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program Main 
Sun := 0; 
i := 1; 
while i < 11 do 

Since Sri 
:= i+1. 

Od 
end(sun, ) 

Figure 1. 
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procedure MarkVerticesOfSlice(G, S) 
declare 
G: a program dependence graph 
S: a set of vertices in G 
WorkList: a set of vertices in G 
y, w: vertices in G 

begin 
Work is :=S 
while WorkList a 2 do 

Select and remove vertex v from Worklist 
Mark w 

for each vertex w such that edge w-)fy or edge w-> v is in E(G) do 
if w is unmarked then Insert winto WorkList fi 

Od 
od 

end 

Figure 2. 



U.S. Patent Nov. 3, 1992 Sheet 3 of 17 5,161,216 

program Main 
i = 1; 
while i < 1 do 

i := i + 1 
od 

end() 

CENTRY) 

G-5 s= 
CD 

Figure 3. 
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program Main procedure A(x, y) procedure Add(a, b) procedure increment(z) 
sum := 0; call Add(x, y); a := a + b call Add(z, 1) 
i = 1; call increment (y) return Tetra 
while i < 1 do Teturn 

call A (sum, i.) 
od 

end(sun, i) 
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Main x in y in A x out yout 
--- 

1 
- 1 s 

x in y in A x out yout a in bin Add a out b out z in Inc z out 

a in bin Add a out b out z in Inc z out 

E a in b in Add a out bout 

Figure 5. 
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Main x in y in A x out yout 

2s A. a 
6SS.42 a in b in Add a out b out z in Inc z out 

a in bin Add a out bout z in Inc z out 
N 

-- 

E. a in bin Add a out bout 

Figure 6. 
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procedure ConstructSubCGraphs(L) 
declare 

L: a linkage grammar 
p: a production in L 
Xi, XX: nonteminal occurrences in L 
a, b: attributes of nonterminals in L 
X: a nonterminal in L 

begin 
f" Step 1: Initialize the TDS and TDP graphs */ 

for each nonterminal X in L. do 
TDS(X) := the graph containing a vertex for each attribute Xb but no edges 

od 
for each production p in L do 

TDP(p) := the graph containing a vertex for each attribute occurrence Xb of p but no edges 
for each attribute occurrence Xb of p do 

for each argument Xia of Xb do 
Insert edge (Xia, Xb) into TDP(p) 
let X be the nonterminal corresponding to nonterminal occurrence X, in 

if i = 0 and j = 0 and (X.a, X.b) e TDS (X) 
then Insert an unmarked edge (X.a, X.b) into TDS(X) 

f 
ni 

od 
od 

od 
f" Step 2: Determine the sets of induced transitive dependences"/ 

while there is an unmarked edge (X.a, X.b) in one of the TDS graphs do 
Mark (Xa, Xb) 
for each occurrence X of X in any production p do A. A 

if (X.a, Xb)d TDP (p) then AddEdgeAndEnduce(TDP(p), (Xa, Xb)) fi 
od 

od 
end 

Figure 7. 
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Figure 8. 
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procedure MarkVerticesOfSlice(G,S) 
declare 
G: a system dependence graph 
S, S: sets of vertices in G 

begin 
/ Phase 1: Slice without descending into called procedures"/ 

MarkReachingVertices(G, S, (def-order, linkage-exit)) 
/* Phase 2: Slice called procedures without ascending to call sites"/ 
S := all marked vertices in G 
MarkReaching Vertices(G, S', (def-order, linkage-entry, call) 

end 

procedure MarkReaching Vertices(G, V, Kinds) 
declare 
G: a system dependence graph 
V: a set of vertices in G 
Kinds: a set of kinds of edges 
v, w: vertices in G 
WorkiList: a set of vertices in G 

begin 
Worklist := W 

- while Worklist a 2 do 
Select and remove a vertex v from WorkList 
Marky 

for each unmarked vertex w that is a predecessor of v in G 
such that there is an edge w-) v whose kind is not in Kinds do 

Insert winto Worlist 
od 

od 
end 

Figure 9. 
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Figure 10. 
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Figure 11. 
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program Main procedure P(x) 
global war a, b, c := 0, 
b := 0; a := x + b, 
call P(b); call P(c) 
call P(a); Teturn 

end 

Main 

Figure 14. 
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attributes 
Sflowedges withTargets.Subordinate: synthesized 
Sflowedges: inherited 
Sflowedges WithSources.Subordinate: synthesized 
Sflowedgesbefore: inherited 
Sflowedges.After: synthesized 

attribute equations 
Root - S 

S. flowedges.Before e Sflowedges.ith TargetsSubordinate 
S. flowedges as S.flowedges WithTargets.Subordinate 

S -) id := Exp 
Sflowedges WithTargetsSubordinates (Ca, &S><i, a, la e S.reachingpefsBefore m ie Exp. used) 
S.-flowedges withSources.Subordinate = <s, t><s, t2 e Sflowedges M S = 4S) 
S. flowedges.After sS. flowedges.Before - (<s, t>Cs, f> e Sflowedges.Before M S = &S ) 

S1 -> S ; S3 
Sflowedges WithTargets.Subordinate = S-flowedges withTargets.Subordinate 

u Sflowedges with Targets.Subordinate 
S2-flowedges = Sflowedges 
S-flowedges = Sflowedges 
Stflowedges WithSources.Subordinate = Sflowedges WithSources.Subordinate 

uSaflowedges WithSources.Subordinate 
S2.flowedges.Before e Sflowedges.Before 
Sflowedges.Before e Sflowedges.After 
Sflowedges.After = Sflowedges.After 

S -) if Erp then S else S fi 
Sflowedges WithTargets.Subordinates (Ca, &S D Ci, a, 12 e S.reaching0efs before m i e Expused 

uS2 flowedges with Targets.Subordinate u Sflowedges withTargets.Subordinate 
S2 flowedges = Sflowedges 
S3 flowedges = S flowedges 
S1 flowedges WithSources.Subordinate = Sflowedges WithSources.Subordinate 

uS flowedges/ithSources.Subordinate 
S2 flowedgesbefore = Sflowedgesbefore - Sflowedges withSources.Subordinate 
S3 flowedgesbefore e Sflowedgesbefore - S2 flowedges WithSources.Subordinate 
SflowedgesAfter as Sflowedges.Before - Sflowedges WithSources.Subordinate 

- Sflowedges.ithSources.Subordinate 
S1 -) while Exp do S od 
Sflowedges with TargetsSubordinates (Ca, &S> Ci, a, 2 e Sreaching Defibefore m i e Expulsed) 

uS2-flowedges with TargetsSubordinate 
S2 flowedges Sflowedges 
SflowedgeswithSources.Subordinate = Sflowedges WithSources.Subordinate 
Sflowedges.Befores S1 flowedgesbefore 
S flowedges.After sS2-flowedges.After 

Figure 15. 
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(e) 
Sist3E - 3o BERS NCE GRAPH 

FOR EACH CALL SITE INTRODUCE 
A CALL EDGE FROM THE CALL-STE 3. 
VERTEX TO THE CORRESPONDING 
PROCEDURE-ENTRY VERTEX 

FOR EACH PREPROCESSING VERTEX V AT 
A CALL SITE, INTRODUCE A LINKAGE 

ENTRY EDGE FROM W TO THE CORRESPONO 
ING INALIZATION VERTEX IN THE 

CALLED PROCEOURE 

32 

FOR EACH PREPROCESSING VERTEX VAT 
A CALL SITE, INTRODUCEA LINKAGE 

EXT EDGE TO V FROM THE CORRESPOND 
NG FINALIZATION VERTEX IN THE 

CALLED PROCEOURE 

33 

CONSTRUCT THE LINKAGE 
GRAMMAR CORRESPONDING 34 

TO THE SYSTEM 

COMPUTE THE SUBORONATE 35 
CHARACTERISTIC GRAPHS OF THE 

LINKAGE GRAMMAR'S NONTERMINALS 

AT ALL CALL SITES THAT CALL PROCEDURE 36 
NTRODUCE FLOW DEPENDENCY EDGES 

CORRESPONDING TO THE EDGES IN THE 
SUBORONATE CHARACTERISTIC GRAPH 

FOR P 
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INTERPROCEDURAL SILICING OF COMPUTER 
PROGRAMS USING DEPENDENCE GRAPHS 

This invention was made with U.S. Government 
support awarded by the National Science Foundation 
(NSF), Grant #DCR-8603356 and PYI Award #DCR 
8552602. The U.S. Government has certain rights in this 
invention, 
This application includes a microfiche appendix lis 

ting of a computer program having 123 frames. A por 
tion of the disclosure of this patent document contains 
material which is subject to copyright protection. The 
copyright owner has no objection to the facsimile re 
production by anyone of the patent document or the 
patent disclosure, as it appears in the Patent and Trade 
mark Office patent file or records, but otherwise re 
serves all copyright rights whatsoever. 

FIELD OF THE INVENTION 

This invention pertains generally to the field of com 
puter systems and programming and particularly to 
procedures for analyzing program structures. 

BACKGROUND OF THE INVENTION 

The slice of a program with respect to program point 
p and variable x consists of all statements and predicates 
of the program that might affect the value of x at point 
p. The value x at program point p is directly affected by 
assignments to x that reach p and by the loops and 
conditionals that enclose p. An intraprocedural slice 
(i.e., the slice of a single procedure) can be determined 
from the closure of the directly-affects relation. 
Program slicing, originally defined in Weiser, M., 

"Program Slicing," IEEE Transactions on Software 
Engineering SE-10(4) pp. 352-357 (July 1984), can be 
used to isolate individual computation threads within a 
program, which can help a programmer understand 
complicated code. Program slicing is also used by the 
algorithm for automatically integrating program vari 
ants described in Horwitz, S., Prins. J., and Reps, T., 
"Integrating non-interfering versions of programs,' pp. 
133-145 in Conference Record of the Fifteenth ACM 
Symposium on Principles of Programming Languages, 
(San Diego, CA, January 13-15, 1988), ACM, New 
York, NY (1988); slices are used to compute a safe ap 
proximation to the change in behavior between a pro 
gram P and a modified version of P, and to help deter 
mine whether two different modifications to Pinterfere. 

ln Weiser's terminology, a slicing criterion is a pair 
<p,V >, where p is a program point and V is a subset 
of the program's variables. In his work, a slice consists 
of all statements and predicates of the program that 
might affect the value of variables in V at point p. This 
is a more general kind of slice than is often needed: 
rather than a slice taken with respect to program point 
p and an arbitrary variable, one is often interested in a 
slice taken with respect to a variable that is defined at or 
used at p. Ottenstein and Ottenstein point out how well 
suited program dependence graphs are for this kind of 
slicing and propose that program dependence graphs be 
used to represent procedures in software development 
environments. Ottenstein, K.J. and Ottenstein, L.M., 
"The program dependence graph in a software devel 
opment environment," Proceedings of the ACM SIG 
SOFT/SIGPLAN Software Engineering Symposium 
on Practical Software Development Environments, 
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2 
(Pittsburgh, PA, Apr. 23-25, 1984), ACM SIGPLAN 
Notices 19(5) pp. 177-184 (May 1984). 

SUMMARY OF THE INVENTION 

The present invention concerns the problem of inter 
procedural slicing-generating a slice of an entire pro 
gram, where the slice crosses the boundaries of proce 
dure calls. The procedure of the invention for inter 
procedural slicing produces a more precise inter 
procedural slice than the one given in Weiser supra, 
The invention follows the example of Ottenstein, supra, 
by defining the slicing algorithm in terms of operations 
on a dependence graph representation of programs; 
however, Ottenstein only discusses programs consisting 
of a single monolithic procedure, and does not address 
the problem of slicing across procedure boundaries. 
To solve the interprocedural-slicing problem, a new 

kind of graph to represent programs is provided, called 
a system dependence graph, which extends previous 
dependence representations to incorporate collections 
of procedures (with procedure calls) rather than just 
monolithic programs. A new algorithm is presented 
which can be used by a computer to generate the system 
dependence graph. The new representation is utilized to 
provide an improved procedure for interprocedural 
slicing. 

Further objects, features and advantages of the inven 
tion will be apparent from the following detailed de 
scription taken in conjunction with the accompanying 
drawings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

In the drawings: 
FIG. 1 is a program dependence graph for an exam 

ple program which sums the integers from 1 to 10 and 
leaves the result in the variable sum. 
FIG. 2 is a worklist algorithm that marks the vertices 

in G/S. 
FIG. 3 is the graph and the corresponding program 

that result from slicing the program dependence graph 
from FIG. 1 with the final-use vertex for i. 

FIG. 4 is an example system and corresponding pro 
gram and procedure dependence graphs connected 
with linkage entry, linkage-exit, and call edges. 

FIG. 5 is an example of the productions of the linkage 
grammar shown in tree form. 

FIG. 6 is the productions of FIG. 5 augmented with 
attribute dependencies. 

FIG. 7 is a procedure for the computation of a link 
age grammar's sets of TDP and TDS graphs. 

FIG. 8 is system dependence graph for an example 
system. 

FIG. 9 is a procedure, entitled MarkVerticesOfSlice, 
which mark vertices of the interprocedural slice G/S. 

FIG. 10 is a system dependence graph for the exam 
ple program which is sliced with respect to the finaliza 
tion vertex for parameter x in procedure Increment. 

FIG. 11 is the system dependence graph for the exam 
ple program of FIG. 10 which is sliced with respect to 
the finalization vertex afor parameter z in procedure 
Increment. 
FIG. 12 is the complete slice of the example pro 

gram's system dependence graph sliced with respect to 
the finalization for parameter z in procedure Increment. 
FIG. 13 is procedure A's procedure dependence 

graph built using inter procedural summary informa 
tion. 
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FIG. 14 is a program with aliasing and the portion of 
its activation tree needed to compute all alias configura 
tons. 

FIG. 15 is an attribute grammar that describes the 
generation of a program's def-order dependence edges. 5 
FIG. 16 is a schematic system diagram for carrying 

out interprocedural slicing utilizing system dependence 
graphs. 

FIG. 17 is a flow diagram illustrating the steps car 
ried out in constructing a system dependence graph. 

DETAILED DESCRIPTION OF THE 
INVENTION 

The chief difficulty in interprocedural slicing is cor 
rectly accounting for the calling context of a called 
procedure. To illustrate this problem, and the short 
comings of Weiser's algorithm, consider the following 
example program, which sums the integers from 1 to 10: 

10 

15 

program 
MAN 

procedure 
A (x,y) 

sum: = 0; call Add(x,y); 
i: = ); call Increment(y) 
while i < 1 do Teturn 

call A(sum, i) 
od 
end 

procedure 
Add(a,b) 
a: = a + b call Add(z,) 
return rett 

procedure 
increment(z) 

25 

Using Weiser's algorithm to slice this program with 30 
respect to variable e and the return statement of proce 
dure Increment, we obtain everything from the original 
program. However, inspection reveals that computa 
tions involving the variable sum do not contribute to the 
value of z at the end of procedure Increment; in particu 
lar, neither the initialization of sum in procedure MAIN 
nor the call to Add from procedure A (which adds the 
current value of i to sum) should be included in the slice. 
The reason these statements are included in the slice 
computed by Weiser's algorithm is (roughly) the fol 
lowing. The statement "call Add(z,l)" in procedure 
Increment causes the slice to "descend' into procedure 
Add; when the slice reaches the beginning of Add it 
"ascends" to all sites that call Add, both the site in 
Increment at which it "descended" and the (irrelevant) 
site in A. 
A more precise slice consists of the following ele 
ents: 

35 

45 

50 
program 
MAIN A (y) 
i: s i; call Increment(y) 
while i < 1 do return 

cal A(i) 
od 
end 

procedure procedure 

a: = a + b 
rett 

procedure 
increment(z) 
call Add(z,1) 
Teturn 

55 

This set of program elements is computed by the slicing 
algorithm described below. 
To sidestep the calling-context problem, system de 

pendence graphs include some data-dependence edges 
that represent transitive dependences. The cornerstone 
of the construction of the invention is the use of an 
attribute grammar to represent calling and parameter 
linkage relationships among procedures. The step of 65 
computing the required transitive-dependence edges is 
reduced to the construction of the subordinate charac 
teristic graphs for the grammar's nonterminals. It is 

4. 
important to understand the distinction between the 
two different but related "slicing problems:" 

VERSION (1) 
The slice of a program with respect to program point 

p and variable x consists of all statements and predicates 
of the program that might affect the value of x at point 
P. 

VERSION (2) 
The slice of a program with respect to program point 

p and variable x consists of a reduced program that 
computes the same sequence of values for x at p. That is, 
at point p the behavior of the reduced program with 
respect to variable x is indistinguishable from that of the 
original program. 

For intraprocedural slicing, a solution to Version (1) 
provides a solution to Version (2), since the "reduced 
program' required in Version (2) can be obtained by 
restricting the original program to just the statements 
and predicates found in the solution for Version (1). 

For interprocedural slicing, restricting the original 
program to just the statements and predicates found for 
Version (1) does not necessarily yield a program that is 
a satisfactory solution to Version (2). The reason has to 
do with multiple calls to the same procedure: It is possi 
ble that the program elements found by an algorithm for 
Version (l) will include more than one such call, each 
passing a different subset of the procedure's parameters. 
(It should be noted that, although it is imprecise, Wei 
ser's algorithm produces a solution to Version (2).) 
The present invention addresses Version (1) of the 

slicing problem. The interprocedural slicing algorithm 
presented identifies a subgraph of the system depen 
dence graph whose components might affect the values 
of the variables defined at or used at a given program 
point p. A solution to Version (2) requires defining a 
mapping from this subgraph to a program whose behav 
ior at p is indistinguishable from the original program. 
This mapping may involve duplicating code to special 
ize procedure bodies to particular parameter-usage pat 
terns. 

PROGRAM DEPENDENCE GRAPHS AND 
PROGRAM SILCES 

Different definitions of program dependence repre 
sentations have been given, depending on the intended 
application; nevertheless, they are all variations on a 
theme introduced in Kuck, D.J., Mursoka, Y., and 
Chen, S.C., "On the number of operations simulta 
neously executable in FORTRAN-like programs and 
their resulting speed-up," IEEE Trans. on Computers 
C-21(12) pp. 1293-1310 (December 1972), and share the 
common feature of having explicit representations of 
both control dependencies and data dependencies. The 
definition of program dependence graph presented here 
is similar, but not identical, to the program dependence 
representation used by others, such as the "program 
dependence graphs" defined in Ferrante, J., Ottenstein, 
K., and Warren, J., "The program dependence graph 
and its use in optimization," ACM Transactions on 
Programming Languages and Systems 9(3) pp. 319-349 
(July 1987) and the "dependence graphs" defined in 
Kuck, D.J., Kuhn, R.H., Leasure, B., Padua, D.A., and 
Wolfe, M., "Dependence graphs and compiler optimi 
zations," pp. 207-218 in Conference Record of the 
Eighth ACM Symposium on Principles of Program 



5,161,216 
5 

ming Languages, (Williamsburg, VA, January 26-28, 
1981), ACM, New York, NY (1981). 
The definition of program dependence graph pres 

ented below is for a language with scalar variables, 
assignment statements, conditional statements, while 5 
loops, and a restricted kind of "output statement" called 
an end statement. An end statement, which can only 
appear at the end of a program, names one or more of 
the variables used in the program; when execution ter 
minates, only those variables will have values in the 10 
final state. Intuitively, the variables named by the end 
statement are those whose final values are of interest to 
the programmer. 

THE PROGRAM DEPENDENCE GRAPH 15 

The program dependence graph for program P, de 
noted by G, is a directed graph whose vertices are 
connected by several kinds of edges. The vertices of G 
represent the assignment statements and control predi 
cates that occur in program P. In addition, Gincludes 
three other categories of vertices: 

(l) There is a distinguished vertex called the entry 
Wettex. 

(2) For each variable x for which there is a path in the 
standard control-flow graph for P on which x is used 
before being defined, there is a vertex called the initial 
definition of x. See, Aho, A.V., Sethi, R., and Ullman, 
J.D., Compilers: Principles, Techniques, and Tools, 
Addison-Wesley, Reading MA (1986). This vertex rep- 30 
resents an assignment to x from the initial state. The 
vertex is labeled "x :=InitialState(x)'. 

(3) For each variable x named in P's end statement, 
there is a vertex called the final use of x. It represents an 
access to the final value of x computed by P, and is 35 
labeled "Final Use(x)'. 
The edges of G represent dependencies among pro 

gram components. An edge represents either a control 
dependency or a data dependency. Control dependency 
edges are labeled either true or false, and the source of 40 
a control dependency edge is always the entry vertex or 
a predicate vertex. A control dependency edge from 
vertex v1 to vertex v2, denoted by v--c2, means that 
during execution, whenever the predicate represented 
by v1 is evaluated and its value matches the label on the 45 
edge to V2, then the program component represented by 
v2 will be executed (although perhaps not immediately). 
A method for determining control dependency edges 
for arbitrary programs is given in Ferrante, J., Otten 
stein, K., and Warren, J., supra; however, because we 50 
are assuming that programs include only assignment, 
conditional, and while statements, the control depen 
dency edges of G can be determined in a much simpler 
fashion. For the language under consideration here, a 
program dependence graph contains a control depen- 55 
dency edge from vertex vl to vertex v2 of Gp if and only 
if one of the following holds: 

i) v1 is the entry vertex, and v2 represents a compo 
nent of P that is not subordinate to any control predi 
cate; these edges are labeled true. 60 

ii) V1 represents a control predicate, and v2 represents 
a component of P immediately subordinate to the con 
trol construct whose predicate is represented by v. If 
v1 is the predicate of a while-loop, the edge v1-> V2 is 
labeled true; if v1 is the predicate of a conditional state- 65 
ment, the edge vi-v2 is labeled true or false according 
to whether v2 occurs in the then branch or the else 
branch, respectively. 

20 

25 

6 
A data dependency edge from vertex v to vertex v2 

means that the program's computation might be 
changed if the relative order of the components repre 
sented by v1 and v2 were reversed. As used herein, 
program dependence graphs contain two kinds of data 
dependency edges, representing flow dependencies and 
def-order dependencies. 
A program dependence graph contains a flow depen 

dency edge from vertex v to vertex v2 if and only if all 
of the following hold: 

i) v1 is a vertex that defines variable x. 
ii) v2 is a vertex that uses x. 
iii) Control can reach v2 after v1 via an execution path 

along which there is no intervening definition of x. 
That is, there is a path in the standard control-flow 
graph for the program by which the definition of x 
at v reaches the use of x at v2. (Initial definitions of 
variables are considered to occur at the beginning 
of the control-flow graph.) 

A flow dependency that exists from vertex v to vertex 
v2 will be denoted by v1-?v2. 

Flow dependencies can be further classified as loop 
carried or loop independent. A flow dependency 
V1-?v2 is carried by loop L, denoted by v1-ic(2V2, if 
in addition to i), ii), and iii) above, the following also 
hold: 

iv) There is an execution path that both satisfies the 
conditions of iii) above and includes a backedge to 
the predicate of loop L. 

w) Both v1 and v2 are enclosed in loop L. 
A flow dependency v1-?v2 is loop independent, de 
noted by v1->iv2, if in addition to i), ii), and iii) above, 
there is an execution path that satisfies iii) above and 
includes no backedge to the predicate of a loop that 
encloses both v and v2. It is possible to have both 
VilcCl)' and v liva. 
A program dependence graph contains a def-order 

dependency edge from vertex v1 to vertex v2 if and only 
if all of the following hold: 

i) v1 and v2 both define the same variable. 
ii) v and v2 are in the same branch of any conditional 

statement that encloses both of them. 
iii) There exists a program component v3 such that 
v-V3 and v2-).V3. 

iv) v occurs to the left of v2 in the program's abstract 
syntax tree. 

A def-order dependency from v1 to v2 (with "witness' 
Vs) is denoted by Via(s)V. 
Note that a program dependence graph is a multi 

graph (i.e., it may have more than one edge of a given 
kind between two vertices). When there is more than 
one loop-carried flow dependency edge between two 
vertices, each is labeled by a different loop that carries 
the dependency. When there is more than one def-order 
edge between the two vertices, each is labeled by a 
vertex that is flow-dependent on both the definition that 
occurs at the edge's source and the definition that oc 
curs at the edge's target. 

EXAMPLE 

F.G. 1 shows an example program and its program 
dependence graph. The boldface arrows represent con 
trol dependency edges; dashed arrows represent def. 
order dependency edges; solid arrows represent loop 
independent flow dependency edges; solid arrows with 
a hash mark represent loop-carried flow dependency 
edges. 
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The data-dependency edges of a program depen 
dence graph are computed using data-flow analysis. For 
the restricted language considered in this section, the 
necessary computations can be defined in a syntax 
directed manner. 5 

PROGRAM SILICES 
For vertex s of program dependence graph G, the 

slice of G with respect to s, denoted by G/s, is a graph 
containing all vertices on which s has a transitive flow 
or control dependence (i.e., all vertices that can reach s 
via flow and/or control edges): V(G/s) = {w |w 
ev(G)Awcf}. we extend the definition to a set of 
vertices 

O 

15 

S = Us 
i 

as follows: 

(G/S) = "((; ) yo's ) i i i 

FIG. 2 gives a simple worklist algorithm for computing 25 
the vertices of a slice using a program dependence 
graph. 
The edges in the graph GAS are essentially those in 

the subgraph of G induced by V(G/S), with the excep 
tion that a def-order edge Voc)w is included only if 30 
G,/S contains the vertex that is directly flow dependent 
on the definitions at v and w. In terms of the three types 
of edges in a program dependence graph we define 

--> y -ow ele(G)Av, we (GAS) 
f f 

U ( -by ( -4 so-inos } C 

U -) is -- w 

do(U) do(U) 

EXAMPLE 
FIG. 3 shows the graph resulting from taking a slice 50 

of the program dependence graph from FIG. 1 with 
respect to the final-use vertex for i. 
We say that G is a feasible program dependence 

graph if and only if G is the program dependence graph 
of some program P. For any S is V(G), if G is a feasible 55 
program dependence graph, then the slice G/S is also a 
feasible program dependence graph; it corresponds to 
the program P'obtained by restricting the syntax tree of 
P to just the statements and predicates in V(G/S). 
The significance of an intraprocedural slice is that it 60 

captures a portion of a program's behavior. The pro 
grams P' and P, corresponding to the slice G/S and the 
graph G, respectively, compute the same final values 
for all variables x for which FinalUse(x) is a vertex in S. 
A listing of a computer program that carries out the 

construction of intraprocedural program dependence 
graphs and program slicing is set forth in the microfiche 
appendix. 

DATA DEPENDENCES 
We now turn to the question of how to compute the 

data dependences that appear in a program's depen 
dence graph. We present definitions, expressed with 
attribute grammars, that described how to generate 
loop-independent flow dependence edges, loop-carried 
flow dependence edges, and def-order dependence 
edges. For each case, the definition is presented as an 
attribute grammar over the following (ambiguous) con 
text-free grammar: 
Root-S 
S-ID :=Exp 

S->if Exp then S2 else S3 fi 
Si-while Exp do S2 od 
Our definitions will describe how to translate from a 

program, expressed as a derivation tree of the grammer 
given above, to the dependence edges of the program's 
dependence graph. (In the grammar shown above, the 
subscripts on the S's are not meant to indicate different 
nonterminals; they are used to distinguish between the 
different occurrences of S in each production. For ex 
ample, in the second production, the three occurrences 
of nonterminal S are labeled Sl, S2, and S3.) 
ATTRIBUTE GRAMMARS AND ATTRIBUTE 

EVALUATION 
The concept of an attribute grammar provides a very 

powerful mechanism for specifying translations. In this 
section, we introduce the relevant terminology and 
discuss two simple algorithms for attribute-evaluation, 
which serves as the underlying computational mecha 

no. v, we (GMS) } 
nism for translations specified with attribute grammars. 
An attribute grammar is a context-free grammar ex 

tended by attaching attributes to the nonterminal sym 
bols of the grammar, and by supplying attribute equa 
tions to define attribute values. In every production p: 
Xo->Xi. . . Xk, each Xi denotes an occurrence of a 
grammar symbol; associated with each nonterminal 
occurrence is a set of attribute occurrences correspond 
ing to the nonterminal's attributes. 

Each production has a set of attribute equations; each 
equation defines one of the production's attribute occur 
rences as the value of an attribute-definition function 
applied to other attribute occurrences in the produc 
tion. The attributes of a nonterminal are divided into 
two disjoint classes: synthesized attributes and inherited 
attributes. Each attribute equation defines a value for a 
synthesized attribute occurrence of the left-hand side 
nonterminal or an inherited attribute occurrence of a 
right-hand side nonterminal. 
A derivation tree node X defines a set of attribute 

instances, corresponding to the attributes of the syntac 
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tic category of X. Because attribute values "flow" both 
up and down the tree, it is (ordinarily) necessary to 
impose conditions to ensure that no attribute instances 
are defined circularly. Such a restriction is formalized 
using the concept of an attribute dependence graph, a 5 
directed graph that represents functional dependences 
among the attribute instances of a production p or tree 
T, denoted D(p) and D(T), respectively, and defined as 
follows: 

(a) For each attribute instance b, the attribute depen- 10 
dence graph contains a vertex b'. 

(b) If attribute instance b is an argument of attribute 
instance c, the attribute dependence graph contains a 
directed edge (b',c"), from b' to c'. 
An edge from b' to c' has the meaning: b' is used to 

determine the value of c'. An attribute grammar is non 
circular when the attribute dependence graph of every 
possible derivation tree is acyclic. 
Although closely related, an attribute instance b in T 

and the vertex b' in D(T) are different objects. When 
this distinction is not made explicitly clear, the intended 
meaning should be clear from the context. Vertices of 
D(T) with no incoming edges correspond to attribute 
instances defined by O-ary attribute definition func 
tions, i.e. constants. 
A node's subordinate and superior characteristic 

graphs provide a convenient representation of transitive 
dependencies among the node's attributes. (A transitive 
dependency exists between attributes that are related in 
the transitive closure of the tree's attribute dependency 
relation, or, equivalently, that are connected by a di 
rected path in the tree's dependency graph.) The verti 
ces of the characteristic graphs at noder correspond to 
the attributes of r; the edges of the characteristic graphs 
at r correspond to transitive dependencies among r's 
attributes. 
The subordinate characteristic graph at r is the pro 

jection of the dependencies of the subtree rooted at r 
onto the attributes of r. To from the superior character 
istic graph at noder, we imagine that the subtree rooted 
at r has been pruned from the derivation tree, and 
project the dependency graph of the remaining tree 
onto the attributes of r. To define the characteristic 
graphs precisely, we make the following definitions: 

15 

20 

25 

30 

35 

45 

Given a directed graph G = (V, E), a path from vertex a to 
vertex b is a sequence of vertices, v 1, v2. . . . . wik), such that: 
a = v1, b = vk, and (vi. vii) i = 1,..., k - 1) E. 
Given a directed graph G = (V, E) and a set of vertices W. 
the projection of G onto V' is defined as: 
G/W = (V, E) 
where E' = (v, w) v, weV" and there exists a path 
v as v, v2, , , , , vk = w such that V2,..., vk- V'. 
(That is, G/W" has an edge from veV to weV' when there exists 
a path from w to w in G that does not pass through any other 
elements of V".) 

V, 

SO 

55 

The subordinate and superior characteristic graphs of a 
node r, denoted r.C and r. C, respectively, are defined 
formally as follows: Let r be a node in tree T, let the 
subtree rooted at r be denoted Tr, and let the attribute 
instances at r be denoted A(r), then the subordinate and 
superior characteristic graphs at r satisfy: 

F.C. (T)/A(r) 

A characteristic graph represents the projection of 
attribute dependencies onto the attributes of a single 

10 
tree node; consequently, for a given grammar, each 
graph is bounded in size by some constant. 
An attributed tree is a derivation tree together with 

an assignment of either a value or the special token null 
to each attribute instance of the tree. A attributed tree is 
fully attributed if each of its attribute instances is avail 
able, i.e. non-null. To analyze a string according to its 
attribute grammar specification, first construct its at 
tributed tree with an assignment of null to each attribute 
instance, and then evaluate as many attribute instances 
as possible, using the appropriate equation as an assign 
ment statement. The latter process is termed attribute 
evaluation. 
The order in which attributes are evaluated is arbi 

trary, subject to the constraint that each attribute defini 
tion function be evaluated only when all of its argument 
attributes are available. When all the arguments of an 
unavailable attribute instance are available, we say it is 
ready for evaluation. Using this definition, algorithm 
Evaluate of Table below states the method of Knuth, 
D.E., "Semantics of context-free languages,' Math Syst 
Theory2(2) pp. 127-145 (June 1968) for evaluating an 
attributed tree. 

TABLE 
procedure Evaluate(T) 
declare 

T: an unevaluated attributed tree 
b: an attribute instance 

begin 
while there exists bready for evaluation do 

evaluate b 
od 

end 

When Evaluate is applied to an attributed tree T, its 
attributes are evaluated in an order that respects the 
partial order given by the attribute dependence graph, 
D(T). In practice, there must be some method for se 
lecting the next attribute instance to evaluate; practical 
algorithms may be viewed as instances of Evaluate that 
use different selection methods. Because each attribute 
instance of T causes Evaluate to perform exactly one 
application of an attribute-definition function, we 
would like the total cost of this selection process to be 
no more than O(D(T)). 
One satisfactory method is to maintain a work-list S 

of all attribute instances that are ready for evaluation, as 
is done in the version of algorithm Evaluate shown in 
Table 2. The initial members of S-the attributes of T 
that have no arguments-can be found in O(D(T)) by 
traversing T. Set insertion and deletion can be done in 
unit time using standard techniques; thus the cost of the 
version of Evaluate shown in Table 2 is O(D(T)). 

FLOW DEPENDENCES 

This section discusses the notion of flow dependence 
for languages with (only) scalar variables under the 
assumption that no variables are aliased. 

TABLE 2 
procedure Evaluate(T) 
declare 

T: an unevaluated attributed tree 
S; a set of attribute instances that are ready for evaluation 
b,c: attribute instances 

begin 
S: = the attribute instances of T with no arguments 
while S at do 

Select and remove an attribute instance b from S 
evaluate b 
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TABLE 2-continued . 
for each c that is a successor of b do 

If c is ready for evaluation then Insert c in S fi 
od 

od 
end 

A flow dependence from program point q to program 
point p represents the possibility that, in some execution 
of the program, q will write the contents of x and p will 
read what q wrote. Flow dependences can be defined in 
terms of the more general concept of reaching defini 
tions: a definition of variable x at some program point q 
is said to reach point p if there is an execution path from 
q to p such that no other definition of x appears on the 
path. (A definition q that reaches p represents the possi 
bility that, in some execution of the program, q may 
write the contents of x and x will not have been over 
written when p executes.) 

It is often convenient to represent flow dependences 
in the form of sets associated with variable-use sites, so 
that for each variable x used at program point p, p is 
associated with the set of all the program points that 
definex and reach p. (These sets are also called use-defi 
nition chains.) 
To compute use-definition chains, one first computes 

the reaching definitions associated with each program 
point. Below we give an attribute grammar definition 
that expresses how to compute a program's reaching 
definitions. This definition leads to an algorithm for 
computing reaching definitions, for example, by using 
techniques for evaluating attributed trees described in 
the previous section. 
To express the reaching-definitions problem with an 

attribute grammar, we use four attributes for each S 
nonterminal: exposedDefs, killed Vars, reaching Defs 
Before, and reachingDefsAfter. The reachingDefs 
Before attribute is an inherited attribute of S; the other 
three are synthesized attributes of S. The exposed Defs, 
reachingDefsbefore, and reachingDefsAfter attributes 
are sets of pairs of the form <variable name, program 
location >. 
The silked Vars attributes are sets of variable names. 

The equations that relate these attributes are given in 
Table 3 below. 

TABLE 3 
attributes 

S.exposed Defs: 
S. killed Wars: 
S.reachingDe?sBefore: 
S.reaching DefsAfter: 

attribute equations 
Root - S 

S.reachingDefsbefore = 
S->ld: = Exp 

Skilled Wars as (ld) 
Sexposed Defs = Cid, S> 
S.reachingoefs.After = <i,q> Ciq> 
e.S. reachingDe?sBefore isa Id) UCld,8S) 

S - S2; S3 
Skilled Wars = Skilled Wars USkilled Wars 
Sexposed defs = <iq><iq> ES2-exposedlefs 

i S-killed Vars) US3.exposed Defs 
S. reachingDefsbefore = S.reachinglde?sBefore 
S3 reaching defsbefore = S.reaching befs.After 
S.reaching defs.After = S3-reaching defsAfter 

S-- If Exp then S2 else S3 
Skilled Vars = Skilled Vars? Skilled Vars 
Sexposedde?s = S2.exposed defs US3.exposed Defs 
S.reachingDefsbefore = S.reachingDefsBefore 
S3 reachingDefsBefore = S1 reachingDefsbefore 
S-reaching befs.After = S2.reaching De?safter 

synthesized 
synthesized 
inherited 
synthesized 
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TABLE 3-continued 

US3-reaching DefsAfter 
SI - while Exp do S2 od 

Skilled Vars = 
Sexposedde?s = S2-exposed Defs 
S.reachingDefsBefore = S1 reachingDefsBefore 
US2.exposed defs 
S.reachingDefsAfter = S.reachingDefsbefore 
US2 exposedde?s 

The attribute S.killed Wars consists of the set of vari 
ables that are assigned to in S. For an assignment state 
ment this is just the left-hand side Id of the statement. 
Note that, because the body of a while-loop may never 
execute, a while-loop as a whole is not guaranteed to 
make an assignment to any variable, so Skilled Wars is 
the empty set. 
A definition d is in S-exposed Defs if d is downwards 

exposed in S, that is, if d is a definition that occurs 
within S and d reaches the end of S. Thus, if S is an 
assignment statement, the pair <Id,&S> is in S.ex 
posed defs because the definition of Id reaches the end 
of S. (The notation "&S" denotes the program point 
represented by S.) For the statement-concatenation 
production, the definitions reaching the end of S1 are 
the exposed definitions from S2 that are not killed in S3 
together with the exposed definitions from S3. 
The S.reaching befsbefore and S.reachingDefs.After 

attributes consist of the definitions that reach the begin 
ning and end of S, respectively. For example, in an 
assignment statement Id :=Exp, the definitions in rea 
ching defs.After are the definitions in reaching defs 
Before that are not killed by the assignment to lid (i.e., 
those definitions whose variable was not overwritten by 
the assignment to Id), together with <ld,&S>, which 
represents the assignment itself. 

In a while-loop, S.reachingDefs.After represents the 
set of definitions that possibly reach the end of the loop; 
it is given the value 

SreachingDefs.After = S.reachingDefsbefore US2 
exposed defs. 

S1 reaching DefsBefore contributes the definitions 
that occur earlier than the while-loop, and 

S2exposed defs contributes the exposed definitions 
that occur within the loop body. The equation for 
the 

S2 reaching befsBefore attribute of a while-loop has 
the same right-hand side (and hence the same 
value) since any definition that reaches the end of 
the loop also reaches the beginning of the loop 
body. 

S-reachingoefsBefore =S.reachingDefsbefore U 
Sexposed Defs. 

Given the reachingDefsbefore attribute for each 
statement S, we can compute the program points that 
are sources of flow dependence edges incident on S by 
restricting S.reachingDefsbefore to the set of variables 
used in an expression that occurs at S. Assuming that an 
Exp nonterminal has an attribute used that consists of all 
variables used in Exp, the flow source for assignment 
statements, conditional statements, and while-loops 
would be computed by 

FlowSources (S)={g Ki, 
g> A.S. reachingdefs Beforeef) Exp. used. 
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SPECIFYING LOOP-CARRIED REACHING 
DEFINITIONS WITH AN ATTRIBUTE 

GRAMMAR 

To express the compution of loop-carried reaching 
definitions with an attribute grammar, the exposedDefs, 
reachingDefsBefore, and reachingDefsAfter attributes 
are changed to be sets of triples of the form. <variable 
name, program location, program location >. 
The first program location that occurs in a triple 

indicates the location of a definition; the second pro 
gram location either contains the value null or the loca 
tion of one of the program's loops. The revised equa 
tions that express the relationships between the attri 
butes are presented in Table 4. 

TABLE 4 
attributes 

S-exposed Defs: 
S.kiied Wars: 
S.reachingDefsbefore: 
S.reachingDefsAfter: 

attribute equations 
Root - S 

S.reaching De?sBefore = 0 
S - Id: = Exp 

Skilled Wars = Id) 
SexposedDefs = <ld.&S. nulld 
S. reachingDefsAfter = <i,q.l> <i,q.le 
eS.reachingDefsBefore isy Id UCld.&S. null 

S1 - S; S3 
Skilled Vars = S2.killed Wars USS.killed Vars 
Sexposed Defs = <i,ql) Ci,q.l> ES2.exposedDefs 

i S3.killed Wars) US3.exposed befs 
S2-reachingDefsBefore = S. reachingDefsBefore 
S3 reachingDefsbefore = S2 reachingDefsAfter 
S.reachingDe?sAfter se S3.reachingDefs.After 

S1 - If Exp then S2 else S3 
Skilled Wars = Skilled Wars S3.killed Vars 
SexposedIdefs = S2.exposedDefs US3.exposed Defs 
S2 reachingDe?sBefore = S.reachingDefsBefore 
S.reachingDefsBefore = S.reachingDe?sBefore 
S.reaching)efsAfter = S2. reachingDefsAfter 
US3.reachingDefs.After 

S1 - while Exp do S2 od 
Skilled Wars = 
S. exposed befs = S2.exposed De?s 
S.reachingDefsbefore s S.reachingDefsBefore 
U<iq&S> ki,q, nullx eS2.exposed Defs) 
S.reaching Defs.After = S.reachingDefsBefore 
US2 exposed Defs 

synthesized 
synthesized 
inherited 
synthesized 

The essential differences between Table 4 and Table 
3 are found in the equations for assignment statements 
and while-loops. In an assignment statement, the locally 
generated definition is tagged with null; this occurs in 
the equation for S.exposedDefs as well as for S.rea 
chingDefs.After, so follows: 

Sexposed Defs= <Id,&S. null 

S. reaching Defiafter = Ciglo Cigle 

streaching.De?BeforeAliald) u (<ld.&S, nulle). 
The S2 reachingDefsbefore attribute of a while-loop 

is handled differently than in Table 3 because it is neces 
sary to tag the definitions in S2.exposedDefs with &S to 
indicate the loop carrying these reaching definitions. 

SreachingDefsbefore = StreachingDefsbefore U 
{<ig, &S) <ig, null) eS2 exposed Defs). 

All other equations are essentially unchanged. 
Having computed the reaching definitions for each 

statement S, we can determine the sources of flow de 
pendence edges by the equation. 
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FlowSources(S) = (g|<iq, YS1. 
reachingDefsBefore ie Exp. used). 

To compute separately the sources of loop-independ 
ent and loop-carried flow dependences for each use site, 
the FlowSources set may be partitioned into the reach 
ing definitions with null and non-null third components, 
respectively: 

LoopIndependentFlowSources(S1) = (g Cig, nullde 
SreachingDefsBeforeAie Exp.used 
LoopCarried FlowSources.(Si) = {g|<iq, Ye 
S.reachingDefsbeforeAie Exp. used A17 null). 

DEFORDER DEPENDENCES 

Determining the def-order dependences that occur in 
a program also depends on having computed the pro 
gram's sets of reaching definitions. A program's sets of 
def-order dependences may be expressed by attaching 
five additional attributes to each S nonterminal: 
flowedges.WithTargetsSubordinate, flowedges, 
flowedges.WithSources.Subordinate; flowedgesBefore, 
and flowedgesAfter. The values of these attributes are 
sets of pairs of program locations, where each pair rep 
resents the source and target of a flow edge. The 
flowedges.WithTargetsSubordinate attribute is a syn 
thesized attribute of S whose elements represent flow 
edges whose targets occur in the program fragment that 
is subordinate to S. Thus, the value of S.flowedges 
WithTargetsSubordinate in the production Root-S 
represents the set of flow edges in the entire program. 
This value is then broadcast throughout the tree via the 
inherited attribute flowedges. The flowedges.WithTar 
getsSubordinate attribute is a synthesized attribute of S 
whose elements represent flow edges whose sources 
occur in the program fragment that is subordinate S. 
The attributes flowedgesBefore and flowBodges.After 
thread information through the program left to right. 
The equations for these attributes are shown in FIG. 

15. The flowedgesbefore attribute is an inherited attri 
bute of S whose elements represent flow edges whose 
sources occur either subordinate to S or to the right of 
S's parent. The flowedgeAfter attribute is a synthesized 
attribute of S whose elements represent flow edges 
whose sources occur to the right of S's parent. For 
example, at each assignment statement S, the set that is 
passed on to S.flowedges.After is S.flowedgesBefore 
without the flow edges whose source is S. 

For each assignment statement S of a program, we 
use the value of S.flowedgesbefore to compute the 
targets of all def-order edges whose source is S;a def 
order edge S do(u) exists for each t such that 

<sudeS. flowedges.BeforeA CauxeS. flowedges 
BeforeAs=&SAsset 

FIG.16 shows a computer system having upper input 
and output composed of a screen display and user com 
mand 21. The program to be analyzed 24 is operated on 
by an analysis program 25 to create system dependence 
graphs 26, as set forth below. The system dependence 
graphs 26 are then utilized to carry out interprocedural 
slicing 27 in accordance with the analysis program 25. 
THE SYSTEM DEPENDENCE GRAPH: AN 

INTERPROCEDURAL DEPENDENCE GRAPH 
REPRESENTATION 

We now turn to the definition of the system depen 
dence graph. The system dependence graph, an exten 



5,161,216 
15 

sion of the dependence graphs defined above, represents 
a program in a language that includes procedures and 
procedure calls. 
Our definition of the system dependence graph mod 

els a language with the following properties: 
(1) A complete system consists of a single (main) 

program and a collection of auxiliary procedures. 
(2) Procedures end with return statements instead of 

end statements (as defined above). A return statement 
does not include a list of variables. 

(3) Parameters are passed by value-result. 
It should become clear that this approach is not tied 

to the particular language features enumerated above. 
Modeling different features will require some adapta 
tion; however, the basic approach is applicable to lan 
guages that allow nested scopes and languages that use 
different parameter-passing mechanisms. The definition 
of system dependence graphs presented here relies on 
the absence of aliasing. How to convert a program with 
aliasing into one that is alias free is discussed further 
below. In the absence of aliasing, global variables can be 
treated simply as additional parameters to each proce 
dure; thus globals are not explicitly discussed here. 
A system dependence graph includes a program de 

pendence graph, which represents the system's main 
program, procedure dependence graphs, which repre 
sent the system's auxiliary procedures, and some addi 
tional edges. These additional edges are of two sorts (1) 
edges that represent direct dependencies between a call 
site and the called procedure, and (2) edges that repre 
sent transitive dependencies due to calls. 
The following description discusses how procedure 

calls and procedure entry are represented in procedure 
dependence graphs and how edges representing depen 
dencies between a call site and the called procedure are 
added to connect these graphs together This material 
defines the linkage grammar, an attribute grammar used 
to represent the call structure of a system. Transitive 
dependencies due to procedure calls are computed 
using the linkage grammar and are added as the final 
step of building a system dependence graph. 

In the discussion below, we use "procedure' as a 
generic term referring to both the main program and 
the auxiliary procedures when the distinction between 
the two is irrelevant. 

PROCEDURE CALLS AND PROCEDURE 
LINKAGES 

Extending the definition of dependence graphs to 
handle procedure calls requires representing procedure 
linkages: the passing of values between procedures. In 
designing the representation of procedure linkages we 
have three goals: 

(1) It should be possible to build an individual proce 
dure's procedure dependence graph (including the con 
putation of data dependencies) with minimal knowledge 
of other system components. 

(2) The system dependence graph should consist of a 
straightforward connection of the program dependence 
graph and procedure dependence graphs. 

(3) It should be possible to extract efficiently a precise 
interprocedural slice by traversing the graph via a pro 
cedure analogous to the procedure MarkVerticesOf 
Slice given in FIG. 2. 
To meet the goals outlined above, our graphs model 

the following non-standard, two-stage mechanism for 
run-time procedure linkage. When procedure P calls 
procedure Q, values are transferred from P to Q by 
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16 
means of an intermediate call linkage dictionary, 69. 
Values are transferred back from Q to P through a 
return linkage dictionary,89. Before the call, P copies 
values into the call dictionary; Q then initializes local 
variables from this dictionary. Before returning, Q cop 
ies return values into the return dictionary, from which 
P retrieves them. 
This model of procedure linkage is represented in 

procedure dependence graphs through the use of five 
new kinds of vertices. A call site is represented using a 
call-site vertex; information transfer is represented using 
four kinds of linkage vertices. On the calling side, infor 
mation transfer is represented by a set of pre and post 
processing vertices These vertices, which are control 
dependent on the call-site vertex, represent assignment 
statements that copy values into the call dictionary and 
out of the return dictionary, respectively. Similarly, 
information transfer in the called procedure is repre 
sented by a set of initialization and finalization vertices. 
These vertices, which are control dependent on the 
procedure's entry vertex, represent assignment state 
ments that copy values out of the call dictionary and 
into the return dictionary, respectively. 
Using this model, data dependencies between proce 

dures are limited to dependencies from preprocessing 
vertices to initialization vertices and from finalization 
vertices to postprocessing vertices. Connecting proce 
dure dependence graphs to form a system dependence 
graph is straightforward, involving the addition of three 
new kinds of edges (1) a call edge is added from each 
call-site vertex to the corresponding procedure-entry 
vertex; (2) a linkage-entry edge is added from each 
preprocessing vertex at a call site to the corresponding 
initialization vertex in the called procedure; (3) a link 
age-exit edge is added from each finalization vertex in 
the called procedure to the corresponding postprocess 
ing vertex at the call site. (Call edges are a new kind of 
control dependency edge; linkage-entry and linkage 
exit edges are new kinds of data dependency edges.) 
Another advantage of this model is that flow depen 

dencies within a procedure can be computed in the 
usual way, using data flow analysis on the procedure's 
control-flow graph in which each procedure cell is 
replaced with the appropriate sequence of assignments 
to the cell dictionary followed by the appropriate se 
quence of assignments from the return dictionary. 
An important question in which values are trans 

ferred from a call site to the called procedure and back 
again. This point is discussed further below, which 
presents a strategy in which the results of interprocedu 
ral data flow analyses are used to omit some linkage 
vertices from procedure dependence graphs. For now, 
we will assume that all actual parameters are copied 
into the call dictionary and retrieved from the return 
dictionary. Thus, the linkage vertices associates with a 
cell from procedure P to procedure Q are defined as 
follows (G denotes the procedure dependence graph 
for P): 

In G subordinate to the cell-site vertex that repre 
sents the call to Q, there is a pre-processing vertex 
for each actual parameters e of the call to Q. The 
pre-processing vertices are labeledeg(r):=e, where 
r is the formal parameter name. 

For each actual parameter a that is a variable rather 
than an expression, there is a postprocessing vertex. 
These are labeled a :=e'(r) for actual parameter a 
and corresponding formal parameter r. 
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The linkage vertices associated with the entry to 
procedure Q and with the return from procedure Q are 
defined as follows (Go denotes the procedure depen 
dence graph for Q): 
For each parameter of Q, Go consists an initialization 

vertex and a finalization vertex. These vertices are 
labeled r := e(r), and eo(r) :=r respectively, 
where r is the formal parameter name. 

EXAMPLE 

FIG, 4 repeats the example system from above and 
shows the corresponding program and procedure de 
pendence graphs connected with linkage-entry edges, 
linkage-exit edges, and call edges. (In this FIG. as well 
as in the remaining FIGS. def-order edges are not 
shown.) Edges representing control dependencies are 
shown in boldface and are not labeled (all such edges 
would be labeled true); edges representing intra 
procedural flow dependencies are shown using arcs; 
linkage-entry edges, linkage-exit edges, and call edges 
are shown using dashed lines. 
THE LINKAGE GRAMMAR: ANATTRIBUTE 

GRAMMAR THAT MODELS 
PROCEDURE-CALL STRUCTURE 

The linkage grammar is an attribute grammar that 
models the call structure of each procedure as well as 
the intraprocedural transitive flow dependencies among 
the procedures' linkage vertices. Interprocedural transi 
tive flow dependencies among a system dependence 
graph's linkage vertices are determined from the link 
age grammar using a standard attribute-grammar con 
struction: the computation of the subordinate character 
istics graphs of the linkage grammar's nonterminals. In 
this section, we describe the construction of the linkage 
grammar and the computation of its subordinate charac 
teristic graphs. 
The context-free part of the linkage grammar models 

the system's procedure-call structure. The grammar 
includes one nonterminal and one production for each 
procedure in the system. If procedure F contains no 
calls, the right-hand sid3 of the production for P is e, 
otherwise, there is one right-hand-side nonterminal for 
each call site in P. 

EXAMPLE 

For the example system (shown in FIG. 4) the pro 
ductions of the linkage grammar are as follows: 

Main-AA-Add. Increment 
Add-Increment-Add 

The attributes in the linkage grammar correspond to the 
parameters of the procedures. Procedure inputs are 
modeled as inherited attributes; procedure outputs are 
modeled as synthesized attributes. For example, the 
productions shown above are repeated in FIG. 5, this 
time in tree form. In FIG. 5, each nonterminal is anno 
tated with its attributes; a nonterminal's inherited attri 
butes are placed to its left; its synthesized attributes are 
placed to its right. 
More formally, the program's linkage grammar has 

the following elements. 
For each procedure P, the linkage grammar contains 

a nonterminal P. 
For each procedure P, there is a production p: P-g, 
where for each site of a call on procedure Q in P 
there is a distinct occurrence of Q in 3. 
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18 
For each initialization vertex of P, there is an inher 

ited attribute of nonterminal P. 
For each finalization vertex of P, there is a synthe 

sized attribute of nonterminal P. 
Dependencies among the attributes of a linkage 

grammar production are used to model the (possibly 
transitive) intraprocedural dependencies among the 
linkage vertices of the corresponding procedure. These 
dependencies are computed using (intraprocedural) 
slices of the procedure's procedure dependence graph. 
For each grammar production, attribute equations are 
introduced to represent the intraprocedural dependen 
cies among the linkage vertices of the corresponding 
procedure dependence graph. For each attribute occur 
rence a, the procedure dependence graph is sliced with 
respect to the vertex that corresponds to a. An attribute 
equation is introduced for a so that a depends on the 
attribute occurrences that correspond to the linkage 
vertices identified by the slice. More formally: 

For each attribute occurrence X.a of a production p, 
let v be the vertex of the procedure dependence 
graph G that correspondes to X.a. Associate with 
p an attribute equation of the form X.a = f(....Y.b, 
. . . ) where the arguments Y.b to the equation 
consist of the attribute occurrences of p that corre 
spond to the linkage vertices in G/v. 

(The actual function on the right-hand side of the equa 
tion is unimportant because the attribute grammar is 
never used for evaluation; all we are concerned about is 
that the equation represent the dependence described 
above). One property of the above definition is that the 
attribute dependency graph for each production is tran 
sitively closed. 

It is entirely possible that a linkage grammar will be a 
circular attribute grammar (i.e., there may be attributes 
in some derivation tree of the grammar that depend on 
themselves). This does not create any difficulties as the 
linkage grammar is used only to compute transitive 
dependencies and not for attribute evaluation. 

EXAMPLE 

FIG. shows the productions of the grammar from 
FIG, 5, augmented with attribute dependencies. Note 
that there is an immediate cycle in the dependencies for 
the production Main-A. 

Transitive dependencies from a call site's preprocess 
ing vertices to its postprocessing vertices are computed 
from the linkage grammar by constructing the subordi 
nate characteristic graphs for the grammar's nontermi 
nals. The algorithm we give exploits the special struc 
ture of linkage grammars to compute these graphs more 
efficiently than can be done for attribute grammars in 
general. For general attribute grammars, computing the 
sets of possible subordinate characteristic graphs for the 
grammar's nonterminals may require time exponential 
in the number of attributes attached to some nonterni 
nal. However, a linkage grammar is an attribute gram 
mar of a restricted nature: For each nonterminal X in 
the linkage grammar, there is only one production with 
X on the left-hand side. Because linkage grammars are 
restricted in this fashion, for each nonterminal of a link 
age grammar there is one subordinate characteristic 
graph that covers all of the nonterminal's other possible 
subordinate characteristic graphs. For such grammars, 
it is possible to give a polynomial-time algorithm for 
constructing the (covering) subordinate characteristic 
graphs, 



5,161,216 
19 

The computation is performed by an algorithm that is 
a slight modification of an algorithm originally devel 
oped by Kastens to construct approximations to a gran 
mar's transitive dependency relations. Kastens, U., "Or 
dered attribute grammars," Acta inf. 13(3) pp. 
229-256(1980). The covering subordinate characteristic 
graph of a nonterminal X of the linkage grammar is 
captured in the graph TDSOX) (standing for "Transitive 
Dependencies among a Symbol's attributes'). Initially, 
all the TDS graphs are empty. The construction that 
builds them up involves the auxiliary graph TDP(p) 
(standing for "Transitive Dependencies in a Produc 
tion"), which expresses dependencies among the attri 
butes of a production's nonterminal occurrences. 

O 
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cies among the attributes of X that exist at any occur 
rence of X in any derivation tree. 

Put more simply, because for each nonterminal X in a 
linkage grammar there is only a single production that 
has X on the left-hand side, the grammar only derives 
one tree. (For a recursive grammar it will be an infinite 
tree.) All marked edges in TDS represent transitive 
dependencies in this tree, and thus the TDS(X) graph 
computed by ConstructSubCGraphs represents a sub 
ordinate characteristic graph of X that covers the sub 
ordinate characteristic graph of any partial derivation 
tree derived from X, as desired. 

Example. The nonterminals of our example grammar 
are shown below annotated with their attributes and 

The basic operation used in ConstructSubCGraphs is 15 their subordinate characteristic graphs. 

x -in y-in A 99. y-out a-in bin Add-out-out in Inc -out 

the procedure "AddEdgeAndinduce(TDP(p),(a,b))", 
whose first argument is the TDP graph of some produc 
tion p and whose second argument is a pair of attribute 
occurrences in p. AddEdgeAndlnduce carries out three 
actions: 

(1) The edge (a,b) is inserted into the graph TDP(p). 
(2) Any additional edges needed to transitively close 

TDP(p) are inserted into TDP(p). 
(3) In addition, for each edge added to TDP(p) by (1) 

or (2), (i.e., either the edge (a,b) itself or some other 
edge (c,d) added to reclose TDP(p)), AddEdgeAndln 
duce may add an edge to one of the TDS graphs. In 
particular, for each edge added to TDP(p) of the form 
(X.m.X.n), where X is the left-hand side occurrence 
of nonterminal X in product p and (X.m,X.n)TDS(X), 
an edge (X.m.X.n) is added to U 15 p and (X.m.X.n) 
TDS(X). 
An edge in one of the TDS(X) graphs can be marked or 
unmarked; the edges that AddEdgeAndinduce adds to 
the TDS(X) graphs are unmarked. 
The TDS graphs are generated by the procedure 

ConstructSubCGraphs, given in FIG. 7, which is a 
slight modification of the first two steps of Kastens'al 
gorithms for constructing a set of evaluation plans for 
an attribute grammar. See Kastens, supra. Construct 
SubGraphs performs a kind of closure operation on the 
TDP and TDS graphs. Step 1 of the algorithm-the 
first two for-loops of ConstructSubCGraphs-initial 
izes the grammar's TDP and TDS graphs; when these 
loops terminate, the TDP graphs contain edges repre 
senting all direct dependencies that exist between the 
grammar's attribute occurrences. At the end of Step 1, 
TDP(p) is a (transitively closed) graph whose edges 
represent the direct dependencies of production p. The 
TDS graphs contain unmarked edges corresponding to 
direct left-hand side-to-left-hand-side dependencies in 
the linkage grammar's productions. 

In Step 2 of ConstructSubCGraphs, the invariant for 
the while-loop is: 

If a graph TDP(p) contains an edge e' that corre 
sponds to a marked edge e in one of the TDS graphs, 
then e has been induced in all of the other graphs 
TDP(q). When all edges in all TDS graphs have re 
ceived marks, the effects of all direct dependencies have 
been induced in the TDP and TDS graphs. Thus, the 
TDSOX) graphs computed by ConstructSubCGraphs 
are guaranteed to cover the actual transitive dependen 
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RECAP OF THE CONSTRUCTION OF THE 
SYSTEM DEPENDENCE GRAPH 

The system dependence graph is constructed by the 
following step as illustrated in the flow chart of FIG. 
17: 

(1) For each procedure of the system, construct its 
procedure dependence graph at 30. 

(2) For each call site, introduce a call edge from the 
call-site vertex to the corresponding procedure-entry 
vertex at 31. 

(3) For each preprocessing vertex v at a call site, 
introduce a linkage-entry edge from v to the corre 
sponding initialization vertex in the called procedure at 
33. 

(4) For each postprocessing vertex v at a call site, 
introduce a linkage-exit edge to v from the correspond 
ing finalization vertex in the called procedure at 33. 

(5) Construct the linkage grammar corresponding to 
the system at 34. 

(6) Compute the subordinate character graphs of the 
linkage grammar's nonterminals at 35. 

(7) At all call sites that call procedure P, introduce 
flow dependency edges corresponding to the edges in 
the subordinate characteristic graph 

EXAMPLE 
FIG. 8 shows the complete system dependence 

graphs for our example system. Control dependencies 
are represented using arcs; transitive interprocedural 
flow dependencies (corresponding to subordinate char 
acteristic graph edges) are represented using heavy bold 
arcs; call edges, linkage-entry edges, and linkage-exit 
edges (the edges that connect program and procedure 
dependence graphs together) are represented using 
dashed arrows. 

INTERPROCEDURAL SLICING 
In the material below we describe how to perform an 

interprocedural slice using the system dependence 
graph defined above. We then discuss the modifications 
to the definition of the system dependence graph to 
permit more precise slicing and to extend the slicing 
algorithm's range of applicability. 
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ANALGORITHM FOR INTERPROCEDURAL 
SLICING 

As discussed above, the algorithm presented in 
Weiser, supra, while safe, is not as precise as possible 
The difficult aspect of interprocedural slicing is keeping 
track of the calling context when a slice "descends" into 
a called procedure. 
The key element of our approach is the use of the 

linkage grammar's characteristic graph edges in the 
system dependence graph. These edges represent transi 
tive data dependencies from preprocessing vertices to 
postprocessing vertices due to procedure calls. The 
presence of such edges permits us to sidestep the "call 
ing context" problem; the slicing operation can move 
"across' a call without having to descend into it. 
Our algorithm for interprocedural slicing is shown in 

FIG. 9. In FIG. 9, the computation of the slice of sys 
tem dependence graph G with respect to vertex set S is 
performed in two phases. Both Phases 1 and 2 operate 
on the system dependence graph using essentially the 
method presented above for performing an intra 
procedural slice - the graph is traversed to find the set 
of vertices that can reach a given set of vertices along 
certain kinds of edges. The traversal in Phase 1 follows 
flow edges, control edges, call edges, and linkage-entry 
edges, but does not follow def-order edges or linkage 
exit edges. The traversal in Phase 2 follows flow edges, 
control edges, and linkage-exit edges, but does not fol 
low call edges, def-order edges, or linkage-entry edges. 
FIGS. 10 and 11 illustrate the two phases of the inter 

procedural slicing algorithm, FIG. 10 shows the verti 
ces of the example system dependence graph that are 
marked during Phase l of the interprocedural slicing 
algorithm when the system is sliced with respect to the 
finalization vertex for parameter z in procedure Incre 
ment. Edges "traversed" during Phase 1 are also in 
cluded in FIG. 10. FIG. 11 adds (in boldface) the verti 
ces that are marked and the edges that are traversed 
during Phase 2 of the slice. 
The result of an interprocedural slice consists of the 

sets of vertices identified by Phase 1 and Phase 2, and 
the set of edges induce by this vertex set. FIG, 12 shows 
the completed example slice. 
Given the goal of slicing system dependence graph G 

with respect to vertex s in procedure P, Phases 1 and 2 
can be characterized as follows: 

PHASE 1 

Phase 1 identifies vertices that can reach s, and that 
are either in P itself or in a procedure that calls P. The 
effects of procedures called by P are not entirely ig 
nored; the presence of flow dependence edges from 
preprocessing to postprocessing vertices (subordinate 
characteristic graph edges) permits the discovery of 
vertices that can reach s only through a procedure call, 
although the graph traversal does not actually "de 
scend' into the called procedure. 

PHASE 2 

Phase 2 identifies vertices that can reach s from pro 
cedures called by Por from procedures called by proce 
dures that call P. 

10 

15 

20 

25 

35 

45 

50 

55 

60 

65 

22 
USING INTERPROCEDURAL SUMMARY 
INFORMATION TO BUILD PROCEOURE 

DEPENDENCE GRAPHS 

The slice shown in FIG. 12 illustrates a shortcoming 
of the method for constructing procedure dependence 
graphs described above. The problem is that including 
both a pre- and a post-processing vertex for every argu 
ment in a procedure call can affect the precision of an 
interprocedural slice, The slice shown in FIG. 12 in 
cludes the call vertex that represents the call to Add 
from A; however, this call does not affect the value of 
z in Increment. The problem is that a postprocessing 
vertex for argument y in the call to Add from A is 
included in A's procedure dependence graph even 
though Add does not change the value of y. 
To achieve a more precise interprocedural slice we 

must use the results of interprocedural data flow analy 
sis when constructing Procedure dependence graphs in 
order to exclude vertices like the postprocessing vertex 
for argument y. 
The appropriate interprocedural summary informa 

tion consists of the following sets, which are computed 
for each procedure P. See, Banning, J.P., "An efficient 
way to find the side effects of procedure calls and the 
aliases of variables," pp. 29-41 in Conference Record of 
the Sixth ACM Symposium on Principles of Program 
ming Languages, (San Antonio, Tx, Jan. 29-31, 1979), 
ACM, New York, NY (1979). 

GMOD(P) 
the set of variables that might be modified by P itself 

or by a procedure (transitively) called from P. 

GREF(P): 
the set of variables that might be referenced by P 

itself or by a procedure (transitively) called from P. 
GMOD and GREF sets are used to determine which 

linkage vertices are included in procedure dependence 
graphs as follows: For each procedure P, the linkage 
vertices subordinate to P's entry vertex include one 
initialization vertex for each variable in GMOD(P) U 
GREF(P), and one finalization vertex for each variable 
in GMOD(P). Similarly, for each site at which P is 
called, the linkage vertices subordinate to the call-site 
vertex include one preprocessing vertex for each vari 
able in GMOD(P) U GREF(P), and one postprocess 
ing vertex for each variable in GMOD(P). (It is neces 
sary to include a preprocessing and an initialization 
vertex for a variable x that is in GMOD(P) and is not in 
GREF(P) because there may be an execution path 
through P on which x is not modified. In this case, a 
slice of P with respect to the final value of x must in 
clude the initial value of x; thus, there must be an initial 
ization vertex for x in P, and a corresponding prepro 
cessing vertex at the call to P.) 

EXAMPLE 
The GMOD and GREF sets for our example system 

ae: 

procedure GMOD GREF 

A. x,y x,y 
Add a,b 
Inc 
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Because parameter b is not in GMOD(Add), Add's 
procedure dependence graph should not include a final 
ization vertex for b, and the call to Add from A should 
not include the corresponding postprocessing vertex. 
FIG. 13 shows A's procedure dependence graph as it 5 

would be built using GMOD and GREF information. 
The postprocessing vertex for argument y of the call to 
Add is omitted, and the flow edge from that vertex to 
the preprocessing vertex "810z):=y" is replaced by an 
edge from the initialization vertex "y= e(y)" to 
"encCz) :=y". The new edge is transversed during 
Phase 1 of the interprocedural slice instead of the (now 
omitted) flow edge from "Y :=ed(a)' to "en(z) 
:=y', thus (correctly) bypassing the call to Add in 
procedure A. 
PROCEDURE AND SYSTEM DEPENDENCE 
GRAPHS IN THE PRESENCE OF ALIASING 
The problem of interprocedural slicing in the pres 

ence of aliasing can be reduced to the problem of inter 
procedural slicing in the absence of aliasing at the ex 
pense of the time and space needed to convert the origi 
nal program into one that is alias free. (These costs may, 
in the worst case, be exponential in the maximum num 
ber of non-local variables-globals and parameters-v- 
isible to a procedure.) 
The conversion is performed by simulating the call 

ing behavior of the program (using the usual activation 
tree model of procedure calls (Banning, supra,)to dis 
cover, for each instance of a procedure call, exactly 
how variables are aliased at that instance. (Although a 
recursive program's activation tree is infinite, the num 
ber of different alias configurations is finite; thus, only a 
finite portion of the activation tree is needed to compute 
aliasing information). A new copy of the procedure 
(with a new procedure name) is created for each differ 
ent alias configuration; the procedure names used at call 
sites are similarly adjusted Within each procedure, vari 
ables are renamed so that each set of aliased variables is 
replaced by a single variable 
This process may generate multiple copies of a vertex 

v with respect to which we are to perform a slice. If this 
happens, it is necessary to slice the transformed pro 
gram with respect to all occurrences of v. 

EXAMPLE 

Consider the following program in which aliasing 
Occus: 
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program Main 
global war a,b,c 

b: s 0; 
call P(b); 
call P(a) 

end 

procedure P(x) 
xi = 0; 
a: = x -- b; 
cal P(c) 
rett 

55 

FIG. 14 shows the portion of this program's activation 
tree that is used to compute alias information for each 
call instance. We use the notation of Banning, supra, in 60 
which each node of the activation tree is labeled with 
the mapping from variable names to storage locations. 
The transformed, alias-free version of the program is 
shown below: 

65 

program Main procedure P1(bx) procedure P2Cx) 
global war a,b,c bx := 0; cx := 0; 

b; as 0, a :=bx - bc; a := cx -- b; 

24 
-continued 

call Pl(b); call P20c) call P2(cx) 
call P3(a) Ter return 

end 
procedure P3(ax) 

ax := 0, 
ax := ax -- b; 
call P2(c) 

feut 

If our original goal had been to slice with respect to 
the statement "a := x -i-b' in procedure P, we must now 
slice with respect to the set of statements: "a 
:=bx--bx', "a := cK--b", "ax := ax +b). 
SLECNG PARTIAL SYSTEM DEPENDENCE 

GRAPHS 

The interprocedural slicing algorithm presented 
above is designed to be applied to a complete system 
dependence graph. In this section we discuss how to 
slice incomplete system dependence graphs. 
The need to handle incomplete systems arises, for 

example, when slicing a program that calls a library 
procedure that is not itself available, or when slicing 
programs under development. In the first case, the miss 
ing components are procedures that are called by the 
incomplete system; in the second case, the missing con 
ponents can either be not-yet-written procedures called 
by the incomplete system (when the program is devel 
oped top-down), or possible calling contexts (when the 
program is developed bottom-up). 

In either case, information about the possible effects 
of missing calls and missing calling contexts is needed to 
permit slicing. This information takes the form of (safe 
approximations to) the subordinate characteristic 
graphs for missing called procedures and the superior 
characteristic graphs (See, Reps, T.W., Generating Lan 
guage-Based Environments The M.I.T. Press (1984)) for 
missing calling contexts, 
When no information about missing program compo 

nents is available, subordinate characteristic graphs in 
which there is an edge from each inherited attribute to 
each synthesized attribute, and superior characteristic 
graphs in which there is an edge from each synthesized 
attribute to each other attribute (including itself), must 
be used. This is because the slice of the incomplete 
system should include all vertices that could be in 
cluded in the slice of some "completed' system, and it 
is always possible to provide a call or a calling context 
that corresponds to the graphs described above, 

For library procedures, it is possible to provide pre 
cise subordinate characteristic graphs even when the 
procedures themselves are not provided For programs 
under development, it might be possible to compute 
characteristic graphs, or at least better approximations 
to them than the worst-case graphs, given specifications 
for the missing program components. 
VARATIONS ON THE INTERPROCEOURAL 

SLICING METHOD 

A number of additional algorithms that are based on 
the concepts and techniques developed for the inter 
procedural slicing method can also be defined. Below 
we describe four such algorithms. In all of then, the key 
element is the use of the linkage grammar's characteris 
tic graph edges in the system dependence graph to 
represent transitive dependences, due to procedure 
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calls, from preprocessing vertices to postprocessing 
vertices. 

INTERPROCEDURAL SLICING RELATIVE TO 
A SINGLE PROCEDURE 5 

The information computed by each phase of the inter 
procedural slicing algorithm can be useful on its own. 
For example, for each vertex seS', where s is a vertex 
of some procedure R, phase 2 identifies vertices that can 
affects from procedures called by R. This is a kind of 10 
interprocedural slice "relative to a single procedure. 
An algorithm for interprocedural slicing with respect 

26 
earlier for (backward) interprocedural slicing. An algo 
rithm for forward interprocedural slicing is given as 
procedure Mark VerticesofforwardSlice in Table in 
Table the computation of the forward slice of system 
dependence graph G with respect to vertex set S is 
performed in two phases. The traversal in Phase 1 fol 
lows flow edges, control edges, and linkage-exit edges, 
but does not follow call edges, def-order edges, or link 
age-entry edges. The traversal in Phase 2 follows flow 
edges, control edges, cali edges, and linkage-entry 
edges, but does not follow def-order edges or linkage 
exit edges. 

TABLE 6 
procedure MarkVerticesOfForwardSlice(G,S) 
declare 

G: a system dependence graph 
S.S": sets of vertices in G 

begin 
/ Phase 1: Slice forward without descending into called procedures"/ 

MarkVerticesReached(G.S, def-order, linkage-entry, call}) 
A Phase 2: Slice forward into called procedures without ascending to call sites"/ 

S' := all marked vertices in G 
MarkVerticesReached(G.S', (def-order, linkage-exit}) 

end 
procedure MarkVerticesReached(G.V, Kinds) 
declare 

G: a system dependence graph 
W: a set of vertices in G 
Kinds: a set of kinds of edges 
v,w: vertices in V 
WorkList: a set of vertices in G 

begin 
WorkList := W 
while Work list a do 

Select and remove a vertex v from WorkList 
Mark v 
for each unmarked vertex w that is a successor of v in G such that there is an edge v- w whose kind is not in Kinds do 

insert w into Work list 
od 

od 
end 

to a single vertex v, where the slice is taken relative to 
the procedure /containing v, is given in Table 5 below. 40 

TABLE 5 

FORWARD SLICING RELATIVE TO A SINGLE 
PROCEDURE 

procedure MarkVerticesOfSlice(G,v) 
delcare 

G: a system dependence graph 
w: a vertex of G 

begin 
/ Slice called procedures without ascending to call sites"/ 

MarkReaching Vertices(G, {v}, def-order, linkage-entry, call}) 
end 
procedure MarkReaching Vertices(G,V.Kinds) 

See FIG.9) 

FORWARD SILICING 

Whereas the slice of a program with respect to a 55 
program point p and variable x consists of all statements 
and predicates of the program that night affect the 
value of x at point p, the forward slice of a program 
with respect to a program point p and variable x con 
sists of all statements and predicates Of the program 
that might be affected by the value of x at point p. 
An algorithm for forward interprocedural slicing can 

be defined on system dependence graphs, using con 
cepts and mechanisms that are similar to those defined 

As with the backward interprocedural slicing algo 
rithm, the information computed by the individual pha 
ses of the forward interprocedural slicing algorithm can 
be useful on its own. For example, for each vertex seS', 
where s is a vertex of some procedure R, Phase 1 identi 
fies vertices that can be affected by s in procedures that 
call R. Again, tis is a kind of slice "relative to a single 
procedure.” 
An algorithm for forward interprocedural slicing 

with respect to a single vertex v, where the slice is taken 
relative to the procedure containing v, is given in Table 
below. 

TABLE 7 
procedure Mark VerticesOfForwardSlice(G,v) 
declare 

G: a system dependence graph 
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TABLE 7-continued 

28 

w: a vertex of G 
begin 

/ Slice forward without descending into called procedures"/ 
Mark VerticesReached(G, {v}, (def-order, linkage-entry, call}) 

end 
procedure Mark VerticesReached(G.V.Kinds) 
See Table 6) 

FINDING DIRECTLY-AFFECTED POINTS 
The system dependence graph can be used as a way 

of computing (an approximation to) the difference be 
tween two programs by finding directly affected point 
s-places wherein the system dependence graphs of 
two programs are different. This operation would be 
employed, for example, in a semantics-based (as op 
posed to text-based) tool for integrating program ver 
sions. See, Horwitz, Prints and Reps, supra. The goal of 
such a tool is to combine several different but related 
variants of a base program automatically, determining 
when the variant programs incorporate interfering 
changes; this would be applied, for example, when a 
number of collaborators are collectively producing 
updates in a large programming project. 
The integration capabilities of tools based on previ 

ous work are severally limited; in particular, previous 
work does not handle languages with procedure calls. 
For example, the tool described in Horwitz, Prins, and 
Reps, Supra, can only handle programs written in a 
simple language in which expression contain scalar 
variables and constants, and the only statements are 
assignment statements, conditional statements, and 
while-loops. 
When an integration system compares two or more 

system dependence graphs generated from different 
versions of a program, it needs a way to identify verti 
ces that correspond in the different graphs. One simpli 
fication is to assume that the system is supplied "tags" 
on SDG vertices that provide a means for identifying 
corresponding SDG vertices The tags are used to deter 
mine "identical' vertices when operations are per 
formed on vertices from different SDGs (e.g., testing 
whether vertex v is a member of two vertex sets: 
veV(G)A veV(G)). 

It is possible to meet this requirement by requiring all 
users to make use of a specialized program editor with 
the properties listed below. (This editor would be em 
ployed, for example, when a user creates a variant pro 
gram. A from a copy of the base program Base.) 

(1) The editor provides an automatic capability so 
that common components (i.e., statements and predi 
cates) can be identified in all versions. Each component's 
tag is guaranteed to persist across different editing ses 
sions and machines; tags are allocated by a single server, 
so that two different editors cannot allocate the same 
new tag. 

(2) The operations on program components sup 
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component that is moved from its original position in 
Base to a new position in the variant retains its tag from 
Base. 
A tagging facility meeting these requirements can be 

supported by language-based editors, such as those that 
can be creates by such systems as MENTOR Donzeau 
Gouge, V., Huet, G, Kahn, G., and Lang, B., "Pro 
gramming environments based on structured editors 
The MENTOR experience," pp. 128-140 in Interactive 
Programming Environments, ed. D. Barstow, E. San 
dewall, and H. Shrobe, McGraw-Hill, New York, NY 
(1984), GANDALFHabermann, A.N. and Notkin, D., 
"Gandalf Software development environments," IEEE 
Transactions on Software Engineering SE-12(12) pp. 
1117-1127 (December 1986); Notkin, D., Ellison, R.J., 
Staudt, B.J., Kaiser, G.E., Habermann, A.N., Ambriola, 
V., and Montanger, C., Special issue on the GANOLF 
project, Journal of Systems and Software 5(2)(May 
1985), and the Synthesizer Generator, Reps, T. and 
Teitelbaum, T., "The Synthesizer Generator,"Proceed 
ings of the ACM SIGSOFT/SIGPLAN Software En 
gineering Symposium on Practical Software Develop 
ment Enviroments, (Pittsburgh, PA, Apr. 23-25, 1984), 
ACM SIGPLAN Notices 19(5) pp. 42-48 (May 1984) 
Reps, T. and Teitelbaum, T., The Synthesizer Genera 
tor: A System for Constructing Language-Based Edi 
tors, Springer-Verla9, New York, Y (1988). 
The set of directly affected points are computed by 

comparing the sets of edges incident on a vertex v in 
dependence graph G. The incident edges can be classi 
fied as follows: 

IncidentControl(v,G) = (w- ww- v E E(G)} 
incidentFlow(v,G) = (w-rvw-five E(G)) 
Incidentdeforder(v,G) = (x-docyx-day e E(G)} 
IncidentLinkageexit(v,G) = (x-eivx-rive EG)} 

(Analogous definitions can be given for sets Incident 
Linkagentry (v,G) and IncidentCall(v,G); however 
they are not needed for our purposes.) Note that a def 
order edge x do(v y can be thought of as a hyper-edge 
directed from x toy to v. It is in this sense that a def 
order edge is incident on witness vertex v. 
Given dependence graphs GM and GN, the set 

DAPMN of vertices of GM that directly affected with 
respect to GN, consisting of all vertices of GM that have 
different incident-edges sets than the corresponding 
vertices of GN, is found by computing the following set: 

DAPMN = (v E V(GM) IncidentControl(v,GM) sy. IncidentControl(v,GN) 
V Incidentflow(v,G) a. IncidentFlow(v,GN) 
V Incident deforder(v,G) at Incident deforder(v,GN) 
V IncidentLinkageexit(v,GM) sy. IncidentlinkageExit(v,GN)}. 

ported by the editor are insert, delete, and move. When 
editing a copy of Base to create a variant, a newly in 
serted component is given a previously unused tag; the 
tag of a component that is deleted is never reused; a 

Note that incident call edges and linkage-entry edges 
are ignored in this computation, but that transitive inter 
procedural flow dependences are taken into account 
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because they are represented by flow edges of the sys 
tem dependence graph-the flow edges introduced in 
step (7) of the SDG construction method, correspond 
ing to the subordinate characteristic graph edges of the 
linkage grammar. The directly affected points may be 
determined in accordance with the procedure of Table 
8 below. 

TABLE 8 

30 
and GREF) can be determined particularly efficiently. 
In particular, in the absence of nested scopes, GMOD 
and GREF can be determined in time O(P2 +P Total 
Sites) steps by the algorithm described in Cooper, K.D. 
and Kennedy, K., "Interprocedural side-effect analysis 
in linear time," Proceedings of the ACM SIGPLAN 88 
Conference on Programming Language Design and 

function Directly Affected Points(G',G) returns a set of vertices 
declare 

G'G: system dependence graphs 
S: a set of vertices 
w,w'u: individual vertices 

begin 
S := 
for each vertex w in G do 

if w is not in G then 
Insert w into S 

f 
if the sets of flow edges, control edges, or linkage-exit edges incident on win G' 

are different from the sets incident on win G then 
Insert w into S 

f 

for each def-order edge w'-dow that occurs in G' but not in G do 
insert u into S 

end 
end 
return(S) 

end 

THE COMPLEXITY OF THE SLICING 
ALGORTHM 

This section discusses the complexity of the inter 
procedural slicing algorithm presented above. In the 
absence of aliasing, the cost is polynomial in (various) 
parameters of the system. In the presence of aliasing, the 
costs increase by an exponential factor that reflects he 
number of aliasing patterns in the program The in 
creased cost is due to the blow-up in program size that 
can occur when a program with aliasing is converted to 
one that is alias free. Below we assume that such con 

Implementation, (Atlanta, GA, June 22-24, 1988), 
30 ACM SIGPLAN Notices 23(7) pp. 57-66 (July 1988). 

35 

version has already been accomplished; the measures of 40 
system size used below are those associated with the 
alias-free system. 

COST OF CONSTRUCTING THE SYSTEM 
DEPENDENCE GRAPH 

The cost of constructing the system dependence 
graph can be expressed in terms of the parameters given 
in the following tables: 

Parameters that measure the size of an individual procedure 
the largest number of predicates and assignments in 
a single procedure 
the largest number of edges in a single procedure 
dependence graph 
the largest number of formal parameters in any 
procedure 
the largest number of call sites in any procedure 

Parameters that measure the size of the entire system 
P the number of procedures in the 

systern 
(= the number of productions in 
the linkage grammar) 
the number of global variables 
in the system 

totalSites S. P. Sites the total number of call sites 
in the system 

w 

Parans 

Sites 

Globals 

Interprocedural data flow analysis is used to compute 
summary information about side effects Flow-insensi 
tive interprocedural summary information (e.g. GMOD 
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Intraprocedural data flow analysis is used to deter 
mine the data dependencies of procedure dependence 
graphs. For the structured language under consider 
ation here, this analysis can be performed in a syntax 
directed fashion (for example, using an attribute gram 
2. 

This involves propagating sets of program points, 
where each set consists of program points in a single 
procedure. This computation has total cost O(V). 
The cost of constructing the linkage grammar and 

computing its subordinate characteristic graphs can be 
expressed in terms of the following parameters: 

Parameters that measure the size of the linkage grammar 
R is Sites -- the largest number of nonterminal 

occurrences in a single production 
G = P + TotalSites the number of nonternial 

occurrences in the linkage grammar 
is P. R 
= P. (Sites + 1) 

X = Globals + Params the largest number of attributes of 
a single nonterminal 
the largest number of attribute 
occurrences in a single production 

D is R. X 

= (Sites + 1). 
(Globals -- Params) 

To determine the dependencies among the attribute 
occurrences in each production, its corresponding Pro 
cedure is sliced with respect to the linkage vertices that 
correspond to the attribute occurrences of the produc 
tion. The cost of each slice is linear in the size of the 
procedure dependence graph; that is, the cost is 
bounded by 0(V --E). Consequently, the total cost of 
constructing the linkage grammar is bounded by 0(G. 
X. (V E)). 

It remains for us to analyze the cost of computing the 
linkage grammar's subordinate characteristic graphs. 
Because there are at most D2 edges in each TDP(p) 
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relation, the cost of AddledgeAnd Induce, which re 
closes a single TDP(p) relation, is O(D2) The cost of 5 
initializing the TDP relations with all direct dependen 
cies in ConstructSubCGraphs is bounded O(P. D2) 

In the inner loop of procedure ConstructSubC 
Graphs, the AddEdgeAndlnduce step is executed once 
for each occurrence of nonterminal N. There are at 
most X2 edges in each graph TDS(N) and G nontermi 
nal occurrences where an edge may be induced. No 
edge is induced more than once because of the marks on 
TDS edges; thus, the total cost of procedure Construct 
SubCGraphs is bounded by O(G.X2.D2) See, Kastens, 
Supra. 

SLICING COSTS 

An interprocedural slice is performed by two travers 
als of the system dependence graph, starting from some 
initial set of vertices. The cost of each traversal is linear 
in the size of the system dependence graph, which is 
bounded by O(P.OV -- E) --TotalSites. X). 
INCORPORATION OF PROGRAM SILICING INA 

PROGRAMMING TOOL 

This section illustrates how a programming tool 
could make use of program-slicing operations to pro 
wide information to a user of the tool. We will illustrate 
how such a tool could work by supposing that the user 
has invoked the tool on buffer demobase, which con 
tains a program to sum the integers from 1 to 10, as 
shown below: 

5 

10 
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program Main procedure A(x, y) 
begin begin 
sum := 0, call Add(x, y); 
i: = 1; call increment(y) 
while i < 1 do Tett 

cal A(sun, i) 
od 

procedure Add(a,b) procedure increment(z) 
begin begin 

cal Add(z, 
rett 

a : as a b 
Tetri 

The highlighted region (indicated above by the box 
around statement call Add(z,l)) changes to indicate the 
extent of the current selection. The new selection is a 
list of statements that, for the moment, consists of the 
single statement call Add(zl). 
The user can now invoke the, slice command (by 

selecting it from a menu of commands) to display all 
program elements-statements or predicates-that can 
affect the values of variables defined or used within the 
current selection. The slice command changes the dis 
play to indicate which program elements can affect the 
value of variable Z at call Add(z,l). In the screen images 
shown below, elements of a slice are indicated by en 
closing them in double angle brackets - <<and >>; 
obviously other mechanisms, including color, could be 
employed to make the elements of the slice stand out 
better from the rest of the program. 

program Main 
begin 
sun := 0; 
<<i := c >; 
while C<i < 11 > do 

procedure <<AX >(x, <<y> x) 
begin 

call Add(x, y); 
call C-Cincrement>> (k Cydd) 

re 

cal C CA) > (sum, k <i>>) 
od 

procedure <<Added (<<a) >, <<b>>) 
begin 
<<a := a + b >> 

Teturn 

demobase 
program Main procedure A(x, y) 
begin begin 

surn: at 0; cal Add(x, y); 
i := ; call Increment(y) 
while i < 1 do fett 

call A(sum, i) 

procedure increment(z) 
begin 

call Add(z, 1) 
fett 

procedure Add(a,b) 
begin 

a := a -- b 
return 

The user can find out about what program elements 
can potentially affect a given statement or predicate by 
slicing the program. First, the user would make a selec 
tion, say statement call Add(z,) in procedure Incre 
ment, by pointing the locator (indicated by e) at any of 
the characters of the desired statement and invoking the 
select command by clicking the left mouse button. 

SO 

55 

procedure <<Increment>>(<<z>> 
begin 

call Add 1 
rett 

Note that this slice does not contain statement call 
Add(x,y) of procedure A, nor formal parameter x of 
procedure A, nor actual parameter sum of the call on 
procedure A in procedure Main, nor statement sum :=0 
of 
We now introduce buffer demoa, which contains a 

version of the program in buffer demobase. This pro 
gram created by editing a copy of demobase, is just like 
demobase except for the additional statement at the end 
of procedure Main, anean := sum?(i-1), which com 
putes the arithmetic means. 

  

  



program Main 
begin 
sum : s 0; 
1 : as : 
while i < 1 do 

cal Asun, i) 
od 
anean := suma (i-1) 

ed 

procedure Add(a, b) 
begin 

a := a -- b. 
returf 
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procedure A(x, y) 
begin 

call Add(x, y): 
cal Increment(y) 

ret 

procedure increment(z) 
begin 

call Add(z, 
Tett 

rogram Main 
gun 
sum : as O; 

5,161,216 

while <<i < 11>> do 
call CaA (sum, C. Ciob) 

od 
anean := sun/ci-) 

end 

procedure <<Add>> (< Cab, a Cb >) 
begin 
K (a : is a -- b > 

te 

34 
As an aside, note that if the program in buffer demoA 

had been changes to initialize variable i to 0 instead of 1 
(and compute ameans by ameans :=sum/i), the slice of 
demoA with respect to statement call Add(Z,l) would 
not have been the same as the lice of demobase with 
respect to call Add(z,l). As shown below, the slice of 
this version of ObdemoA contains statement i := 0 of 
procedure Main. 

procedure C CA (x, K-Ky.) 
begin 

cal Add(x, y); 
call <<Increment>> (k Cy) 

return 

procedure <<Increment>> (<<2>>) 
begin 

cal Add 1 
re 

25 Now consider the slice shown below in which (the 
original version of) denoA has been sliced with respect 
to statement ameans := sum M (i-1). 

program Main 
begin 
<<sum := 0 ); 
<<i := 1 >>; 
while Cki C 11 > do 

procedure C CA (Cax>>, < Cy>>) 
begin 

call k (Add - (< Cx >, <<y>>); 
cal C. Cincrement>> (<<y>>) 

tet 

cal K CA) > (>> surne, C. Ki >) 
od 

end 

procedure k <Add) > (<<a >, < kb>>) 
begin 
K Ca := a -- b > 

re 

45 

When the program in buffer demoA is sliced with re 
spect to statement call Add(Zl), the slice consists of the 50 
same components that appeared in the slice of the pro 
gram in buffer demobase, shown previously. 

program Main 
begin 
sum: as 0; 
Cai := 1 >>; 
while kai < t > do 

call < CA) >(sum, K Ci>>) 
od 
anean := sum/ (i-1) 

end 

procedure <<Add (kka) >, <<b>>) 
begin 
C (a := a + b > 

rett 

begin 

fe 

procedure C kncrement > (<<z>>) 
begin 

call CKAddb (a Cz, a C1) 
tetrn 

This slice contains a larger collection of program com 
ponents than the ones shown previously, indicating that 
more components can potentially affect the values of 
variables used in statement ameans:= sum M (i-1) than 
can potentially affect callAdd(z,1). For example, in pro 
cedure Main, the slice contains the additional elements 
ameans :=sum. /, (i-1) (the point with respect to which 
the slice is taken), actual parameter sum of call A(sum, 
i) (because of the flow dependence from actual parame 

procedure K (Ab >(x, KCy>>) 

call Add(x, y); 
call Cancrement (a Cybb) 

procedure k < Increment>>(<<z>>) 
begin 

call Add 
return 
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ter sum of call A(sum, i) to ameans :=sum. /(i-1)). and 
sum := 0 

(because of the flow dependence from sum := 0 to 
actual parameter sum of call A(sum, I)). 5 

Finally, the user can find are potentially affected by a 
given statement or predicate by having the tool display 
the elements of a forward slice. For example, the screen 
image shown below indicates the elements of a forward 
slice of the program in buffer demoA taken with respect 
to statement sum := 0; the elements of the slice are 
indicated by enclosing them in double square brackets. 

1S 

program Main procedure A(x), y) 
begin begin 20 
fume oil) call Add(x, y); 
i: = 1; call increment(y) 
while i < 1 do return 

call A(sun), i) 
od 
(amean: = sum/ (i-1)) 

end 25 

procedure Add(a), b) procedure Increment(z) 
begin begin 

a := a + bi) call Add(z, ) 
retri e 
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36 
It is understood that the invention is not confined to 

the particular embodiments set forth herein as illustra 
tive, but embraces such modified forms thereofas come 
within the scope of the following claims. 
What is claimed is: 
1. A method carried out by a digital computer for 

constructing a system dependence graph for a computer 
program system having multiple procedures, compris 
ing the steps of: 

(a) for each procedure of the system, constructing its 
procedure dependence graph; 

(b) for each call site in the program, introducing a call 
edge from the call-site vertex to the corresponding 
procedure entry vertex; 

(c) for each preprocessing vertex v at a call site, intro 
ducing a linkage-entry edge from w to the corre 
sponding initialization vertex in the called proce 
dure; 

(d) for each post processing vertex v at a call site, 
introducing a linkage-exit edge to V from the corre 
sponding finalization vertex in the called proce 
dure; 

(e) constructing the linkage grammar corresponding 
to the system; 

(f) computing subordinate characteristics graphs of 
the linkage grammar's nonterminals; and 

(g) at all call sites that call a procedure P, introducing 
flow dependency edges corresponding to the edges 
in the subordinate characteristic graph for P. 

s 

  



PATENT NO. : 5, 161,216 
DATED 

INVENTOR (S) : 

It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 
corrected as shown below: 

On title page, item (57) Abstract, line 14, "slide" should read 

In 

In 

In 

n 

n 

UNITED STATES PATENT AND TRADEMARK OFFICE 
CERTIFICATE OF CORRECTION 

Page l of 2 

November 3, 1992 

Thomas Reps, et all 

--slice--. 

column 2, line 42, after "FIG. 1 with" insert 
--respect to--. 

column 2, line 55, "mark vertices" should read 
--marks the vertices--. 

Col. 2, line 58, "parameter X" should read 
--parameter z--. 

column 2, line 61, "afor" should be --for--. 
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Column 13, line 34, of Table 4, after "S, else S," 
insert --li--. 

In column 13, line 52, "so follows: " should be 
--as follows: - - - 

In column 13, line 55, 
"S. reaching DefsAfter=<i, q, lx|<i, q, l’e" should be 
--S. reachingDefs.After={<i, q, lx <i, q, lxe--. 
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DATED November 3, 1992 
INVENTOR (S) : 

Thomas Reps, et all 
It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 

corrected as shown below: 

Page 6 of 12 

In column 14, line 1, "FlowSources (S) = {q|<i, q, l’S." 
should be -- "FlowSources (S) = {q|<i, q, lde S. --. 

In Column 14, line 2, "reaching DefsBefore ie Exp. used}." 
should be --reaching DefsBefore Aie Exp. used. --. 

In Column 14, line 56, "having upper" should read --20 having--. 

In column 16, line 56, "associates" should be 
--associated.--. 

In column 16, line 57, "cell" should be --call--. 

In column 16, line 60, "cell-site" should be 
--call-site--. 

In column 16, line 62, "parameters" should be 
--parameter--. 

column 16 line 63, "labelede (r) : =e," should be 
--labeled 66 (r) :=e, --. 
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INVENTOR(S) : Thomas Reps, et all 

It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 
Corrected as shown below: 

In column 16, line 67, "a := e '(r)" should be 
--a := 6' (r)--. 

In column 17 line 7, "r :=eo (r), and e o (r) :=r" should 
be --r : = 69 (r), and 6 (r) :=r--. 

In column 17, line 42, "procedure F" should be 
--procedure P--. 

In column 17, line 43, "sid3" should be --side--. 

In column 17 line 52, "Add-Increment-Add" should be 
--Add-e Increment-Add--. 

In column 18 line 43, after "FIG. " insert --6--. 

In column 19, line 37, delete "U 15 p and (X.m., X.n)". 
In column 20 line 39, '33. " should be --32. --. 

In column 20, line 45, "character" should be 
-- characteristic--. 
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5, 161,216 
November 3, 1992 
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INVENTOR(S); Thomas Reps, et all 

In 

In 

In 

r 

In 

n 

In 

In 

column 20, line 
--for P at 36. 

Column 21 line 
ALGORITHM--. 

Column 21, line 
--possible. --. 

column 23, line 

column 23, line 
-- 8 (2) :=y--. 

column 23, line 

It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 
corrected as shown below: 

49, after "graph" insert 

1, "ANALGORITHM" should be --AN 

5, 'possible" should be 

10, "y=e (y)" should be --y=5A (y) --. 

11, "e (2) : =y" should be 

13, "Y :=e '(a)" to "e(z)" should 
be -- "y = d Add (a) to "6 (z) --. 

Column 25 line 

column 26, line 

60, "Of" should be --of--. 

3, after "Table" insert - -6. --. 
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DATED November 3, 1992 
INVENTOR (S) : 

Thomas Reps, et all 
It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 

corrected as shown below: 

In column 26 line 4, after "Table" insert --6--. 

In column 26, line 59, "tis" should be --this.--. 

In column 27, line 19, "Prints" should be --Prins--. 

In column 27, line 27, "severally" should be 
--severely--. 

In column 27, line 53, "versions' should be 
--versions. --. 

In column 28, line 15, "creates" should be --created--. 

column 28, line 17, "editors" should be 
--editors: --. 

column 28, line 21, "GANDALFHabermann" should be 
--GANDALF; Habermann--. 

column 28, line 26, "GANDLF" should be --GANDALF--. 

column 28, line 33, " (May 1984) " should be -- (May 
1984); --. 
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It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 
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November 3, 1992 

In column 28, line 36, "Springer-Verla9, New York, Y 
(1988) .. " should be --Springer-Verlag, New York, NY 
(1988). --. 

In column 28, line 56, "incident-edges" should be 
--incident-edge--. 

In column 29, line 35, "reflects he" should be 
--reflects the - - 

In column 30, line 65, "X ... (V E)) . " should be 
--X ... (V+E)). --. 

column 31, line 2, "The cost of 5" should be --The 
cost of --. 

In column 31, line 4, "O (P . D’)" should be 
--O (P . D'). --. 

Column 31, "X2" should be --X?--. line 8, 

column 31, line 66, "(indicated by e) " should be 
-- (indicated by Q) --. 
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INVENTOR (S) : Thomas Reps, et all 

It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 
Corrected as shown below: 

In 

In 

In 

In 

In 

In 

In 

In 

column 32, line 12 of the first boxed, diagram, "call 
Add (z, 1)" should be --call Add (z, )--. 

column 32, line 20, "invoke the slice" should be 
--invoke the slice--. 

column 32, line 62, after "of" insert --procedure 
Main. --. 

column 32, line 67, "Mai" should be --Main--. 

column 34, line 3, "ameans by ameans" should be 
--amean by amean-- 

column 34, line 4, "Add (Z, 1)" should be 
--Add (z, 1)--. 

column 34, line 5, "lice" should be -- slice--. 

column 34, line 7, "Obdemoa" should be --of demoA--. 

column 34, line 3 of the first boxed diagram, 
"<<i :=1>>; " should be -- (<i: = Ox>;--.   
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NVENTOR(S) : Thomas Reps, et al. 

It is certified that error appears in the above-identified patent and that said Letters Patent is hereby 
corrected as shown below: 

In column 34, line 27, 'ameans" should be - -anean--. 

In column 34, line 7 of the second boxed diagram, "call 
<<A>> (>>sum>>, <<i>>)" should be --call 
<<A>> (<<sum>>, <<i>>) --. 

In column 34, line 47, "aneans" should be - -amean--. 

In column 34, line 50, "ameans" should be - -anean--. 

In column 35, line 1, "ameans" should be --amean--. 

Signed and Sealed this 
Fifth Day of July, 1994 

Artes?: (a (4-4- 
BRUCE LEHMAN 

Attesting Officer Commissioner of Parents and Trademarks 
  


