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1
CONFLICT-FREE PARALLEL RADIX
SORTING DEVICE, SYSTEM AND METHOD

FIELD OF THE DISCLOSURE

This document pertains generally, but not by way of
limitation, to methods, devices, and systems of sorting of
data in a large dataset, and more particularly to conflict-free
parallel sorting of large datasets to enable sorting in real-
time applications where the sorting must be accomplished
within a bounded time.

BACKGROUND

Various different types of systems, such as autonomous
driving systems, generate large datasets including millions
of data elements, or more, which need to be quickly sorted
to enable proper operation of the system. Data elements in
the dataset contain a corresponding key and data, which
includes additional information associated with the data
element. The data elements are sorted based on the value of
the key for the element. The keys are not unique, with many
data elements potentially sharing the same key. For real-time
applications that are time sensitive, the sorting of these data
elements must complete for the entire large dataset within a
worst-case time to enable desired operation of the system.

In prior sorting implementations, the data elements of the
large dataset are divided or split across a set of source
memories, with a portion of the dataset being stored in each
source memory. A separate set of target memories store the
sorted data elements resulting from the sorting algorithm
applied to the dataset. The sorting algorithm examines, in
parallel, the data elements in each source memory and
determines an address for each data element in the target
memories such that copying data elements to these addresses
in the target memories results in a sorted dataset. The
algorithm performs, in parallel, copying of data elements
from each source memory to the proper one of the target
memories. A weakness or drawback of this approach is in
this copying step of the algorithm since the algorithm may
require copying multiple data elements to the same target
memory at the same time. As a result, there will be copying
conflicts that arise in copying the data elements from the
source memories to the target memories. These copying
conflicts result in copying of data elements to respective
target memories being serialized, which of course delays the
copying of all data elements to the target memories. In a
worst-case scenario, for example, each source memory
would simultaneously try to copy a data element to the same
target memory, effectively negating the parallel operation of
the algorithm and performing no better than serially copying
the data element from each source memory to the target
memory. Improved techniques for more quickly sorting data
elements of a large dataset are accordingly needed.

BRIEF DESCRIPTION OF THE SEVERAL
VIEWS OF THE DRAWINGS

To easily identify the discussion of any particular element
or act, the most significant digit or digits in a reference
number refer to the figure number in which that element is
first introduced.

Various ones of the appended drawings merely illustrate
example embodiments of the present inventive subject mat-
ter and cannot be considered as limiting its scope.
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FIG. 1 is a functional block diagram of a conflict-free
parallel radix sorting system in accordance with some
embodiments of the present disclosure.

FIG. 2A illustrates conflict-free copying or storage imple-
mented by the sorting system of FIG. 1 in accordance with
some embodiments of the present disclosure.

FIG. 2B illustrates copying conflicts that arise in conven-
tional parallel radix sorting systems and which are avoided
by the conflict-free parallel radix sorting system of FIG. 1 in
accordance with some embodiments of the present disclo-
sure.

FIG. 3 is a flowchart of an iteration of a conflict-free
parallel radix sorting process implemented by the sorting
system of FIG. 1 in accordance with some embodiments of
the present disclosure.

FIGS. 4-7 illustrate operation of a counting sort that is
performed as part of the local sorting of portions of a dataset
in the process of FIG. 3 in accordance with some embodi-
ments of the present disclosure.

FIGS. 8-10 illustrate the operation of a parallel radix-sort
algorithm utilized in accordance with some embodiments of
the present disclosure.

FIGS. 11-19 illustrate in more detail the operation of the
conflict-free parallel radix sorting process of FIG. 3 in
accordance with some embodiments of the present disclo-
sure.

FIG. 20 is a more detailed flowchart of a process executed
by the sorting system of FIG. 1 in accordance with some
embodiments of the present disclosure.

FIG. 21 illustrates the structure of a conflict-free schedule
table in accordance with some embodiments of the present
disclosure.

FIG. 22 illustrates examples of identifying conflict-free
mappings of a simplified schedule table in accordance with
some embodiments of the present disclosure.

FIG. 23 illustrates a representation of the simplified
example schedule table of FIG. 22 as a bipartite graph in
accordance with some embodiments of the present disclo-
sure.

FIGS. 24-26 illustrate the algorithm implemented to iden-
tify conflict-free mappings for a conflict-free schedule table
in accordance with some embodiments of the present dis-
closure.

FIG. 27 is a flowchart illustrating a scheduling algorithm
for generating a conflict-free mapping of a schedule table
according to embodiments of the present disclosure.

FIG. 28 is a functional block diagram of a computing
system for carrying out methods and operations described
herein in accordance with some embodiments of the present
disclosure.

FIG. 29 is a functional block diagram of a distributed
computer network for carrying out methods and operations
described herein in accordance with some embodiments of
the present disclosure.

DESCRIPTION

Embodiments of the present disclosure are directed to a
conflict-free parallel radix sorting algorithm in which copies
of data elements of a large dataset are scheduled so that there
is always a single copy to each target memory each cycle of
copying for the system. The scheduling algorithm eliminates
memory copying conflicts where data elements from differ-
ent source memories are to be copied to the same target
memory and in this way maintains maximum throughput for
the copying of data elements from the source memories to
the target memories. Embodiments of the present disclosure
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are further directed to a scheduling algorithm, which may be
implemented in hardware, with the scheduling algorithm
guaranteeing the finding of a conflict-free scheduling for the
copying of all data elements in the dataset. In a further
embodiment, a method increases the parallelism of a tradi-
tional radix sort by overlapping the copying stage of one
iteration of the radix sort with histogram generation of the
next iteration of the radix sort.

FIG. 1 is a functional block diagram of a conflict-free
parallel radix sorting system 100 in accordance with one
embodiment of the present disclosure. The conflict-free
parallel radix sorting system 100 includes a sorting engine
102 that executes a conflict-free parallel radix sorting algo-
rithm to sort data elements of a large dataset stored in a first
bank of memory, MBA. The large dataset is divided or split
across a plurality of individual memories A | -A ;, forming the
first bank of memory MBA, with a portion of the unsorted
dataset being stored in each of the individual memories in
the first bank of memory. A second bank of memory MBB
also includes a plurality of individual memories B,-B,,, and
the sorting engine 102 transfers data elements between the
first and second memory banks MBA, MBB during execu-
tion of the conflict-free parallel radix sorting algorithm, as
will be described in more detail below.

In the present description, the individual memories
A,-A,, of the first memory bank MBA and the individual
memories B, -B,, of the second memory bank MBB may be
referred to as either source memories or target memories.
The roles of the memories A,-A,, and B,-B,, as either
source or target memories will vary depending on whether
the sorting engine 102 is executing a local sorting or a global
sorting portion of the conflict-free parallel radix sorting
algorithm, as will be described in more detail below. Also,
in the present description the conflict-free parallel radix
sorting algorithm executed by the sorting engine 102 of the
sorting system 100 may simply be referred to as a conflict-
free parallel radix sort.

In operation, the sorting engine 102 executes the conflict-
free parallel radix sorting algorithm to determine the proper
sorting of the unsorted data elements of the large dataset
initially stored the memories A,-A,,. The sorting engine 102
initially executes the local sorting portion of the conflict-free
parallel radix sorting algorithm and copies unsorted data
elements in each of the memories A,-A,, into a correspond-
ing one of the memories B,-B,, to thereby store locally
sorted data elements in each of the memories B,-B,,. This
portion of the conflict-free parallel radix sorting algorithm is
termed the local sorting since unsorted data elements in each
of the memories A,-A,, are copied only into a single one of
the corresponding memories B,-B,,. Thus, data elements in
memory A, are copied only into memory B, to store these
data elements as locally sorted data elements in the memory
B,. The same is done for the data elements in the other
memories A,-A,,, with data elements in memory A, being
copied and stored as locally sorted data elements in memory
B,, data elements in memory A, being copied and stored as
locally sorted data elements in memory B;, and so on
through the data elements in memory A,, being copied and
stored as locally sorted data elements in memory B,,. After
the sorting engine 102 executes the local sorting portion of
the conflict-free parallel radix soring algorithm, locally
sorted data elements are stored in each of the memories
B,-B,, in the second memory bank MBB.

Once the sorting engine 102 has completed the local
sorting portion of the conflict-free parallel radix sorting
algorithm, the sorting engine executes the global sorting
portion of the algorithm in which the locally sorted data
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elements stored in the memories B,-B,, are sorted and
copied into the memories A,-A,,. The globally sorted data
elements are the sorted set of all the unsorted data elements
initially stored in the memories A;-A,, Thus, after the
sorting engine 102 executes the global sorting portion of the
conflict-free parallel radix soring algorithm, all the data
elements in the large data set are stored as a sorted dataset
in the memories A;-A,, The conflict-free parallel radix
sorting algorithm eliminates copying or storage conflicts that
arise in conventional parallel radix sorting algorithms when
storing or copying the data elements between the memories
A,-A,, and memories B,-B,,. The local and global sorting
portions of the conflict-free parallel radix sorting algorithm
are performed multiple times or for multiple iterations on the
data elements according to embodiments of the present
disclosure. Each iteration of the conflict-free parallel radix
sorting algorithm executes the local sorting and global
sorting on respective sub-keys or radix of an overall key that
is part of each of the data elements in the large dataset, as
will be described in more detail below.

FIG. 2A illustrates conflict-free copying or storage imple-
mented by the sorting system of FIG. 1 in accordance with
some embodiments of the present disclosure. In the example
of FIG. 2A, the memory bank MBA includes four memories
A,-A, and memory bank MBB includes four memories
B,-B,. During the copying or storage portion of the global
sorting portion of the conflict-free parallel radix sorting
algorithm, each cycle of operation of the algorithm a respec-
tive data element in each of the memories B,-B, is copied
into a corresponding one of the memories A,-A,. During the
global sort portion of the conflict-free parallel radix sorting
algorithm, the memories B,;-B, are source memories and the
memories A, -A, are target memories. FIG. 2A illustrates an
exemplary cycle, with each of the arrows 200A-206A rep-
resenting a storage or copying of a respective data element
in one of the memories B,-B, to a corresponding one of the
A,-A,. Thus, in each cycle of operation of the conflict-free
parallel radix sorting algorithm in the example of FIG. 2A,
four data elements are copied in parallel into the four target
memories A -A,. Only one data element in each source
memory B,-B, may be copied into only one of the corre-
sponding target memories A;-A, each cycle, as will be
appreciated by those skilled in the art. FIG. 2A illustrates a
simplified example of one cycle of operation, and the
algorithm repeats this type of copying operation over as
many cycles as required during the global sorting to copy
locally sorted data elements in each of the source memories
B,-B, to the target memories A;-A, and thereby store the
globally sorted data elements in the target memories A;-A,.

FIG. 2B illustrates copying conflicts that arise in conven-
tional parallel radix sorting algorithms, which are avoided
by the conflict-free parallel radix algorithm in accordance
with some embodiments of the present disclosure. In the
example of FIG. 2B, during the illustrated cycle each of the
source memories B,-B, needs to copy a data element into the
same target memory A,, as represented by arrows 200B-
206B. As mentioned above, only a single data element from
a single source memory B;-B, may be copied into each
target memory A, -A, during each cycle. The example copy-
ing conflict of FIG. 2B necessitates the copying of the
required data elements in the source memories B,-B, to be
serialized. As a result, the conventional parallel radix sorting
algorithm requires four cycles of operation to copy the
required data elements from the source memories B,-B, to
the target memory A, in this situation. These storage or
copying conflicts that arise in conventional parallel radix
sorting algorithms slow down the copying of all data ele-
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ments in the source memories B,-B,, into the target memo-
ries A, -A,, since more cycles are required to copy all the data
elements. This is in contrast to the conflict-free parallel radix
sorting algorithm according to embodiments of the present
disclosure, which ensures four data elements (in the example
of FIG. 2A) are copied each cycle of operation such that a
minimum number of cycles and therefore a minimum time
is required to copy all the data elements from the source
memories B,-B, to the target memories A;-A,.

FIG. 3 is a flowchart of one iteration of a conflict-free
parallel radix sorting algorithm or process 300 implemented
by the sorting system 100 of FIG. 1 in accordance with some
embodiments of the present disclosure. The process 300
begins with a local sorting operation 302 in which the
algorithm performs a local sorting operation of the unsorted
data elements stored in the memories A;-A,,. As used in the
present description and as briefly discussed above, “local
sorting” of data means the data elements stored in each of
the memories are individually sorted. In the local sorting
operation 302, the memories A, -A, , are the source memories
and store unsorted data elements of the dataset being sorted.
In operation 302, the sorting system 100 sorts the unsorted
data elements of a dataset stored in each of the source
memories A,-A,, in the corresponding one of the memories
B,-B,,, which are the target memories during the local
sorting operation 302. The local sorting operation 302
utilizes a sorting algorithm to locally sort the data elements
in the respective memories A -A,, in the corresponding one
of the memories B,-B,, The data clements are termed
“locally sorted” herein since the unsorted data elements
stored in each of the source memories A -A,, is individually
sorted and stored in the corresponding one of the target
memories B,-B,, in the local sorting operation 302. Thus,
the data elements of the overall dataset stored collectively in
the memories A | -A, ,are not sorted during the operation 302.
Instead, the data elements stored in memory A, are sorted
and stored in memory B,, data elements in memory A, are
sorted and stored in memory B,, and so on through the data
elements in memory A,, being sorted and stored in memory
B,, In embodiments of the present disclosure, the operation
302 locally sorts the data elements stored in each of the
source memories A | -A, ,in the corresponding target memory
B,-B,, through a counting sort, as will be described in more
detail below with reference to FIGS. 4-7. Thus, after the
local sorting operation 302, the locally sorted data elements
are stored in the memories B,-B,,.

Once the data elements have been locally sorted in
operation 302, the process 300 proceeds to a scheduling
operation 304 and generates a schedule table that provides a
conflict-free mapping of the locally sorted data elements in
the memories B,-B,, to the memories A -A,,in the memory
bank MBA. This conflict-free mapping defines the order in
which locally sorted data elements in the memories B,-B,,
are to be copied into the memories A, -A, so that all the data
elements of the dataset are properly sorted in the memories
A,-A,, after all data elements have been copied. The con-
flict-free mapping of the schedule table ensures that copying
conflicts, as described above with reference to FIGS. 1 and
2B, do not arise when copying the locally sorted data
elements in the memories B,-B,, into the memories A;-A,,.

After generation of the schedule table in operation 304,
the process 300 proceeds to a memory copying operation
306 and copies the locally sorted data elements from the
memories B,-B,, to the memories A;-A,, according to the
schedule table to thereby store the sorted dataset of all data
elements in the memories A,-A,,. The memory copying
operation 306 may also be referred to as a global sorting
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operation or as a global sorting portion of the conflict-free
parallel radix sorting algorithm in the present description.
The conflict-free copying resulting from the conflict-free
parallel radix sorting algorithm 300 reduces the number of
cycles required to copy all the data elements from the B,-B,,
to the memories A -A,,. In this way, the conflict-free parallel
radix sorting algorithm 300 reduces the time required to
obtain the sorted dataset (i.e., the properly sorted data
elements) stored in the memories A -A,,. This reduced time
makes the conflict-free radix parallel sorting algorithm well
suited to utilization in applications, such as autonomous
driving systems, involving very large numbers of data
elements that must be sorted very quickly to enable opera-
tion of the system. The conflict-free parallel radix sorting
algorithm also enables sorting of the large dataset with only
the two banks of memory MBA, MBB including the memo-
ries A-A,,and B,-B,, by copying between the memories in
these two banks. This is advantageous comparted to in-place
sorting techniques that are significantly more expensive in
terms time required to perform the sort.

FIGS. 4-7 illustrate operation of a counting sort that is
performed as part of the local sorting performed in the
operation 302 of the process 300 of FIG. 3 in accordance
with some embodiments of the present disclosure. The
counting sort will be understood by those skilled in the art
and will accordingly not be described in detail herein, but
will only be described to the extent necessary to enable an
understating of the operation of the conflict-free parallel
radix sorting algorithm according to embodiments of the
present disclosure. In the present description, where more
than one of a given component exists, the components are
typically referred to using a reference letter followed by a
reference number. For example, the memories A1-A4 and
memories B1-B4 as discussed above. When referring to a
specific one or ones of the components both the reference
letter and reference number will be utilized (e.g., Al, B3)
while only the reference letter (e.g., A, B) will be utilized
when referring to any or all of the components.

FIGS. 4-7 illustrate a simple example of a counting sort
algorithm that is executed to locally sort data elements DE
stored in one of the memories A;-A,, of FIG. 1 during
execution of the conflict-free parallel radix sorting algorithm
300 of FIG. 3. The locally sorted data elements from the
counting sort algorithm are stored in a corresponding one of
the memories B,-B,,. During execution of the counting sort
algorithm to locally sort the data elements DE, the memories
A,-A,, are source memories and the memories B,-B,, are
target memories. The counting sort algorithm sorts the data
elements DE based on the key K of each data element. In the
example of FIGS. 4-7, unsorted data elements DE0-DE11
are stored in a memory A. In this simplified example, the
memory A has twelve storage locations ADDR0-ADDRI11,
with each storage location being individually addressable to
enable a data element DE to be written into or read from the
storage location. The memory A stores twelve data elements
DEO0-DE11, each data element including a key K along with
data d0-d11. The keys K of the data elements DE0-DE11 are
not unique, with multiple data elements having the same
value for the key K. The key K of each data element DE has
eight possible values 0-7 in the simplified example of FIGS.
4-7 and each of these keys is designated K0-K7 in the
present description.

FIG. 4 illustrates the unsorted data elements DE0-DE11
stored in the memory A on the left of the figure. The first step
in the counting sort algorithm is to generate a count histo-
gram CH of a count CNT for each key K of the data elements
DE. This initial count histogram CH is shown in FIG. 4. The
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count histogram CH is generated having a number of rows
that is equal to the number of potential values for the keys
K of the data elements DE. Thus, in the example of FIG. 4
the count histogram CH has eight rows, one for each the
eight key values 0-7 of keys K0-K7. Each row of the
histogram accordingly has a corresponding value for the key
K and a count CNT associated with the key, with the counts
being initialized to zero as seen in the count histogram CH
in the center of FIG. 4. The data elements DE stored in the
memory A are then accessed to count the occurrences of
each key K for the dataset of all the data elements. The
specific time the keys K of the data elements DE are counted
may vary in different embodiments, and in one embodiment
the keys K are counted as the data elements DE of a new
dataset are being loaded or written into the memory A.

As each data element DE is accessed and the key K for
that data element is determined, the corresponding count
CNT for the key is incremented in the count histogram CH.
Once all the data elements DE have been accessed, the key
K determined, and the count CNT in the count histogram CH
incremented accordingly, the count histogram CH is gener-
ated containing the proper CNT for each of the keys K0-K7
as shown in FIG. 15. The value of the count CNT for each
key K in this count histogram CH corresponds to the number
of occurrences of the key in the dataset of all the data
elements DE in memory A. For example, the key K0 occurs
only once in data element DE5 stored in memory A and so
the count CNT=1 for key K0 as seen in the count histogram
H on the right in FIG. 4. The key K7 (i.e., the key having the
value 7) is contained in data elements DE1, DE2, and DE10,
and thus the count CNT=3 for the key K7. Note the sum of
all the counts CNT in the count histogram CH is equal to 12
since there are a total of twelve data elements DE contained
in the dataset stored in the source memory A.

Once the counting sort algorithm has counted all the keys
K of the data elements DE to generate the count histogram
CH, the counting sort algorithm thereafter generates a key
offset histogram OH that accounts for multiple values of the
same key K for data elements DE in memory A. The offset
histogram OH includes an offset OFF for each key K0-K7,
each offset corresponding to a starting storage location for
data elements DE including this key in a target memory B
(not shown in FIG. 4). The offset histogram OH provides the
offset OFF for each key K0-K7 to allow for respective data
elements DE in the source memory A to be copied or stored
in the proper storage location in the target memory B. FIG.
5 shows the offset histogram OH that is generated from the
count histogram CH of FIG. 4. The value of the offset OFF
for each key K0-K7 in the offset histogram OH is deter-
mined from the counts CNT of the prior keys. The value of
the offset for the key K0 is set to zero since there is no offset
for any data elements DE with the key KO0 as these data
elements will be the first to be stored in the target memory
B. The sum of the counts CNT of prior keys K determines
the value for each offset OFF in the offset histogram OH, as
will be understood by those skilled in the art. For example,
for the key K3 the value of the offset OFF is 5 since the sum
of the counts CNT of prior keys K0, K1, K2 is equal to 5 (1
K0+2 K1+2K2). The offset OFF of 5 for the key K3 means
that first data elements DE including the key K3 will be
stored starting with the sixth storage location of the target
memory B since all the data elements DE including keys K0,
K1, K2 are stored in the first five storage location in the
target memory B.

FIGS. 6 and 7 illustrate the storage or copying operation
of the counting sort algorithm during which the offset
histogram OH is utilized to copy the unsorted data elements
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DE stored in the source memory A into the target memory
B to thereby store the sorted data elements in the target
memory. FIG. 6 illustrates a single copy of the data element
DEQ stored in the first storage location of source memory A
(i.e., stored at address 0) into the proper storage location
(i.e., storage location having address 6) in the target memory
B. During copying, the counting sort algorithm accesses the
initial data element DEO stored in the first storage location
(address 0) in the source memory A and determines the key
is K5 for this data element. The counting sort algorithm then
references the offset histogram OH for key K5 and deter-
mines the data element DEO is to be copied in the storage
location having address 6 in the target memory B. The data
element DEO in source memory A is then copied into target
memory B at the storage location having the address 6.
These operations are illustrated through the arrows in FIG.
6.

During this copying operation, the counting sort algo-
rithm also increments the offset OFF in the offset histogram
OH for the key K in the data element DE being copied. In
the example copying operation of FIG. 6, the offset OFF for
the key K6 in the offset histogram OH is incremented by 1
from 6 to 7. This is done so that the next time a data element
DE in the source memory A containing key K5 is accessed,
which will occur for data element DE9, the data element
DE9 will be copied into the proper storage location at
address 7 in the target memory B.

FIG. 7 illustrates the contents of the offset histogram OH
and the target memory B after the counting sort algorithm
has completed the copying operation and all data elements
DEO0-DE11 stored in source memory A have been copied
into target memory B. After this copying operation, the data
elements DE0-DE11 are sorted in the target memory B as
seen in the target memory on the far right in FIG. 7. The data
elements DE0-DE11 are sorted based on the key K0-K7 in
the storage locations ADDRO-ADDRI1 in the target
memory B. The representation of the offset histogram OH
illustrates the incrementing of each of the offsets OFF during
the copying operation. A line through an offset OFF along
with an incremented number represents this incrementing of
the offsets OFF in the histogram OH during the copying
operation. Each offset OFF is incremented a number of times
that is equal to the corresponding count CNT for that key K.
This is seen in comparing the offset histogram OH of FIG.
7 to the count histogram CH in FIG. 4. For example, the
offset histogram OH of FIG. 7 show the offset OFF for key
K2 in row 3 of the histogram being initially equal to 3 and
is thereafter incremented first to 4 and then to 5. The offset
OFF for key K2 is accordingly incremented twice, which
corresponds to the count CNT for key K2, which is equal to
2 as seen in the count histogram CH in FIG. 4.

FIGS. 8-10 illustrate the operation of a parallel radix sort
algorithm utilized in accordance with some embodiments of
the present disclosure. The parallel radix sort algorithm is
utilized where the size of the key K of each data element
would make the memory requirements of the associated
histograms prohibitively large. FIG. 8 illustrates an example
where the key K is 32 bits long, which means there are 23>
or approximately 4 billion values for the key. As a result, if
a counting sort was to be used, each of the count and offset
histograms would need to include approximately 4 billion
storage locations for all the rows or storage locations of each
histogram. The parallel radix sort algorithm overcomes this
issue for datasets including data elements having long keys
by sequentially performing counting sorts on portions of the
key K, where each of these portions of the key is referred to
as “sub-key” herein. In the example of FIG. 8, the 32-bit
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long key K is divided into four sub-keys SK1-SK4, each
sub-key being 8-bits long. The first sub-key SK1 corre-
sponds to the first eight bits of the key K starting with the
least significant bit LSB of the key K. Each of the second,
third and fourth sub-keys SK2, SK3, and SK4 includes the
next eight bits of the key K proceeding from least significant
bit LSB to the most significant MSB, such that the fourth
sub-key SK4 includes the eight most significant bits of the
key K.

In the conflict-free parallel radix sort algorithm, a local
sort followed by a global sorting as described above, is
performed on each of the sub-keys SK1-SK4 of the key K.
This is in contrast to a traditional parallel radix sort algo-
rithm in which a single sorting operation, typically a count-
ing sort, is performed on each sub-key SK of the key K. In
some embodiments of the present disclosure, the local sort
performed on each sub-key SK1-SK4 is a counting sort as
described above with reference to FIGS. 4-7. Referring to
FIG. 9, the dataset of the data elements DE to be sorted is
split across M memories, with M being 4 in the example
being described with reference to FIGS. 8-10. Thus, there
are four memories A -A,, each storing a quarter of the data
elements DE of the dataset being sorted in the example being
described. For the 32-bit key K of FIG. 8 and the four
sub-keys SK1-SK4, each sub-key SK1-SK4 is eight bits
long and accordingly has 256 (2%) possible values. Thus, the
count histogram CH and offset histogram OH for each of the
sub-keys SK1-SK4 has 256 rows or storage locations. This
allows for storage of the counts CNT for all the possible
values of the associated sub-key SK and the offset histogram
OH associated with the counting sort for each sub-key SK
will also have 256 rows for storing all the offsets OFF for the
associated sub-key SK. FIG. 9 shows the count histograms
CH1-CH4 and offset histograms OH1-OH4 associated with
the data elements DE stored in each of the four memories
A-A,.

FIG. 10 illustrates the four local count histograms CH1-
CH4 generated for the data elements DE in each of the
memories A,-A, for one of the sub-keys SK1-SK4 during
operation of the parallel radix sorting algorithm. Only eight
rows or storage locations for each of these histograms
CH1-CH4 are shown in FIG. 10 to simplify the figure, but
for the 8-bit sub-keys SK in the example being described
there would be 256 rows in each of these histograms. These
four local histograms CH1-CH4 must then be “merged” as
illustrated through the arrows to generate the offset histo-
grams OH1-OH4 for the data elements DE in each of the
memories for the sub-key SK. The parallel radix sorting
algorithm is performed or iterated one time for each sub-key
SK1-SK4. For each iteration, a counting sort is performed
on the corresponding sub-key SK1-SK4 (i.e., performed on
k-bits of the key K) to generate a local count histogram CH
for the data elements DE stored in each of the memories
A,-A,. These local count histograms CH1-CH4 are gener-
ated in parallel and are thereafter merged to generate the
corresponding offset histograms OH1-OH4 as shown in
FIG. 10.

The data elements DE stored in the memories A;-A, are
then copied into target memories B (not shown in FIGS.
8-10; see FIGS. 1 and 2 showing target memories B) using
the offset histograms OH1-OH4. The offsets in these offset
histograms OH1-OH4 correspond to memory locations in
the memories B,-B,, where the first twelve locations for the
storage of data elements DE are in the memory B, the next
twelve locations are in the memory B,, and so on in the
simplified embodiment being described by way of example.
The offset being utilized during copying is incremented as
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corresponding data elements DE are copied, as described
above in relation to FIGS. 6 and 7. The parallel radix sort
algorithm iterates this process one time for each of the radix
or sub-keys SK of the key K, with the sorted data elements
DE being stored in the target memories (i.e., memories
A,-A,) after the final iteration of the algorithm. The parallel
radix sort algorithm is subject to being slowed down during
copying of sorted data in source memories to target memo-
ries due to memory copying conflicts, which as discussed
above with reference to FIGS. 2A, 2B, will serialize these
copying operations and slow down completion of algorithm
in sorting the dataset. Embodiments of the present disclosure
eliminate these memory copying conflicts to thereby reduce
the time required to sort the dataset, as will be described in
more detail below.

FIGS. 11-19 illustrate in more detail the operation of the
conflict-free parallel radix sorting process 300 of FIG. 3 in
accordance with some embodiments of the present disclo-
sure. The example of FIGS. 11-19 is a simplified example,
with each of the memories A and memories B having twelve
storage locations ADDRO-ADDRI1 to store twelve data
elements DE and the key K of each data element having one
of eight possible values 0-7 for the current iteration of the
conflict-free parallel radix sort algorithm. As mentioned
above, the role of the memories A and B vary during
operation of the algorithm 300. The memories A are source
memories and memories B target memories during the local
sorting portion of the algorithm, while memories B are
source memories and memories A are target memories
during the global sorting portion of the algorithm. FIG. 11
illustrates a table 1100 representing the original unsorted
dataset of data elements DE stored in four source memories
A,-A,. Each source memory A -A,, corresponds to a column
in the table 1100 with the corresponding data elements DE
in data locations ADDRO-11 of this memory. Only one data
element DE stored in the source memory A, and shown the
first row and final column of the table 1100 is labeled to
simplify the figure.

In FIG. 11, each data element DE is shaded to indicate the
destination of that data element in a corresponding target
memory (i.e., one of the memories A) at the end of execution
of the conflict-free radix sorting algorithm. The shading for
the each of the ultimate target memories A, -A, of the sorted
data elements is shown in FI1G. 11. Thus, the shading of each
data element DE initially stored in memories A1-A4 indi-
cates where this data element will end up being stored after
sorting of the dataset to store the sorted data elements DE in
the memories A,-A,. This shading of data elements DE also
illustrates memory copying conflicts that would arise in
copying data elements from the source memories A -A, to
the target memories B,-B, in a traditional parallel radix
sorting algorithm. Each row of the table containing data
elements DE of the same shading has a memory copying
conflict. This is true because data elements DE having the
same shading are to be copied to the same target memory
A,-A,. Recall, during the copying operation of a parallel
radix sort, the same storage location ADDR of each source
memory A is accessed so that the corresponding data ele-
ments DE in these storage locations may be copied into a
corresponding one of the target memories B. In the example
of FIG. 11, every copy operation of data elements DE that
would need to be performed as part of a parallel radix sort
would involve at least one memory copying conflict. For
example, when the storage locations ADDRO in each source
memory B, -B, (not shown in FIG. 11) are accessed, the data
elements DE stored in this location in the source memories
B1 and B3 must both be copied to the target memory A2. As
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a result, the copies of these data elements DE in source
memories B1, B3 would need to be serialized, slowing down
the operation of the sorting algorithm. The conflict-free
parallel radix sorting algorithm according to embodiments
of the present disclosure eliminates such memory copying
conflicts.

In the conflict-free parallel radix sorting algorithm
according to embodiments of the present disclosure, a new
sorting operation is introduced that is referred to as the
“local sorting operation.” This operation was discussed
above with reference to FIG. 3 and the local sorting opera-
tion 302 of the conflict-free parallel radix sorting algorithm
300. FIG. 12 illustrates the operation of the local sorting
operation 302 in generating respective count histograms
CH1-CH4 and offset histograms OH1-OH4 for the data
elements DE stored in the source memories A -A,. Recall,
as discussed above, during the local sorting operation 302
the memories A | -A, are the source memories and the memo-
ries B,-B, are the target memories in the example embodi-
ments described in the present application. This operation
302 sorts the data elements DE of each source memory
A -A, “locally” through a counting sort of these data ele-
ments in embodiments of the present disclosure. The count-
ing sort algorithm was discussed above with reference to
FIGS. 4-7. In the example of FIG. 12 note that the data
elements DE stored in source memory Al are the same as
those in the memory A in the example of FIGS. 4-7. As a
result, the count histogram CH1 and offset histogram OH1
associated with the memory Al are the same as those of
FIGS. 4-7.

The offset histograms OH1-OH4 in FIG. 12 are associated
with the target memories B1-B4 since these offset histo-
grams are utilized to give the proper data locations ADDR
in the target memories to store the data elements DE from
the corresponding source memory Al-A4, and thereby store
the locally sorted data elements in the target memory. Both
the counts CNT in the count histograms CH and the offsets
OFF in the offset histograms OH are saved because the
offsets must be subsequently recalculated for performing the
global sorting of the data elements DE. The global sorting is
the final sorting of the data elements DE in operation 306 as
previously described for FIG. 3. Thus, memory is used in the
conflict-free radix sorting algorithm 300 to maintain these
count and offset histograms CH, OH. This is true because the
offsets OFF need to be recalculated later for the global
sorting operation 306, as will be described in more detail
below. The amount of memory required to maintain these
count and offset histograms CH, OH should be insignificant
compared to the memory required for storing the data
elements DE. Furthermore, the memory for these count and
offset histograms CH, OH may be reused during the global
sorting operation 306 to count keys K for next radix itera-
tion.

After the performing the local sorting operation 302
utilizing the local histograms CH, OH of FIG. 12, the data
elements DE of each source memory A -A, are stored as a
locally sorted dataset in each corresponding target memory
B,-B, as shown in FIG. 13. Thus, after operation of the local
sorting operation 302, the locally sorted data elements DE of
memory A, are stored as a locally sorted dataset in memory
B,, and the same is true for the data elements of memory A,
stored in memory B,, the data elements of memory A stored
in memory B;, and the data elements of memory A, stored
in memory B,. The dataset of data elements DE stored in
each of the source memories A1-A4 is sorted and stored in
target memories B1-B4, respectively. The offsets OFF in the
local offset histograms OH1-OH4 are used to copy the data
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elements in each source memory Al-A4 to the correspond-
ing target memory B1-B4 to thereby store the corresponding
locally sorted data elements in each of the target memories.
As seen in FIG. 13, the locally sorted data elements DE in
each target memory B1-B4 are now grouped by the ultimate
target memory Al-A4 in which the data element DE will be
stored after completion of the conflict-free parallel radix
sorting algorithm. For example, the data elements DE for the
ultimate target memory Al after completion of the global
sorting operation, which correspond to data elements having
keys K0, K1 and K2 in this example, are stored in the initial
storage locations ADDR of the respective memories B,-B,.
Next, the data elements DE having keys K2, K3, K4 are
saved in storage locations in memories B,-B,, and so on for
data elements having keys K5-K7 to be ultimately stored in
memories A;, A,. In this way, data elements DE for a
particular target memory A are grouped together in the
memories B,-B,. The locally sorted data elements DE in the
memories B1-B4 of FIG. 13 are ready for the global sorting
operation 306 to store the locally sorted data elements DE
for the particular sub-key SK or radix iteration being
executed to be stored in the target memories A1-A4 during
the global sorting operation. As mentioned above, in
embodiments of the present disclosure there are two banks
of memories A, B, and depending on whether the conflict-
free parallel radix sorting algorithm is executing the local
sorting operation 302 or global sorting operation 306 (FIG.
3) determines whether the memoires in each bank are source
memories or target memories. If the unsorted data elements
DE of the large dataset are initially stored in source memo-
ries A, then the memories A are source memories and the
locally sorted data elements will be stored in target memo-
ries B during the local sorting operation 302. During the
global sorting operation 306, the memories containing the
locally sorted data elements DE, namely memories B, are
the source memories while the memories A are the target
memories that will store the globally sorted data elements
after the global sorting operation 306.

In FIG. 13, the shading of each data element DE again
corresponds to the eventual target memory A,-A, that will
contain the data element after completion of the conflict-free
parallel radix sorting algorithm. While the local sorting
operation 302 adds an additional operation to a conventional
parallel radix sort, the local sorting operation involves only
simple independent counting sorts on each of the source
memories Al-A4. These counting sorts on the source memo-
ries A1-A4 are performed in parallel. Moreover, the local
sorting operation 302 is always conflict-free since copying
between source memories A and target memories B involves
only a single target memory B for each source memory A.
For example, the counting sort of data elements DE in
source memory Al are copied only to target memory B1,
data elements in source memory A2 only copied to target
memory B2, and so on, so no memory copying conflicts
arise during the local sorting operation 302. This reduces the
amount of time required to perform the local sorting opera-
tion 302.

Although the local sorting operation 302 does add an
additional operation to traditional parallel radix sorting, the
local sorting of the respective data elements DE in the target
memories B1-B4 in this manner enables conflict-free
memory copying during the final memory copying operation
306 of the sorting algorithm 300 of FIG. 3. The local sorting
operation is introduced in the conflict-free parallel radix
sorting algorithm to facilitate scheduling. This approach
works because the local sorting effectively groups the data
elements by target memories for the global sorting opera-
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tion. This makes it easier to find the next data element for a
specific target memory by tracking offsets of these groups.
Eliminating memory copying conflicts results in a better
worst-case performance of the conflict-free parallel radix
sorting algorithm 300 than for a traditional parallel radix sort
involving two or more source and target memories. In
addition, in embodiments of the conflict-free parallel radix
sorting algorithm the performance hit on the overall algo-
rithm due to the addition of the local sorting operation 302
is lessened by counting the keys K for the next iteration of
the radix sorting algorithm during global sorting of the
current iteration of the radix sorting algorithm, as will be
described in more detail below. Furthermore, the scheduling
operation 304 of the conflict-free parallel radix sorting
algorithm 300 executes in parallel with the local sorting
operation 302. The input to a scheduling algorithm executed
during the scheduling operation 304 is a schedule table that
may be computed from the same counts CNT as generated
during the local sorting operation 302. The output of the
scheduling algorithm is a mapping of source memories B
storing the respective locally sorted data elements DE to
target memories A and a size indicating the number of
memory copies that can be performed with this mapping,
with the results being stored in a global copy queue, as will
be described in more detail below.

FIG. 14 illustrates generation of a schedule table ST as
part of the scheduling operation 304 of the conflict-free
parallel radix sorting algorithm 300 in accordance with
embodiments of the present disclosure. In the schedule table
ST, keys K of the locally sorted data elements DE are
assigned to target memories, with smaller keys coming
before larger keys. The schedule table ST is utilized during
the global sorting operation 306 (FIG. 3) and thus the
schedule provides a scheduling for copying the locally
sorted data elements DE stored in the source memories B to
the target memories A. This will be done for each iteration
of'the radix sort and thus the scheduling is done based on the
sub-keys SK of the particular iteration of the radix sort being
executed. For the schedule table ST, data elements DE
having equal keys K in lower numbered source memories B
come before data elements with these keys in higher num-
bered source memories. Each field or cell C(i,j) in the
schedule table ST represents the number of memory copies
to be performed from source memory Bj to target memory
Ai. Index j=1-4 for the source memories B while index i=1-4
for the target memories A in the simplified example being
described.

The counts for the cells C(i,2) in the schedule table ST
will now be described in more detail to further illustrate the
structure of the schedule table. FIG. 14 illustrates the count
histograms CH1-CH4 of FIG. 12 that were generated for the
data elements DE in the source memories A1-A4 during the
local sorting operation 302 (FIG. 3). The cells C(i, 2)
correspond to the copy counts in column 2 of the schedule
table ST and correspond to copies from the source memory
B, to each of the target memories A -A,. For example, the
cell C(1,2)=3 and indicates the number of copies that are to
be performed from source memory B, to target memory Al
for data elements DE having keys K0, K1, K2 in the source
memory B,. The counts of the data elements DE in source
memory B, corresponding to this copy count of 3 for the cell
C(1,2) are illustrated through the circle around these ele-
ments and the corresponding arrow in FIG. 14. The cell
C(2,2)=2 indicates the number of copies that are to be
performed from source memory B, to target memory A, for
the count of data elements DE having keys K3, K4 in the
source memory B,. The counts of the data elements DE in
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source memory B, corresponding to this copy count of 2 for
the cell C(2,2) are illustrated through the circle around these
elements and the corresponding arrow in FIG. 14. The copy
counts C(3,2)=4 and C(4,2)=3 and the corresponding counts
CNT of data elements DE in source memory B, from the
count histogram CH2 for the corresponding keys K5, K6,
K7 are similarly illustrated through circles and arrows in
FIG. 14 as described above for cells C(1,2) and C(2,2).

The schedule table ST is generated while calculating the
count histograms CH for the local sorting of data elements
DE in the source memories Al-A4 during the local sorting
operation 302. This local sorting does not affect the sched-
uling of copying of data elements DE during the memory
copying or global sorting operation 306. In the schedule
table ST of FIG. 14, the bottom and right edges show the
sums of the counts for each column and row, respectively.
These sums, which have a value of 12 in the present
example. The sum of the copy counts of each column and
each row will always be the same because all memories are
the same size (i.e., 12 storage locations ADDR0-ADDR11 in
this example as seen in FIG. 13).

FIG. 15 illustrates operation of the scheduling algorithm
in the scheduling operation 304 in generating a global copy
queue GCQ that is utilized in the memory copying operation
306 to copy locally sorted data elements DE in the source
memories B,-B, (FIG. 13) into the target memories A,-A,.
The scheduling algorithm functions to find set S of M
non-zero cells C, where M=4 in the example being
described, where these four cells do not overlap in row or
column of the schedule table ST. Such a set S of cells C
represents a conflict-free mapping from the source memories
B to the target memories A. In FIG. 15, three different
conflict-free mappings CFM1-CFM3 for cells C in the
schedule table ST are illustrated. Each row of the global
copy queue GCQ represents a single conflict-free mapping.

Initially, the scheduling algorithm begins with the gener-
ated schedule table ST from FIG. 14. A first conflict-free
mapping CFM1 is identified by the scheduling algorithm
from the schedule table ST, with the set S of this conflict-free
mapping shown in FIG. 15. The scheduling algorithm iden-
tifies a cell C having a minimum size (i.e., the smallest copy
count) among the set S of cells in the identified conflict-free
mapping CFM. The minimum size of the identified cell C in
the set S defines the number of memory copies to be
performed through the identified conflict-free mapping
CFM. The first conflict-free mapping CFM1 has a minimum
size cell C equal to 4 and thus the size of this first
conflict-free mapping is equal to 4. The size determines the
number of data elements DE to be copied to each target
memory A during the memory copying operation 306 uti-
lizing the global copy queue GCQ. The first conflict-free
mapping CFM1 thus includes the set S of identified cells C
along with the size of the conflict-free mapping. Thus, the
first conflict-free mapping CFM1 then stored in the first row
of'the global copy queue GCQ as shown in FIG. 15. The size
4 of this first conflict-free mapping CFM1 is stored in first
row of the global copy queue GCQ as part this mapping as
shown.

The scheduling algorithm thereatter modifies the schedule
table ST by subtracting the size of the identified first
conflict-free mapping CFM1 from each of the cells C in the
set S corresponding to this mapping. This modified schedule
table ST is illustrated in FIG. 15, which will now be
described in more detail with reference to a second conflict-
free mapping CFM2 that is identified by the scheduling
algorithm. Once the scheduling algorithm has modified
schedule table ST, the scheduling algorithm again identifies
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a set S of non-zero cells C in the modified schedule table that
defines another conflict-free mapping from the source
memories B to the target memories A. Once again, the
identified set S defines four cells C, one for each source
memory B and target memory A in the present example,
where these cells do not overlap in row or column of the
schedule table ST.

A second conflict-free mapping CFM2 is shown for the
modified schedule table ST in FIG. 15. The second conflict-
free mapping CFM2 has a minimum size cell C equal to 1
and thus the size of the second conflict-free mapping is equal
to 1. Once again, the scheduling algorithm stores the iden-
tified second conflict-free mapping CFM2 including the set
S of cells C and size in the next row of the global copy queue
GCQ, which is the second row in the present example. The
scheduling algorithm thereafter once again modifies the
schedule table ST by subtracting the size of the identified
second conflict-free mapping CFM2 from each of the cells
C in the set S corresponding to this second mapping. This
newly modified schedule table ST as shown FIG. 15 is then
utilized to identify a next conflict-free mapping, which is a
third conflict-free mapping CFM3 in the example illustrated
in FIG. 15.

The third conflict-free mapping CFM3 is shown for the
newly modified schedule table ST illustrated in FIG. 15 and
has a minimum size cell C equal to 3. The size of the third
conflict-free mapping is accordingly equal to 3. Once again,
the scheduling algorithm stores the identified third conflict-
free mapping CFM3 including the set S of cells C and size
in the third row of the global copy queue GCQ in the present
example. The scheduling algorithm thereafter once again
modifies the schedule table ST by subtracting the size of the
identified second conflict-free mapping CFM2 from each of
the cells C in the set S corresponding to this third mapping.
This newly modified schedule table ST is then once again
utilized to identify another conflict-free mapping to be
stored in the global copy queue GCQ. The scheduling
algorithm repeats this process until all cells C in the modi-
fied schedule table are equal to zero (i.e., C(i,j)=0 for all
cells in the schedule table), at which point the global copy
queue GCQ is complete and will contain all required map-
pings to perform conflict-free mappings from the source
memories B to the target memories A.

FIG. 16 illustrates the final global copy queue GCQ in the
example being described. As seen, the final global copy
queue GCQ includes 6 conflict-free mappings (i.e., one
mapping per row) to copy all locally sorted data elements
DE from the source memories B to the target memories A.
In the final global copy queue GCQ, each of the conflict-free
mappings is valid for a number of copies based on the size
field defined for mapping. During operation of the conflict-
free parallel radix sorting algorithm, each entry or field in
each conflict-free mapping in the global copy queue GCQ is
processed in parallel since there are no memory copying
conflicts by the way the global copy queue was constructed.
As a result, memory copies in the memory copying opera-
tion 306 of the conflict-free parallel radix sort algorithm 300
may be performed at full throughput of the sorting system
100 (FIG. 1). The scheduling algorithm executed by the
scheduling operation 304 executes in parallel with the local
sorting operation 302 in accordance with embodiments of
the present disclosure. Moreover, generation of the sched-
uling table ST and global sorting queue GCQ in the sched-
uling operation 304 will finish before completion of the local
sorting operation 302 for all practical-sized scenarios and
sorting systems 100 (FIG. 1).
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Once the global sorting queue GCQ has been generated,
the next step of the scheduling operation 304 is to generate
a global sort histogram GSH for copying the locally sorted
data elements DE in the source memories B to the target
memories A pursuant to the global copy queue GCQ. The
global sort histogram GSH is shown in FIG. 17 and includes
a global count histogram GCH and a global offset histogram
GOH. Calculating the offsets OFF for the global offset
histogram GOH is similar to merging the histograms in a
traditional radix sort algorithm as discussed above with
reference to FIG. 12. The only difference is that in gener-
ating the global offset histogram GOH an offset OFF may
not be shared across target memory boundaries. Each given
offset OFF in the histogram GOH applies to only one of the
target memories A and may not apply to multiple target
memories. A small number of additional boundary offsets
BOF are needed to handle these boundary cases. Where
there are M memories, only M-1 boundary offsets are
required.

FIG. 17 illustrates a boundary offset table BOFT includ-
ing boundary offsets BOF for the M-1 boundaries between
the target memories A. In the example being described, M=4
since there are four target memories A and thus there are
(M-1)=3 boundary offsets BOF to be stored in the boundary
offset table BOFT. Each row of the boundary offset table
BOFT accordingly corresponds to one of the potentially
three required boundary offsets BOF. A boundary offset BOF
is labeled BOF1 for the global count histogram GCH and is
labeled BOF2 for the global offset histogram GOH in FIG.
17. This issue arises when copying from source memory B1
to target memory A3 since there are two keys K5 in source
memory B1 but there is only room in target memory A2 for
one these keys K5 from source memory B1. As a result, the
boundary offset table BOFT defines a boundary offset of 0
for key K5 when copying from source memory B1 to target
memory A3. This final key K5 from source memory B1 will
accordingly be copied into the first storage location (offset of
0) in the target memory A3 pursuant to the entry in the
boundary offset table BOFT for this boundary situation. The
boundary offset table BOFT is a suitable data structure to
contain the required information for each of the M-1 bound-
ary offsets.

A memory table MT is also shown in FIG. 17 and
illustrates the amount of memory required for the data
structures required for the conflict-free parallel radix sorting
algorithm 300. The data structures utilized by the algorithm
300 for the required histograms and tables as described may
vary in embodiments of the present disclosure. The memory
table MT illustrates data structures and sizes of those struc-
tures that are required by the conflict-free parallel radix
sorting algorithm 300. A histogram data structure for each of
the count histogram CH (key_counts in the MT) and offset
histogram OH (key_offsets in the MT) is required, each of
these data structures having a size of 2% where k is the length
in number of bits of the sub-key SK. A data structure is also
required for memory offsets MOF and has a size of M, where
M=4 in the example being described. A boundary offset data
structure or table BOFT has a size of M-1 as just described.

The data structures illustrated the memory table MT uses
additional memory for the conflict-free parallel radix sorting
algorithm 300 when compared to a conventional parallel
radix sorting algorithm. A conventional parallel radix sorting
algorithm uses only one 2* data structure for the counts CNT
(i.e., count histogram CH) of the keys K of the data elements
DE being sorted, and this same data structure is used for the
corresponding offsets OFF for these data element (i.e., for
the offset histogram OH). Thus, only a single 2* data
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structure is required in a conventional parallel radix sort.
Although the conflict-free parallel radix sorting algorithm
300 uses the additional data structures shown in the memory
table MT of FIG. 17, the amount of memory used by these
additional structures is relatively low. For example, where
the key k=8 bits then each count and offset histogram CH,
OH uses only 256 locations for storage of the required
counts CNT and offsets OFF. For only a modest increase in
memory requirements for the algorithm, the performance,
namely the time required to sort the data element DE, of the
conflict-free parallel radix sorting algorithm 300 may be
much better than the performance of a conventional parallel
radix sort in a worst-case scenario where lots of memory
copy conflicts arise during sorting of the data elements.

FIG. 18 illustrates the calculation of a source memory
histogram SMH including a source memory count histogram
SMCH and source memory offset histogram SMOH that are
generated by the scheduling operation 304 during execution
of the conflict-free parallel radix sorting algorithm 300 in
accordance with embodiments of the present disclosure. The
source memory offset histogram SMOH is generated from
the local count histograms for the source memories B in
FIG. 18. The source memory count histogram SMCH indi-
cates the total counts CNT for all the keys in each source
memory B that are to be saved in a corresponding target
memory A. Thus, the offsets in the SMOH histogram indi-
cate the offset into a source memory Bi where a next data
element for a corresponding target memory Aj is stored. For
example, the count CNT for source memory B1 and target
memory Al is 5. This corresponds to the sum of the counts
for the keys K0, K1, K2 stored in source memory B1, which
is illustrated through the shading of the counts for these keys
in the local count histogram CH1. The shading of these keys
in the local count histogram CH1 indicates the data elements
DE including these keys K0, K1, K2 in source memory B1
will be stored in target memory Al. Each row of the source
memory count histogram SMCH indicates for each source
memory B1-B4 the corresponding count CNT of data ele-
ments DE in that source memory that are to be stored in the
corresponding target memory Al-Ad4. Each row of the
source memory count histogram SMCH corresponds to a
respective one of the target memories Al-A4.

The source memory offset histogram SMOH includes
memory offsets of each source memory B1-B4 for all the
target memories A1-A4. Each memory offset in a column of
the source memory offset histogram SMOH corresponds to
the local memory address in the corresponding source
memory B of the next data element DE that is to be copied
into the corresponding target memory A. These memory
offsets are incremented as data elements DE are processed in
the same as described above for the offset histograms OH
with reference to FIGS. 6 and 7. These source memory
offsets in the source memory offset histogram SMOH are
generated based on the counts CNT in the source memory
count histogram SMCH. The memory offsets in the source
memory offset histogram SMOH for each of the source
memories B1-B4 for the first target memory Al are zero
since the data elements DE associated with the first target
memory are stored in the initial locations of each of the
source memories. The memory offsets for the second target
memory A2 correspond to the counts of the data elements
DE associated with the first target memory Al from the
target memory count histogram TMCH. The memory offsets
for each of the source memories B1-B4 accordingly corre-
spond to the counts for the first target memory Al in the
global count histogram GCH, which is the first row of the
global count histogram. Similarly, the memory offsets for

10

15

20

25

30

35

40

45

50

55

60

65

18

the third target memory A3 correspond to the sums of the
counts of the data elements DE associated with the first and
second target memories Al, A2 from the target memory
count histogram TMCH. Thus, the memory offsets for each
source memory B1-B4 for the third target memory A3 is the
sum of the counts of each source memory for the target
memories Al, A2. This is the equivalent of adding together
first two rows of target memory count histogram TMCH to
obtain the offsets for the third target memory A3 in the third
row of source memory offset histogram SMOH. Similarly,
the counts CNT in the first three rows of the target memory
count histogram TMCH for the target memories Al, A2, A3
are summed to obtain the offsets for the fourth target
memory A4 in the fourth row of the source memory offset
histogram SMOH.

Each offset OFF in the global offset histogram GOH gives
the offset for a given source memory B1-B4 relative to, or
for, a corresponding target memory Al-A4. For example, the
offset for the source memory B2 for key K5 for target
memory A3 is equal to 1, as seen in the global offset
histogram GOH. Thus, source memory B2 writes data
elements DE with key K5 to target memory A3 with an offset
of 1. The source memory B2 also writes data elements DE
with key K6 to target memory A3 with an offset of 7. The
shading of each of the counts stored in the global count
histogram GCH and indicates the target memory A to in
which the corresponding data elements DE will be stored.
The shading of each of the counts in the global count
histogram GCH indicate the target memory A in which the
data elements DE associated with this count will be stored.
For example, the shading of the counts for the keys K0, K1,
K2 in the source memory B1 is the same as the shading for
the target memory Al shown in FIG. 18. This indicates the
data elements DE having any of the keys K0, K1, K2 that are
stored in source memory B1 will be stored target memory
Al after the memory copy operation of the algorithm.

In embodiments of the conflict-free radix sorting algo-
rithm 300, the separate count histograms CH and offset
histograms are created for two reasons. Recall, as mentioned
above, a parallel radix sort utilizes only a single data
structure for the counts and offsets. The counts are over-
written in the data structure as no longer being needed when
the offset histogram has been generated. In contrast, in the
conflict-free radix sorting algorithm 300 separate counts
CNT are maintained in the count histogram CH because
these counts need to be preserved to recalculate offsets OFF
for performing the global sorting in operation 306 of the
conflict-free radix sorting algorithm 300. In embodiments of
the algorithm 300, the counts CNT are populated for the next
radix iteration during the global sorting operation of the
current radix iteration, as will be described in more detail
below with reference to FIG. 20. Regarding the offset
histogram OH, the offsets OFF function in two different
contexts. First, the offsets OFF function to address the local
or individual target memories during local sorting of the data
elements DE in operation 302 for the local offset histograms
OH1-OH4 as described above with reference to FIG. 12. In
addition, the offsets OFF provide for addressing any target
memory during the global sorting in operation 306, as
described above with reference to the source memory offset
histogram SMOH of FIG. 18.

FIG. 19 illustrates the sorted dataset of all data elements
DE stored in the target memories Al-A4 after completion of
the conflict-free parallel radix sorting algorithm 300 for the
current sub-key SK or radix. The data elements DE are
completely sorted in the target memories Al-A4 based on
the sub-keys SK of the data elements. The data elements DE
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are sorted in order of ascending order of sub-keys SK from
target memory Al-A4 as seen in FIG. 19. This sorting is
done for the given radix or sub-key SK being iterated, and
the process or algorithm 300 described above with reference
to FIGS. 11-19 must be repeated for each sub-key SK or
each iteration of the conflict-free parallel radix sort. Once all
iterations for each radix or sub-key SK have been com-
pleted, the dataset stored in the target memories Al-A4 in
FIG. 19 is the complete sorted dataset for the data elements
DE having the key K of FIG. 8.

FIG. 20 is a more detailed flowchart of a conflict-free
parallel radix sorting process or algorithm 2000 executed by
the sorting system 100 of FIG. 1 in accordance with some
embodiments of the present disclosure. The algorithm 2000
begins at operation 2002 and proceeds to operation 2004 in
which a new dataset of unsorted data elements DE are
copied into a bank of source memories A. In one embodi-
ment, as the data elements DE are being copied into the bank
of source memories A, the keys K of the data elements are
counted in a key counting operation 2006. In this way, the
counts for the data elements DE stored in each of the source
memories A are generated as the new dataset of unsorted
data elements DE are copied into each of the source memo-
ries. Performing operation 2006 in parallel with operation
2004 on each source memory A reduces the overall time
required to execute the conflict-free parallel radix sorting
algorithm 2000. After operations 2004 and 2006, the algo-
rithm 2000 proceeds to operation 2008 and generates the
local count histogram CH and offset histogram OH for each
of the source memories A. From operation 2008, the algo-
rithm 2000 proceeds to a local sorting operation 2010 in the
data elements DE contained in each of the source memories
A is locally sorted in a corresponding target memory B as
previously described with reference to FIGS. 4-13. The
operation 2010 corresponds to the local sorting operation
302 described with reference to the conflict-free parallel
radix sorting algorithm 300 of FIG. 3.

In the conflict-free parallel radix sorting algorithm 2000,
once the local count histogram CH and offset histogram OH
for each of the source memories A are generated in operation
2008, a global scheduling operation 2012 utilizing these
histograms may execute in parallel with the local sorting
operation 2010 to generate the schedule table ST for sched-
uling conflict-free memory copies of the locally sorted data
elements DE stored in each of the memories B to the
memories A during global sorting of the data elements. The
operation 2012 corresponds to the scheduling operation 304
in the algorithm 300 of FIG. 3.

After execution of the local sorting operation 2010 and
the global scheduling operation 2012 the algorithm 2000
proceeds to operation 2014 and generates global histograms
as described above with reference to FIGS. 17 and 18 that
are utilized to globally sort the locally sorted data elements
DE stored in the memories B. The global histograms gen-
erated in operation 2014 include the boundary offsets for the
boundary offset table BOFT and the target memory count
histogram TMCH and source memory offset histogram
SMOH. Once the required global histograms have been
generated in operation 2014, the algorithm 2000 proceeds to
global sorting operation 2016 and globally sorts the locally
sorted data elements DE in each of the memories B to store
the globally sorted dataset of data elements in the memories
A. The global sorting operation 2016 includes copying
locally sorted data elements DE in each of the memories B
into the proper one of the memories A according to the
schedule table generated in operation 2012.
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A key counting operation 2018 operates in parallel with
the global sorting operation 2016 and functions to count the
keys K of each of the data elements DE being stored in each
of the memories A during the global sorting operation. In
this way, the operations 2016 and 2018 operate in parallel to
reduce the overall time required to execute the conflict-free
parallel radix sorting algorithm 2000. The operations 2016
and 2018 operate in parallel in the same way as previously
described for operations 2004 and 2006. In this way, the
operation 2018 counts the keys for the data elements DE
stored in each of the memories A as these sorted data
elements DE are copied into each of the memories A. This
allows the local count histograms CH for each of the
memories A to be generated using these counted keys K for
the next iteration or radix of the parallel radix sort algorithm
2000.

After completion of operations 2016 and 2018, the con-
flict-free parallel radix sorting algorithm 2000 proceeds to
operation 2020 and determines whether there are more radix
or iterations of the algorithm to be determined. When the
determination in operation 2020 is positive, there are more
radix or iterations of the algorithm 2000 to be executed, and
the algorithm returns to operation 2008 and once again
generates local histograms for the data elements DE in each
of the memories A based on the keys K counted for these
data elements in operation 2018. The algorithm 2000 there-
after once again executes operations 2010-2018 to perform
the next radix or iteration of the algorithm. If the determi-
nation in operation 2020 is negative, the algorithm proceeds
to operation 2022 and terminates. The determination in
operation 2020 is negative after all radix of the sorting
algorithm have been executed and thus all iterations of the
conflict-free parallel radix sorting algorithm 2000 have been
completed, meaning the globally sorted dataset of all data
elements DE is stored in the memories A.

In embodiments of the present disclosure, the paralleliza-
tion of the key counting operation 2006, 2018 could be used
in a conventional parallel radix sort algorithm to reduce the
time required to execute the algorithm. A conventional
parallel radix sort would count keys, generate the offset
histogram, and copy data elements for each radix or iteration
of the algorithm. Thus, counting keys during the initial
loading of a dataset of data elements into a source set of
memories (i.e., operation 2006) could be implemented in a
conventional parallel radix sorting algorithm. The same is
true for counting keys for a next radix or iteration during
copying of data elements into target memories during a
current iteration of the parallel radix sorting algorithm (i.e.,
operation 2018) could also be implemented in a conven-
tional parallel radix sorting algorithm. Implementing these
key counting operations in a conventional parallel radix sort
will reduce the time required to execute the algorithm, and
some embodiments of the present disclosure are directed to
modified parallel radix sorting algorithms including parallel
key counting operations. This parallelization of the copying
and counting of the sub-keys could speed up the execution
of a traditional parallel radix sorting algorithm by a factor of
two, reducing by half the time required to execute the
algorithm.

FIG. 21 illustrates the structure of a conflict-free schedule
table ST that is generated and utilized by the conflict-free
parallel sorting algorithms 300, 2000 to perform conflict-
free memory copying of locally sorted data elements DE in
a first bank of memories to a second bank of memories in
accordance with some embodiments of the present disclo-
sure. The properties of the conflict-free schedule table ST
will now be discussed in more detail prior to discussing an
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algorithm for generating the schedule table in accordance
with embodiments of the present disclosure. In relation to
the schedule table ST, the following parameters are defined:

M=number of memories;

ai=source bank memory;

bj=destination bank memory;

n=number of remaining copies per bank of memories; and

c(i,j)=number of remaining copies from ai to bj

For the conflict-free schedule table ST, Vie{l . . . M},
z Mc(ij)=n, which dictates that all rows of the conflict-free
schedule table ST sum to n. Also for the conflict-free
schedule table ST, Vje{l . . . M}, =,_ Mc(ij)=n, which
dictates that all columns of the conflict-free schedule table
ST also sum to n.

In generating the conflict-free schedule table ST, we want
to select a solution set S containing M cells from the
schedule table ST such that all cells in S are non-zero to
maximize throughput, none of the cells share rows to ensure
no source memory conflict, and none of the cells share
columns to ensure no destination memory conflict.

Aspects of the schedule table ST were discussed briefly
above with reference to FIG. 14. The set S represents a
mapping from A memories to B memories where IS is equal
to M, which implies that there is always a maximal mapping.
The number of copies that can be performed with this
mapping is equal to the value of the smallest cell in the set
S. When a solution set S if found, this mapping is queued for
processing when the local sorting of data elements DE is
completed. The minimum value of the cells in S is subtracted
from all cells in S, which means that at least one cell in the
set S will become 0. This operation maintains the property
that all rows and columns of the modified schedule table ST
sum to the same value then, and one may continue finding
new mappings until no copies remain. In the following
description and with reference to FIGS. 22-27, it will be
shown that if there are non-zero cells in the schedule ST then
a solution exists and therefore conflict-free mappings for
memory copies of M memories in a first bank of memories
to M memories in a second bank of memories are possible,
which is what is needed to improve the operation of a
parallel radix sort. The conflict-free parallel radix sorting
algorithm according to embodiments of the present disclo-
sure provide such conflict-free mappings through the sched-
ule table ST to improve the operation of the algorithm.

FIG. 22 illustrates examples of identifying conflict-free
mappings CFM of a simplified schedule table in accordance
with some embodiments of the present. Each identified
conflict-free mapping CFM is then stored as a conflict-free
mapping in a global copy queue GCQ, as discussed above in
relation to FIGS. 15 and 16. In the example of FIG. 22, the
schedule table ST is a 3x3 table for a first bank of memories
al-a3 and a second bank of memories b1-b3. The initial
schedule table is designated schedule table ST1 as shown in
FIG. 22. All rows and columns in the initial schedule table
ST1 sum to 100 in this example. Recall, as described above
with reference to FIG. 14, each field or cell in the schedule
table ST1 represents the number of memory copies to be
performed from a source memory b1-b3 to a target memory
al-a3. A conflict-free mapping CFM1 is selected from the
initial schedule table ST1 and is a set S illustrated by the
shaded cells in the schedule table and given by: S={(1,1),
(2,2), (3,3)}. The conflict-free mapping CFM1 is shown in
the figure.

The schedule table ST1 is then modified by subtracting
the minimum count value, which is 28, contained in the set
S from each of the elements of the set S. Subtracting 28 from
the cells of S for schedule table ST1 results in the modified
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schedule table ST2. From the modified schedule table ST2,
a set S={(1,1), (2,3), (3,2)} is selected to define a second
conflict-free mapping CFM2. Next, the minimum count
value of this set S, which is 3, is then subtracted from each
cell of this set S to yield the modified schedule table ST3.
Once again, in the schedule table ST3 a set S={(1,2), (2,1),
(3,3)} is selected to define a conflict-free mapping CFM3.
The minimum cell count of 7 for this set S is then subtracted
from each cell in the set to yield the modified schedule table
ST4. In the schedule table ST4, the set S={(1,2), (2,3), (3,1)}
is selected to define a conflict-free mapping CFM4. The
minimum cell count of 30 is then subtracted from each cell
in the set S to yield the modified schedule table ST5, and a
set S={(1,3), (2,1), (3,2)} selected to define a conflict-free
mapping CFM5. When the minimum cell count of 32 is
subtracted from each of the set S for the modified schedule
table ST5, every cell of resulting modified schedule table
(not shown) is zero, indicating all required conflict-free
mappings have been identified to perform conflict-free cop-
ies of all data elements DE in the second bank of memories
b1-b3 in parallel to the first bank of memories al-a3.

In embodiments of the present disclosure, the algorithm
used to identify conflict-free mappings in the schedule table
ST requires up to M? iterations or cycles to identify all the
required mappings. In the example of FIG. 22, M=3 and so
up to 9 iterations may have been required, although in the
illustrated example only 5 iterations or cycles were needed.

FIG. 23 illustrates a representation of the simplified
example schedule table of FIG. 22 as a bipartite graph in
accordance with some embodiments of the present disclo-
sure. The schedule table ST is shown and the corresponding
bipartite graph BG for this schedule table are shown in FIG.
23. Vertices in the bipartite graph BG are circles, with each
vertex representing one of the memories in either the first
bank or set of memories A or the second bank or set of
memories B. There are three memories in each bank A, B in
this example, and thus the vertices ai for i=1-3 represent the
memories al, a2, a3 in the set of memories A while the
vertices bi for i=1-3 represent the memories b1, b2, b3 in the
set of memories B. The bipartite graph BG also includes
edges that interconnect the vertices al-a3 in the set of
memories A to the set of memories B. Each of the edges has
an associated weight cij, with a weight of zero implying no
edge is present. The non-zero edges represent copies
between the vertices al-a3 (i.e., memories al-a3) in the set
of memories A and the vertices b1-b3 (i.e., memories b1-b3)
in the set of memories B.

A bipartite graph BG has characteristics that allow it to be
utilized to represent the schedule table ST. More specifically,
the schedule table ST can be represented as a bipartite graph
BG because by definition a bipartite graph has two groups of
vertices where edges connect vertices between the two
groups but vertices within each group are not connected by
edges. A bipartite graph BG has edges cij between a, and b;
vertices, no edges between a, vertices, and no edges between
b; vertices. This is seen in FIG. 23 and follows logically
from the representation of each memory in a bank as a vertex
in the bipartite graph BG. There are no copies of data
elements DE between memories al-a3 in the first bank of
memories A. The same is true of the memories b1-b3 in the
second bank of memories B. There are only copies between
the memories a and b. Thus, a bipartite graph is suited to
represent the schedule table ST.

In the bipartite graph BG, the weight ¢, on each edge
represents the remaining copies between vertices a, and b, A
weight ¢, =0 implies there is no edge between the two
associated vertices. The bipartite graph BG has the addi-
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tional property that the sum of all weights ¢, on any a, vertex
is n and the sum of all weights ¢, on any b, vertex is n. This
may be written mathematically as ijlMcij:n and
Zilecij:n. Representing the scheduling table ST as a bipar-
tite graph opens up the analysis of the scheduling problem
presented by the scheduling table (i.e., selecting conflict-free
mappings from the table) to all the theory associated with
bipartite graphs to being applied to this scheduling property.
Moreover, a bipartite graph BG having the above charac-
teristics satisfies Hall’s Marriage Theorem, meaning that a
perfect matching, which is a matching using all vertices in
set A, exists from set A to set B, as will be understood by
those skilled in the art.

To find the conflict-free mappings of the schedule table
ST according to embodiments of the present disclosure, a
modified Edmonds® algorithm is applied to find “perfect
matchings” in the bipartite graph BG corresponding to the
schedule table, as discussed in relation to FIG. 23. As will
be understood by those skilled in the art, Edmonds’ algo-
rithm can be used to find a maximal bipartite matching for
a bipartite graph BG. Due to the characteristics of the
schedule table ST and corresponding bipartite graph BF, the
matching identified by Edmonds’ algorithm will always be
a perfect matching for the corresponding bipartite graph BG.
A “perfect matching” means that every vertex a in the set A
has an edge (i.e., has been matched) to a vertex b in set B.
The edges in the perfect matching correspond to a conflict-
free mapping of the schedule table, and thus for a perfect
matching the memory copies may be performed between
each memory a in set A to a corresponding memory b in set
B with no memory conflicts being present. The memory
copies may accordingly be performed in parallel for all
memories in the system and thus a full throughput of the
system.

The operation of the standard Edmunds’ algorithm will
first be described with reference to FIGS. 24 and 25 to
illustrate the identification of perfect matchings in the bipar-
tite graph BG corresponding to the schedule table ST. A
modified Edmunds’ algorithm is utilized in embodiments of
the present disclosure and this modified Edmunds’ algorithm
will be described in more detail with reference to FIG. 26
after discussion of the standard Edmonds’ algorithm.

In operation, the Edmunds’ algorithm starts at an
unmatched vertex a in set A and finds an augmenting path.
An “augmenting path” is a path that starts at an unmatched
vertex a in set A and alternates between unmatched and
matched edges, terminating at an unmatched vertex b in set
B. The augmenting path accordingly follows alternating
edges that are not in the current matching and are in the
current matching and terminates at an unmatched vertex b in
B. The current matching is updated based on the augmenting
path, with edges in the path already in the current matching
being removed and edges in that are not in the current
matching being added. This results in the overall number of
matchings in the current matching increasing by one edge or
a pair of vertices a, b from set A to set B. The Edmonds’
algorithm repeats this process until there are no more
augmenting paths in the bipartite graph BG. The weights c,;
of edges in the bipartite graph BG, with these weights
coming from copy counts in the schedule table ST, are not
utilized in the matching performed by Edmonds” algorithm.
The Edmonds® algorithm only considers edges that are
present in the bipartite graph BG, meaning the edge has a
non-zero weight. Edges having a zero weight (c,~0) are not
present in the bipartite graph BG and thus are not utilized in
Edmonds’ algorithm.
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FIGS. 24 and 25 illustrate operation of the standard
Edmonds’ algorithm in identifying perfect matchings in the
bipartite graph BG (FIG. 23) corresponding to the schedule
table ST. The example of FIGS. 24-26 is different than that
of FIG. 23. More specifically, in FIG. 23 the schedule table
ST and corresponding bipartite graph BG are for a 3x3
schedule table (i.e., three memories al-a3, b1-b3). In con-
trast, in FIG. 24 the schedule table ST (not shown) and
corresponding bipartite graph BG are for a 4x4 schedule
table (i.e., four memories al-ad, bl-b4). In FIG. 24, a
bipartite graph BG1 as generated from a corresponding
schedule table ST (not shown) is shown. All of the edges in
this initial bipartite graph BG1 are unmatched (i.e., not in a
current matching) and thus represented through dashed
lines.

Initially, the algorithm starts with an unmatched vertex a
in set A and adds a matched edge to an unmatched vertex b
in set B. This is illustrated in bipartite graph BG2 shown in
FIG. 24. A matched edge ME is added between unmatched
vertex al in set A and unmatched vertex b2 in set B. Matched
edges are represented through solid lines in the bipartite
graphs. The algorithm continues in this matter until there is
no unmatched vertex b in set B available for an unmatched
vertex a in set A. This is illustrated in the bipartite graph
BG3 diagram in FIG. 24. After the initial matched edge ME
is added between vertices al-b2, a second matched edge ME
is added between unmatched vertices a2, b3 and a third
matched edge ME is added between unmatched vertices
a3-b4. The algorithm would next consider the unmatched
vertex a4 in set A. As seen in the bipartite graph BG3 in FIG.
24, there is no unmatched vertex b to which a matched edge
ME may be added to match to unmatched vertex a4. Only
unmatched vertex bl in set B remains and a matched edge
ME between unmatched vertex a4 and unmatched vertex bl
may not be added to the bipartite graph BG3.

FIG. 25 illustrates the operation of Edmonds’ algorithm
when the situation illustrated bipartite graph BG3 in FIG. 24
arises, namely when perfect matching has not yet been
realized and there is no unmatched vertex b available for an
unmatched vertex a. This situation is repeated for bipartite
graph BG4 in FIG. 25. When the situation arises, Edmonds’
algorithm finds or identifies an augmenting path in the
bipartite graph BGS5. The augmenting path will include
alternating dashed lines for the unmatched edges UME and
solid lines for the matched edges ME. An augmenting path
AP is illustrated in the bipartite graph BG5S of FIG. 25
illustrating the alternating unmatched edges UME and
matched edges ME between unmatched vertex a4 and
unmatched vertex bl.

Once Edmonds’ algorithm has identified the augmenting
path AP, the algorithm removes the matched edges ME (i.e.,
changes each matched edge ME to an unmatched edge
UME) in the path and adds the unmatched edges UME to the
path (ie., changes each unmatched edge ULME to a
matched edge ME). The augmenting path AP after the
algorithm has made these changes is illustrated in the
bipartite graph BG6 in FIG. 25. The edges in the bipartite
graph BG that are not part of the augmenting path AP are not
changed by the algorithm in this situation. The unmatched
edges UME and matched edges ME in the augmenting path
AP are labeled after these changes in the bipartite graph
BG3. If the augmenting path AP in bipartite graph BGS5 is
compared to the augmenting path in bipartite graph BG3 in
FIG. 25, it is seen that unmatched edges UME and matched
edges ME have been converted relative to one another.

In the example of FIGS. 24 and 25, Edmonds’ algorithm
has completed after inverting the augmenting path AP in
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bipartite graph BG6 of FIG. 25. Edmonds’ algorithm com-
pletes when there are no more augmenting paths AP in the
bipartite graph. This is situation is seen to be proper because
this final augmenting path AP results in a perfecting match-
ing since every vertex a in the set A has an edge (i.e., has
been matched) to a vertex b in set B. Edmunds algorithm
must process the repeated multiple times to identify all
required conflict-free mapping for the corresponding sched-
ule table ST. The maximum number of iterations of
Edmunds® algorithm is M? to process the entire schedule
table ST, where M is the number of augmenting paths AP
that need to be found is where a search must be performed
for every edge of every vertex. There are 2M vertices and M
edges per vertex so the time complexity of the standard
Edmunds® algorithm is M-2M-M=O(M?). This applies to
finding one perfect matching in the schedule table ST and
must be repeated up to M? times to process the schedule
table ST. Each iteration of Edmonds’ algorithm sets at least
one cell C of the schedule table to zero and therefore sets at
least one edge in the corresponding bipartite graph to zero.
There are there are M? cells in the schedule table ST and thus
the time complexity to process entire schedule table is
O(M?) for the standard Edmonds’ algorithm.

FIG. 26 illustrates operation of the modified Edmonds’
algorithm according to embodiments of the present disclo-
sure. In the standard Edmonds’ algorithm, the process of
finding an augmented path AP as described with reference to
FIGS. 24 and 25 is repeated a number of times to process the
entire schedule table ST. Each iteration of Edmonds’ algo-
rithm sets at least one cell C of the schedule table to zero.
Accordingly, at least one edge in the corresponding bipartite
graph is set to zero each iteration of Edmonds’ algorithm.
Instead of starting with a new bipartite graph BG corre-
sponding to the most recently modified schedule table ST
each iteration of Edmonds’ algorithm, the modified
Edmonds’ algorithm according to embodiments of the pres-
ent disclosure preserves matchings between solutions after a
perfect matching to the schedule table ST has been found.
Thus, in a given iteration of Edmonds” algorithm to find an
augmenting path AP, the bipartite graph BG corresponding
to the perfect match from the prior iteration is modified to
remove edges with a weight of 0 resulting from the prior
iteration of the algorithm. Recall, each iteration results in at
least one cell C in the schedule table ST becoming zero.
Thus, in a current iteration of the modified Edmonds’
algorithm at least one edge in the corresponding modified
schedule table becomes zero. Only these zero edges are
removed from the bipartite graph BG corresponding to the
perfect matching from the prior iteration of the algorithm.
This is now explained in more detail with reference to the
example of FIG. 26.

In FIG. 26, a bipartite graph BG7 corresponding to the
perfect matching from a prior iteration of Edmonds’ algo-
rithm is illustrated. Every vertex a in the set A has an edge
(i.e., has been matched) to a vertex b in set B in the perfect
matching. After modifying the schedule table ST to account
for this perfect matching, at least one cell C in the schedule
table will become zero. Each cell C in the schedule table ST
that becomes zero corresponds to an edge in the bipartite
graph BG7 that becomes zero, meaning the edge is to be
removed from the bipartite graph. In the modified Edmonds’
algorithm, the bipartite graph BG7 corresponding to the
perfect matching is modified to remove these zero edges
corresponding to the newly zero one or more cells in the
modified schedule table ST.

In the example of FIG. 26, one cell C in the schedule table
ST goes to zero as a result of the prior perfect matching and
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the corresponding one edge in the bipartite graph BG7 is
accordingly removed as a result of this prior perfect match-
ing. This is illustrated through the X for the edge between
vertices a3, b3 in the bipartite graph BG7. The resulting
modified bipartite graph BG8 with this edge removed is
shown in FIG. 26. Edmonds’ algorithm thereafter operates
beginning with this modified bipartite graph BG8 as previ-
ously described with reference to FIGS. 24 and 25 to
identify another perfect matching. This is illustrated in the
bipartite graph BG9 in FIG. 26. The only unmatched vertex
in set A is vertex a3 and thus the algorithm begins here to
identify an augmenting path AP for this unmatched vertex.

In the modified Edmonds® algorithm, a total of only M?
augmenting paths AP must be found to identify all the
perfect matchings for bipartite graph BG and corresponding
schedule table ST. This reduces the time complexity for
processing the entire table to M?-2M-M=0(M™).

FIG. 27 is a flowchart illustrating a scheduling algorithm
for generating a conflict-free mapping of a schedule table ST
according to embodiments of the present disclosure. The
scheduling algorithm 2700 begins at operation 2702 and
goes to operation 2704 in which a schedule table ST is
initialized, as described above with reference to FIGS.
14-17. The algorithm 2700 then proceeds to operation 2706
and initializes a bipartite graph BG that is based on the
schedule table ST, as described above with reference to
FIGS. 23 and 24. The algorithm 2700 proceeds from opera-
tion 2706 to operation 2708 and finds a perfect matching for
the bipartite graph BG, which was described above with
reference to FIGS. 24-26. The perfect matching is then
utilized to extract a conflict-free mapping from the schedule
table ST for a global copy queue, as described above with
reference to FIG. 15.

After operation 2710, the algorithm 2700 proceeds to
operation 2712 and removes zero edges from the bipartite
graph BG in accordance with the modified Edmonds’ algo-
rithm being executed according to embodiments of the
present disclosure, as described above with reference to FIG.
26. From operation 2712, the algorithm 2700 proceeds to
operation 2714 and determines whether there are non-zero
edges in the bipartite graph BG. If the determination in
operation 2714 is negative, all perfect matchings in the
schedule table ST have been found and the algorithm 2700
proceeds to operation 2716 and terminates. When the deter-
mination in operation 2714 is positive, indicating there are
more perfect matching to be identified in the bipartite graph
BG and accordingly more conflict-free mappings to be
determined for the schedule table ST, the algorithm 2700
returns to operation 2708 to find another perfect matching
for the bipartite graph.

Autonomous driving systems generate occupancy grids,
which implement a method to find obstacles in the path of
a vehicle containing the system. The occupancy grid is
composed of cells representing the space around the vehicle
and includes “particles” that represent possible objects in
this space. These particles are detected by sensors on the
vehicle, each particle existing in some cell in the grid.
Particles may move across cells of the grid over time, with
a typical occupancy grid including about 8-16 million par-
ticles. The particles may cluster around a relatively small
number of cells in the occupancy grid. Each cell has a cell
ID and updating the occupancy grid typically includes
calculating the current cell ID of each particle and sorting
particles by cell ID to thereby process particles by cell in the
grid. For proper operation of the autonomous driving sys-
tem, there are millions of data elements in the form of
particles that need to be sorted quickly. To perform this
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sorting, the key is the cell ID and many data elements
(particles) may share the same key, which results in results
in numerous memory copying conflicts for traditional par-
allel radix sorting of such a dataset. Embodiments of the
present disclosure reduce or eliminate such copying con-
flicts, reducing the time to perform the required sorting of
particles in the occupancy grid.

FIG. 28 is a functional block diagram of a computing
system 2800 for executing processes 300, 2000 and other
processes described above in accordance with some embodi-
ments of the present disclosure. A machine 2802 is shown in
the form of a computer system within which a set of
instructions may be executed for causing the machine to
perform any one or more of the processes 300, 2000 and
other methodologies discussed herein, according to some
embodiments of the present disclosure. Specifically, FIG. 28
shows a diagrammatic representation of the machine 2802 in
the example form of a computer system. The machine 2802
may include a bus 2804, processors 2806, memory 2808,
and /O components 2810, which may be configured to
communicate with each other such as via the bus. The
machine 2802 may include instructions 2812-2820 (e.g.,
software, a program, an application, an applet, an app, or
other executable code) for causing the machine 2802 to
execute or perform any one or more of the methodologies
discussed herein. For example, the instructions 2812-2820
may cause the machine 2802 to execute the processes
described in the description above with reference to FIGS.
1-27. The instructions 2812-2820 transform the general,
non-programmed machine 2802 into a particular machine
2802 programmed to carry out the described and illustrated
functions in the manner described herein. In alternative
embodiments, the machine 2802 operates as a standalone
device or may be coupled (e.g., networked) to other
machines. In a networked deployment, the machine 2802
may operate in the capacity of a server machine or a client
machine in a server-client network environment, or as a peer
machine in a peer-to-peer (or distributed) network environ-
ment. The machine 2802 may comprise, but not be limited
to, a server computer, a client computer, a personal computer
(PC), a tablet computer, a laptop computer, a netbook, a
smart phone, a mobile device, a), a network router, a
network switch, a network bridge, or any machine capable
of executing the instructions 2812-2820, sequentially or
otherwise, that specify actions to be taken by the machine
2802. Further, while only a single machine 2802 is illus-
trated, the term “machine” shall also be taken to include a
collection of machines 2802 that individually or jointly
execute the instructions 2812-2820 to perform any one or
more of the methodologies discussed herein.

In an example embodiment, the processors 2806 (e.g., a
central processing unit (CPU), a reduced instruction set
computing (RISC) processor, a complex instruction set
computing (CISC) processor, a graphics processing unit
(GPU), a digital signal processor (DSP), an application-
specific integrated circuit (ASIC), a radio-frequency inte-
grated circuit (RFIC), another processor, or any suitable
combination thereof) may include, for example, a processor
2822 and a processor 2824 that may execute the instructions
2814, 2812. The term “processor” is intended to include
multi-core processors 2806 that may comprise two or more
independent processors (sometimes referred to as “cores™)
that may execute instructions contemporaneously. Although
FIG. 28 shows multiple processors 2806, the machine 2802
may include a single processor with a single core, a single
processor with multiple cores (e.g., a multi-core processor),
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multiple processors with a single core, multiple processors
with multiple cores, or any combination thereof.

The memory 2808 may include a main memory 2826, a
static memory 2828, and a storage unit 2830, both accessible
to the processors 2806 such as via the bus 2804. The main
memory 2826, the static memory 2828, and the storage unit
2830 store the instructions 2816-2820 embodying any one or
more of the processes, methodologies or functions described
herein. The instructions 2812-2820 may also reside, com-
pletely or partially, within the main memory 2826, within
the static memory 2828, within the storage unit 2820, within
at least one of the processors 2806 (e.g., within the proces-
sor’s cache memory), or any suitable combination thereof,
during execution thereof by the machine 2802.

The I/O components 2810 may include a wide variety of
components to receive input, provide output, produce out-
put, transmit information, exchange information, capture
measurements, and so on. The specific [/O components 2810
that are included in a particular machine will depend on the
type of machine. For example, portable machines such as
mobile phones will likely include a touch input device or
other such input mechanisms, while a headless server
machine will likely not include such a touch input device. It
will be appreciated that the /O components 2810 may
include many other components that are not shown in FIG.
28. The 1/0 components 2810 are grouped according to
functionality merely for simplifying the following discus-
sion and the grouping is in no way limiting. In various
example embodiments, the /O components 2810 may
include output components 2832 and input components
2834. The output components 2832 may include visual
components (e.g., a display such as a plasma display panel
(PDP), a light emitting diode (LED) display, a liquid crystal
display (LCD), a projector, or a cathode ray tube (CRT)),
acoustic components (e.g., speakers), other signal genera-
tors, and so forth. The input components 2834 may include
alphanumeric input components (e.g., a keyboard, a touch
screen configured to receive alphanumeric input, a photo-
optical keyboard, or other alphanumeric input components),
point-based input components (e.g., a mouse, a touchpad, a
trackball, a joystick, a motion sensor, or another pointing
instrument), tactile input components (e.g., a physical but-
ton, a touch screen that provides location and/or force of
touches or touch gestures, or other tactile input compo-
nents), audio input components (e.g., a microphone), and the
like.

Communication may be implemented using a wide vari-
ety of technologies. The /O components 2810 may include
communication components 2836 operable to couple the
machine 2802 to a network 2838 or devices 2840 via a
coupling 2842 and a coupling 2844, respectively. For
example, the communication components 2836 may include
a network interface component or another suitable device to
interface with the network 2838. In further examples, the
communication components 2836 may include wired com-
munication components, wireless communication compo-
nents, cellular communication components, and other com-
munication components to provide communication via other
modalities. The devices 2840 may be another machine or
any of a wide variety of peripheral devices (e.g., a peripheral
device coupled via a universal serial bus (USB)).

The various memories (e.g., 1016, 1018, 1020, and/or
memory of the processor(s) 1006) and/or the storage unit
1020 may store one or more sets of instructions and data
structures (e.g., software) embodying or utilized by any one
or more of the methodologies or functions described herein.
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These instructions, when executed by the processor(s) 1006,
cause various operations to implement the disclosed
embodiments.

As used herein, the terms “machine-storage medium,”
“device-storage medium,” and “non-transitory computer-
storage medium” mean the same thing and may be used
interchangeably in this disclosure. The terms refer to a single
or multiple storage devices and/or media (e.g., a centralized
or distributed database, and/or associated caches and serv-
ers) that store executable instructions and/or data. The terms
shall accordingly be taken to include, but not be limited to,
solid-state memories, and optical and magnetic media,
including memory internal or external to processors. Spe-
cific examples of machine-storage media, computer-storage
media, and/or device-storage media include non-volatile
memory, including by way of example semiconductor
memory devices, e.g., erasable programmable read-only
memory (EPROM), electrically erasable programmable
read-only memory (EEPROM), field-programmable gate
arrays (FPGAs), and flash memory devices; magnetic disks
such as internal hard disks and removable disks; magneto-
optical disks; and CD-ROM and DVD-ROM disks. The
terms “machine-storage media,” “computer-storage media,”
and “device-storage media” specifically exclude carrier
waves, modulated data signals, and other such media, at
least some of which are covered under the term “signal
medium” discussed below.

In various example embodiments, one or more portions of
the network 2838 may be an ad hoc network, an intranet, an
extranet, a virtual private network (VPN), a local-area
network (LAN), a wireless LAN (WLAN), a wide-area
network (WAN), a wireless WAN (WWAN), a metropolitan-
area network (MAN), the Internet, a portion of the Internet,
a portion of the public switched telephone network (PSTN),
a plain old telephone service (POTS) network, a cellular
telephone network, a wireless network, a Wi-Fi® network,
another type of network, or a combination of two or more
such networks. For example, the network 2838 or a portion
of the network may include a wireless or cellular network,
and the coupling 2842 may be a Code Division Multiple
Access (CDMA) connection, a Global System for Mobile
communications (GSM) connection, or another type of
cellular or wireless coupling. In this example, the coupling
2842 may implement any of a variety of types of data
transfer technology, such as Single Carrier Radio Transmis-
sion Technology (IxRTT), Evolution-Data Optimized
(EVDO) technology, General Packet Radio Service (GPRS)
technology, Enhanced Data rates for GSM Evolution
(EDGE) technology, third Generation Partnership Project
(3GPP) including 3G, fourth generation wireless (4G) net-
works, Universal Mobile Telecommunications System
(UMTS), High-Speed Packet Access (HSPA), Worldwide
Interoperability for Microwave Access (WiMAX), Long
Term Evolution (LTE) standard, others defined by various
standard-setting organizations, other long-range protocols,
or other data transfer technology.

The instructions 2812 may be transmitted or received over
the network 2838 using a transmission medium via a net-
work interface device (e.g., a network interface component
included in the communication components 2836) and uti-
lizing any one of a number of well-known transfer protocols
(e.g., hypertext transfer protocol (HTTP)). Similarly, the
instructions 2812 may be transmitted or received using a
transmission medium via the coupling 2844 (e.g., a peer-
to-peer coupling) to the devices 2840. The terms “transmis-
sion medium” and “signal medium” mean the same thing
and may be used interchangeably in this disclosure. The
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terms “transmission medium” and “signal medium” shall be
taken to include any intangible medium that is capable of
storing, encoding, or carrying the instructions 2812 for
execution by the machine 2802, and include digital or analog
communications signals or other intangible media to facili-
tate communication of such software. Hence, the terms
“transmission medium” and “signal medium” shall be taken
to include any form of modulated data signal, carrier wave,
and so forth. The term “modulated data signal” means a
signal that has one or more of its characteristics set or
changed in such a manner as to encode information in the
signal.

FIG. 29 is a functional block diagram of a distributed
computer network 2900 for carrying out methods and opera-
tions described herein in accordance with some embodi-
ments of the present disclosure. The distributed computer
network 2900 includes N computer systems CS1-CSN, each
computer system including a corresponding processor
P1-PN and memory M1-MN. The computer systems CS1-
CSN communicate with each over a network 2902, where
the network 2902 corresponds to the network 2838 of FIG.
28 in some embodiments. Each of the computer systems
CS1-CSN communicates with the network 2902 via a
respective coupling 2904-1 to 2904-N, where the specific
structure of each coupling will depend on the structures of
the computer system CS1-CSN and the network 2902, as
described above with reference to FIG. 28 in relation to the
coupling 2842. The distributed computer network 2900
corresponds to one embodiment of the sorting system 100 of
FIG. 1.

In the embodiment of FIG. 29, the computer systems
CS1-CSN implement a conflict-free radix sorting process or
algorithm in a distributed manner, with each of the computer
systems executing a portion of the algorithm and the com-
puter systems then communicating with each other over the
network 2902 to implement the overall sorting algorithm.
The embodiment of FIG. 29 may be referred to as a
distributed conflict-free parallel radix sorting algorithm or
simply “a distributed sorting algorithm™ in the following
description. In the distributed sorting algorithm, conflicts in
the form of communications or “traffic” over the network
2902 to the same computer system CS1-CSN during execu-
tion of the algorithm are avoided. This enables the distrib-
uted sorting algorithm to be executed more quickly, with
execution time being limited by a maximum throughput of
the network 2902 but not by communications conflicts over
the network 2902.

In operation of the distributed sorting algorithm, each of
the computer systems CS1-CSN executes a portion of the
overall sorting algorithm. Typically, suitable executable
instructions for execution by the processor P1-PN would be
stored in the memory M1-MN of each computer system
CS1-CSN. Each processor P1-PN executes the instructions
in the corresponding memory M1-MN to execute a corre-
sponding portion of the algorithm and to communicate with
one or more of the other computer systems CS1-CSN during
execution of the algorithm. The portion of the algorithm
executed by each computer system CS1-CSN may vary
among the computer systems, and thus the executable
instructions in each memory M1-MN need not be identical.
The data elements DE of the dataset being sorted would be
typically be divided among the computer systems CS1-CSN,
with a portion of the dataset being stored in each of the
memories M1-MN. For example, the dataset would typically
be divided into N substantially equal portions, each portion
stored in a respective one of the memories M1-MN.
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In operation, each computer system CS1-CSN executes a
portion of the distributed sorting algorithm to generate a
local histogram for the data elements DE of the portion of
the dataset stored in the memory M1-MN of the computer
system. Each computer system CS1-CSN executes the cor-
responding portion of the algorithm in parallel, generating
the local histograms in parallel. This local sorting of the
corresponding data elements DE on each computer system
CS1-CSN may be executed without any communications
over the network 2902 since each computer system is merely
locally sorting the data elements DE stored in the corre-
sponding memory M1-MN.

Once each computer system CS1-CSN has generated the
local histogram for the corresponding data elements DE, the
computer system will send the local histogram over the
network 2902 to a designated one of the computer systems
CS1-CSN. Upon receipt of the local histograms from all the
other computer systems CS1-CSN, the designated one of the
computer systems CS1-CSN executes instructions for cal-
culating a schedule for a copy queue and for calculating
broadcast mappings for communicating data elements DE
among the computer systems CS1-CSN over the network
2902 to properly sort the dataset in the memories M1-MN of
the computer systems CS1-CSN. The generated broadcast
mappings provide conflict-free mappings to enable commu-
nication of the data elements DE among the computer
systems CS1-CSN over the network 2902 without commu-
nications conflicts occurring on the network. A communi-
cations conflict may occur, for example, where computer
system CS1 attempts to send data including one or more data
elements DE to computer system CS3 while computer
system CS2, at the same time, also attempts to send data to
computer system CS3. These types of communications
conflicts on the network 2902 are avoided with the distrib-
uted sorting algorithm.

The distributed sorting algorithm prevents communica-
tions conflicts on the network 2902 in a manner analogous
to the avoidance of memory copying conflicts that are
avoided by embodiments of conflict-free parallel radix sort-
ing algorithms as described above with reference to FIGS.
1-28, such as the conflict-free parallel radix sorting algo-
rithm 300 of FIG. 3. Thus, where the conflict-free parallel
radix sorting algorithms as described above with reference
to FIGS. 1-28 generate a schedule table ST (FIGS. 21, 22)
to provide a conflict-free mappings CFM (FIG. 22) among
the memories A;-A,, B;-B,, the distributed sorting algo-
rithm generates a schedule table ST that is used to generate
a copy queue to provide conflict-free mappings of commu-
nications of data elements DE over the network 2902. The
distributed sorting algorithm operates in a manner analogous
to the description above for the conflict-free sorting algo-
rithms of FIGS. 1-28 to generate the schedule table ST and
copy queue that provides conflict-free mappings for com-
munications over the network 2902.

The terms “machine-readable medium,” “computer-read-
able medium,” and “device-readable medium” mean the
same thing and may be used interchangeably in this disclo-
sure. The terms are defined to include both machine-storage
media and transmission media. Thus, the terms include both
storage devices/media and carrier waves/modulated data
signals.

The various operations of example methods described
herein may be performed, at least partially, by one or more
processors that are temporarily configured (e.g., by soft-
ware) or permanently configured to perform the relevant
operations. Similarly, the methods described herein may be
at least partially processor implemented. For example, at
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least some of the operations of a method may be performed
by one or more processors. The performance of certain of the
operations may be distributed among the one or more
processors, not only residing within a single machine, but
deployed across a number of machines. In some example
embodiments, the processor or processors may be located in
a single location (e.g., within a home environment, an office
environment, or a server farm), while in other embodiments
the processors may be distributed across a number of
locations.

Although the embodiments of the present disclosure have
been described with reference to specific example embodi-
ments, it will be evident that various modifications and
changes may be made to these embodiments without depart-
ing from the broader scope of the inventive subject matter.
Accordingly, the specification and drawings are to be
regarded in an illustrative rather than a restrictive sense. The
accompanying drawings that form a part hereof show, by
way of illustration, and not of limitation, specific embodi-
ments in which the subject matter may be practiced. The
embodiments illustrated are described in sufficient detail to
enable those skilled in the art to practice the teachings
disclosed herein. Other embodiments may be used and
derived therefrom, such that structural and logical substitu-
tions and changes may be made without departing from the
scope of this disclosure. This Detailed Description, there-
fore, is not to be taken in a limiting sense, and the scope of
various embodiments is defined only by the appended
claims, along with the full range of equivalents to which
such claims are entitled.

Such embodiments of the inventive subject matter may be
referred to herein, individually and/or collectively, by the
term “invention” merely for convenience and without
intending to voluntarily limit the scope of this application to
any single invention or inventive concept if more than one
is in fact disclosed. Thus, although specific embodiments
have been illustrated and described herein, it should be
appreciated that any arrangement calculated to achieve the
same purpose may be substituted for the specific embodi-
ments shown. This disclosure is intended to cover any and
all adaptations or variations of various embodiments. Com-
binations of the above embodiments, and other embodi-
ments not specifically described herein, will be apparent, to
those of skill in the art, upon reviewing the above descrip-
tion.

Each of the non-limiting aspects described herein can
stand on its own or can be combined in various permutations
or combinations with one or more of the other aspects or
other subject matter described in this document.

The drawings show, by way of illustration, specific
embodiments in which the invention can be practiced. These
embodiments are also referred to generally as “examples.”
Such examples can include elements in addition to those
shown or described. However, the present inventors also
contemplate examples in which only those elements shown
or described are provided. Moreover, the present inventors
also contemplate examples using any combination or per-
mutation of those elements shown or described (or one or
more aspects thereof), either with respect to a particular
example (or one or more aspects thereof), or with respect to
other examples (or one or more aspects thereof) shown or
described herein.

In the event of inconsistent usages between this document
and any documents so incorporated by reference, the usage
in this document controls.

In this document, the terms “a” or “an” are used, as is
common in patent documents, to include one or more than
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one, independent of any other instances or usages of “at least
one” or “one or more.” In this document, the term “or” is
used to refer to a nonexclusive or, such that “A or B”
includes “A but not B,” “B but not A,” and “A and B,” unless
otherwise indicated. In this document, the terms “including”
and “in which” are used as the plain-English equivalents of
the respective terms “comprising” and “wherein.” Also, in
the following aspects, the terms “including” and “compris-
ing” are open-ended, that is, a system, device, article,
composition, formulation, or process that includes elements
in addition to those listed after such a term in a claim are still
deemed to fall within the scope of that claim. Moreover, in
the following aspects, the terms “first,” “second,” and
“third,” etc., are used merely as labels, and are not intended
to impose numerical requirements on their objects.

The above description is intended to be illustrative, and
not restrictive. For example, the above-described examples
(or one or more aspects thereof) may be used in combination
with each other. Other embodiments can be used, such as by
one of ordinary skill in the art upon reviewing the above
description. The Abstract is provided to allow the reader to
quickly ascertain the nature of the technical disclosure. It is
submitted with the understanding that it will not be used to
interpret or limit the scope or meaning of the claims. Also,
in the above Detailed Description, various features may be
grouped together to streamline the disclosure. This should
not be interpreted as intending that an unclaimed disclosed
feature is essential to any claim. Rather, inventive subject
matter may lie in less than all features of a particular
disclosed embodiment. Thus, the following aspects are
hereby incorporated into the Detailed Description as
examples or embodiments, with each aspect standing on its
own as a separate embodiment, and it is contemplated that
such embodiments can be combined with each other in
various combinations or permutations.

What is claimed is:

1. A method comprising:

generating a schedule table that provides a plurality of

conflict-free mappings of data elements from a first
bank of memories of a memory system to a second
bank of memories of the memory system, the generat-
ing comprising executing a modified Edmonds’ algo-
rithm to find the conflict-free mapping of the data
elements in the first bank of memories to the second
bank of memories, the modified Edmonds’ algorithm
including:
modifying a bipartite graph to remove edges with a
weight of zero, the bipartite graph providing a per-
fect matching and having been generated in a prior
iteration of Edmonds’ algorithm; and
finding a subsequent perfect matching based on the
modified bipartite graph; and
performing, according to the schedule table, conflict-free
copying in parallel of data elements from each memory
of'the first bank of memories to memories of the second
bank of memories.

2. The method of claim 1, further comprising:

iteratively repeating the modifying of the bipartite graph

and the finding of a subsequent perfect matching until
the modified bipartite graph has no non-zero edges.

3. The method of claim 1, wherein the generating of the
schedule table further comprises generating a global copy
queue including the plurality of conflict-free mappings, each
conflict-free mapping corresponding to a perfect matching
of the bipartite graph.

4. The method of claim 3, wherein the performing,
according to the schedule table, of the conflict-free copying
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in parallel of the data elements comprises copying data
elements from the memories in the first bank of memories to
the memories in the second bank of memories according to
the plurality of conflict-free mappings of the global copy
queue.
5. The method of claim 3, wherein:
the first bank of memories and the second bank of
memories each comprise a number M of memories; and

the method further comprises generating a boundary
offset table including boundary offset for M-1 bound-
aries between the memories.

6. The method of claim 1, further comprising, prior to the
copying of the data elements in storage locations in the first
bank of memories to storage locations in the second bank of
memories, sorting the data elements locally in each of the
memories in the first bank of memories.

7. The method of claim 6, wherein:

each of the data elements includes a key and data;

the sorting of the data elements locally in each of the

memories in the first bank of memories comprises:
performing a counting sort on the data elements in each
of the memories in the first bank of memories, the
counting sort including:
generating a count histogram for each of the memo-
ries in the first bank of memories, each count
histogram based on the keys of the data elements
in the memory, and
sorting the data elements in each of the memories in
the first bank of memories based on the count
histogram for the memory; and
the generating of the schedule table is based on the count
histograms for each of the memories of the first bank of
memories.

8. The method of claim 7, wherein the sorting of the data
elements in each of the memories in the first bank of
memories and the generating the schedule table are executed
in parallel.

9. A system comprising:

at least one processor; and

at least one memory storing instructions that, when

executed by the processor, configure the system to
perform operations comprising:
generating a schedule table that provides a plurality of
conflict-free mappings of data elements of a dataset
from a first bank of memories of a memory system
to a second bank of memories of the memory system,
the generating comprising executing a modified
Edmonds’ algorithm to find the conflict-free map-
ping of the data elements in the first bank of memo-
ries to the second bank of memories, the modified
Edmonds’ algorithm including:
modifying a bipartite graph providing a perfect
matching that was generated in a prior iteration of
Edmonds’ algorithm to remove edges with a
weight of zero; and
finding a subsequent perfect matching based on the
modified bipartite graph; and
performing, according to the schedule table, conflict-
free copying in parallel of data elements from each
memory in the first bank of memories to memories in
the second bank of memories.

10. The system of claim 9, wherein the operations of
modifying the bipartite graph and finding the subsequent
perfect matching are iteratively repeated until the modified
bipartite graph has no non-zero edges.

11. The system of claim 9, wherein the generating of the
schedule table further comprises generating a global copy
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queue including the plurality of conflict-free mappings, each
conflict-free mapping corresponding to a perfect matching
of the bipartite graph.

12. The system of claim 11, wherein the performing,
according to the schedule table, of the conflict-free copying
in parallel of the data elements comprises copying data
elements from the memories in the first bank of memories to
the memories in the second bank of memories according to
the plurality of conflict-free mappings of the global copy
queue.

13. The system of claim 9, wherein:

each of the data elements includes a key and data; and

the operations further comprise sorting the data elements

locally in each of the memories in the first bank of
memories, the sorting of the data elements of the
dataset locally in the memories in the first bank of
memories comprising:
performing a counting sort on the data elements in each
of the memories in the first bank of memories, the
counting sort including:
generating a count histogram for each of the memo-
ries in the first bank of memories, each count
histogram based on the keys of the data elements
in the memory, and
sorting the data elements in each memory of the first
bank of memories based on the count histogram
for the memory; and
the generating of the schedule table comprises gener-
ating the scheduling table from the count histograms
for the data elements in each of the memories of the
first bank of memories.

14. The system of claim 13, wherein the sorting of the
data elements locally and the generating of the schedule
table are executed in parallel.

15. A method of performing a parallel radix sort, com-
prising:

storing a plurality of data elements in a plurality of storage

locations of a memory system, each of the plurality of
data elements including a key and data;

counting the keys of the plurality of data elements for a

first iteration of the parallel radix sort as the data
elements are initially stored in the storage locations in
the memory system;

generating an offset histogram based upon the counted

keys;
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copying the plurality of data elements between storage
locations of the memory system based on the offset
histogram to sort the plurality of data elements accord-
ing to the keys; and

repeating the generating and the copying for each radix of

the key,

wherein the counting of the keys for the first iteration of

the parallel radix sort occurs as the data elements are
initially being stored in data locations in the memory
system; and

wherein the counting of the keys for subsequent iterations

of the parallel radix sort occurs during copying of the
data elements between the plurality of storage locations
of the memory system.

16. The method of claim 15, wherein the key of each data
element is K bits long and a radix of the key corresponds to
k bits of the key, where k is less than K.

17. The method of claim 16, wherein the counting of the
keys for subsequent iterations of the parallel radix sort
comprises counting the keys for sorting based on a next
radix of the key during a next iteration while copying of the
plurality of data elements for sorting based on a current radix
of the key during a current iteration.

18. A distributed computer network, comprising:

a network; and

a plurality of computer systems coupled to the network,

each computer system including at least one processor

and at least one memory storing instructions that, when

executed by the at least one processor, configure the

computer system to perform operations comprising:

executing a portion of a conflict-free parallel radix
sorting on a portion of data elements of a dataset
stored in a corresponding memory of the computer
system; and

communicating information for the executed portion of
the conflict-free parallel radix sorting over the net-
work to a designated one of the plurality of computer
systems, the designated one of the plurality of com-
puter systems utilizing the communicated informa-
tion from each of the other computer systems to
schedule communications over the network of data
elements among the computer systems, the sched-
uled communications over the network being con-
flict-free and at a maximum throughput of the net-
work.



