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57 ABSTRACT 
Methods and apparatus are disclosed for producing an 
output signal by interpolation from a finite plurality of 
samples representing values of a function at sample 
points thereof. The output signal is produced as the 
sum of reconstruction functions having similar shape, 
one each associated with each sample point and so 
chosen as to ensure a frequency spectrum that is sub 
stantially band-limited and an output signal that is sub 
stantially continuous when the samples are updated 
and to produce a constant output signal when the ac 
cepted samples are all equal. 

19 Claims, 15 Drawing Figures 
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FUNCTION INTERPOLATOR 
The invention relates to interpolators, or “function 

generators,' for a function of one or more variables 
wherein a substantially continuous output is produced 
from a finite number of samples accepted at any one 
instant. 
Let f(x) be a function of the variable x and denote 

the samples at x = i by f = f(i), where i is an integer. 
Given M adjacent samples, f, ... ft-1, and assuming 
f(x) to be sufficiently smooth function, in some domain 
of x between x = j and x = i + M - 1, it is required to 
produce an approximation g(x) to f(x) with the help of 
a sampling functions"(x) such that 

j + 1 - 1 

Whenever x traverses an integer value the process is 
updated, i.e., when x increases and passes through an 
integer value, j is replaced by j' -j- 1 so that interpo 
lation subsequently proceeds with the help of the sam 
ples f, . . . , fit. Similarly, when x decreases and 
passes through an integer value, j is replaced by j - 1. 

According to this invention, interpolation proceeds 
so that g(x) remains continuous during the updating 
process. 
One prior method uses as sampling functions 

independently of the value of M. Unless M is very large, 
this method has the disadvantage that the resulting 
function g(x) is far from band-limited. By band-limited 
is meant the restriction of the spectrum G(f) of g(x) to 
a finite frequency domain, where f is the frequency and 
G(f) is the Fourier integral of g(x) defined by 

Therefore, even if f(x) is sufficiently closely band 
limited, g(x) does not, in general, provide a good re 
construction of f(x) according to this prior art. 
The invention will now be set forth by way of exam 

ple in the following description taken in conjunction 
with the appended drawings in which 
FIGS. 1-3 are plots of sampling or reconstruction 

functions used in carrying out the invention; 
FIG. 4 is a schematic diagram illustrating one of the 

ideas underlying embodiments according to the inven 
tion; 
FIG. 5 illustrates a device for producing the same 

function as that of FIG. 4 in a different fashion; 
FIG. 6 Is a schematic diagram relating to the prior art 

for the production of triangular input functions A1(x) 
and A(x) which are useful in connection with the in 
vention, also shows an embodiment for the conversion 
of the input signal into a digital and an analog part ac 
cording to the prior art and finally shows how these sig 
nals can be applied to the ideas of the invention; 
FIG. 7 is a schematic diagram of an embodiment of 

the invention for M = 4; 
FIG. 8 is a schematic diagram of an embodiment of 

the invention for M - 2N; 
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2 
FIG. 9 are plots of triangular functions A1(x) and 

A2(x); 
FIG. i0 is a schematic diagram of an auxiliary device 

used in one embodiment of the invention; 
F.G. 1 relates to another embodiment of the inven 

tion for M = 2N; 
FIGS. 12 and 13 relate to the special cases of FIG. A. 

wherein N = 2 and N = 3, resp.; 
FIG. 4 relates to yet another embodiment of the in 

vention for N = 2; and 
FIG. 15 is a schematic diagram of an embodiment of 

the invention for interpolating a pulse train accepted in 
time sequence. 
The spectrum of s(x) = sin (mx)/(Tx) is given by 

A. 

The functions s'(x) used in the method according to 
the invention are defined by their spectra S"(f) which 
are obtained from said S(f) by sampling it as follows: 

1 c 

s"(f)-iso?) (f-i) 
where 8(f) is a "delta function,' zero unless f = 0 and 
such that 

where G(f) is any function that is continuous at f = 0; 
and the factor 1/M is introduced as a convenient nor 
malization. (In the above notation, the superscript M 
does not denote the M-th power.) Thus S"(f) is pro 
duced by uniformly sampling at intervals of l/M a uni 
form band-limited spectrum. Sampling at jump discon 
tinuities here means taking the average of the right- and 
left-hand values of the function at the sampling point. 
The corresponding functions of x are as follows: 
For odd values of M: 

S(x) = 1/M 1 + 2 cos(2ntx/M) + 2 cos (47tx/M) +. 
... + 2 cos (m - 1)7tx/M, 

For even values of M I write N = M/2 and then 

s(x) = s(x) = 1/2N1 + 2cosmy/N + 2cos2Tx/N +. 
... -- 2cos(N - 1)mx/N+ cost-r) 

These functions and approximations thereto are used 
as sampling functions in the method according to the 
Vention. 
The first few functions are therefore explicitly: 

s(x) = % (1 + cosmix) 
s(x) = 4 (1 - 2cos(Tx/2) -- cosmx) 
s(x) = 1/6 (1 + 2 cos(Tx/3) -- 2cos(27T/3) -- cosmix ) 

s(x) = % (1 + 2 cos(Txf4) + 2 cos2Tx/4) + 2 
cos(2Tx/4) -- costx) . . . 
s'(x) = % (1 + 2 cos(2ntx/3)) 
s(x) = 1/5 (1 + 2 cos(2ntx/5) + 2 cos(27Tx/5)) 
s'(x) = 1/7 (1 + 2 cos(2nx/7) + 2 cos(4Tx/7) + 2 
cos(67tx/7)) . . . 
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These sampling functions, for even and odd M, resp., 
can also be transformed into the following more con 
cise forms: 

s(x) = 112N sin (1 - 1/2N) Tx)/sin (mx/2N) -- cos 
mix 
s"(x) = 1/m sin(arx)/sin(Tx/M). 

For purposes of implementation, these last expres 
sions are usually found to be disadvantageous, because 
of the zeros in the denominators. 
The sampling functions have the following useful 

properties: (i, are integers) 
Symmetry: 
s(x) =s"(-x); 
s(x) = S(x) 

Pointwise orthogonality: 
s"(0) = s. (0) = 1; 
s"(1) = s.(1) = 0, 1 7é 0. 

Periodicity: 
s'(x) = 5"(x + Mi); 
s(x) = S(x + 2Ni). 

Restoration of unity: 

1 + 2N-1 
XE 
is 

-- I - 

XE sM(x - i) = 1; sy(x - i) = 1. 

The last property causes the restauration of con 
stants; i.e., if all M samples in the sum for g(x) have the 
same value, then g(x) is constant and equal to said 
value, in a suitable interval that is included in the sam 
pled x-domain. 
The above expressions for the sampling functions 

s'(x) and s(x) assume sample points at integer values 
of the variable x. They are, however, quite general, be 
cause the unit interval along x is arbitrary. Alterna 
tively, taking a spacing of sampling points of X these 
sampling functions can be written as follows: 

s'(x) = 1/M 1 + 2 cos (27txMx) + 2 cos (47ty/Mix) + 
. . . -- 2cos (M - 1) nx/Mir 
s(x) = 1/2N (1 + 2 cos (Tx /Nx) + 2 cos (2TX/Nx) + 
... -- 2cos (N - 1) Tx/Nx -- cos (tx/x) , 

and g(x) becomes, for even and odd M, resp., 
j + At - 1 

g(x) = X fis (x - iX) or 
i=j 

i -i 
fis(x-x). 

it will be noticed that any such sampling function is 
a linear combination of a constant and k sinusoidal 
functions, where k is the greatest integer that is not 
greater than %.M. Thus for even M, k = N = %M, and 
for odd M, k = %(M- 1). Further, said k sinusoidal 
functions have a linear frequency progression. For 
s(x), for example, the basic angular frequency is seen 
to be it/4, and the three further frequencies are 
2 (T/4), 3 (TT/4), and 4 (T/4) = n. 
FIGS. 1, 2, and 3 are plots of the functions s1(x), 

s(x), and sa(x), resp. The sampling functions are seen 
to assume their greatest value at x = 0. This property is 
general. 

if the spectrum of f(x) is substantially band-limited to 
the frequency domain O to F, f(x) is very closely recon 
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4. 
structed by g(x) provided that the sampling interval X 
is at most equal to about (M-2)/(2MF), which is, for 
even M, equal to (N-1)/(2NF), and reconstruction of 
f(x) is still quite good for values of X up to about (M 
-0.35)/(2MF), or, for even values of M, up to (N 
-0.7)/(2NF). It is here assumed that M is at least equal 
to 3, and N is at least equal to 2. 
For N =l, reconstruction is quite close as long as X 

< (0.10)/F, approximately, and fair for 
0.10/F s x s 0.15/F. 

It is advantageous to give yet another representation 
of the method of interpolation and updating used in the 
invention. Defining 

rect x = { 0 otherwise 
and 

ty(x) sy(x) rect (x/(2N)) 
so that ty(x) represents the march of s(x) for the dura 
tion of one period centred on x=0 and vanishes outside 
this period, then 

g(x)= S fit(x-1) 
i = - to 

where the sampling interval X is taken as unity without 
loss of generality. The advantage of this representation 
lies in the fact that it includes updating in as much as 
it holds for all values of x, from minus to plus infinity. 
The summation is seen to be over all integer values of 
i. One sampling function (or "interpolation function' 
- these expressions being here synonymous) ty(x) is 
thus associated with each sample point but it is seen 
that at most 2N sample values affect g(x) for any given 
value of x, because the domain of tw(x) extends only 
over the values of x for which -N is x s N. (Again, 
analogous results hold for odd values of M.) 
Denoting by Lx the greatest integer that is not 

greater than x, the last formula can also be written in 
the form - 

Similarly, for odd M, 

fishi (x i). 

In the following examples of the invention these rela 
tions will be relied upon. 
The examples relate mainly to hybrid (i.e., analog 

digital) embodiments, but it will be quite clear there 
from how purely digital and purely analog embodi 
ments can be implemented. 

In hybrid embodiments, the variable x is decomposed 
into a digital part xd and an analog part Ax, such that 

x = xd -- Ax 
where 

x F x 
it follows that Os Ax < 1. If the implementations are 
shown to hold for x = 0, they will properly perform 
quite in general, provided only that updating of the fi 
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is taken care of. It is then only necessary to verify that 
the implementations correspond to 

N 

4(x) =X fisw(x - i): 0s y < 1 - 
i.-W. 

() 
121 - 112 

i = - 112M + 112 
g(x) = fis"(x - i); 0s x < 1: 

10 
for even or odd values of M, resp. 

FIG. 4 relates to the method of this invention for the 
case N Fl. An analog signal x is first converted into the 
SU 

X FX -- Ax 15 

where 0s Ax < 1 and where xd is in digital form and 
Ax is in analog form. The prior art teaches how this 
can be achieved and will be described in some detail 
later in this specification. -- 
Ay, in the form of a voltage, is accepted by analog 

function generator 1 having the transfer characteristic 
s1(y) for 0s y < 1, i.e., producing from any input sig 
nal y the output signal 

s(y) = %(1+cosity) for 0 s y <1. 
For 0 is x < 1 there holds s(Ax) =S(x), s(x) is 

therefore produced at the output terminal of function 
generator 1, because, in this instance, input signally is 
equal to Ax which is equal to X. Signal changing adder 
2 accepts s(x) and -1 and produces therefrom 

20 

25 

30 

1 - s1(x) = %(1 - cost Ax) = %(1 + cost(1 - Ax)( 
Fs (1 - Ax). 

35 

si(x) and si( - Ax) are accepted by the analog termi 
nals of the multiplying analog to digital converters 
("MDAC's) 4 and 5, respectively, and the values f, and 
f, where joxi-X, are applied in digital form to the 
digital input means of MDACs 4 and 5, resp., from con 
trol and storage unit 3, and their outputs are added to 
produce g(x) in the x domain corresponding to xd is 
x < x + 1. MDACs are provided by the prior art. They 
have an input terminal for the acceptance of an analog 
signal in the form of an electrical voltage (or current) 
and input means for the acceptance of a digital signal 
and produce at their output terminal an analog signal 
representing the product of the two input signals. In the 
example of FIG. 4, the MDAC output is in the form of 
an electrical voltage and the addition of the outputs of 50 
the two MDACS is carried out in a non-sign changing 
adder, including an operational amplifier, by well 
known prior art techniques. Control and storage unit 3 
is a digital computer and in itself not included in the in 
ventive matter of this invention. Function generator 
is an analog function generator whose input and output 
signals are in the form of electrical potentials and 
whose transfer characteristic is as specified above. 
The device thus produces 

g(x) FJisi (Ax)+f 1s (1 - Ax) = fs (Ax) 

40 

45 

55 

60 

+ 1 
+f 1st (Ax - 1) = XE fis (x - i) 

i-j 65 
j+. 

X fis(x-i), for N = 1 
i = j + W - 1 

and 

x -j- Ax, 

016 
6 

as required, in the intervalj s x < j+1, and, since 
is any integer, g(x) is properly produced for any a be 
cause updating is automatically taken care of in the de 
vice as described. 
The device according to FIG. 5 uses analog function 

generator 10 to produce from Ax as input the output 
cos(TAw). MDAC 11 accepts at its digital input the 
value of 20? - fi) to produce analog signal %(f - 
f+1) cos(TA X). MDAC 2 need not be a multiplying 
digital-to-analog-converter but merely a DAC 
(digital-to-analog-converter), its analog input being a 
(constant) reference voltage. 12 accepts the digital sig 
nal '20ft-fi) to produce analog/2(fift). These are 
combined in adder 13 to produce the analog signal 

a. 

1. 
2 (f-fi) cos (Ax)+. (f-fi) 

= f(1+cos tax)+.. f. (1-cos tax) 
=?is (Ax)+f 1s (1 - Ax) = g(x) 

as required. Control and storage unit 3 is a digital com 
puter which controls the supply of the digital signals. 

In both examples, according to FIGS. 4 and 5, the 
digital control unit is responsive to the instantaneous 
value of x = x = j. As long as x is in the domain 

xas x < x + 1 

the value of j is fixed and the unit supplies f; and f in 
the example of FIG. 4 and 2(fift) and 2(fift) in 
the example of FIG. 5. If, now, x increases through x 
+ 1 and beyond, than j is replaced by j' = i+1. Simi 
larly, if x decreases then as x goes through i, j is re 
placed by j' =j-l. Similarly at all integer values of x. 
Thus updating is simply taken care of by this method 
of implementing the invention. 
One disadvantage of the methods according to FIGS. 

4 and 5 is the discontinuity of the analog signal Ax dur 
ing updating. This can be overcome by the replacement 
of Ax by a "saw-tooth' or “triangular' input, such as 
that shown as A1(x), FIG. 9. At the same time it is 
shown how to adapt the invention for use with non 
uniform spacing of sample points. The sample points 
are now at values of x equal to x0, x1,..., x, ... where 
x < x+1 for j = . . . , 1,0,1,. . . . In the domain defined 
by x s 21 x there now hold x = x and the defini 
tlOn 

The functions A1(x) and A(x) shown in FIG. 9 are 
piecewise linear; they are linear between any two adja 
cent sample points and assume at adjacent sample 
points alternately the values 0 and 1. Thus the variation 
of A1(x) and of A2(x) is between 0 and 1. Moreover, 
A1(x) -- A2(x) a 1. 
FIG. 6 is a schematic block diagram relating to the 

production of A1(x) and A2(x) from x as input, given 
in analog form. The FIGURE also illustrates a method 
for the production of xd and includes means for the pro 
duction of the function g(x) for the case N = 1 accord 
ing to the relations given above. 
The part of the FIGURE relating to production of x, 

A1(x), and A2(x) is prior art and is taken from the fol 
lowing reference: 
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W. E. Chapelle, "Hybrid Techniques for Analog 
Function Generation,' Proceedings Joint Spring 
Computer Conference 1963, pages 213-227. (In 
particular: Chapelle's FIG. 7 which, as far as here 
relevant, is included and reproduced in FIG. 6 of 
this specification.) - 

14 is a high-gain amplifier (the sign of its gain is ap 
propriately switched in order to assure stability of the 
device.) 15 is the counter control, 6 the counter, 7 
the control logic, and 18 the storage unit. 21' and 22' 
are MDACs receiving, from storage unit 8, xodd and 
xeen, respectively, in parallel binary digital form, and 
A1(x) and A2(x), respectively, in analog form to pro 
duce Axodd and A2xeen, respectively, in analog form. 
For x such that x s x < x1, xodd denotes xj or xj+1 if 
jor j i is odd, resp., and xeen denotes x or x+1 if j 
or j + 1 is even, resp. 
Axodd and Axeten are added and the result is differ 

enced with x received in analog form, the resulting dif 
ference signal being fed to the input of amplifier 4 to 
produce analog output signal A F A1(x). A2 FA2(x) 
is produced therefrom in sign changing adder 19. 
The feedback loop of amplifier 14 solves the equa 

tion 

x - A1xodd A2x even 
where A = 1 - A. Thus 

X F A-sodd (1 A1)xeven 
Therefore, solving for A1, 

Teven 
A = A (x) = 2-odd T even 

Ax for Xos x s X1, X2 is xS Xa, . . . 
1 - Ax for x s x s X2, Xas x s X1, . . 

for x s x s xj+1, and if j is even, so that seen = xy, soda 
= x, the above relation follows at once from the defi 
nition of Ax, and ifjis odd, so that xodd - Xi, Xepen-Xi+1, 

even XXodd X odd X even 
Xodd - even Xodd X even x - x; 

1 - = 1 - Ax. 

It follows that A1(x) and A(x) are indeed produced 
in this prior art circuit in accordance with their defini 
tions in FIG. 9. 
The production of x, x1 in digital form is likewise 

taught by the prior art. Counter 6 is stepped up or 
down by unity whenever, while x increases or de 
creases, resp., either A1(x) or A2(x) pass through Zero. 
This is effected through counter control 15 which in 
cludes comparator circuits to detect the passage of 
A(x) and A(x) through Zero as well as decision cir 
cuits to determine whether counter 6 is to be incre 
mented or decremented. All relevant values of x and 
fare stored in storage means 18. Control logic 17 is ac 
tivated by contents (j) of counter 16, where j is deter 
mined by the relation x s x < x for the instanta 
neous value of x; it assigns to xodd, Xeen the values xi, 
x for odd j, resp., and xj+1, xy for even j, resp., it also 
identifies the associated values fodd and feen and feeds 
xoad, xeen, fad and fen in digital form to the digital in 
puts of MDACs 21", 22, 22, and 21, resp. 
f here denotes f(x) at x = x fidd, fen denote f(x) for 
F xodd and x - seen, resp. 
A(x) is accepted by analog function generator 20 

having the transfer characteristic y to si(y) and thus 

5 
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8 
producings (A1(x)), s1(A2(x)) = 1 - s1(A1(x)) is pro 
duced therefrom at the output of a sign changing adder 
accepting -l and S1(A1(x)). S(A(r)) and si(A2(x)) 
are accepted at the analog input terminals of MDACs 
2 and 22. g(x) is produced from MDAC outputs fdd 
s(A1(x)) (at the output terminal of MDAC 21) and f. 
es(A(r)) (at the output terminal of MDAC 22), by 
addition. 
A description of the part of FIG. 6 relating to the 

prior art will be found in the reference paper. 
A1(x) = 0 whenever x = x and j is an even integer. 

A2(x) = 0 whenever X = x and j is an odd integer. 
A1(x) = 1 whenever x = x and j is an odd integer. 
A(x) = 1 whenever x = x and j is an even integer, 

For xos x s x1, x2 s x s x3 . . . , Ax - A1(x) and 
A1(x) can replace Ax. 

For x s x s x2, xas x s xa, . . . , Ax = A2(x) and 
A(x) can replace Ax. 

Similarly, for xos x s x1, x2 is x s 3, . . . , 
Ax = 1 - A(x) and therefore 1 - Ax = A2(x); 

and for x1 is x s x2 x3 is x s X4, . . . , 
Ax = 1 - A1(x) and therefore 1 - Ax = A1(x). 
FIG. 7 is an embodiment of the invention for N = 2. 

x or Ax + xd, as before. Ac is accepted by analog func 
tion generators 30-32 producing at their output termi 
nals the signals s(Ax + 1), s2(Ax) and S(1 - Ax), resp. 
Signals,(2 - Ax) is produced in this example at the out 
put terminal of sign changer 33 according to the rela 
tion 

. 35 
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s(2-Ax) = - (-1 --s(Ax -- 1) -- s(Ax) s2(l - Ax) 

which follows from 

S. s(Ax - i) = 1 
i = - 1 

in view of the relation of symmetry s(x) = s.(-x). Each 
one of the function generators 30-32 operates only 
over the domain 0 . . . 1 of input signal Ax. Thus the 
transfer characteristics of function generators 30, 31, 
32 are represented by those parts of s(x), FIG. 2, from 
x = 1 to x = 2; x = 0 to x = 1; and x = -1 to x = 0 (the 
mirror image of the part from 0 to 1) resp. Production 
of s(2 - Ax) could similarly be effected through the 
use of a further analog function generator, having a 
transfer characteristic represented by s(x) in the do 
main x = -2 to x = -1 and fed by Ax. 34–37 are 
MDACs accepting the analog outputs of 30-33 and the 
digital inputs representing fif, f1, f2., resp. g(x) is 
produced by summing the outputs of MDACs 34-37. 
Alternatively, function generator 32 can be replaced by 
another function generator having the same transfer 
characteristic as does function generator 31 but fed by 
input signal 1 - Ax, and the analog input signal to 
MDAC 37 can similarly be produced in a function gen 
erator having the transfer characteristic of function 
generator 30 and also fed by 1 - Ax. 

It will be quite clear how the method of FIG. 7 can 
be extended for embodiments of the invention corre 
sponding to other values of N or of M. 

FIG. 8 relates to a further embodiment of the inven 
tion. It uses approximations to the sampling functions 
sw(x) in order to achieve simplifications of method and 
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apparatus. In this example, 43 and 44 are analog func 
tion generators having transfer characteristics Ax to 
s (Ax), for 0s Ax < 1. Sign changing adder 46 pro 
duces from Ax the signal 1 - Ax and the outputs of 43 
and 44 are therefore s(Ax) and sy(1 - Ax), resp. Dur 
ing the first computing interval x as Ax and x = j = 0, 
and MDACs 40 and 41 receive said analog inputs and 
digital signals fo andf, resp., to produce fsw(Ax) and 
fsn (1 - Ax) which are received by adder X. The func 
tion s(x) is approximated for 1 s 1x1 is N by 
polynominal approximations. In this example, the ap 
proximations consist of one parabolic arc between any 
two adjacent sample points, such that sw(i -- Ax) is re 
placed by 

as (Ax) = a 1 - (2Ax - 1) = asy(1 - Ar) 
where the constants at (which depend upon the value 
of N) are suitably chosen. One set of useful values for 
the at is given by the relation 

at Fs(i -- /2); i = 1, 2, . . . 
a1, a3, as, etc., are negative and as, aa, as, etc. are posi 
tive. 
Thus, approximately, 

g(x) = fosy (Ax) + fisy (1 - AX) t 

-- y a;(f-f ps(Ax). 
i - 1 

Sign changing adder 47 produces from Ax and -l as 
its inputs the output 1 - 2Ac. Squarer 45 produces 
therefrom the signal (1 - 2Ax)' which is accepted by 
sign changing adder 48 to produce 

(1 - (1 - 2Ax)). 
This signal is the analog input of MDAC 42 whose digi 
tal input is 

N - 1 

X a;(f.i-fi. 1) 
i = 1 

which is produced by digital computer means. The out 
puts of 40 and 41 are combined to produce an approxi 
mation to g(x) for 0s x < 1. Upon updating, the func 
tion samples fare stepped up so that fo, f, f, . . . are 
replaced by fif, fa, ... resp.; subsequently by f, f, f, 
. . . , resp., etc. 
Alternatively, Ax in FIG. 8 is replaced by A(x) de 

fined as Ax in an even numbered interval and as 1 - Ax 
in an odd numbered interval, where an even or odd in 
terval corresponds to even or odd values of j in the in 
equality is x < j + 1 and Ax = x -0 j;0s Ax<1. 
MDAC 40 now receives in successive intervals the digi 
tal input signals fo, f, f, f, f, f, etc., and MDAC 41 
receives successively fift, f, f, f, f, etc. 
Updating of the digital input to MDAC 42 is as be 
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fore, i.e., f is replaced by f1 for all integer values of 60 
j. This is so because, in this example, 

sy(Ax) = sw(1 - Ax) or swA1(x)), 
for all values of x. W 
FIG. 10 is a schematic diagram of another circuit for 

the production of the parabolic function used above. 
There holds the relation 

1 - (2Ax - 1) = 4Ax - 4(Ax) = 4(1 - Ax)Ax. 
In FIG. 10, the signal 4(1 - Ax) is produced from Ax 
as input signal in sign changing adder 50 whose second 
input receives the signal representing-1. The output of 
50 is multiplied in analog multiplier 51 by Ax to pro 
duce the required function. A yet further embodiment 
performing the same function produces -(Ax) from 
Ax in a sign changing squarer and subsequently com 
bines Ax and -(Ax). 
Yet other embodiments of the invention replace the 

Said approximation with parabolic arcs by approxima 
tions with half wave sinusoids. Thus 1 - (2Ax - 1) is 
replaced by sin(TAx). 
The function Sw(x) can also be conveniently approxi 

mated in the interval x = 0... 1. One such method pro 
duces this function as the sum of (1 - x) and (s(x) - 
(1 - x)) where the latter function is approximated in 
an analog function generator for convex functions or 
by polynomial approximation; it is in general sufficient 
to use a polynomial of the third order. 
FIG. 11 relates to a general N-th order interpolator 

using A1(x) and A2(x) as defined in connection with 
FIG. 9 as input signals. Only if sampling is uniform, so 
that y Fj, do the frequency spectrum relations de 
scribed earlier hold. Nevertheless, even for non 
uniform spacing there results a useful interpolator ac 
cording to the method of the invention. 
Ai(x) is accepted by analog function generators 52, 

53, 54, . . . , 55 and Ag(x) is accepted by analog func 
tion generators 56, 57, 58, . . . , 59 which have the 
transfer characteristics defined by y (as input) to 

sy (y -- N - 1), sw (y +N-2), s (y + N-3), ... 
(y); 
sy (y +N- 1), sw (y +N-2), s (y +N-3), .. . SN 
(y), 

(as outputs) resp. MDACs 60, 61, 62,..., 63, 64, 65, 
66, . . . , 67 have digital input terminals at 68, 69,70, 
. . . , 71,72, 73,74,..., 75, resp. and produce one ana 
log output signal each. These outputs are summed in 
summing means (not shown in the FIGURE) to yield 
g(x). 

In an even numbered interval such as 

SN 

fo . . . 1, 2 . . 

there holds 

Ax set A1(x); 1 - Ax = A(x) 
and in an odd numbered interval, such as 

3, . . . . 

-1 . . . o. 1. . 
there holds 

Ax = A2(x), 1 - Ax = A(x). 
Intervalj, where j is an integer, is here defined as x. 

j+1. 
It follows that the digital inputs to said MDACs must 

be as follows, during intervalj. If i is even: 60, 61, 62, 
. . . , 63; 67, . . . , 66, 65, 64 receive respectively 

Ji, 

. 2, . . . . 

J+1. . . 
and if j is odd they receive, respectively 
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which is the same scquicnce in reversed order. Thus 
stepping up by unity entails the replacement of each f 
by f and the reversal of order. 
This scheduling of digital input signals is controlled 

by digital computer means. 
FIG. 12 relates to the special case N=2 correspond 

ing to FIG. 1. The scheduling of digital inputs in suc 
cessive computing intervals is explicitely noted in the 
FIGURE. For example, fift, f, . . . are the digital in 
puts to MDAC 86 during x or xo . . . x1, x . . . x, x . 
... xa, resp., etc. FIG. 13 similarly, relates to case N = 
3 of FIG. I. 

In FIGS. 11-13, sw (y -- N - 1), . . . , s (y - 1), . . 
., sa (y + 2), etc. define the transfer characteristics of 
the corresponding analog function generators. For ex 
ample, function generator 85 produces output signal 
s(y + 1) when receiving input signaly; since the input 
signal is, in this instance, equal to A1(x), it produces the 
output signal s(A1(x) + l). 

In all previous examples of the invention the MDACs 
can be replaced by DACs receiving digital signals in 
conjunction with analog multipliers multiplying DAC 
outputs with the analog function generator outputs. 
While the examples relate to hybrid analog-digital 

embodiments of the invention, it is by no means re 
stricted thereto. For example, the invention can be car 
ried out in purely analog or purely digital form. 
Thus the functions A1(x) and A2(x) are readily pro 

duced by digital means and the analog function genera 
tors are described for example in connection with 
FIGS. 11-13 are readily replaced by digital computer 
means. This is so, in part, as the produced functions can 
be approximated with sufficient accuracy by polynomi 
als of low order. For many applications it is quite suffi 
cient to use polynomials of order three, i.e., expressions 
of the form 

In fact, in these expressions a = 0 for all function gen 
erators 52-59 with the exception of 55 and 59. 
A still further embodiment of the invention will be 

described in connection with FIG. 14. y is a secondary 
input signal defined in terms of the primary input signal 
x by 

y = cos Tx 

The example relates to N=2. The identity 
cos ITX = 2 cos’ (Tx/2) - 1 

yields the following expressions for s: 

2 
y is accepted by function generators 100-103 having 

transfer characteristics corresponding with 

G(y), G(y), G(y), C(y), 
and feeding analog output signals to MDACs 104-107, 
resp. The digital MDAC inputs are: During the j = 0 in 
terval (i.e., when 0 s x < 1), fist, fo, f, f, resp., dur 
ing the following interval, j = 1 (i.e., l s x < 2); f, 

10 fo, f, f, resp., etc. as indicated in FIG. 14. Thus each 
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MDAC digital input is updated every fourth interval, 
when subscript jadvances by four (assuming increasing 
x). MDAC outputs are added in summer 108 to pro 
duce g(x) as output. Function generators 00-103 are 
comprised of devices performing linear operations and 
square root extraction in accordance with the above 
specified relations, in well-known prior art manner. 

Interpolation functions sw(x) can be expressed in 
terms of cos(Tx/N) with the help of the following iden 
tities: 

cos 248 = 2 cosg - 1 
cos 36 = 4 cosg - 3cos 6 
cos 43 = 8 cos(3-8 cos(3 + 1 . . . 

It follows that 

s (x) = % (1 + cos Tx) 
s (x) = % cos (Tx/2) (1 + cos (Tx/2)) 

sa (x) = 1/6 (1 --cos (Tx/3)) (1 + 2 cos (Tx/3)) (-l 
+ 2 cos (mx/3)) 

s (x) = % cos (mx/4)(1 + cos (Tx/4)) 1 + V 2 cos 
(Txf4))(-1 + V 2 cos (Txf4)) . . . . 
These relations lead to yet another embodiment of 

the invention which is particularly useful when variable 
x denotes time so that samples fare now received in a 
temporal succession. Assuming now that this is the case 
we shall therefore, in conformity with common usage, 
replace x by time t. The invention provudes 

g(t-o)= fis (t-o- i) 

where a is a predetermined delay equal to at least N. 
We shall take, by way of example, a 3' N + 1. The ex 
ample of FIG. 15 corresponds to N = 2 and a delay cy 
F3. The uniformly spaced sample train...f4, fa, f2, 

50 ... is accepted at terminal 108. Hold circuit 109 in 
cludes two hold devices which accept f for even and 
odd values of i, resp., and hold them for the duration 
of two intervals, being updated thereafter. Thus f 1, for 
example, is held from t = -i to t = -i + 2 and subse 
quently replaced by f2. Digital control unit 11 con 
trols the sample holding and updating operations. In 
this example, sinusoidal wave generator 110 (an oscil 
later) serves as timer for the interpolator. Its negative 
to positive Zero crossings are accepted by control unit 
111 both to time sampling through connection 112 and 
a sampling device connected thereto (not shown in the 
FIGURE) and to time the operation of hold 109. Clock 
or timing circuit 110 produces the output voltage 

In other examples of the invention, the incoming 
pulse train is used to synchronize oscillator 110 which 
is phase-locked thereto. 
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Four-channel analog multiplexer 14 distributes the 
contents of 109 after a delay of one interval to appro 
priate hold circuits in the four-hold-circuit device 13. 
Operation of 14 and 113 is controlled by control unit 
1. the schedule of operations is as listed in the fol 

lowing TABLE I in which the contents of the two hold 
circuits in hold 09 and the contents of the four hold 
circuits in hold 113 are listed against time t. Sub 
columns 1 and 2 for hold 109 and 1 through 4 for hold 
113 refer to the separate hold devices included in 109 
and 113, resp. 
Block 109 also contains a two-channel multiplexer 

controlled by 11 for scheduling the incoming signals 
alternately to its two separate hold circuits. 

TABLE I 

Time Hold 109 Hold 113 
t 2 1 2 3 4 

O fo J-1 J-4 J-3 J-2 J-1 
l Jo f fo J-3 J-2 J-1 
2 J. f Jo f J-2 f1 
3 f f f f f J-1 
4. f f fo f f f 
5 J. f f f f f 
6 Jo f J. f f: f 
7 fe f f f Je. f 
8 f f J. fs f f 

For example, at t=1 hold circuit 1 of hold 109 trans 
fers its contents to hold circuit 1 of hold 113 and hold 

5 

10 

15 

20 

25 

4. 
sum multiplied by % as output, i.e., .2(-1 + sin(at t?2)), 
which is accepted by analog multiplier 15 and therein 
multiplied by the output sin(n t?2) of oscillator 10. 
The output of multiplier 15 thus represents s(t + 1) 
in the form of an electrical voltage. Analog multiplier 
125 receives this voltage and multiplies it by the instan 
taneous contents of hold circuit No. 1 of hold 13, also 
supplied in the form of a voltage, to produce at the out 
put terminal of 25 a voltage representing at t = 0 the 
signal 

f s(t + 1) 
116 is a 90° phase shifter responsive to the output of os 
cillator 110 and producing therefrom the voltage 
sin(ar(t- 1)/2) from which there is produced the signal 
s2(t) by means of scaling sign preserving adder 17, 
having a scaling factor of '2, and analog multiplier 118; 
s(t) is subsequently multiplied in analog multiplier 126 
by the instantaneous contents of hold circuit No. 2 of 
hold 113 to produce at t = 0 the signal 

19 is a sign changer producing from oscillator output 
the voltage -sin(Tt/2), i.e., introducing a 180° phase 
shift, and 122 is a sign changer connected to the output 
of phase shifter 116 and produces at its output terminal 
the voltage sin(T(t - 3)/2). s(t - 1) and s(t - 2) are 
produced at the outputs of multipliers 121 and 124 
with the help of sign preserving scaling adders 120 and 
123, resp., in a manner similar to that of production of 

circuit 2 of hold 109 is updated by replacement of its 30 sa(t + 1), and they are multiplied in analog multipliers 
previous contents f by f. At t = 2, the contents of 
hold circuit 2 of hold 109 are transferred to hold circuit 
2 of hold 113 and hold circuit of hold 109 is updated 
by substitution off, for f. The TABLE is readily com 
pleted for all values oft by noticing that hold 113 holds 
any value for the duration of four intervals and is subse 
quently updated so that any fi previously held is re 
placed by fia. 
What is required in this instance according to the 

previously given relation is 

g(t-3)= fis(t-3-i) 

and for 0s t < 1 therefore 

i = - 4 

Now, 
s(t + 1) = % cos(ar (t + 1)/2)(1 + cos(at (t + 1)/2) 
= %sin(at t2)(-1 + sin(at ti2)) 

In FIG. 5, 114 is a sign preserving scaling adder re 
ceiving as inputs -l and sin(1T t?z) and producing their 
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127 and 128, resp., by the instantaneous contents of 
hold circuits Nos. 3 and 4, resp., of hold 113 to yield 
f2s2(t - 1) and fis2(t - 2), resp., at to 0. The expres 
sions for the outputs of multipliers 125-128 that hold 
at t = 0 continue to hold throughout 0 is t < 1. At t 
a 1 there occurs updating according to TABLE I and 
again at any other integer value of t. Adder 130 com 
bines the four multiplier outputs to produce g(t - 3) 
according to the relation noted before. Updating takes 
care of the correct production of g(t-3) for all values 
of t. w 

The circuits associated with 116 through 124 merely 
produce the instantaneous value of s(t + 1), which is 
present at the output of multiplier 15, for an argument 
t shifted by one, two and three intervals. Thus s(t) is 
equal to the value assumed by s(t + 1) one interval 
earlier. Other devices of this invention use different 
methods to produce s(t), s(t - 1), and s(t - 2). In 
particular, storage means are used in order to introduce 
the required delays. 
For values of N other than N a 2, there exist analo 

gous embodiments as will be quite clear from the above 
illustrative example. Thus for N=3, among other obvi 
ous changes in the circuit, hold 113 includes six hold 
devices and in order to be quite explicit the scheduling 
of values held will be given for N = 3 in TABLE II, 
delay a of 4 intervals being used. 

TABLE II 

Time Hold 109 Hold 113 
t 2 2 3 4. 5 6 

() f f-1 f-d J- f- J-s f. f 
fi f ?o f- f- J-3 f f 

2 f. f fo f f f-3 f-2 f 
3 f. Js ?o f f f-3 f-2 f 
4 f. f fo f f f f-2 f 
5 f, f fo f f f f f 
6 f Js fo f f. f f f 
7 f. f fa f f f J. f 
8 f f f f f f f 
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The structure of the TABLE for the general case will 
now be quite clear. One way of seeing this is as follows: 
the first row has 0, fo, f1 in the first three columns, 
resp. Subsequently there appear, in this order, fly, f2. 
N-1,..., f.i. The first three columns are completed in 
an obvious manner. The last 2N columns can be written 
down as follows: The first thereof begins, as noted, with 
fy. Subsequently, below, there are 2N entries fo, then 
2N entries f; then 2N entires f; then fly, etc.. The 
rest of the entries follow by noting that, starting at any 
position with f, say, and going one to the right and sub 
sequently one position down, there is f. 
As a further example, let the samples fibe stored in 

digital form. Take e.g. N=3. From x, whether given in 
digital form or converted through analog to digital con 
version from analog into digital form, digital computing 
means determine the function cos ar(x - i)/N) for the 
instantaneous value of x and for i = -N + i = -2, and 
subsequently compute the value of the expression 

f(x - i) = fi/6 (1 + cos Tr(x - i)/3) (4 cos 2(T(x - 
i)/3) - 1) 

Next, i is stepped up one to i = -l and the process is 
repeated. Adding the results yields 

f-2s2(x -- 2) fis, (x -- 1) 

The process is repeated again and again up to i = N = 
3, inclusive, and the final result is 

g(x) = S. fisa (x - i): O is x < 1. 
i = - 

The process can be simplified by first computing all 
required values of cos ar(x -i)/N)and storing them. 
Thus, 

cos Tr(x - (i+N)/N = - cos T(x - i)/N, 

which halves the cosine function computation effort 
and also the storing requirements, for it is seen that 
only the N values for = -N + 1, -N + 2, ..., 0 are re 
quired. This number of values can be further reduced 
if x is confined to the values k/K, where k = 0, 1, . . . 
, K - 1 and K is a positive integer. To obtain g(k/K); 
k = 0, 1, 2, ..., K - 1; there are first required the KN 
functions 

db(i k) = cos Tr(k/K - i)/N = cos ar(k - iK)/KN: 

But 
d(i,k) = -d(i+N, k) 

and in addition 
d(i, k) = -d(N - i + 1, K - k), 
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6 
and it is seen that the number of computed functions 
can be reduced. 

In the above methods of interpolators according to 
the invention, if there is given a finite data field, i.e., a 
finite number of samples f: forf,..., f, say, and sw(x) 
is used as interpolating function (analogous relations 
holding for odd values of M) and if g(x) is required at 
the edges of the data field, i.e., for x < xy- or x > 
x-y , then the method cannot give results because, 
in the first instance f 1, f2, ... are unknown, and in 
the second instance f1, f2, . . . are unknown. This 
matter is readily dealt with by means of data comple 
tion. One such method uses f = f; i > o and f = f; , 
i > k . Another method simply sets all missing values 
equal to zero. 
While the above descriptions are for funbsions of omd 

vriable, it is evident that the method can also be ap 
plied for functions of two or more variables, provided 
that the samples are given at the lattice points of a rect 
angular or higher order cubic grid. In two dimensions, 
let x, y denote the point for which x is i and y = j and 
let fly be the associated value of f(x,y), and g(x,y) the 
required approximation which is to be determined with 
the help of an interpolating device. Then the method is 
applied first for a plurality of adjacent values of j and 
the given value of x, and subsequently, from the values 
g(x,y) thus determined, for the given value of y, in 
complete conformity with the teachings of the prior art 
applying to a plurality of one dimensional function gen 
erators and their use for the generation of functions of 
two or more variables. 

If fixed spacing of samples of f(x) is used and the 
method is applied, and if additional function values, 
likewise equally spaced but with smaller spacing, are 
known, then it is possible to apply the method once 
again in order to obtain an improved "fine resolution' 
interpolation. For this purpose, the difference of the 
function g(x) first computed and said additional sam 
ples is determined and subsequently the method is re 
applied to these difference sample values and their 
(smaller) spacing, the result being added to g(x). 
Although this invention has been described and illus 

trated in detail, it is to be clearly understood that this 
is by way of illustration and example only and is not to 
be taken by way of limitation. 
What I claim is: 
1. A function interpolator producing an output signal 

in accordance with a desired function of an indepen 
dent variable from a plurality (M) of samples of a func 
tion of said variable at corresponding sampling points 
comprising: 

First circuit means for the production of at least one 
analog input signal representing a predetermined 
function of said variable, 

Second circuit means for storing a plurality (M) of 
signals respresenting said plural samples, respec 
tively; 

Nonlinear circuit means connected to said first cir 
cuit means for producing a plurality of second out 
put signals each representing the value of a recon 
struction function for the instantaneous value of 
said input signal, wherein each of said reconstruc 
tion functions represents a predetermined nonlin 
ear function of said variable; 

a plurality of multiplier means each having input 
means for receiving one of said second output sig 
nals and at least one of said sample respresentative 
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signals and output means for producing thereat a 
third output signal; 

summing circuit means connected to said plural mul 
tiplier output means summing said plural third out 
put signals for producing said generator output sig- 5 
nal. 

2. The interpolator as defined in claim wherein said 
predetermined nonlinear function represents a linear 
combination of (k) sinusoidal functions of said variable 
of predetermined relative phase, (k) being the greatest 
integer that is not greater than (%.M). 

3. The interpolator as defined in claim 2 wherein (M) 
is an even positive integer, (N) is defined as (%.M), and 
said nonlinear function corresponds to 

1 O 

15 
112N 1 + 2 cos (Tx /N) + 2 cos (2Ty/N) -- ... -- 2 
cos (N-1) mix/N+ cos Ty), 

(x) representing said variable. 
4. The interpolator as defined in claim 2 wherein (M) 

is an odd integer greater than two and said nonlinear 
function corresponds to 

1/M 1 + 2 cos (2 Tx/M) + 2 cos (4 Tx /M)+... -- 
2 cos (M-1) Ty/M ), 25 

(x) representing said variable. 
5. The interpolator as defined in claim wherein said 

second circuit means include digital circuit means and 
said sample representative signals are stored therein in 
digital form; and wherein said multiplier means receive 
said sample representative signals in digital form. 

6. The interpolator as defined in claim 5 further com 
prising: 

Digital control means responsive to a signal repre 
senting a predetermined function of said indepen 
dent variable for updating said plural stored sample 
signals whenever said independent variable tra 
verses one of said sampling points 

7. The interpolator as defined in claim 5 wherein said 
second output signals are produced in analog form and 
said multiplier means are comprised of multiplying ana 
log-to-digital converter (MDAC) means. 

8. The interpolator as defined in claim 1 wherein said 
one analog signal produced in said first circuit means 
is in the form of a sinusoidal function of said indepen 
dent variable. 

9. The interpolator as defined in claim 8 wherein said 
nonlinear circuit means include analog multiplier 
means for the provision of the nonlinearity thereof. 

10. The interpolator as defined in claim 8 wherein 
said second circuit means comprise digitally controlled 
means for storing said plural stored signals in analog 
form and updating said stored signals whenever said in 
dependent variable traverses a sampling point; each of 
said plural multiplier means being comprised of analog 
multiplier means. 

11. The interpolator as defined in claim wherein 
said nonlinear circuit means include linear circuit 
means receiving all but one of said plural second output 
signals for the production of a further second output 
signal. 

12. The interpolator as defined in claim 1 wherein 
said one analog signal produced in said first circuit 65 
means is in the form of a sawtooth function, changing 
linearly as a function of said variable from a first preas 
signed constant value at any one sampling point to a 
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8 
Second preassigned constant value at the adjacent sam 
pling point and changing in value from one to the other 
of said first and second constant values on traversal of 
a sampling point. 

13. The interpolator as defined in claim wherein 
said one analog signal produced in said first circuit 
means is in the form of a continuous triangular wave 
function of said variable, being a linear function of said 
variable between any two adjacent sampling points and 
alternately assuming one and another of two preas 
signed constant values at adjacent sampling points. 

14. The interpolator as defined in claim 13 wherein 
said first circuit means comprise means for the produc 
tion of a second triangular input signal such that the 
sum of said first and second triangular signals is sub 
stantially independent of the value of said variable. 

5. A nonlinear function generator responsive to a 
digital signal for the production of an analog output sig 
nal as a digitally controlled nonlinear function of an an 
alog input signal comprising: 
Nonlinear circuit means having input means for re 
ceiving the analog input signal and output means 
for producing thereat a plurality of analog recon 
struction signals each characterised by a nowhere 
linear function of said input signal; 

Digitally controlled storage circuit means for receiv 
ing the digital signal, storing a plurality of signals 
representing function values, and issuing selected 
stored signals; 

Multiplier means connected to said nonlinear circuit 
means and said storage circuit means for receiving 
and multiplying each of said plural reconstruction 
signals and a respective stored and issued signal for 
producing a plurality of product signals; 

Summing circuit means connected to said multiplier 
means summing said plural product signals to pro 
duce said analog output signal. 

16. A nonlinear function interpolator responsive to a 
sample signal sequence for the production of an analog 
output signal representing an interpolation function to 
the sample sequence comprising: 

Digitally controlled storage circuit means for storing 
and sequentially issuing said sample signals; 
Signal generator means having output means for 
producing thereat, as a function of time, a plural 
ity of reconstruction function signals, wherein 
said reconstruction functions are periodic in time 
and any one thereof represents any other thereof 
shifted by a predetermined time interval; 

Multiplier means connected to said signal genera 
tor output means and said storage circuit means 
for receiving said plural reconstruction function 
signals and said issued signals for the production 
of a plurality of analog product signals; 

Summing circuit means connected to said multi 
plier means summing said plural product signals 
to produce said analog output signal. 

7. The interpolator as defined in claim 6 wherein 
said signal generator means include delay circuit means 
receiving one of said reconstruction function signals for 
the production of at least one further said reconstruc 
tion function signal. 

18. The interpolator as defined in claim 6 wherein 
said signal generator means include means for the pro 
duction of a sinusoidal signal and nonlinear circuit 
means receiving said sinusoidal signal for the produc 
tion of said plural reconstruction function signals. 

19. The interpolator as defined in claim 18 wherein 
said nonlinear means are comprised of linear circuit 
means and plural analog multiplier means. 

2 : x : : 
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Patent No. 3,831,016 Dated August 20, 1974 

() 
Inventor(s) Amos Nathan Page 3 of 5 

It is certified that error appears in the above-identified patent 
and that said Letters Patent are hereby corrected as shown below: 

Column 9, 1ine 10, "1x1' should read - - x - - - 
Column 9, line 29, 'il-l' should read -- is 1 - - . 

Column 9, 1ine 55, '-0" should read - - - - - - 

o Column 10, line 51, "A(x)" should read - - A(x) - - - 
Column 11, 1ine 2, "f-NjI" should read -- f-N+j+1 - - . 

Column 11, 1ine 12, "f.1" should read - - f-1 - - 

Column 11, 1ine 22, "+" should read -- + 1 --. 
Column 12, line 8, 'f '' should read -- f - - , 

8. -1. 

Column 12, line 32, between "))' and 'i' insert -- ( --. 
Column 12, 1ine 39, "provudies' should read - - produces . . . 

Column 12, line 41, "oo" should read - - O --, a11 four occurrence S 

Column 12, 1ine 46, '3' " should read - - F - . 

Column 12, line 53, "-1" should read - - -i - - . 

Column 12, line 58, 'later" should read - lator - . 
b Column 15, line 5, "N-1' should read - - Nt1 - . 

Column 15, line 21, "fiss" should read -- fis - - - 

  



UNITED STATES PATENT OFFICE 

CERTIFICATE OF CORRECTION 
Patent No. 3,831, 016 Dated August 20, 1974 

Amos Nathan Page 4 of 5 Inventor (s) 

It is certified that error appears in the above-identified patent 
and that said Letters Patent are hereby corrected as shown below: 

Column 15, line 21, 'fi' should read - – f. --. 

Column 15, line 21, 'cos 2 (' should read cos 2 ( - - 

Column 16, line 16, 'funbsions of Omd' should read -- functions 

of one - - . 

Column 16, line 17, "viriable" should read - - variable -- . 

eigned and Sealed this 
thirtieth Day of March 1976 

RUTH C. MASON C. MARSHALL DANN 
At testing Officer Commissioner of Patents and Trademarks 
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