tween the coefficient p and the temperature of the op 
erating unit. This linearity permits resistance 162 hav 
ing a value kp' to convert temperature into yield while 
permitting the resistor 466 having a value 1 /kp to 
convert yield into temperature. 
The linkage 462 to the switch 464 also produces mo 

mentary closure of movable contacts a-3 with station 
ary contact c-3 of switches 328-3 shown in FIG. 7a. 
This allows capacitors 330 and 330 to charge to val 
ues representing p" and c in preparation for the next 
proposed change in operating conditions at the unit 
110. In other words, the circuitry shown in FIG. 7a as 
well as that shown in FIGS. 7 (b-d) is now ready to pro 
cess the next proposed change in operating conditions 
in response to the next trigger pulse from the trigger 
pulse generator 336 which will result in the application 
of pulses of random amplitude to the summing ampli 
fier 332 the entire process may be repeated for the 
local unit 110. 
Although the local computer circuits 1141-3 have not 

been shown, it should be understood that similar 
changes in operating conditions may be proposed and 
checked at the various local units 110-3. This of course 
requires any change in operating conditions at the unit 
110 to be transmitted to the system computer 116 in 
accordance with block 32a and then transmitted to the 
other units 110 so that each unit or its local computer 
114 is aware of any correction in the LP and only 
makes changes in operating conditions with respect to 
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the corrected LP. (Of course, all changes in the solu 
tion of x's are transmitted over lines 239 and 241.) In 
order to assure that changes in operating conditions are 
not implemented at the same time, a single trigger pulse 
generator 336 may be utilized for all of the local com 
puters 114- such that only one out of four trigger 
pulses from the trigger pulse generator 336 is applied 
to the pulse generators 338-3 at any one local com 
puter 114. 

5. Computing New Cost Coefficients 
The correction of the LP may proceed indefinitely 

without utilizing the LP solution circuitry shown in 
FIG. 8a as long as the nonbasic cost coefficients c' and 
ca' remain negative. However, if the cost coefficients 
c" and ca' become positive, this indicates that the basis 
of the LP has changed requiring that the LP be solved 
again and the new bases determined. This is done auto 
matically with each correction of the LP by the linkage 
462 associated with the checking circuits 440 and 440, 
in FIG. 7c which closes switches 472 so as to apply the 
TT," and at signals to lines 474 and 474, to summing 
amplifiers 476 and 476, along with the signals -n, 
and -77. The output of the summing amplifiers 476 
and 476 are coupled to polarity changing amplifiers 
478, and 478 to generate signals Art, and Arts. The sig 
nal Anz is multiplied by signals p and p, appearing 
on lines 304 at multipliers 480 and 480, while the sig 
nal Art is multiplied by signals its and it on lines 
304 at multipliers 480 and 480. Summing amplifiers 
482 and 482 at the output of the multipliers 480. 
have outputs connected to summing amplifiers 484 
and 484, which produce signals, after polarity changes 
by amplifiers 486 and 486, which represent c = c. 
- Antip - Attap, and c = c - Antips - Antips. 
The signals ca' and c are then applied to checking 

circuits 488 and 488 to determine if c is greater than 
zero or ca' is greater than zero. If either c or ca' is 
greater than zero, the relay of the checking circuit 488 
or the relay of the checking circuit 488, will open the 
switch 334 connected to the output of the trigger pulse 
generator 336 as shown in FIG. 7a. Simultaneously, 
switches 490 and 492 on line 494 and 496 will close in 
the LP solution circuit shown in FIG. 8a so as to apply 
the signals p and p, generated in the circuit of FIG. 
7a to the differential amplifiers 178 shown in FIG. 8a 
while switches 176 open to reset the value of the yield 
of the yield coefficient resistors 174 corresponding to 
the yield coefficients p, and ps. Similarly, the signal c' 
on line 498 in FIG. 7a will be applied to the LP solution 
circuit to reset the value of the cost coefficient resistor 
190 corresponding to c. The other resistors in the LP 
solution circuit will also be reset in response to signals 
from the local computers 114 corresponding to the 
then existing yield and cost coefficients. 
Once the LP has been solved again utilizing the cir 

cuit shown in FIG. 8a and the bases determined utiliz 
ing the circuitry shown in FIG. 8b, the new LP solution 
may be transmitted to the local computers 114-1. 
Changes in the operating conditions at the local operat 
ing units may then again be implemented and the LP 
solution corrected accordingly utilizing the circuitry of 
FIGS. 7(a-d). 
V. Control of the Simple Processing System With a 

Digital Computer 
In the foregoing embodiment of the invention, an an 

alog computer has been utilized for the system com 
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puter 116 and analog computers have also been utilized 
for the local computers 114-1. It is however possible to 
replace all or any portion of the analog computers with 
a properly programmed digital computer. In this con 
nection, a program for performing the LP correction 
provided by the analog circuitry shown in FIG. 7c and 
7d will now be described with reference to the block 
diagram of FIG. 9 and the computer program listing at 
tached hereto as Appendix A. 
A. Correction of the LP 
As shown in FIG. 9, the original solution to the LP is 

stored as indicated by block 500. In particular, the vari 
ous values of the last LP solution are read into register 
means within a digital computer such as the IBM 1800 
in accordance with instructions 2-22 of the program 
listing including the storage of B, g, y, ai, c and b. 

In the next step as depicted by block 502 of FIG. 9, 
the change in yield and cost coefficients for a particular 
column in the LP are stored in register means within 
the digital computer. The step depicted in the block 
502 is performed by instructions 23-26 of the program 
listing. 
The sensitivity coefficients for the particular change 

in yield are now computed where the sensitivity coeffi 
cients s are computed in accordance with the equation 
shown in block 504 of FIG. 9. The step depicted in 
block 504 is performed in response to instructions 
27-32 of the program listing. When utilizing the pro 
gram listing to correct the LP of Equations 31 and 32, 
the sensitivity coefficients s and s will be computed. 
Now that the sensitivity coefficients have been com 

puted, the new values of x may be computed utilizing 
the equation shown in block 506 of FIG. 9 which is the 
same equation which was utilized to compute the new 
values of x in the analog embodiment of FIGS. 7c and 
d where b, and b are equal to and x. The computa 
tion of the new values of x, i.e., x' and x', is performed 
in response to instructions 33 and 34 of the program 
listing. 

A new inverse base matrix is computed utilizing the 
equation depicted in block 508 of FIG. 9 which is the 
same equation which was utilized in the analog embodi 
ment to compute the new inverse basis matrix g'. In 
structions 35-37 of the listing provide for the computa 
tion of the inverse basis matrix. 
Block 508 corresponds to the computation of new 

simplex multipliers in accordance with the indicated 
equation, which computation is provided by instruc 

O 

15 

20 

25 

30 

35 

45 

50 

28 
Marquardt manual for computing the local objective 
functions for the system shown in FIG. 6 are attached 
hereto as Appendices B-2, B-3 and B-4 respectively. 

In the very short listing of Appendix B-2, instruction 
l reads in the data of the LP parameters and solution 
and calls the Marquardt program. 

in the program listing of Appendix B-3, instructions 
1-4 define the parameters and the dimensions of the 
system. Instruction 4 and 6 define penalty functions 
which are utilized in computing the objective function 
in instruction 23. Instructions 7-10 define the x's and 
the at's, and instructions 12 and 13 define the p's. 
Newp's and the Ac are computed in response to in 

structions 13-15 and sensitivity coefficients are com 
puted in response to instructions 16 and 17. 
The DO loop of instructions 18 and 19 computes a 

function EQUAL (i) for i = 1, 2. If as computed at in 
struction 21, the function Equal (i) is greater than zero, 
a penalty 1 equal to zero is stored. If a computed at in 
struction 22, the function Equal (i) is greater than zero, 
a penalty 2 equal to zero is stored. 
A local objective function is then computed in re 

sponse to instruction 3 where the penalties as defined 
in instructions 5 and 6 are added to the local objective 
function if Equal (i) for i = 1, 2 is less than or equal to 
ZeO. 

The P code of Appendix B-4 merely indicates that no 
analytic derivatives are provided and those of the Mar 
quardt program must be utilized as described on page 
1 of the Marquardt manual. 

VI. A Numerical Example 

A simple numerical example based on the system of 
FIG. 6 will now be solved to illustrate the foregoing 
method. The problem is: 

Maximize Z = -6 - 4.x - x - c. (33) 

Subject to A -- x - i ... -- p x = (34) 

and 

xi > 0 for i = 1,..., 4 
(35) 

P-4 2 O i = 1, 2 
c > 0 (35a) 

furthermore, 
p1 - 2p -- 3c = 2 (35b) tions 38-43 of the program listing. Finally, block 512 

provides for the computation of new nonbasic cost co 
efficients c, utilizing the indicated equation which is 
identical to that utilized in computing these cost coeffi 
cients in the analog circuitry of FIG. 7d. 

B. Computing the Local Objective Function 
The local objective function may be computed by a 

digital computer such as the IBM 1800 which has been 
programmed with the nonlinear optimization program 
of “Least Squares Estimation of Nonlinear Parame 
ters, by D. W. Marquardt, Engineering Dept., E. I. du 
Pont de Nemours and Co., Inc., Wilmington Del., 
March, 1964, commercially available under Distribu 
tion No. 3094 as described in the manual attached 
hereto as Appendix B-1. Listings for Subroutines 
SUBZ, F code and P code referred to on page 1 of the 
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where p, p, pa, c.c. and ca have been estimated. No 
tice that the 4th column of Equation (34) is not speci 
fied, and free to be chosen such that constraints (35a) 
and (35b) are satisfied. 

Step 1: Estimate p, and c, values for all units including 
p, and c, using the circuitry of FIG. 7a such that 

P- C 
P24 R () 

c 

Notice that Equation (36) satisfies local constraints 
(35a) and (35b). 
Step 2: Solve Equations (33), (34) and (36) using the 

circuitry of FIG. 8a. This corresponds to the overall 

(36) 
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planning problem. The optimial solution is: 

(). C.J., Er)-(E) - + 0.x TOY - 5x = a 
Bases are x and x2. 

(37) 
(38) 5 

- A - A. O O m r- g- r+rg - (0,-4) 
2 (39) 0 -4, x = 2, x = 1, x' - c = 0 

Step 3: Local optimization for the 4th column has the 

9 . . . . 
local objective function: 

Max f = Max (Ac - it'Ap) x, (40) 

30 

Step 4: The overall solution based on the new p, yield 
1S - 

= O P. = 1017 
O Z=O, P24 (47) 

s O Cs 2/7 
- 7/2 O 

which may be obtained using a digital computer and 
the program of Appendix A or the analog computer cir 
cuitry of FIGS. 7c and d. The improved overall solution 
is obtained by replacing the 4th column of Equations 
(33) and (34). 

-- x F 

Equation (48) is transformed to Equation (49) at the 
optimal solution 

-- (48) 

t + 4 + 1) - (49) 
The local constraints are Equations (35a), (35b) and 
the following equations: 

r - -- is x > 0 (41) 25 

- - at 0. 42) 2 1 + is a (42) 

where s = 3 Ap, = %(Ap14 - Ap.) 
- - 30 

(43) 
S. Ap 

This local optimization may be solved using any of the 
standard non-linear optimization program such as 35 
IBM's POP-II (refer to "A Process Optimization Pro 
gram for Nonlinear Systems: POP-II,' by H. V. Smith, 
Mar. 18, 1965, IBM Program No. 7090 H9 IBM 0021) 
or aforesaid "Least Squares Estimation of Nonlinear 
Parameters' by D. W. Marquardt of Appendix B-1. It 
may also be solved on the analog computer circuitry of 40 
FIG. 7b. The solution to this local optimization is given 
aS 

-4 2 
Ap, = , , , Ap, = , , AC, = (44) 45 

1 3 3 
si 2 2 7 7 (45) 

S. O % E. -3- 
8 2 5 

and, Max f, as (o+ -)- - 4 - 0 (46) O 
- - - 7 

The local objective function, Equation (40), is made 
positive which indicates that if the new p. replaces the 
old column p, the overall profit, Z, increases. This op 
timum solution is illustrated graphically in FIG. 5 
where p is the abscissa and p is the ordinate. The 
constraints (41) and (42) are depicted by vertical lines 
and various values of the cost coefficients are depicted 
by lines representing c = -%, c = 0 and c = % and the 
area within the triangle BOA represents the local con 
straints (35a). The original column p is located at 
point A(2,0,0) and the local objective function indi 
cates that f is increasing along line ACB so as to be 
maximized at point C where Ap = 4/7, Ap, F 2/7 and 
Ac = 0. 

55 
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and 

Ox + Ox - 12x 2x3 Z - O 
(50) 

The bases are still x and x. The new basis matrix B 
is - 

- 077 ) B = (9; ) 1. 

The inverse B of B' becomes 
g = 7/8 -7/8 

-28, 10/8 

The new simplex multipliers, I is 
I = y. 8 = (l, -5) 

These new quantities (denoted by a superscript t) have 
been easily obtained from the original values (denoted 
by a superscript o) by Equations (21) through (30) 
using the computer program in Appendix A. 
Step 5: Going back to step 3 and repeating the local op 

timization, using any of the standard computer pro 
grams described previously, the local objective func 
tion now is: 

Max f = Max (Act - at Ap) 
IAC (1 Apu - 5 Apz)) ('- 

= Max -- is (51) 

where s, s, are defined by 
7 7 

s g p = 8 T 8 Ap, 
2 O (52) 

s - Ap. 
8 8 

The local constraints are now Equations (35a), (35b), 
and the following equations: 

S 
x - I -, > o (53) 
- - - 1 > 54 1 + s x 2 (54) 

From Equations (53) and (54), if Ac = 0, 

() 2 
> O FYAp < (55) 1 + 718 (-3Ap) 2 
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248 (30 7 Ap) 
1 + 778 (-3Ap) > O-> Ap, s O (56) 

and 
(7Ap) ' 

Max f = Max 1 + 778 (-3Ap) (57) 

Since Ap C 0 is the limiting constraint, it is clear that 
f cannot be positive. 
Step 6: It is now assured that Z cannot be increased fur 
ther without changing the bases. In this case, Z can 
not be increased further even if it is allowed to 
change bases, because for the whole range of f, 
-4 Cfs 0, the optimality holds: That is, the relative 
cost coefficients of nonbasic columns remain nega 
tive always. 
Although very simple, this example clearly has illus 

trated the procedure of this method. 
The solution and correction of the LP which de 

scribes the system shown in FIG. 6 may, as indicated in 
the foregoing, be performed on an analog computer or 
a properly programmed digital computer. However, 
where the system becomes extremely complex as in the 
case of a modern day refinery such as that shown in 
FIG. 10, the use of an analog computer becomes in 
practical to either solve or correct the LP. A system re 
quiring a digital computer to solve and correct the Lp 
will now be described. 

VII. Method of Operating a Complex Refinery System 

As shown in FIG. 10, the refinery comprises nine op 
erating units in all including an atmospheric plus vac 
uum distillation tower 600 with a crude feed stream 
and eight product streams which form the feed streams 
for the other units including a gas plant 602, an alkyla 
tion unit 603, a treating and blending unit 604, a cata 
lytic reformed 606 and a hydrodesultfurization unit 
603. In addition, the distillation tower 600 includes a 
product stream which provides a feed stream for a cata 
lytic cracking unit 610 and a delayed coker 612. The 
system further comprises a hydrocracker unit including 
a hydrogen manufacturing capability 614. A system 
computer 616 such as the IBM 7500 is linked with each 
of a plurality of feed stream valves 617 to control the 
flow of feed streams to the various units. In addition, 
the system computer is linked with the various units 
through lines 618 for the transmission of flow rate con 
trol signals and unit yield and cost signals. 

It will of course be appreciated that individual units 
within the typical refinery system shown in FIG. 10 are 
extremely complex. Consider the catalytic cracker 610 
which is shown in schematic form in FIG. 11. 
As shown in FIG. 11, the catalytic cracker is supplied 

with feed which enters a feed heater 620 with recycled 
heavy cycle oil. The temperature of the feed at the out 
let of the heater 620 is controlled in response to a tem 
perature sensor 622 such as a thermocouple which 
transmits a signal to a local digital process control com 
puter 624 such as the IBM 1800 after conversion by an 
analog-to-digital converter 626. The local computer 
624 then resets a valve 628 in the fuel gas line to the 
heater 620 by means of a linkage with the computer 
624. 

Reslurry recycle which flows through a valve 630 
controlled by the local computer 624 and heavy cycle 
oil recycle which flows through a valve 632 controlled 
by the local computer 624 join the feed at the outlet of 
the heater 620. The combined feed is then applied to 
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a reactor 634. The temperature of the reactor is con 
trolled by a temperature sensor such as a thermocouple 
636 which is coupled to the computer 624 through an 
analog-to-digital converter 638. The computer 624 in 
turn controls the catalyst circulation rate from a regen 
erator 640 through a valve 642. The catalyst bed level 
within the reactor is controlled by a level sensor 644 
which is coupled to the local computer 624 through an 
analog-to-digital converter 646. The computer 624 in 
turn controls the level by repositioning a valve 648 to 
control the circulation rate of the catalyst to the regen 
erator 640. 

In order to control the temperature of the regenera 
tor 640, a thermocouple 650 is provided which is cou 
pled to the local computer 624 through an analog-to 
digital converter 652. The local computer 624 adjusts 
a valve 654 in the steam flow line accordingly. The flow 
of air to the regenerator 640 is controlled by a valve 
656 associated with an air blower 658. 
The output from the reactor 634 flows to a fraction 

ator 660. A slurry settler 662 is connected to the bot 
tom of the fractionator 660 through a valve 664 which 
is controlled by the local computer 624. Gasoline is ob 
tained from an overhead receiver 666 as well as gas 
where the flow of gas from the receiver 666 is con 
trolled by the computer 624 through a valve 668 asso 
ciated with a blower 670. A valve 672 is provided in the 
heavy cycle oil line under the control of the local com 
puter 624. 
Having now described a typical refinery system and 

a typical unit within the refinery system, the control of 
the system and the unit in accordance with this inven 
tion will now be described. 

In accordance with block 20 of FIG. 2a, the cost and 
yield coefficient at standard or design operating condi 
tion are estimated. This is performed at the local com 
puters of the individual units such as the local com 
puter 624 of the catalytic cracker 610. Various com 

40 puter programs are known to those of skill in the art for 
estimating the yields of various units. For purposes of 
illustration, a listing for a computer program for esti 
mating the yields of the catalytic cracker 610 is pro 
vided in Appendix C for use with the local computer 

45 624. It will of course be appreciated that the local com 

50 

putor 624 sets the various operating conditions of the 
catalytic cracking unit 610 by appropriately positioning 
the various valves so as to correspond with the esti 
mated cost and yield coefficients. 

In accordance with block 22 of FIG. 2a, the esti 
mated yield and cost coefficients are now transmitted 
from the local computer 624 of the unit 610 to the sys 
tem computer 616 where the LP is solved in accor 
dance with block 24. Although various programs are 

55 commercially available in the art, one particularly suit 
able program listing for solving the LP is attached 
hereto as Appendix D-2. The resulting LP solution may 
then be transmitted to the local computers associated 
with the various units including the local computer 624 

60 of the catalytic cracker 610. 
In accordance with block 28 of FIG. 2, the proposed 

change in one of the units such as the catalytic cracker 
610 is now checked utilizing the local objective func 
tion to see if the proposed change will be consistent 

65 with overall system optimization. This check of the 
local objective function may be performed utilizing a 
standard linear optimization program such as the afore 
said "Least Squares Estimation of Nonlinear Parame 
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ters' commercially available as SHARE Distribution 
No. 3094. 

If the local objective function for the proposed 
change in the unit is satisfied, the local computer such 
as the local computer 624 may actually make the 
change in operating conditions by adjusting the valves 
of the catalytic cracker 610 or one of the other units. 
In addition, the local computer 616 may actually cor 
rect the LP as depicted by block 30a of FIG. 2a, using 
the program described in the listing attached hereto as 
Appendix A and previously referred to in conjunction 
with the flow diagram of FIG. 9. This change in local 
operating conditions and correction of the LP may be 
reiterated so as to optimize the local units consistent 
with the overall optimization of the system. 

In the analog computer embodiment of FIGS. 7(a-d) 
and 8(a and b) and the digital computer embodiment 
for the system of FIGS. 9 and 10, the correction of the 
LP has actually been performed at the local computer 
where it has been assumed that the local computer has 
sufficient capacity to perform this function. However, 
the block diagram of FIG.2 actually indicates that cor 
rection of the LP can be performed at the system com 
puter where the local computer has insufficient capac 
ity to perform this function. In reality, this seldom is the 
case since the computer program for correcting the LP 
is relatively simple, at least as compared with the pro 
gram for initially solving the LP. This simplicity of the 
LP correction program which may readily be seen by 
reference to the program listing of Appendix A and 
comparison with the program listing for solving the LP 
of Appendix D-2, not only permits the correction to be 
performed at the local computer but also saves consid 
erable computer time by eliminating the necessity for 
solving the LP again utilizing the rather involved LP so 
lution program such as that represented by the listing 
of Appendix D-2. 

XIII. Modified Method of Operating a Complex 
Processing System 

In the foregoing, a sensitivity analysis has been per 
formed on a perturbation of the yield coefficients in an 
LP. This sensitivity analysis has been performed at the 

Product Yield, vol% 
Gasoline 
Heating Oil 
Lube Oil 
Jet Fuel 
Loss 

Crude Available, bbl/wk 
Profit, S/M bbl Crude 

local operating units to permit the local unit managers 
to optimize their units consistent with the overall opti 
mization of the system. However, this sensitivity analy 
sis need not be performed at the local unit level and it 
need not be performed on a perturbation which is con 
sistent with local optimization. It may for example be 
advantageously performed at the overall system plan 
ning level where it becomes desirable to determine how 
a slight change in one or more yield columns p, will af. 
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34 
fect the overall optimization of the system regardless of 
the effect on the local optimization. A method utilizing 
this type of sensitivity analysis will now be described 
with reference to FIG, 4. 
Assuming that the yields for the various units have 

been estimated, the LP solution for the system is solved 
at the overall system planning level using the estimated 
yields as indicated at block 34. A check is then made 
at the planning level to determine if a change in yields 
for a particular unit will satisfy the local objective func 
tion of that unit as indicated at block 36 so as to further 
optimize the overall system. If the change in yield will 
satisfy the overall objective function as indicated, the 
change in yield is transmitted to the local unit con 
cerned as indicated at block 38. Then, using a mathe 
matical model, the local unit determines if a change in 
the local operating conditions may be made as indi 
cated at block 40. If and when the local unit makes the 
change, an indication to that effect is transmitted to the 
overall system planning as indicated at block 42. In 
block 44, the LP solution is corrected for the new yield 
by overall system planning. This process may also be 
iterated. 

IX. Another Numerical Example 
This type of sensitivity analysis will now be described 

with reference to the simplified refinery of Bightler and 
Wilde shown in FIG. 4. The refinery comprises a fuel 
processing unit 46 including a local processing com 
puter 48 and a lube processing unit 50 including a local 
process computer 52. The scheduling for the units of 
this system is planned at the overall system planning 
level through the use of an overall system computer 54. 
Four grades of crude oil are fed to this refinery with all 
four going to the fuel processing unit 46 and only crude 
4 going to the lube processing unit 50. An overall sys 
tem or planning level computer 54 is in communiction 
with the units 46 and 50 through data links 56. 
The products produced by this refinery are gasoline, 

oil, jet fuel and lube oil. A set of constraints on the 
availability of four different crudes and product de 
mands are shown on the following Table 1. 

Table 1 

Product Yields and Constraints 
Crude Identity Product 

2 3 4 on order, 
Fuel Lube bbl/wk 

0.6 0.5 0.3 0.4 0.4 is 170,000 
0.2 0.2 0.3 0.3 0. s: 85,000 
0. O 0. O O.2 s 20,000 
0. 0.2 0.3 0.2 0.2 s 85,000 
O. 0.1 0. 0. 0. - 

100,000 00,000 100,000 -200,000- -- 
00 200 70 150 250 H 

60 The first column in Table 1 implies that 1 bbl of 

65 

crude 1 is converted to 0.6 bbl of gasoline, 0.2 of heat 
ing oil, no lube oil, 0.1 jet fuel, and 0.1 bbl loss during 
the process for the profit of $100/M bbl of crude. The 
sixth element of this column represents the 100,000 bbl 
of crude available per week. The first row of Table 1 
represents the constraint on gasoline demand. The total 
gasoline production rate must be lower than 
170,000 bbl/wk. The objective is to find the set of feasi 
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ble crude production rates which maximize the profit 
36 

The simplex multipliers then become 
by the equation 

Z = 100 x + 100x3 + 70 x + 150 x + 250x. 5 
(58) 

z = ye’ = (0, -113.33, 0, - 66.67, - 113.33, - 
100, - 600, 0) (62) 

Having now solved the LP as indicated at block 34, 
where x represents the processing rate of the ith crude. the effect of a change in yield at a particular unit is de 
Using the notations utilized by Beightler and Wilde, the termined as indicated at block 36. More particularly, a 
Simplex Tableau of this example is given by Table 2 10 determination is made to see if change in yield at a par 
where u-, and u are slack variables. ticular unit will improve the overall objective function. 

Table 2 

Simplex Tableau 
ld ld id: 

100 
100 
100 

1 200 
170 
85 
20 

1 85 

250 () O O O O O O O 2. 

: 
3. i 

OO 70 

The following optimal solution may be obtained: To demonstrate this type of sensitivity, it is assumed 
F 37.5 Mbbl 25 that the product yield distribution of the lube oil part 

r = 00 Mbb of the refinery is slightly changed. 
= 58.33 Mbbl with z = $67,833 week 

8 MS Assume that the yield of gasoline can be reduced by 
5% to 0.35, heating oil increased by 5% to 0.15, lube 

The optimal table can now be modified as shown in 30 oil increased by 5% to 0.25, and finally, jet fuel de 
Table 3. creased by 5% to 0.15. As the distribution of the prod 

Table 3 

Simplex Tableau of Optimal Solution 

d 4; . . ...: s u li t s t b 
() () O O O O O 75 2S -25 2.5 2.5 62.5 

O O O O O () O O O O 0 OO. 
O O O O O O O O.67 0.833 667 -5 -5 4.67 
O () O O O O O O 1 O O -5 00. 
O O O O O O O -75 -25 2.5 -2.5 -2.5 37.5 
O O O O) O 1 O) O -0.67 -0.833 -67 5 5 58.33 
O O 0 O O O O O O O O 5 100. 
O O O O O O O -0.075 0.075 25 25 -1.25 3.75 

-33.3 - 66.7 -3.3 -00 600 -67.833 

The base matrix consists of columns of u1, x2, us, xi, 45 uct yield changes, the marginal profit should also 
x, a x5, u, and change. Thus, let the profit from the lube plant with the 

new product yields by $200/M bbl, down by $50/M bbl 
B = u t t (59) from the original case. One of the immediate questions 

O O O O O O is whether the lube plant should be moved to the new 
O. O. 0 O O () so operating conditions or not. An intuitive answer is no 
8 8s s 8. 4. 86 83 34 8 because local profit would decrease since the lube 
O O.2 s g3 82 g3 8. 8 plant makes less gasoline, generally the most valuable 
0 0 a. O 0.2 O. O.2 O. O.3 0.2 l product, thus losing some of the marginal profit. It will 

however be shown otherwise using the sensitivity analy 
The inverse of this is 55 sis of this invention. 

(60) 

The row vector of the cost coefficients of basic col- 65 
umns is given by the following Equation: 

y = (0,-200, 0, - 150, -100, - 70, - 250, 0) 
(6) 

1.0 75 () 25 -2.5 2.5 2.5 O 
O O O O O O O 
O 0.167 0.833 1667 -5 -5 O 
O 0. O O O -5 O 

-75 O -.25 2.5 -2.5 -2.5 O 
O -0.67 0 -0.833 -667 5 5 O 
O O O O O O 5 O 
O -0.075 0 O.O75 0.25 -25 -1.25 1 

As indicated at block 38, it is important to know if 
the objective function is satisfied, i.e., whether the 
overall profit increases. If the local objective function 
(Ac. It Api) is greater than zero, the overall profit 
of the refinery will increase. It may be seen, substituting 
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the suitable values into this equation, that 
O 
O 
O 
O 

-0.05 
--0.05 
--O.05 
-0.05 

(Acar'AP) = 50 - 1 = 79.333>0 

Therefore, the overall refinery profit is assured to in 
crease if the manager can move the lube plant to the 
new point. Notice that this is contrary to intuition. Hav 
ing thus satisfied the local objective function, the man 
ager of the local unit may be notified that he can make 
the change. When the manager determines if he can 
make the change as indicated at block 40, the overall 
system planning is notified and the LP solution is cor 
rected as indicated at block 42. 
From Equation (22), the sensitivity column is 

Sw 0.375 
Sr. O 
Sas -0.5.8333 
Sr. - -0.25 AAP -535 (64) 
Sir 0.5833 
. 0.25 

s -0.1875 
su 

From Equation (23), the new solutions are also di 
rectly obtained. For instance, 

She 0.375 
u = u- fit x', = 62.5 - as (100) = 32.5 
Similarily, 

x = 100 - 0 = 100 
a = 41.67 - 0.5833(80) = 88.33 
x = 100 + .25(80) = 120 (65) 
x = 37.5 + 0.375(80) = 67.5 
x = 58.33 - 0.5833(80) = i 1.67 
x = 100 - 0.25(80) = 80 
u= 3.75 + (0.1875)(80) = 18.75 

Since none of these become negative, the new solu 
tion is feasible. It remains to show if the new solution 
is optimal. The row of 3 corresponding to rs is from 
Equation (60), Es 

Br. (0, 0, 0, 0, 0, 0, 5, O) (66) 
According to Equation (25), the inverse of the new 
base matrix, g, is exactly the same as g except for the 
seventh column for 

CASE 84 04 
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0.375 

= g + Q, 0, 0, 0, 0, 0, 25 (5).0 (67) se: s 

O 

0.583 
+ --(5) 

0.25 
+ - (5) 

0.375 
+ - (5) 

0.5833 
26 (5) 

0.25 
- - , (5) 

0.85 
+ - as (5) 

The changes in Simplex multipliers are by 

Acis Trap 
An = -i- (-e- 

s 78.333 

- (0,0,0,0,0,0, -?i-(5),0) (68) 
Thus, 

ar' = (0, - 1 13.33, 0, - 66.67, - 133.33, - 100, 
-913.33, O) 

The optimality is confirmed for 
C = C- Aap, s 0 for j = all nonbasic (69) 

columns 
Although not described in detail, it will of course be 

appreicated that three or four or more levels of optimi 
zation may be achieved utilizing this invention. For ex 
ample, it is possible to correct LP describing the opera 
tion of two or more plants utilizing this invention while 
also correcting an LP describing the operation of vari 
ous units in each plant. Such a system would involve a 
system computer, a plant computer and local comput 
ers for the units in the plant. 
Although specific embodiments have been described, 

it will be understood that the various modifications may 
be made without departing from the spirit and scope of 
the invention as set forth in the appended claims. 

FORTRAN IV MODEL 44 PS WERSION 3. LEVE 2 DATE 7358 PAGE OOOl 

C PROGRAM LPAdJST 
C ADJUSTS LP SOLUTION AT THE UPPER LEVEL WITH THE SENSTIWTY 

- - c COEFFICIENTS METHOD 
C 

OOO DIMENSION BASEO (2,2), BINWO 2, 2) GAMO (2), PIO (2),BBARO (2), POLD (2,4}, 
CBARO (4), PNEW (2, 4), DELP (2, 4), COLD (4), CNEW (4) DELC (4), S (2), EXOLD (4) - 

2, EXNEW (2), BINVN22), PINEW (4) DELPI(4) CBARN (4) 
C READ IN WAUES OF THE AS LP SOLUTION 

0.002 PRINT 90.2 
0003 READ 901, MDISTB, NROW, NCOLMN 
OOO4 NROWP = NROW + 1 
0.005 PRINT901, MDISTB, NROW, NCOLMN - 
0.006 READ 900BASEO 
0.007 PRINT900, BASEO --- 
O008 READ 900BINWO 
O009 PRINT900, BINWO 
000- Do 90 J-NROWPl, NCOLMN 
0.01 READ 900, (POLD (I,J), IsiNROW) 
002 90 PRINT900, POLD (I,J), Isl, NROW) 
OO3 READ 900, GAMO 
004 PRINT900, GAMO 
005 READ 900, PIO 
0.016 PRINT900, PIO - 
007 READ 900 COLD 
O08 PRINT900 COLD 
O09 READ 900 CBARO 
OO2O PRINT900, CBARO 
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CASE 8.404 
AppENDIx "A" - Continued 

FoRTRAN IV MODEL 44 PS - VERSION3. LEVEL 2 DATE 73 lis8 . . . . . PAGE 000l. 
C PROGRAM LPACJST 

- - - - C Austs LP SOLUTION AT THE UPPER LEVEL WITH THE SENSITIVITY T - - - - 
C COEFFICIENTS METHOD 

002 READ 900, BBARO 
O022 PRINT 900, BBARO 

c READ IN NEW YED WECTORS 
0023 READ 900, (DELP (I, MDISTB) all NROW) 
O024 PRINT900, (DELP (I, MDISTB), I=l, NROW) 
0.025 READ 900, DELC (DISTB) 
0.026 PRINT900, DELC (MDISTB) 

C DEFINE SENSITIVITY COEFFICIENTS 
002 Do I30 INROW --- 
O028 SSUM = 0. 
0.029 Do I2O JEI, NROW 
0.030 sINT =BINVO (I,J) * DELP (J, MDISTB) - 
003 20 SSUM=SSUM-SINT 
0.03.2-lost SSUM 
APPENIX "A" 

FORTRAN IW MODEL 44 PS WERSON 3. LEWEL 2 DATE 7358 PAGE 0002 
C CACULATE NEW SOUTONS 

0.033 DO 140 IslrOW 
0.034 140 ExNEW (I) =BBARO (I)-S (I) / (l. --S (MDISTB) )*BBARO (MDISTB) 

C CAICULATE NEWINVERSE MATRIX 
0.035 Do l80 I-1NROW 
0036 O Jer 
0.037 l60 BINVN (I,J) =BINVO (I,J) -s (I)A (l. +s (MDISTB)) *BBARO (MDISTB, Jy 

- C - CALCULATE NE-SIMPLEX MULTIPLIERS 
0.038 00 lo I=l NROW 
0.039 SCSOMEO 
004 O SCINT= S (I) COLd (I) 
004. 70 SCSUMSCSUMSCINT 
0.042 DO 80 =l NROW 
0.043 DELPI (I) = (DELC (MDISTB) - SCSUM) A (l. S (MDISFB) BINVO (MDISTBI) 
0044 80 PINEW(I) =PIO (I)+DELPI (I) 
- C - - CALCULATE NEW RELATIVE.COSTS 

0.045 DO 200 J-NROWPll NCOLMN 
0.046 DELPIPO. 
0.047 DO 90 K=NROW 
0.048 DPIPIN=DELPI(K) POLD (KJ) 
0.049 190 deIPPsepp--d-PIN 
0.050 2O) CBARN (J) =CBARO (J-DELPIP 

C PRINT OUT ADJUSTED SOLUTIONS 
005 PRINT 90.3 
0.052 PRINT 900, 
0053 PRINT 900, EXNEW 
0.054 PRINT 900, BNVN 
0.055 PRINT 900, PINEW 
0.056 PRINT 900, CBARN 
0.057 900 FORMAT (8FlO. 6) - 
0.058 90l FORMAT (8IlO) 
0.059 902 FORMAT (1H) --- 
O060 90.3 ForMAT illHot + OUTPUT * *) 
O06. STOP 
0.062 END - - --------- -- 

y 

APPENDIX "B-1 45 X and k parameters b, and given n observations 
March 1964 

TIMATION OF NONLINEAR (Y1, X1, X12. . . . . Xin) i F 1,2... . . . . ra, T- RES E A LEAST-SOUA S this program will compute the least-squares estimates PARAMETERS b. That is, the program will adjust the b to minimize 
by 50 

Donald W. Marquardt 
This program is a revision of Share Distribution No. 
1428 by T. Baumeister, III and Donald W. Marquardt. 

In addition to Mr. Baumeister, the following 
programmers have contributed significantly to the 
present version: J. Ann Sheldon, Ruby M. Stanley. 

ENGINEERING DEPARTMENT 
E.I. DUPONT DE NEMOURS AND CO., INC. 

Wilmington, Delaware 
LEAST-SQUARES ESTIMATION OF NONLINEAR 

PARAMETERS 
I, Purpose 
Given a model 

Y. = (xii, Xis. . . . . X; b, b. . . . . b11) 
which predicts the value Y, of a dependent variable Y, 
where the model 1 contains m independent variables 

55 

60 

65 

d = X (Y, -r, 
isl 

The program provides options to use analytic or esti 
mated derivatives aft a bi, to control printing, to omit 
parameters (i.e., fix their values and obtain a con 
strained minimization of d), and to plot the observed 
and predicted values. Confidence limits for the esti 
mated parameters are also computed. The program is 
written in FORTRAN IV, employing the maximum 
neighborhood algorithm and other computational pro 
cedures described in Reference 1 and the Appendix of 
this writeup. The program makes no use of machine 
code inserts. 
II. Procedure 
The user must supply the following items: 
a. A FORTRAN subroutine named F CODE to evalu 

ate Y for a specific combination of Xu, and b1. F 
coding evaluates the function Y, for one data point 
each time it is executed. 
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b. A FORTRAN subroutine named PCODE to eval 
uate 8 Yuld b fr h, ..., b. P coding evaluates the ana 
lytic derivatives of the function Y, for the same data 
point just processed by F coding. 

c, A FORTRAN subroutine named SUBZ which is to 
be performed once as soon as the data are read in, e.g., 
to compute constants needed by F coding and P cod 
ling. 

d. The data (Y, X11, 8 , Xin) C l, . . . . . 
During execution of the program, F coding will some 
times be used alone and will sometimes be followed in 
mediately by P coding. If analytic derivatives (in P 
Coding) are not supplied, or if it is desired not to use 
them, the program will calculate estimates of a Yf ab 
using finite-difference approximations. It should be 
recognized that use of estimated derivatives will usually 
increase the computing time relative to the use of ana 
lytic derivatives, since the finite-difference derivative 
expressions for k parameters require (k = 1) evalua 
tions of Y. The initial guesses for the b must be differ 
ent from zero if estimated derivatives are used, since 
the estimated derivatives are calculated by the form: 

of - f(bit (A)b) f(b) 
0 b, T (A)b, 

where the multiplier A = 10 is used unless overridden 
by input option. If the model is insensitive to some of 
its parameters, then use of a larger value of A may be 
required to prevent zero increments for these parame 

input Mathematical FORTRAN 
item No. Symbol Label Format 

N 13 
k K 13 
p P 13 
m M 13 

IFP 13 

WS 1 13 
IWS 2 3 

WS 3 3 

IWS 4 3 

WS 5 3 

WS 6 3 

YMN F0.0 
SPRO F10.0 

10 

5 

20 

25 

30 

42 
NPRNT is the number of such auxiliary words 
(NPRNT s 5). The program assumes NPRNT = 0 un 
less SUBZ sets NPRNT 4. O. 
IV F Coding 
The FORTRAN coding to evaluate the function F is 

called for by CALL F CODE (Y, X, B, PRNT, F, I) 
with the dimensioned variables being Y(500), 
X(500, 10), B(50), PRNT(5). 

Mathematical Symbol FORTRAN Vatiable 

: 
If NPRNT 7 0, then F coding must set up PRNT(JJ), 
JJ = 1,..., NPRNT, to contain the desired output in 
formation. 
V. P Coding 
The FORTRAN coding to evaluate a Yf a bi, j = 1, 

..., k is called for by CALL P CODE (P, X, B, PRNT, 
F, I). The dimensioned variables are P(50), X(500,10), 
B(50), PRNT(5). The functions Y/ b are labeled 
P(J). This subroutine must be included even if it is 
empty. 
VI. Input Preparation 
The input cards for a particular case are assembled 

in the following order, all items being required always 
except where indicated otherwise: 

Card 
Columns Comments 

No. of data points 
Total No. of parameters 
No. of held count parameters (IP-50) 
No. of independent variables 
IFP = Q00 to tabulate 

Yi, Y, (Y = Y), PRNT(1),..., PRNT(5) 
IFP = 001 to plot Y, Y, 
Doesn't apply 
= 0 Analytic Derivatives 
= Estimated Derivatives 
= 0 Abbreviated Printout 
= Detail Printout 
= 0. No Force Off 
= No Forced Branch to Confidence Region 

Calculation after No, literations 
as 0 Sense Switches Not Interrogated 
= 1 Sense Switches Interrogated 
= 0. Nonlinear Confidence Limits Desired 
= 1 Omit Nonlinear Confidence Limits 
Left side of plot 
Spread of plot 

-3 
4-6 
T-9 
10-2 
13-15 

-3 
4-6 --- 

7-9 

0-12 

3-15 

16-8 

-10 
11-20 

ters due to the finite-difference derivative rounding to (Item 3 is required only if IFP=001; Format statement 
s 

Zero. 

III. Initialize Coding 
The FORTRAN coding to read in case constants, 

perform preliminary calculations required by a case, or 
any other one-time operations desired, is called for by 
CALL SUBZ (Y, X, B, PRNT, NPRNT, N). The di 
mensioned variables are 
Y(500),X(500, 10),B(50),PRNT(5). Variables used in 
more than one subroutine must be linked through 
COMMON statements. As described under Output 
(SECTION IX), as many as...five words of auxiliary in 
formation (e.g., values of independent variables, etc.) 
may be printed alongside the Yi, Y, (Y, -Y) values. 

for item 3 is 930. Card for item 3 must be omited if IFP 
= 000.) 

IB(1) 13 1-3 Subscripts of omitted b's. 
60 IB(2) 13 4-6 

IB(IP) 

65 (Item 4 is required only if IP D 0. Omit item if IP = 0. 
Format statement is 900; note that two cards are re 
quired if IP D 25. A zero or blank subscript will given 
an error mesage and cause program to go to next case.) 
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F- (k-p, m-k-hp) FF F.O.O. - O Wariance ratio statistic 
t- (n-k+p) T FO.O 20 Student's t 
e E FO.O 2-30 Convergence criterion 

TAU FO.O 3-40 Convergence criterion 
Alu X FO.O 4-50 Program parameter 
y GAMCR FO.O 5-60 Critical angle 
A. DEL F0.0 6-70 Used in finite-difference derivatives 
Z. ZETA FO.O 7-8O Singularity criterion for matrix inversion 

Any or all of the quantities in Item 5 may be left blank 
on the card. If this is done, the program will supply the 
following values as being reasonable for most situa 
tions: 
FF = 4.0, T = 2.0, E = 5 x 10, TAU = 1 O, XL = 
102, GAMCR = Tf4, DEL = O, ZETA = 10 

(Format statement is No. 931.) 

b(0) B(1) FOO I.-O. Initial guess for 
bo B(2) FOO 1-20 parameters, 7 per card 
e etc. FO.O thru 

6-0 

input 
Etern No. Conments 

7 This item is a single card containing the format statement 
according to which the data (tem 8) are to be read. 
Column contains the opening parenthesis of the format 
statement; the statement must end at or before column 
60. 

8 This item consists of n sub-items. Each sub-item is the 
input data for one observation, punched according to the 
format statement in item 7. The sequence of the variables 
in a sub-item must be, Y(I) X(1,1) X(.2) through 
X(,M). Each Y(1) must begin on a new card. 
As supplied, the program has the dimensions N = 500, K 
= 50, M = 10. These limits can readily be altered by 
changing the dimension statements. 

9 Any case data read in from subroutine SUBZ should go 
here. 

O Sequential cases may be stacked by repeating Items 
through 9. A blank card after the last case will cause a 
normal stop without error message. Without the blank 
card a systems stop indicating end of file on data tape will 
OCC 

VII. Operating Procédure 
Assemble the main program deck (FORTRAN 

source deck or binary deck), as well as subroutines 
SUBZ, F CODE, P CODE according to IBSYS proce 
dure. The subroutines must all be included even if they 
are empty (i.e., contain only a DIMENSION statement 
and a RETURN statement). Data for as many cases as 
desired can follow. 

O 
Note: If k > 25,the program automatically uses FOR 
TRAN logical Tape 3 for intermediate storage. Thus 
if k > 25 a scratch tape must be mounted on Tape 3 
for use during execution of the object program. (See 
"Comment,' Section XI.) 

VIII. Sense switches 
lf IWS 5 = 0, no sense switches will be interrogated; 

if the user is not present at run time he can thereby pro 
tect against operator error. 

If IWS = 1, the program will stop on PAUSE 5. The 
Sense Switches can now be set, and will be interro 
gated. 

15 

switch ON OFF 

Detailed Output No Detailed Output 
on On-Line Printer on On-Line Printer 

2 Estimated Derivatives Analytic Derivatives 
3. Detailed Printout Abbreviated Printout 

30 on Output Unit on Output Unit 
4 Forced Branch to 

Confidence Region 
Calculations 

5 Forced Branch to 
Next Case 

35 
Clearly, these switch settings imply certain assignments 
of output units in the IBSYS system. The program re 
fers to file 6 for the system output unit and to file 12 
for the on-line printer. 

40 IX. Output 
The program initially prints 

45 N= K= P= M= FP = GAMMA CR = DEL= 
FF's Te Es AU= XL- ZETA= 

50 a. With IWS 3 = 1, or IWS 5 = 1 and Sense Switch 
3 ON, and IFP = 000, detailed printout is obtained at 
each iteration in the following format: 

PARAME- B( ) B(K) 
TERS 
OBS PRED OFF PRNT(t) PRNT(2) PRNT(3) n of these, 

format 
PRNT(4) PRNT(5) state 

S 
PH SE LAMBDA ANALYTC PARTALS 

USED 
NCRE- DB(1) DB(K) 
MENTS 

(b (A) 
P AMBDA GAMMA LENGTH 

NCRE- DBC 1) DBOK) 
MENTS 

d(A710) 
P GAMMA LENGTH 

AMBDA 
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(Similar printouts for d (10X), etc., if needed.) 
(LENGTH is the length of the DB(J) vector.) 

If IFP = 001, then the lines containing Y(I), F, etc. 
are replaced by a plot showing observed (O) and pre 
dicted (P) values for visual monitoring of the fit. See 
Section X for details. 

b. With Sense Switch 3 OFF, or IWS 3 = 0, the abbre 
viated printout at each iteration is in the format: 

5 

46 
showing for ech data point (each line of output) the ob 
served and predicted values. If the data points as sup 
plied to the computer are ordered with respect to an in 
dependent variable, X1, and are equally spaced with re 
spect to that independent variable, then the plot option 
will provide a good visual portrayal of the curve of Y 
and Y versus X. If the ordering of the data points is 
otherwise, the plotting option will still provide a quali 

PARAME- B(1) B(K) 
TERS 
PH SE LENGTH GAMMA LAMBDA ANAYTIC PARTALS USED 

c. The program may branch to the confidence-region 
calculations by any of four routes. See Exhibit A for de 
tails. One of the following messages will appear on the 
printout to identify the route taken: 

Message Remarks 

EPSON TEST 
GAMMA LAMBDA 

Standard convergence route 
Alternate convergence route 

TEST 
GAMMA EPSILON Alternate convergence route 
TEST 
FORCE OFF Wia WS 4 or Sense Switch 4 

After this message, the following output is printed: 

One complete iteration of detailed printout is printed, 
either with tabulation of Y(1), F, etc. (IFP = 0 ) only, 
or with plotting (IFP > 0) as well. 
PTP INVERSE 

(Listed by row, 5 columns at a time. Error message 
will occur if any diagonal element is negative.) 

PARAMETER CORRELATON MATRIX 
(Listed by row, 10 columns at a time.) 

One-parameter and support-plane linear confidence in 
tervals, along with the standard errors of the b, in the 
format: 

STD ONE PARAMETER SUPPORT PANE 
B ERROR LOWER UPPER LOWER UPPER 

NONLINEAR CONFEDENCE LIMITS 
PHCRTCAL = 
PARA LOWER B LOWER PH UPPER B UPPER 
PH 

X. Plotting Option 
The plotting option is obtained whenever IFP 2 001 

in Input Item 1. The plotting option replaces the tabula 
tion of Y(I), F, (Y(I) - F), PRNT (1), etc., with a plot 

20 

25 

35 

40 

45 

55 

tative feel for the goodness of fit, since the dependent 
variable is always accurately represented. An example 
of plotting-option output is shown in FIG. 1. 

The plots are accurate to 1 part in 100. Specifically, 
the user must supply 

YMN = Y value at left end of plotting area 
SPRD = Range of Y values to be covered in plot 

The plotting area is 101 character positions wide begin 
ning at position 2. A point, PT, is plotted from the (II 

2) position, according to the formula 

(PT 
YMN)* 100 
SPRD 

I = 

The symbols which may be plotted are 

Symbol Meaning 

O Observed watue of Y 
P Predicted value of Y 
Y Both observed and predicted values occupy the 

same plotting ition 
X At left edge of plotting area indicates that Il-20 

At right edge of plotting area indicates that 
100 

At the top of the plot a -- symbol is printed at the left 
(II =0) and the right (II = 100) edges of the plotting 
area. Just above these symbols are printed YMN and 
(YMN -- SPRD) respectively as a record of the scale 
used for plotting. 
XI. Program Listing 
Attached is a complete listing of the FORTRAN 

statements which make up the program. 
Comment: If it is necessary to change program dimen 
sions to accommodate a particular machine or prob 
lem, the criterion dimension (Cards l l 1, 339, 463, 
572, 636) for writing matrix A on logical tape 3 must 
always be s 4 (Number of rows given in dimension 
statement for matrix A). 

REFERENCE 

1. Marquardt, D. W., "An Algorithm for Least 
Squares Estimation of Nonlinear Parameters," J. Soc. 
Indust. and Appl. Math., 11, No. 2, (1963) 431-441. 
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TABLE 

LABELS USED BY PROGRAM 

FORTRAN 
Label Mathematical Symbol" Meaning 

B.A() Working storage for bi's 
BC Working storage 
B(J) b Value of jth parameter 
B Lower nonlinear confidence limit 
BS(J) Working storage for hi's 
EU Upper nonlinear confidence limit 
CGAM cosy 
D Used in nonlinear confidence 
DEL A Multiplier used in finite-difference 

derivatives 
OD Working storage 
DB(J) K8 Increment to b 
DBW Working storage for b in est. 

partials 
OD S8, 
TG 8g. 

E e Convergence criterion 
F , Predicted value of dependent 

variable at ith data point 
FF F-a(k-p,n-k-hp) Variance Ratio Statistic 
FWS Working storage for Y in est. 

partials 
GAMCR o Critical angle 
G() 2. Right-hand side of normal 

equations 
GG SG, 
HUD Half-length of support-plane 

confidence interval 
Counter; during 
F-coding and P-coding 
l=data point number 

TABLE -2 

FORTRAN 
Label Mathematical Symbol Meaning 

BCH Symbol for a blank column on card 
or printer 

BJ) Subscript of an omitted b 
BKA Return switch for main program 
BKM Return switch for matrix inversion 
BN Switch showing upper or lower 

nonlinear conf. limits 
BKP indicator showing which nonlinear 

conf. limits have not been found 
BKT Switch showing use of A or Tape 3 
BK Return switch from DBCJ) Calculation 
BK2 Return switch from PHI Calculation 
BOUT Flag indicating bad data 
FP Plotting option indicator 

Counter 
Counter 

M - 
OCH The symbol O (alphabetic) 
P p No. of omitted parameters 
PCH The symbol P 
PP No. of blanks preceding character 

P in plot 
P First symbol plotted 
IP2 Second symbol plotted 
TCT Switch showing if first iteration 

ot 
WHER A logical indicator to show 

calculations to be performed 
and where to return to in 
convergence program 

WS Working storage 
XCH The symbol X 
YCH The symbol Y 
M No. of blanks before first symbol 

plotted 

48 
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TABLE -3 

FORTRAN 
Label Mathematical Symbol Meaning 

IM2 No. of blanks between plotted 
symbols 

JJ A counter 
JP j+ 1 
K k No. of parameters 
KP K-P 
L A counter 
M No. of independent variables 
MSNG Indicator for singular matrix 
N r No. of data points 
NPRNT No. of words of auxiliary info to 

be printed with YYT) 
OPL One parameter lower limit 
OPU A. One parameter upper limit 
P(J) Y/ b, 
PC d Phi critical 
PH d Sum of squares of residuals 
PHD d(D) 
PHL h PHILO b(x/10) 
PHT O b(10X) 
PHZ b(O) 
PKN Working storage = (K-P)f 

(N - K - IP) 
PL Phi for lower nonlinear confidence 

limit 
PRNT(1) Auxiliary info. for printing with 
- Yi Yi, Y = Y) 

PRNT(5) 
PU Phi for upper nonlinear confidence 

limit 
SA() Working storage 

TABLE 1-4 

FORTRAN 
Label Mathematical Symbol Meaning 

SE se Sp'd error of estimate 
SPL Support plane lower limit 
SPU Support plane upper limit 
SPRD Spread of plot 
STE Std error of b 
T t-a(n-k-hp) Student's 
TAU T Constant used in convergence test 
TWS Working storage 
WS Working storage 
WS Working storage 
WS2 Working storage 
X(,L) X Value of lith independent variable 

at ith data point" 
XKDB K Multiplier of 6 
XK K Used in nonlinear confidence 

interval calculation 
XK2 K FF 
XK3 K 
XL A. Lambda 
XLL Length of DB(J) vector 
XLS Working storage for y 
Y(I) Y, Observed value of dependent 

variable at ith data point 
YMN Left side of plot 
ZETA Singularity criterion for matrix 

inversion 

"Note: The order of the i and j subscripts in this program is interchanged relative to the notation 
of Reference 1. 

M. 

REFERENCES 

B1. Booth, G. W., G. E. P. Box, M. E. Muller, and T. 
I. Peterson, "Forecasting by Generalized Regression 
Methods, Nonlinear Estimation (Princeton-IBM)" 
Feb. 1959, International Business Machines Corp. 
Mimeo (IBM Share Program No. 687 WL NLl). 65 

B2. Box, G. E. P. and G. A. Coutie, Proc. Inst. Elec. En 
grs. 103 Part B, Suppl. No. 1 (1956) Paper No. 2138 

50 

B3. Marquardt, D. W., R. G. Bennett, and E. J. Burrell, 
60 "Least Squares Analysis of Electron Paramagnetic 

Resonance Spectra,' Jour. Molec. Spectroscopy 7, 
269-279 (1961). 

B4. Scheffe, H., "The Analysis of Variance," John 
Wiley and Sons, New York, 1959. 

B5. Stone, H., Discussion on paper by E. M. L. Beale, 
J. Roy, Statist. Soc., Ser. B., 22 (1960), p. 41 ff. See 
espec. pp. 84,85. 
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Case 84 04 APPENDIX "B-2" 

FORTRAN IV MODEL 44 PS VERSION 3, LEVEL 2 DATE 73233 

C PROGRAM RUNMARC 
C THIS IS EQUIVALENT TO SUB2. 
C WE DO NOT NEED SUBZ ANY MORE. THIS MAIN PROGRAM 

READS IN DATA 
OO Ol CALL, DRQIN 
OO O2 STOP 
OOO3 END 

CASE 84 O4 APPENDIX "B-3' 

FORTRAN MODEL 44, PS VERSION 3 , LEVEL 2 DATE 7 3233 

OOOl SUBROUTINE FCODE (X, B, F, NX, NB, NF, IX) 
OOO2 REAL * 8X, B, F ------ 
OOO 3 DIMENSION X (500, l0), B (30), F (30) 
OOO 4 DIMENSION EQUAL (2), SENS (2), EXO (2) , PIO (2), DELPl(2) 
OOO 5 PNLTY = . E-20 
OOO6 PNLTY2= . E-2O --- 
OOO7 EXO (l) = X (IX l) 
OOO 8 EXO (2) = X (IX 2) 
OOO 9 PIO (l) = X (IX, 3) 
OOO PIO (2) = X (IX, 4) 
OO DELPl(l) =B (l) 
O O2 DELPll (2) =B (2) 
OO 3 Pll=2... +DELPll (l) 
O O. 4 P2l=DELPll (2) 
OO 5 DELCl= (2.-Pll-2. *P2l)/3. 
OO6 SENS (1) = 0. 5* (DELPl(l) - DELPll (2) ) 
OO7 SENS (2) =DELPll (2) 
O O.8 DO O I=l, 2 
OOIL 9 EQUAL (I) =EXO (I)-SENS (I) / (1 +SENS () ) *EXO (l 
OO20 1 O CONTINUE 
OO2 IF (EQUAL (l) . GE. O. ) PNLTYl= 0. 
O022 IF (EQUAL (2) ... GE. O.) PNLTY2=0. 
OO23 F (l) - ( (DELCl - (PIO(l) *DELPl(l) + PIO (2) *DELPl(2)) )* 

l EXO (l) A (l. +SENS (l) )) + PNLTYl + PNLTY2 
0 024 RETURN 
OO 25 END 

CASE 84 O4 APPENDIX "B-4" 

FORTRAN IV MODEL 44 PS VERSION 3, LEVEL 2 DATE 73233. 

OOOl SUBROUTINE PCODE (X, B, F, PNX, NB, NF, IX) 
OOO2 DIMENSION X (500, l0), B (30), F (30), P (NF, NB) 
OOO3 DIMENSION EQUAL (2), SENS (2), EXO (2), PIO (2), DELPll (2) 
OOO 4 REAL* 8X, B, F, P 
OOO 5 AFl. 
OOO6 RETURN 
OOO7 END 












































































































































































