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UNITED STATES PATENT OFFICE 
2,250,461 

ELECTRICAL NETWORK 

Laurence Batchelder, Cambridge, Mass, assignor 
to Submarine Signal Company, Boston, Mass., 
a corporation of Maine 
Application May 28, 1938, Serial No. 210,795 

(CI, 18-44) 9 Claims. 

The present invention relates to electric re 
tardation networks and in particular to those 
which are used in electric compensators for the 
determination of the direction of a Source of 
Wave energy. 
An object of the present invention is to pro 

vide an electric retardation network more free 
from phase distortion because it has a flatter 
characteristic of retardation than in netWorks 
heretofore available. 

Further objects of the invention are to pro 
vide a retardation network having lower and 
more uniform attenuation, resulting in less 
amplitude distortion; more nearly constant mid 
Series iterative impedance; and higher relative 
cut-off frequency permitting either a higher 
actual cut-off or a greater time lag per section 
resulting in fewer coils and capacitors. The in 
Vention also involves a closer spacing of coils. 
There is, therefore, -an appreciable saving in the 
physical dimensions of a given line. 

Moreover, by means of the present invention 
Such phase distortion as is due to losses can be 
corrected for. 
The simple prototype retardation line consists 

of a ladder network having inductances in series 
and capacitances in shunt. An improved line of 
this type, hereinafter called the "simple mutual 
type,' employs mutual inductance between the 
adjacent series inductances equal to 12.2% of 
the inductance of the individual Series elements. 
The present invention consists of a similar 

ladder network with mutual inductance between 
adjacent series coils. However, I use a somewhat 
larger value of mutual than Was used heretofore, 
namely approximately 132%. Furthermore, in 
addition to the capacitances which are shunted 
across the line, I provide capacitances in shunt 
to each inductance. These have a value of ap 
proximately 2.2% of the first-named capaci 
tances. 
My invention may best be understood from the 

following discussion in connection with the 
accompanying drawings in which 

Fig. 1 is a diagram of a network in accordance 
with my invention; 

Fig. id is a modification of Fig. 1; 
Fig. 1b represents the known prototype low 

pass filter, or When mutual inductance of about 
12%% is present between the coils, it represents 
the "simple mutual type' of line; 

Fig. 2 is a T-section of the network shown in 
Fig. 1; " . , 

Figs. 3 and 4 are network structures equiva 
lent to a portion of the structure shown in Fig. 2; 

Fig. 5 is a T-section equivalent to Fig. 2; 
Figs. 6 and 7 are structures equivalent to 

Fig. 5; 
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Fig. 8 is a vector diagram representing the 
impedance relation in the network of Fig. 1 with 
reference to the propagation constant; 

Fig. 9 shows curves of retardation time ratio 
With respect to frequency ratio for the netWork 
of Fig. 1, and Fig. 1b with and without mutual; 

Fig. 10 shows similar curves for the network of 
Fig. 1. With capacitance C1=0.022 C2 and varying 
Values of mutual inductance; 

Fig. 11 shows similar curves for the network of 
Fig. 1 with mutual inductance of 13%% and 
Varying values of capacitance C1; 

Fig. 12 shows curves of the attenuation per sec 
tion with respect to frequency ratio for networks 
according to Fig. 1, and Fig. 1b with and with 
out mutual; 

Fig. 13 shows curves similar to those of Fig. 12 
but With a constant resistance; and 

Fig. 14 shows curves of mid-Series and mid 
shunt impedances for networks according to 
Fig. 1, and Fig. 1b with and Without mutual. 
The retardation line structure in accordance 

with the present invention is shown in Fig. 1. 
The It Section by itself can not be realized because 
of the mutual inductance between adjacent coils. 
The T section is as shown in Fig. 2. 
The two coils with their mutual inductance 

are redrawn in Fig. 3. Now the networks of Figs. 
3 and 4 are equivalent if 

LN R N2 2-ly () -M-(E) ). (1) -2M - M 

Z-Si-i(-M). (2) 
The sign of M is taken as positive when the 

coils Li are connected in series aiding. This 
means that the resistance and ordinarily the 
reactance of ZA will be negative. 
We may now replace the inductances of Fig. 2 

by their equivalent network as given by Fig. 4, 
and redraw the equivalent T section as in Fig. 5. 
This structure is then seen to be of the bridged 
T type, and is equivalent to Fig. 6 where ZA is 
given by Equation 1 and Zic by (3) : 

2 (RCo)2- (1- (L1-2M) Co?)2 (3) 

The bridged T structure of Fig.6 can be con 
verted into the simple structure of Fig. 7, by 
finding the values of 

Z 
2 

and ZD Such that the T. and it networks between 
terminals , 2, 3 shall be equivalent, 
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The conditions of equivalence between the 

structures of Figs. 6 and 7 are 
Z1 R1 X1. ZAZ. 3 = +jig-ZigZ (4) 

Z? ZD = Rd +i XD-ZigZ (5) 
O - 

R. R. (RA*--XA) -2RA (R-X) (6) 
2T (R-2R)2 + (XA+2X)2 
XX (RA*-EXA")--2XA (R-IX.) (7) 
2 T (I2--2R)?-- (XA-2X)2 

(R-X) (RA+2R)--2RX (XA-H2X) (8) 
, Le (RA-2R)-- (XA-H2X) 

x 2E.X. (A +2R) (R-XXA H2X.) (9) AL (RA-2R)2+ (XA --2X) 
Where from (1) and (3) 

- R.L. RA=it (10) 
2 2 

(5)-M-(E) XA = - -, -yo (11) 

R 
Re-5(RO)2(1-(L-2A1) C.E) (12) 

X - (L1-2M)a(1- (L1-2M) Cho?) -R2Ca (13) 
2 (RCo)2--(1- (L-2M) Co.2) 

The equations will now become prohibitively 
cumbersome unless we make some simplifying as 
Sumptions. As Will be seen later, We are con 
cerned with values of the elements in the fol 
lowing ranges: 

Whence 
0.631- (L1-244) C12<1 (17) 

Now We shall assume that R, is So Small that 
Within the above ranges We may consider that 

2<<0.385 (18) 
where as an abbreviation 

=E, (19) 
It then follows that 

(RClay)2<<1- (L1-2M) Cay? (20) 
R°C1<<(L1-2M) (1- (L1-2M) C102) (21) 

Fe Y É)- 2 ()'.<<(E)-M (22) 
Introducing the results (20), (21), (22) into 

Equations 11, 12, 13 we obtain much simplified 
expressions for the elements of the bridged T. 
They are: 

RL1 
T-2M (10) R. 

(S)-M X = 2 J (L-2M) (L1-1-2M). 
a -- -o- - 4.1 

R.- : - - - - - T2 (1-(L-2M) Co.2)2 
X -l (L1-2M)ce 

2 1- (L-2M) Co.2 

(23) 

(24) 

(25) 

50 

ill 121. .../4 B 75 W2=sinh(+5) 

We may also write in consequence of (18) 
RA2<<XA2 (26) 
Re<<X2 (27) 

so that (6), (7), (8), (9) become 
RRXA-I-2RAX. 
2 (X,+2X)2 (28) 
X XX () =-49 - 
2XA-H2X (29) 

R--XXe(RA+2)-2-(XA +2X.) (30) (XA-H2X)2 
- 2R (RA--2R) --X (X4-2X.) X = +X.nataly; 4Tao (31) 

At this point it is convenient to introduce the 
following abbreviations: 

5 

20 Hs 1- (L1-2M) C102 (32) 
Isl-L1C12 (33) 

Js 1- (L1--2M) C12 (34) 
M 

25 t = L. (35) 
Let us further assume that R is so small that 

1 a- 1-2 
H H 4 

30 n°C.<;(1-2r) fi :- (36) 
H22. 

This is an even more stringent restriction than 
(18) because from (14) and (17) we find that 

35 I-4-2T 

0.090<(1-2) E - <0.250 
H2 2. 

(37) 

40 In view of (36) we may simplify (31) to the 
form 

X? 
XD-Xi X. 

Now, if we introduce Equations 10, 23, 24, 
(38) 

45 25 and also 32, 33, 34, 35 into Equations 28, 29, 
80 and 38, We obtain the following expressions: 

R=4 (39) 

Mc 
XD = - 

(40) 

Rp = -R (41) 
55 

(42) 

Adding the impedance of the condenser C2 to 
ZD We obtain the total impedance Z2 of the shunt 

0 arm: 
Z2=R2--iX2 (43) 

ASSuming that C2 is a pure capacitance, we 
have 

70 

35 R2M Co,2I R. = -laid (44) 
Y- Mc 1. Xs=-(G+. (45) 

The propagation constant P=A--iB of the sec 
tion is found from the relation: 

(46) 
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And when the dissipation is small we may 

Write (46) in the form 

V2-2 sin 5-jA COS t 
Now, we may evaluate 

V, - Z. 
quite simply for the case of Small dissipation. 10 
The relations are illustrated in Fig. 8 from Which 
it is evident that 

(47) 

y=2. (48) 
5 

a=%2 (49) 
Assuming that sines and tangents of Small 

angles are equal to the angles themselves, and 
that the cosines are equal to unity, We have 20 

2 - . 1 Air 1-i 2-ya iy) (50) 
Whence 

B 1 | X1 25 
Sl 22 d X2 (51) 

IX, 
A=2V 2-2 tant (52) B -=4y van 2 30 

COS 2 

The mid-series iterative impedance of the net 
Work is given by 

Z - Z.Z. --f. = Z.Z, cosh , (53) 8 KF 42 422 142 2 

While the corresponding mid-shunt imped 
ance is 

Z'-- YZZ-24, W116224 (54) 40 
V +12, cosh 2 

It should be noted that Zk' has no real signifi 
cance when mutual inductance is present since 
a true mid-shunt termination can not be physi- 45 
cally attained. It is of interest, however, to 
examine the behaviour of Zk' as Well as 
Of Zik. 
For the case of small dissipation. We may Write 

50 P B . . A - B 
cosh =cos 5+j 2. Sin 2 (55) 

Now from Fig. 8 it is evident that 
WZZ=V-XX,(1-i6) (56) is 

Whence by (51), (52) and (55) 
------- . A B 

Zk= V - XX, cos 5.1-ja)(1 +itan 5) (57) 
O 60 

B B B ZK = W-X1X cos 2 1-8-y tan", +d y tan -6 
Similarly 

1-8-y tan-i(y tan?h) 65 V-XX. 2 2 58 Z=VA;2X - A -- 4 (58) 
B 1. -- t B COS 2 14 tan 2 

where by (48) and (49) 
70 - R - R2 

Y2X,2X, (59) 
R. R. 0-2x+2X, (60) 

Equations 46 to 60 inclusive are entirely general 75 

Where 

3 
and express the propagation constant and itera 
tive impedances of any recurrent ladder struc 
ture with small dissipation. They may be applied 
to the particular network of Fig. 1 by introducing 

5 the values of R1, X1, R2 and X2 given by Equa 
tions 39, 40, 44 and 45, and hence the character 
istics of the netWork may be computed. 

Specific design for constant retardation. 
From the point of view of electric compensator 

design the most important property is the time 
delay which is given implicitly by Equation 51. 
This Will be considered first because of its in 
portance and because functions of the phase shift 
B enter into the simplest expressions for 
attenuation and iterative impedance. 
From Equations 32, 33, 40 and 45 we find 
X (Li+2M) Co? 
-X IMC.co. 

1- (Li+2M) Co+1 (Leices 
Let us noW introduce the following abbrevi 

ations: 

(61) 

=Cl TC, (62) 

o== 1 = (63 V(L2M) C. 
2 

D=(L+2M)Cio-S() (64) 
A 12t c \ E= (L-2M) Co-ES() (65) 

2 
s -- - 9. F=MC'- is. (...) (66) 

Where - 

f 
r=E, (35) 

Now, by substituting (61) into (51) and using 
the new abbreviations we have 

; B- 0. "2"ye, 1- D+I 
The phase shift B. may be computed from 

Equation 67 and the corresponding retardation 
time obtained from (68) : 

(67) 

(68) 
It is now necessary to find the values of r and 

of S which Will make T most nearly constant 
OVer a Wide frequency range. I have found that 
for Te0.135 and S=0.022 

0.9994ook1.001 

This is shown by a curve in Fig. 9, where for 
Comparison. I have also shown a curve for the 
prototype low-paSS filter section (T=0 and S-0) 
and a curWe for the simple mutual type of re 
tardation line (t=0.125 and S=0). 

It is evident that the cut-off frequency is 
reached when sin B/2=1 or B=T. The maximum 
phase shift possible in a ladder Section is ir which 
corresponds to a retardation time of one-half 
period. Therefore, in obtaining a curve of T 
Which is flat up to w/avo=3 I have covered 
3/ar=95.5% of the maximum possible frequency 
range, 



4 
In order to illustrate the effect of variation of 

T or S on the retardation characteristic I have 
plotted in Figs. 10 and 11 curves of T for differ 
ent values of T and of S, respectively. It will be 
Seen that an increase of T reduces T at all fre 
quencies, although the higher the frequency the 
higher the effect. If we hold r constant and in 
crease S, we reduce T at the higher frequencies 
but we increase it at lower frequencies. Thus, 
in Fig. 11, the curves all cross at about cy/wo=2. 
Roughly we may conclude that r affects the slope 
while S affects the curvature of the retardation 
characteristic. 

It must be remembered that these Curves are 
true only when m2<<0.09 (see Equations 36 and 
37) and that in practice this condition can not 
always be met. It can never be met at Very low 
frequencies and T will rise sharply as a ap 
proaches zero. This distortion of low frequencies 
(Where cy/wo<0.3) is usually of no Consequence, 
but if desired it can be made very Small by intro 
ducing across C2 a leak of conductance G where 

RC 
L1-2M (69) 

A network containing this conductance element is 
shown in Fig. 1a. At the higher frequencies 
Equation 67 and the curves computed from it may 
be considered correct if n is sufficiently small. If 
n is too large, some distortion will be introduced. 

If the dissipation is so large that (67) is not 
true, the correct equation would be so compli 
cated as to render the labor of computation pro 
hibitive. The problem is further complicated be 
cause R varies with frequency in Such a Way that 
neither R, nor m can be considered constant Over 
any very large range. There is also Some error 
introduced by assuming that the distributed ca 
pacity of L1 may be lumped and included in C1. 
In such a case the optimum values of t and S 
for minimum distortion should be determined by 
trial and error, using laboratory measurements 
rather than numerical computations. The 
curves of Figs. 10 and 11 would serve as a guide 
for this Work. 

Attenuation of the Specific design. 
Let us now consider the attenuation constant 

A which is expressed most conveniently by (52) 

A = 2 y tan f (52) 
NOW We knoW from (59) that 

2 R 2RIMC.ca 
y = of - - - , , J (Li-H2M). HJMo + 

Which after simplification becomes 
n (1 K 

2Y-1-(2-D (70) 
Similarly, from (60) it follows that 

n (1 K p 26-1-2, (iii) (71) 
where for abbreviation: 

I/a \ 2D(1-5 R= 2#s() - N4 - (72) 
fluctan(e) (1-D) (1 - E) - ) 1 + c - a 2. 

From these equations I have computed A. for 
the case of t=0.135 and S=0.022 for one par 
ticular value of dissipation m=0.02. This is shown 

5 
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by a curve in Fig. 12, where for comparison are 75 

2,250,461 
given computed curves for the simple mutual 
type of line (t=0.125 and S=0) and also for the 
prototype low-pass filter (t=0 and S=0). At 
low frequencies the three curves are much alike, 
and in each case we find the approximate rela 
tion 

- - - - 
2 (L-21) a 

Equation 73 shows clearly how mutual induc 
tance reduces attenuation, and the reduction is 
apparent in the curWeS, 
The assumption that n is constant requires that 

R be proportional to frequency, and consequently 
R=0 at as-0. This is, of course, impossible, So 
I have plotted in Fig. 13 curves of attenuation 
computed for the same three types of line but 
with R constant. These curves also agree with 
Equation 73 at OW frequencies. The reduction 
of attenuation by mutual inductance does not 
appear in Fig. 13 because if RC2a0 is kept con 
stant, R, increases when r increases. The curves 
of Fig. 13 drop to Zero when wa-0. If the leaks 
of Equation 69 had been included, these curves 
would be flat all the way to zero frequency. 
On account of skin effect and possibly other 

loSSes we know that R can not be constant, but 
must increase With frequency. Consequently Fig. 
13 also does not conform to the practical case. 
The correct curves, however, would be intermedi 
ate between those of Figs, 12 and 13. These fig 
lures SerWe mainly to show how the additions of 
mutual inductance and then of capacitance C1 
Successively raise the cut-off frequency. Here, 
Equation 52 does not hold, for, when dissipation 
is present, the attenuation is never infinite al 
though it does rise to a very high value when 
Ss:0. 

For the Specific design it is interesting to note 
that the cut-off frequency is approached but 
never reached at ag/ajo=ar. This is apparent from 
Fig. 11. Where if S is sufficiently large, the curve 
of time lag does not meet the cut-off envelope, 
although at S=0.022, the two curves come very 
Close to each other. At the corresponding fre 
quency We find in Figs. 12 and 13 a sharp peak 
of attenuation. 

RCecco (73) A. 2 

Iterative impedance of the specific design 
Fig. 14 gives curves of ZK and ZK for the spe 

cific design, and for comparison, the correspond 
ing curves for the simple mutual type and for 
the prototype low-pass filter. All these curves 
have been computed for the non-dissipative case 
Where ZK and ZK' are pure resistances below the 
Cut-off frequency. When small dissipation is 
present, it will modify slightly the curves (Fig. 
14) of the resistive component and will also in 
troduce a Small reactive component in ZK and 
Zik'. If the loss occurs in the series arm, i. e. in 
L1, the reactance will be positive in Zk and nega 
tive in Zk. 

Fig. 14 ShOWS again how the additions of mu 
tual inductance and then of capacitance C1 suc 
Cessively raise the cut-off frequency. For the 
prototype low-pass filter the cut-off occurs at 
(v/co-2.0, while for the simple mutual type of 
line it is at w/cwo=2.58, but when r=0.135 and 
S=0.022 the cut-off is approached but never 
reached at w/wo=ar. 
Of the three pairs of curves in Fig. 14, only in 

the case of the prototype are ZK and ZK' exactly 
reciprocal. This is because the prototype is the 
Only one of the three which is a “constant-K 
structure. In the other structures the product 
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Z122 is a function of frequency. The lack of 
Symmetry between ZK and ZK is most pronounced 
for the specific design (t=0.135 and S=0.022), 
and for this case the curve of mid-series im 
pedance ZK is the most constant of all six curves. 
This is fortunate, for the mid-shunt termination 
can not be attained correctly on account of the 
mutual inductance. 

Design particulars 
For a particular application such as a com 

pensator, a line can be made to meet three re 
quirements: iterative impedance, attenuation, 
and either the cut-off frequency or the retarda 
tion per section. These last two are interde 
pendent since woT=1 throughout the range 
0<cy C3cvo. Cut-off occurs at 

----8 
c=o0-T, 

and the cut-off frequency is: 
3 

J.-2T (74) 
Let us assume that Zo and T are specified, 

Where 

(75) 
and by (63) 

T==V(L+2M)C. (76) 
From (75) and (76) it follows at once that 

C-2 (77) 
and 

(L1--2M)=ZoT (78) 
Since we have chosen S=0.022, (62) gives 

C=0.022, (79) 
and since T-0.135, (35) gives 

L1-0.7872.0T (80) 
and 

IM-0..106320T (81) 
The resonant frequency of the coil must be at 

least as high as fs, where by (79), (80) and (74) 

2 Try L.C, T (82) 
This is necessary in order that the capacitance 
inherent in the coil shall not exceed the desired 
capacitance C1. The actual capacitor connected 
at C1 should have not the value given by (79), 
but rather the value necessary to tune L1 to fs. 

If it is required to limit the attenuation to a 
definite value A, we find from (73) and (77) 
that R must be limited to 

R=220A (83) 

where A is in nepers. As will be seen from Fig. 
13, Equation 83 is true only at frequencies well 
below the cut-off. 
In actual practice, especially in electric com 

pensators, the additional capacitance element C1 
which my invention requires is relatively small, 
both electrically and physically, so that there is 
no real disadvantage in its use. This is particu 
larly true in view of the advantages of my net 
work, which are set out above in connection 
with the objects of the invention. 

O 

5 
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Having now described my invention, I claim: 
1. An electric retardation line comprising a 

ladder network of recurrent sections having series 
inductive elements with mutual inductance be 
tween adjacent elements, and shunt capacitive 
elements and an additional capacitive element in 
shunt to each inductive element. , , , 

2. An electric retardation line, comprising a 
ladder network of recurrent sections having series 
inductive elements with mutual inductance be 
tween adjacent elements, and shunt capacitive 
elements and an additional capacitive element in 
shunt to each inductive element, the said network 
having a Substantially constant retardation time 
per section throughout the frequency range of 
zero to at least 

V 3. 
27t 

times the reciprocal of the retardation time per 
section in seconds. - 

3. An electric retardation line comprising a 
ladder type network of recurrent sections having 
inductive series elements each having an in 
ductance of L1 and a mutual inductance between 
adjacent elements of M, shunt capacitive ele 
ments each having a capacity of C2, and addi 
tional capacitive elements each having a capacity 
of C1 shunted acroSS said inductive Series ele 
ments, the values of ML and C1 being so adjusted 
that the retardation time per Section is substan 
tially a constant throughout the frequency range 
of zero to at least 

3 
2nt 

times the reciprocal of the retardation time per 
Section in Seconds. 

4. An electric retardation line comprising in 
ductive series elements and shunt capacitive ele 
ments, said inductive elements having a mutual 
inductance between adjacent elements of Sub 
stantially 13.5% of the self inductance of one ele 
ment, and a capacitive element in shunt to each 
inductive element, said second-named capacitive 
elements having a capacity of substantially 2.2% 
of the capacity of said first-named capacitive ele 
ments. 

5. An electric retardation line comprising a 
ladder type network having inductive series ele 
ments each having an inductance of L1 and a 
mutual inductance between adjacent elements of 
M, shunt capacitive elements each having a 
capacity of C2, and additional capacitive elements 
each having a capacity of C1 shunted across said 
inductive series elements, the value of M being 
0.135L1-lac and the value of C1 being (0.022-y) C2, 
Where the deviations ac and y are Zero for a no 
loSS line and are just sufficient to compensate for 
losses When such are present in order to make 
the retardation time per section substantially a 
constant throughout the desired frequency range. 

6. A electric retardation line comprising a lad 
der type network having inductive Series elements 
each having an inductance of L1 and a mutual 
inductance between adjacent elements of M, 
shunt capacitive elements each having a capacity 
of C2, and additional capacitive elements each 
having a capacity of C1 shunted across said in 
ductive Series elements, the value of M being 
0.1351-ac and the value of C1 being (0.022-cy) C2, 
where the deviations ac and y are zero for a no 
loss line and are just sufficient to compensate for 
losses when Such are present in order to make 
the retardation time per section T substantially 



6 
a constant for all frequencies from a very 
value to the frequency defined by 

3. 
2T 

low 

cycles per second. 
7. An electric retardation line comprising a 

ladder netWork having series inductive elements 
with mutual inductance between adjacent ele 
ments and shunt capacitive elements, an addi 
tional capacitive element in shunt to each induc 
tive element and a conductive element in shunt 
to each of said first-named capacitive elements. 

8. An electric retardation line comprising a 
ladder type network having inductive series ele 
ments each having an inductance of L1 and a re 
sistance of R as Well as a mutual inductance be 
tween adjacent elements of M, shunt capacitive 
elements each having a capacity of C2, additional 
capacitive elements each having a capacity of C1 
shunted acroSS each of said inductive elements 

5 

10 

5 

20 

2,250,461 
and a conductive element having a conductance 
of G shunted across each of said second-named 
capacitive elements; where 

M = 0.135L1 
C = 0.022C, and 

RC 
TL-2M 

9. An electric retardation line comprising in 
ductive Series elements and shunt capacitive ele 
ments, Said inductive elements having a mutual 
inductance between adjacent elements of Sub 
stantially 13.5% of the self inductance of one ele 
ment, and a capacitive element in shunt to each 
inductive element, said second-named capacitive 
elementS having a capacity of Substantially 2.2% 
of the capacity of said first-named capacitive ele 
ments minus the distributed capacity of the said 
inductive elements. 

LAURENCE BATCHELDER. 
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