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NONUNIFORMLY OPTIMALLY SPACED
ANTENNA ARRAY

The general idea of the non-uniformly spaced an-
tenna arrays was invented by Unz in 1955, and was
publicly proposed and published for the first time in-his
University of California (Berkeley, 1956) doctoral dis-
sertation, where the first significant work on the subject
was reported. From 1960 on many additional contribu-
tions have been made on non-uniformly spaced arrays
by numerous authors, and references to most of them
may be found in recent books on antennas. However,
the main synthesis problem of the non-uniformly
spaced arrays, namely, finding the most optimum posi-
tions of the elements of the array in order to produce
a given specified radiation pattern, has not been solved
rigorously to-date. This is primarily due to the great dif-
ficulties in the solution of this highly non-linear prob-
lem. The trial and error computer techniques and the
other pseudo-optimum synthesis methods suggested so
far are of very limited utility, and are almost impossible
to employ with arrays of a large number of elements.
Thus, the non-uniformly spaced arrays cannot be tech-
nically designed at the present time to their full poten-
tial advantage, if at all, and therefore are not generally
used.

The object of this invention is to provide a nonuni-
formly spaced antenna array, where the array elements
are distributed in the most optimum positions along the
axis of the array, with reference to the given radiation
pattern requirements and specifications. The optimal
distribution of the elements along the array axis is de-
termined so that the Nonuniformly Optimally Spaced
Antenna Array (the NOSA Array) of this invention will
require a smaller number of elements, than an equiva-
lenit uniformly spaced array, giving the same required
approximate radiation pattern, or its specified required
characteristics, such as the sidelobe level, and/or beam-
width, and/or gain, etc. Alternatively, the NOSA Array
will give a better performance in its radiation pattern
and its characteristics than an equivalent uniformly
spaced array of an equal number of elements. A rigor-
ous synthesis technique is provided for the systematic
determination of the most optimum positions of the el-
ements in the Nonuniformly Optimally Spaced An-
tenna Array (the NOSA Array), and their correspond-
ing amplitudes, in order to accomplish the radiation
pattern given specifications with the minimum possible
number of elements in the array. Thus this invention
will provide a substantial savings in the number of ele-
ments required in an antenna array for a given perform-
ance. While the rigorous synthesis technique described
later is for the symmetric linear NOSA Array, the in-
vention by no means is limited to this particular case.
It could be extended quite easily to the non-symmetric
NOSA Array. Furthermore, since the NOSA Array is
the building stone for any number of other more so-
phisticated arrays, this invention covers all other ar-
rays, where they include in whole or in part the NOSA
Array. Thus this invention covers, but is not limited to
the following arrays, if they include in whole or in part
the NOSA Array: symmetric and non-symmetric ar-
rays, linear, two and three dimensional arrays, arrays
on curved surfaces, transmitting, receiving and retrodi-
rective arrays, arrays of arrays, correlation arrays,
steerable beam, scanning arrays and phased arrays, ac-
tive and adaptive arrays, time modulated arrays, radio-
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2

astronomy arrays, broadband arrays and frequency in-
dependent arrays, superdirective arrays, slot arrays,
omnidirectional arrays, broadside arrays, end-fire ar-
rays, resonant and nonresonant arrays and many oth-
ers.

The invention is illustrated by the accompanying
drawing in which:

Table A gives the seventeen (17) complex Fourier
series coefficients f, = f_, specified from the given real
and symmetric radiation pattern to be approximated by
the symmetric linear antenna array. FIG. 1 and Table
A give the seventeen (17) element half-wavelength uni-
formly spaced antenna array which will give the speci-
fied Fourier coefficients f, listed in Table A. The syn-
thesis has been done in accordance with well estab-
lished procedures for uniformly spaced arrays. FIG. 2
and Table A give the nine (9) element Nonuniformly
Optimally Spaced Antenna Array (the NOSA Array)
which will give the same specified Fourier coefficients
fx listed in Table A. The systematic determination in
FIG. 2 of the most optimum array element distribution
and their corresponding amplitudes for the given Fou-
rier coefficients in Table A, have been accomplished by
using the rigorous synthesis technique described below.
Thus the NOSA Array in FIG. 2 will give the same re-
quired performance as the half-wavelength uniformly
spaced antenna array in FIG. 1, but with a substantial
saving of almost half of the number of the elements re-
quired by the standard uniformly spaced array. A sub-
stantial saving of the number of the elements of the
array for equivalent performance is of essential impor-
tance especially in arrays with a large number of ele-
ments.

The rigorous synthesis technique for the symmetric
linear Non-uniformly Optimally Spaced Antenna Array
(NOSA Array) for a given real and symmetric radiation
pattern or its complex Fourier series coefficients f_,
Jfn =real specified in Table A, in order to determine the
most optimum positions of the elements of the NOSA
Array, and their corresponding amplitudes, in FIG. 2,
is described as follows:

The radiation pattern F(#) of a linear array with non-
uniform spacings of the elements is given by:

F(8) =E Apeikdp sing
I

- (La)

where i = V-~ 1, k =2mx/A, X being the wavelength, 8
is the angle with the normal to the array axis (— #/2
<6< +7/2),d,is the distance of the p array element
from the origin on the array axis, and 4, is its corre-
sponding complex amplitude, given in magnitude and
phase.

Equation (1.a) may be rewritten in the form:

F(u) =S Aetru
%) ? 7ev (1)

where u=msin @ (—7 <u< + =) and x, =dy /A2
gives the distance of the array element p from the ori-
gin in terms of half wavelengths. '

For the synthesis problem the given radiation pattern
F(u) may be expanded in a complex Fourier series, for
n = integer:
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+= .
F(u)= g Jacinn (2.0)
1 +I —inugy
=51 f—n F(u)e (2.b)

For the particular case of half wavelength d, =p A/2
uniformly spaced linear array one has x, = p = integer
in (1.b), which then has the same form as (2.2). Thus,
each element of the uniformly spaced array corre-
sponds to one complex Fourier series term A4, = f,,, and
F(u) in general may be approximated to any degree of
accuracy by a finite number of array elements, corre-
sponding to the same number of complex Fourier series
terms.

In case of a non-uniformly spaced array, x, ( #p) in
(1.b) has to be determined, as well as A, for the best
approximation of F(u). Substituting (1.b) in (2.b) one
obtains after integrating:

sin {(n—zp,) I
(n—=z,) 11

=ZAD
p

(3.a)

Using the trigonometric indentity and taking sin nw
=0 and cos n7r = (—1)", one has:

sin(n — x,) == sin nwr cos x,m — cos nw sin xp,m =+
(—1)"*!sin x,7 and one obtains from (3.a):

(—1)r*t gin 2,11
=S4 22/ S Tyl
Zp’—‘ " (a—m)T (3.b)
From (3.b) one has:
L — 1) n+III W= P
f Z n— xn (4.8.)
where we define:
B, = A, sin xpm
(4.5)

Taking the array element p = 0 of the amplitude 4, to
be at the origin x, = 0, one obtains from (4.2) and
(4.b):

{(—1)oHiIf #0

yrrHIle= En P (5.8)
—4 A sin z,I1 =0

fo 0+p§¢% » Il n (5.b)

Let us assume that the given radiation pattern F(u)
is a real and symmetric function F(—u) = F(u). Thus
one finds from (2.h):
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Sfu=real; f, = fin

(6.a)

Let us further assume that the non-uniformly spaced
array has an odd number of elements and is symmetric
with respect to the element A, at the origin x, = 0.
Using (4.b) one obtains:

X_p=—Xp; Ap=Ap; B_, =B, (6.5)

One obtains from (5.a) and (5.b) fors > 1:

B_ B
—1)sHIf, = [ o8 + D] Z0
(=1 f DA P (7.2)
_ sin z_pII , , sin zpﬂ] _
fo—An+pZ=-_‘{ A, P FAp Z,I1 n=0

(7.b)

Substituting (6.b) in (7.a) and (7.b) one obtains after
rearranging:

2z
—1)a+10 B d n=0
(—-1) fo= Z ey L (8.2)
A, 12 A, sin sin 2,11 -
fo=4do+ Z oIl (8.h)

From (8.a) one finds that f_, = f, as in (6.a). Taking in
(8.a) D, = Bpxp, N =n?, y, = x,? and using (4.h) one
obtains:

D,

i S
(— 1) fo= n#0
2 pgl N—y, (9.a)
Dy=z,By= Apz, sin z,11; N=n?; y,=z2 (9.b)

Thus equation (9.a) for the symmetric nonuniformly
spaced array has almost an identical form as equation
(4.a) for the general non-uniformly spaced array, and
both of them could be solved in a very similar manner
for the synthesis problem.

For the limiting case of uniformly spaced array x,
— p = integer one may find from (5.a) or (9.a) and
from (5.b) or (8.b) after the suitable substitution and
the correct limiting process:

h=Ag fo=A,forx,=p

(10)

We will discuss here only the solution of (9.a) for the
symmetric non-uniformly spaced array.

In equation (9.g) we have two sets of unknowns, y,
and D,, which have to be solved, and thus give us x,
and A, from (9.b). Writing (9.a) explicitly for s terms
and multiplying by the common denominator on both
sides, one obtains for N=n? > 1:
(=1 mw/2 f(N=y,) (N —y;3) (N ~y,)
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=D (N—y) (N—y3)..... (N =y, +
+Dy (N—y ) (N—y3)..... (N—y) +
+ D, (N—y)(N—yy)..... N=y)+......
+ D, (N—y ) (N—y)..... (N — Y5-1) (an

where (11) for given f, is a linear equation for D, and

a non-linear equation for y,. Opening the brackets on

both sides and rearranging in descending powers of N,

one obtains:

) /2 fiIN— oy N '+ apy N2 —ag N3+ L.

A (—1Da]=

=B N =B, N2+ B N3~ Ll +(—1r-18,
(12.9)

where we define:

—(Y1+}’2+)’3+ ----- + )
=y etyst.. . Fy)+y sty t+...+y)+
-+yx—1ys
=y Y sty ... Fy)+.o + Vo2 Yem1 Vs
@ =(y1Y2¥3 - - Ys) (12.5)
Bi=(Dy+ Dy + Dy+...+D,)
Bz D, (y:+y; +. oY)+ Dy (i ya .y
+D ¥y + ¥ + ys-l)
/3 =D, (y2¥s +Y2 Yo+ .o F YY)t
A+ Dy y2 +ys-—2 Vs—1)
.B. D, (y, y;5 . )’x)+Dz(}’1}’3--~)’s)+'--
D (Y2 Ya. o Vi) (12.¢)

Since y, and D, are the unknowns to be found, and thus
a, and B, defined above are also the unknowns to be
found. Thus (12.a) could be rearranged and rewritten
as follows for N =n?=1:

[(_1)n+1 gfn i (—1)q+1N5_qaq
q=1
-I—i‘(—1)°+‘Nﬂ‘°Bq=|:(—1)“+’ gfn]Ns
q=1

(13.2)

or alternatively, dividing (13.c) by N* one obtains:

[(_1)n+1 fn]z( 1)u+1aa

3 e [( nen 4]
q=1
(13.b)

alternatively (13.5) may be rewritten in the following
form:

(=1)a¥18q

R

[(—1>n+1%f.,]:/=:1

Equation (13.a) or (13.b) or (13.c) represents a linear
equation with 2s unknowns, namely, s unknown terms
of a,, and s unknown terms of 3,. One may rewrite one
of the equations (13), i.e. (13.¢), 2s times for the given
2s Fourier coefficients f, of the given radiation pattern
F(u), namely for (f}, fo, f5 - - - fos) Where N=n? 2> 1.
Thus one obtains 2s linear equations with 2s un-
knowns «qand 8. The method of solving 2s linear

equations with 2s unknowns by the use of deter-
minants and by well established and modified com-
‘puter techniques is very well known.
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Thus if (f3, f2, - - - , f2s) are given, one may solve (13.c)
for ag(ay, a; . . . , a,), by determinants with the aid of
a computer. As it will be shown later, there is no need
to solve for S,.

Once (a4, @, . . ., @,) are thus found, one should solve
the s non-linear equations (12.5) for (y, ya, . . . ..ys).
It is well known that a polynomial equation with the so-
lutions y = y,, y = ¥y, . . . , ¥ = ¥, could be written in
the form:

Oy =)=y ... . (y—y)=0 (14.a)
From the left hand side of (11) and (12.a) and from
(12.b) one finds by inspection and by multiplying and
opening the brackets of (14.a) one obtains:
Yoy ' tay eyt (-1 e =0
(14.5)
But the coefficients (a,, as, . . . , @) have been solved
above. Thus the positions of the elements x; along the
axis of the non-uniformly spaced array could be found
as the roots of the polynomial equation (14.b) y, = x,%.
Finding the roots of the polynomial equation (14.b) is
a well established process with the aid of a computer.
The positions x, thus found from the roots of the alge-
braic equation (14.b) represent the optimum positions
of the symmetric NOSA Array elements.

Once the s roots y, have been found from (14.5), one
may substitute them in (9.a) and rewrite it s times for
(fi»f2 - - - » J3)- Thus one obtains s linear equations with
s uniknown D,, which could be solved by using determi-
nants and well known computer techniques. With all y,,
and D, thus found, one may use (9.b) to obtain:
xp, =+ Vy,; A, = D,/(x, sin x;m) (15.a)
and thus the position of each element x, and its ampli-
tude A, are found for all the side elements of the sym-
metric non-uniformly spaced array. Once this is known,
one may use (8.5) and (9.b) to find the amplitude of
the center element A, at x, = 0:

D
¥
_ (15.b)

sin :1:,,

2 S
fo—ﬁ Z

p=1

Ao=fo— 22 Ay

and the synthesis problem for a given F(u) is solved for
the non-uniformly optimally spaced array.

The details of the procedure of the rigorous synthesis
technique for the determination of the most optimum
positions of the elements of the NOSA Array and their
corresponding amplitudes for the symmetric case in
FIG. 2 are given as follows:

Assuming that 2s Fourier series coefficients of f,
have to be used, one rewrites the linear equation (13.c)
of 2s unknowns ¢, and S, for a total of 2s times, using
the given f, for 1 < n < 2s and taking N = n%

The 2s linear equations with 2s unknowns are solved
for all a, (e, ap , @) by the use of well known
computer techniques.

Using the «, coefficients found previously, one ob-
tains the algebraic equation (14.b) of order s. The posi-
tive real roots of the algebraic equation (14.b) are
found by using well known computer techniques, and

‘they represent the optimum positions of the symmetric

NOSA Array elements, where x, = V.
Substituting the value of y, found above in (9.4), and
rewriting it s times for different f, for 1 £ n < 5,
taking N = n?%, one obtains s linear equations for s
unknowns D,, which can be solved by the use of known
computer techniques. Once D, and y, have been solved
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for the symmetric linear NOSA Array, obe obtains the
position of the p element x,, and its amplitude 4,, by
using (9.5). The amplitude A, of the center element at
x, = O is found by using (15.b). Using the above rigor-
ous synthesis technique, the symmetric linear NOSA
Array in FIG. 2 was technically designed from the given
complex Fourier co-efficients in Table A. The nine (9)
element NOSA Array in FIG. 2 is equivalent with its re-
quired performance to the seventeen (17) element half
wavelength uniformly spaced array given in FIG. 1.
Both the uniformly spaced array in FIG. 1 and the non-
uniformly optimally spaced array in FIG. 2 give almost
the same identical radiation pattern which has been
prescribed and defined by the f, complex Fourier series
coefficients given in Table A.

Let us assume that in prder to approximate a given
symmetric and real function radiation pattern F(u) to
a certain given degree of average mean square approxi-
mation, one needs to have a symmetric linear array
which will give exactly the values of the complex Fou-
rier coefficients f,, for 0 < n =< 2M. If we chose a sym-
metric uniformly spaced array of half wavelength spac-
ings, we determine in advance the element positions
and will need, in accordance with equation (10), a total
of(4M + 1) antenna elements, for the symmetric array
with the center element. However, if we choose a non-
uniformly spaced symmetric linear array, where both
the positions of the elements and their corresponding
amplitudes are to be determined for the best approxi-
mation, we have twice as many degrees of freedom, and
we could approximate 2M Fourier coefficients by using
only M radiation elements in accordance with (13).
Thus the nonuniformly spaced symmetric linear array
with the center element would require a total of on-
ly(2M + 1 )non-uniformly spaced antenna elements in
order to achieve approximately the same radiation pat-
tern; therefore one has for a symmetric linear array,
where f, for 0 <= n = 2M is given:

No. of clements uniform _4M-+1_ 1 9
No. of elements nonuniform  2M-+1 =~ 2M-1

(16)

One needs therefore half the number of elements in the
Non-uniformly Optimally Spaced Antenna Array (the
NOSA Array) as compared to a uniformly spaced array
giving the same approximate radiation pattern with all
its side lobes. In this statement we assume that all the
roots in the polynomial equation (14.b) are positive
and real: thus the result depends on all the coefficients
a,, and on the given Fourier Coefficients f, through the
linear equation (13.c). The results of such a numerical
example for a given prescribed set of Fourier coeffici-
ents f, are given above.

Furthermore, one should check an additional num-
ber of Fourier array coefficients f, for n > 2s, which
have not been approximated, but which also may be
found from a given radiation pattern F(u), as well as
the final resulting radiation pattern F(u) given by the
NOSA Array and its elements A4, at positions x, in ac-
cordance with equation (1b). In case the approxima-
tion requirements of the NOSA Array radiation pattern
with respect to the given prescribed radiation pattern
are not acceptable, one may repeat the process by add-
ing one more antenna element on each side of the
NOSA Array and repeat the process again, and check
again for the approximation acceptability. The number
of the elements in the NOSA Array will be still smaller
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8

than an equivalent uniform array, but by less than the
factor of two given in (16). The final result depends on
each indivudal or class of given radiation patterns.

The rigorous analytical method described above that
theoretically solves the highly non-linear synthesis
problem of finding the optimum positions of the ele-
ments in the non-uniformly optimally spaced linear ar-
ray, with non-uniformly optimally excited amplitudes,
for a given prescribed radiation pattern, has been ap-
plied to other cases as well. In several different exam-
ples of prescribed, broadside, directive radiation pat-
terns with sidelobes, including uniform array patterns
and Dolph-Chebyshev patterns, a non-uniformly opti-
mally spaced linear array has been obtained, which re-
quired 35 percent — 50 percent fewer elements than a

. half wavelength uniformly spaced linear array giving

the same prescribed radiation pattern with all its side-
lobes.

Since the non-uniformly optimally spaced array de-
scribed in the foregoing specifications could be used as
the basis for building more sophisticated arrays with
specific or minimax performance indices requirements,
this invention covers, but is not limited to, arrays with
specific requirements on the radiation patterns, impe-
dance, bandwidth, mutual coupling, gain and directiv-
ity, polarization, noise temperature, signal to noise or
interference ratio and any other specific indices, if the
array includes in whole or in part certain definitive as-
pects of this invention as a part of its analysis or syneth-
sis. This invention also covers this array, when the ele-
ments used in the array are of different types, including
but not limited to, dipoles, slots, horns, apertures, para-
bolic reflectors, dishes and many others. Many of the
design techniques in prior art developed for electro-
magnetic arrays can and has been applied with modifi-
cation to acoustic arrays, seismic arrays and arrays in
other fields. Thus this invention of non-uniformly opti-
mally spaced array described in the foregoing specifica-
tions covers, but is not limited to, all such arrays or
combination of them in other fields for any purpose.
This invention covers non-uniformly optimally spaced
acoustic arrays and sonar arrays, used with acoustic el-
ements of any type, when used under water or above
water , for whatever purpose. This invention covers
non-uniformly optimally spaced seismic arrays, used
with seismic elements, geophones, seismometers seis-
mographs, or other elements, when used underground
for whatever purpose. Thus the foregoing invention of
non-uniformly optimally spaced array covers any array
of any shape and size, and used with any kind of ele-
ments for any purpose, provided that the invention de-
scribed here will be used there in whole or in part, or
will be used there as a part of its analysis or synthesis
during the design procedure.

While in the foregoing specification, I have set forth
certain details of the Nonuniformly Optimally Spaced
Antenna Array (the NOSA Array) and its rigorous syn-
thesis technique for a specified radiation pattern, for
the purpose of illustrating one mode of the invention,
it will be understood that such details may be varied
widely by those skilled in the art without departing
from the spirit of my invention, and it is therefore
aimed to cover all such changes and modifications in all
areas of endeavor where arrays are used, as fall within
the true spirit and scope of this invention.
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What I claim is :
1. A method for optimizing the spacing and ampli-

tude of the individual elements in a non-uniformly
spaced array, as compared to a conventional uniformly
spaced array, in order to accomplish a given radiation
pattern, and/or its requirements and specifications,
with the minimum number of elements, said method
based on the following relationship for a symmetric lin-
ear array:

Dy
N—vw, for n=0

o S
—1)nH o ==
(—1migh=3] )

where f, is the n-th complex Fourier series coefficient
of the given radiation pattern, N=n? , y, = x,,* , where
x, is the distance of the p-th element of the array from
the origin in terms of half wavelengths, and D, = A,x,
sin x,7r , where 4, is the amplitude of the p-th element
of the array, the said method comprising the selecting
of the optimum positions of the individual elements
from the s roots y=y,~x,? of the following algebraic
equation:
Y- ¥ ltay ey +... .+ (1) a =0
(B)
where the coefficients a, are determined by the solu-
tion of the following 2s linear equations for the given
f, coefficients: o

S (—1)atlg, , 1

S (—1)q+1ﬁq_1
1 Ne B

T-nmza) F=ow

q=

(C)

once the optimum positions x,, are determined, the op-
timum amplitude of each element is found from (A) by
solving s linear equations for the unknowns D,, the am-
plitude of the center element A, at the origin x, = 0
being given by:
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Ao=f0—"% Zs)

™ p=l

by

Yo (D)

2. A method for optimizing the spacing and the am-
plitude of the individual elements in a non-uniformly
spaced non-symmetric array, as compared to a conven-
tional uniformly spaced array, in order to accomplish
a given radiation pattern with the minimum number of
elements, said method accomplished essentially as in
claim 1, except it is based on the following relationship
for a non-symmetric array:

for n=0

D
p=0 %o (ED

(— 1)n+17rfn.__z

0
where B, = A, sin x,7 , and (E) is almost identical in
form to (A) in claim 1.

3. An arrangement of a set of elements in a non-
uniformly optimally spaced array, as specified in claim
1, in which each element is an electromagnetic antenna
radiator or receiver, like dipole, slot, horn, aperture,
dish, parabolic reflector, etc. ora combination of them.

4. An arrangement of a set of elements in a non-
uniformly optimally spaced array, as specified in claim
1, in which each element is an acoustic or sonar radia-
tor or receiver, or a combination of them, used under
water or above water.

5. An arrangement of a set of elements in a non-
uniformly optimally spaced array, as specified in claim
1, in which each element is a seismic radiator or re-
ceiver, like geophone, seismometer, seismograph, etc.
or a combination of them, used under ground or above
ground.

6. An array comprising a grouping of subarrays each
designed in accordance with the method set out in

claim 1.
* * * * *




