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(57) Abstract: Examples relate to providing spatial ana-
lysis using attribute graphs. In one examples, there are a
number of spatial points that each represent characteristics
in a dimensional space. Non-data points are generated in
the dimensional space, and a Delaunay triangulation is
performed using the spatial points and the non-data points
to generate a plurality of edges, where interior points of
the plurality of non-data points that are in an interior
space of the plurality of spatial points are excluded from
the Delaunay triangulation. Next, spatial edges from the
plurality of edges that each connect a spatial point that is
connected to a first mixed edge to another spatial point
that is connected to a second mixed edge are identified,
where the spatial edges are used to generate a robust con-
tour of a cluster of the spatial points.
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SPATIAL ANALYSIS WITH ATTRIBUTE GRAPHS

BACKGROUND
[0001]  Clustering, robust statistics, geomelric processing and graph processing
are commonly used o analyze spatial data poinis.  For example, k-means
clustering can be applied to color clusters to derive color palsiies, io exirapolate
color using the median matrix, fo apply a computer vision algorithm for fitling of
geometric primitives, and to perform a graph formulation of color categories. The
color clustering assurmes uniform, symmetric distributions and thal competing
methods of computing K are sub-optimal.  The color exirapolation may use a
variant of a Theil-Ben estimator. The geometric primitives {echnique may be
ineffective at processing complex contours. Finally, the resulis from color
categorization networks show the power and expressiveness of graph

formuiations of data with a spatial interpretation.

Bruer DESCRIPTION OF THE DRAWINGS
{0021 The patent or application file coniains at ieast one drawing executed in
color. Copies of this patent or patent application publication with color drawing(s)

wiil be provided by the Office upon request and payment of the necessary fee.
[0003]  The following detailed description references the drawings, wherein:

(00047  FIG. 1 is a block diagram of an example computling device for spatial

analysis with atlribute graphs;

[0005] FHs. 2 is a block diagram of an example computing device in

communication with a spatlial dataset for spatial analysis with atiribute graphs;

(000617 FIG. 3 is a flowchart of an example method for execution by a

computing device for spatial analysis with attribute graphs;

{00071 FIG. 4 is a flowchart of an example method for exscution by a

computing device for composite spatial analysis with atiribute graphs;

(30081  FIG. 5As an example dimensional space showing spatial data;
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(G008 FIG. 5B is an example dimensional space showing spatial data and

non-data; and

(00101 FIG. 5C is an example dimensional space showing spatial data, non-

data, and robust contours.

Detaien DESCRIPTION
{00111 As detailed above, various techniques for analyzing spatial data points
can be used o estimate cluster boundaries. Classical approaches like k-means
use assumplions, such as mostly uniform  distributions, and  additional
computations, such as estimation of k or the number of clusters. More complex
algorithms use data density or other measures but are generally more complex
and also include some assumplions about the data. Computational geomelry
tachnigues, such as convex hull algorithms, are used in various computer vision

applications to estimate an outer convex boundary.

[0012]7  Examples herein describe a spatial analysis scheme that with minimal
assumptions is capable of clusiering data with convex and concave features and
providing an intuitive technique to estimate the number of clusters. The spatial
analysis scheme add non-data poinis {(i.e., asther} to the dalaset before computing
a Delaunay friangulation, which results is an altributed relational graph (e,
atiribute graph} in which points have spatial positions and are classified as either
aether or data. Al this stage, edges can be determined through the spatial
posiions of the points and are classified with a logical operator using the
connecting poinis. A non-data edge conneclts two non-data points, a spatial edge
connects two spatial points, and a mixed edge connects a spatial point and a non-
data point. Logical operations can be performed using the edges of the triangular
mash to identify mixed edges that include & spatial point that is further connected

to another spatial point, where the mixed edges are used to an exterior contour.

[00131  Numerous refinements and variations of the spatial analysis scheme
are described below. In some cases, the non-data points can be consiructed
using a uniform geometric sampling scheme or a voiddilling data-approaching

schems. Further, the atiribule graph can be extended {o additional properiies



WO 2016/018367 PCT/US2014/049146

such as length, area, or angular span. Likewise the fessellation mesh can be
post-processed in manner similar to convex hull peeling such that the number of

clusters extracted is a function of minimum area thresholding.

(00141 Examples disclosed herein provide spatial analysis with aitribute
graphs. For example, in some cases, there are a number of spatial points that
each represent characleristics in a dimensional space. Non-data poinis are
generated in the dimensional space, and a Delaunay irangulation is performed
using the spatial points and the non-data points to generate a plurality of edges,
where interior poinis of the plurality of non-data points that are in an interior
space of the pluraiity of spatial poinis are excluded from the Delaunay
triangulation. Nexi, spatial edges from the pluralily of edges that each connect
a spatial point that is connecied {o a first mixed edge to another spaiial point
that is connected to a second mixed edge are identified, where the spatial

edges are used to generate a robust contour of a cluster of the spatial poinis.

{30151 In this manner, examples disclosed herein provided spatial analysis with
altribute graphs by using non-data points when performing a Delaunay
friangulation. Specifically, by using non-daia points, mixed edges can be identified
during the Delaunay triangulation and then used to determine a robust contour for
data clusters. Applications of such technigues include data clustering for machine
learning, image segmentation, object reconstruction, and three-dimensional print

processing.

[0018]  Referring now o the drawings, FIG. 1 is 3 block diagram of an example
computing device 100 for spatial analysis with aftribute graphs. Computing device
100 may be any compuiing device (e.g., deskiop compuler, lapiop computer,
server, tablel device, efc.) capable of accessing spatial data. In FIG. 1, computing
device 100 includes a processor 110, an interface 115, and a machine-readable

storage medium 120.

[001717  Processor 110 may be one or more central processing units (CPUs),
microprocassors, andf/or other hardware devices suilable for retrieval and
execution of instructions stored in  machine-readable slorage medium

120. Processor 110 may feich, decode, and execute instructions 122, 124, 126,
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128 1o enable spatial analysis with atiribute graphs, as described below. As an
alternative or in addition {o retrieving and execuling instructions, processor 110
may include one or more electronic circults comprising a number of electronic
componenis for performing the functionality of one or more of instructions 122,
124, 126, 128.

(00187  Interface 115 may include a number of slecironic components for
communicating with sensors.  For example, inlerface 115 may be an Ethernet
interface, a Universal Serial Bus (USB} interface, an IEEE 1384 (Firewire)
interface, an external Serial Advanced Technology Altachment (eSATA) interface,
or any other physical connection interface suitable for communication with a
spatial datasel. Alternatively, interface 115 may be a wireless interface, such as a
wireless local area network (WLAN) inferface or a near-field communication (NFC)
intarface. in operation, as detailed below, interface 115 may be used o send and

receive data o and from a comesponding interface of sensors.

[0018] Machine-readable siorage medium 120 may be any eleclronic,
magnetic, optical, or other physical slorage device thal siores executable
instructions.  Thus, machine-readable storage medium 120 may be, for
example, Random Access Memory (RAM), an Electrically-Erasable
FProgrammable Read-Only Memory (EEPROM), a storage drive, an optical disc,
and the like. As described in detail below, machine-readable storage medium 120
may be encoded with executable instructions for spatial analysis with atiribute

graphs.

(00207  Data coliecting instructions 122 may access a spatial daiaset and
related data. The spatial dataset includes spatial poinis, which describe various
atiribtes in a dimensional space.  Specifically, spatial points may refer o
coordinates in a two-dimensional or three-dimensional space, where each axis of
the dimensional space are associated with atiribute. For example, the spatial
points may correspond o RGB values in a three-dimensional space. In another
exampls, the spatial points may correspond o points of interest in a digital image.
in vet ancther example, the spatial poinis may correspond o locations on a

geographic map.
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[0021]  Non-dala points generaling instructions 124 may generate non-data
points in the dimensional space of the spalial datasel. The non-dala points can
correspond to verlices/intersection of a geomelric object that is evenly distributed
throughout the dimensional space (i.e., geomeltric packing} such as a square grid,
a rectanguiar grid, a hexagonal grid, a spherical grid with overlap, etc. The non-

data points may be ltleratively generated within bounds of the dimensional space.

[0022] Delaunay triangulation performing instructions 126 may perform a
Delaunay triangulation on the spatial and non-data points.  In two-dimensional
space, the Delaunay trianguigtion creales edges of friangles between the spalial
points and non-data points such that the circumcircle of any resulting triangle does
not include a point that isn't a vertex of the triangle. Delaunay triangulation can be
extended io a three-dimensional space by considering circumscribed spheres. As
noted above, a non-dala edge connecls two non-data points, a spatial edge
connects two spatial points, and a mixed edge connects a spatial point and a non-

data point.

[0023] Robust contour determining instructions 128 uses the edges resulling
from the Delaunay triangulation to determing a robust confour for clusters of
spatial points. A cluster of spatial poinis may be a subset of the spatial points that
are vertices of adjacent triangles formed by the Delaunay triangulation. A robust
contour for a cluster may be composed of spatial edges, where each spatial point
of each spatial edge is also connecied to a mixed edge. In other words, the robust
contour is defined Dy spatial edges that occur at the edges of the cluster of spatial

points.

(00247 A robust contour exhibils a good approximation of a composite shape
for a cluster of spatial data with a wide range of probability distributions,

Accordingly, robust contours can be resistant to distortion caused by outliers.

[0025] FHa. 2 is a block diagram of an example computing device 200 in
communication via a network 245 with spatial dataset 250, As lllustrated in FIG. 2
and described below, compuling device 200 may communicale with spatial

dataset 250 to provide spatial analysis with attribute graphs.
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(0261  As illustraled, compuling device 200 may include a number of modules
202-216. Each of the modules may include a series of instructions encoded on a
machine-readable storage medium and exsculable by a processor of the
computing device 200. In addition or a3 an alternative, each module may include
one or more hardware devices including electronic circuitry for implementing the

funclionality described below.

[0027]  As with computing device 100 of FIG. 1, computing device 200 may be
a notebook, deskiop, server, tablet, workstation, mobile device, or any other
device suitable for executing the funclionality described below. As delailed below,
computing device 200 may include a series of modules 202-216 for spaiial

analysis with atiribute graphs.

[0028] Interface module 202 may manage communications with spatial dataset
250, Specificaily, the interface module 202 may initiate connections with spatial

dataset 250 and receive spatial data and related data from spatial dataset 250

[0029]  Data processing module 204 may manage spatisl data oblained from
spatial dataset 250 and other sources. Although the components of data
processing module 204 are described in detail below, additional details regarding
an example implementation of module 204 are provided above in connection with
instructions 122 and 124 of FiG. 1.

{00307  Spatial data collection module 2086 may collect and process spatial data
from spatial dataset 250. Specifically, spatial points describing attributes in a
dimensional space can be collected from spatial dataset 25C. Further, dala
coliection module 206 can also obtain metadala that is associated with the spaiial
poinis such as the bounds of the dimensional space, a coordinate system of the
dimensional space, descriptions of the atiribules, a rendering style for the spatial

points {e.g., color ramp based on data values, efc.}, elc.

[00317 Non-data moduls 208 may generale non-data points for use in a
Delaunay  triangulation, The non-data points may correspond 1o
vertices/intersection of a geomelric object that is evenly distributed throughout the
dimensional space {2.g., a square grid, a rectanguiar grid, a hexagonal grid, a

spherical grid with overiap, etc.). The non-data points can be generated using the
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spatial dala, such as the bounds of the dimensional space, obtained by spatial
data collection module 206, For example, the non-data points by dividing the
bounds of each dimension of the dimension space by a preconfigured parameter

s¢ that a grid of poinis can be iteratively generated in the dimensional space.

[0032] Triangulation module 210 may manage irianguiations that are
performed using the spalial data and the non-data. Although the componants of
triangulation module 210 are described in detall below, additional details regarding
an example implementation of module 210 are provided above in connection with
instructions 126 and 128 of FiG. 1.

[0033]  Configuration module 212 may allow a user of computing device 200 to
specify various friangulation parameters. For example, configuration module 212
may allow the user to spedcify the coarseness a grid formed by the non-data poinis
generated by non-data module 208. In this example, a grid that is configured fo
be less coarse typically resuits in more spatial points being considered for a
resuliing robust contour. In another example, configuration module 212 may allow
the user io specify the type of grid {e.g., rectangular, hexagonal, spherical, etc.)
that should be generated by non-data module 208. In these examples, the
coarseness of the grid affects an analysis duration of a Delaunay triangulation
performed on the data {i.e., a coarser grid results in a Delaunay riangulation that

can be performed fasier or that can preview or handle larger amounis of data).

[0034] Delaunay iriangulstion module 214 may perform  Delaunay
iriangulgtions using spatial data and non-data provided by data processing
maodule 204, Initially, Delaunay triangulation module 214 may determine non-data
points {o exclude from further analysis. The non-dala points to exciude ocour
within an interior space of clusters of the spatial data. For example, a cluster of
spatial points in a two-dimensional space can be used o gsnerats a polygon,
where any non-data points that intersect the polygon are excluded from further
analysis. After the identified points are excluded, Delaunay triangulations can be
performed for each cluster of spatial points and neighboring non-data poinis. The
Delaunay triangulation results in non-data edges, spatial edges, and mixed edges

such as the edges described below with respect fo FiG. 8C. In some cases,



WO 2016/018367 PCT/US2014/049146

Delaunay irianguistions can be performed for multiple coarseness parameaters o

generate multiple results for use by robust contour module 216.

[0035] Robust confour module 216 may use the resulis of Delaunay
triangulation moedule 216 to determine a robust contour for each cluster of spatial
points.  Specifically, robust contour module 216 ideniifies edges satisfying
particular characteristics 1o be considered for inclusion in robust contours.  For
aexample, spatial edges where each edge is connecled {o a non-data point can be
identified for inclusion in robust confours.  In some cases, robust contour module
216 generate g composite robust contour based on mulliple resulls for varying
coarseness parametlers. After the robust confours are delermined, the robust
contours can be used o perform various analysis of the spatial or related data. A
centroid of the robust contour can be used o determine a representative value of
spatial data for the corresponding cluster of spatial points.  In another example,
the robust contour is used to calculate an area of the corresponding cluster of

spatial data.

[0036] Spatial dataset 250 may be provided a hardware siorage device for
mainiaining data accessible to computing device 200. For example, the siorage
device may include one or more hard disk drives, solid state diives, tape drives,
and/or any other storage devices. In some cases rather than accessing spatial
datasset 250 via nelwork 245, the storage device may be located in computing
device 200.

[00371 FiG. 3 is a flowcharl of an example method 300 for execution by a
computing device 100 for spatial analysis with atiribule graphs.  Although
execution of method 300 is described below with reference to computing device
100 of FIG. 1, other suitable devices for execution of method 300 may be used,
such as computing device 200 of FIG. 2. Method 300 may be implementad in the
form of executable instructions stored on a machine-readable storage medium,

such as storage medium 120, and/or in the form of electronic circuitry.

(00381  Method 300 may start in block 305 and continue o block 310, where
computing device 100 may collect spatial data points that describe various

atiribuies in a dimensional space. In block 315, non-data points are generated in
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the dimensional space of the spatial points. For example, the non-data poinis may

be a square grid of evenly distributed points.

[0039]  In block 320, a Delaunay trianguiation is performed on the spatial and
non-data peints.  In this example, the Delaunay triangulation creates edges of
triangles between the spatial points and non-data points such that the circumcirde
of any resulling triangle does nol include a point that isn't a vertex of the friangle.
In block 325, compuiing device 100 uses the edges resulting from the Delaunay
triangulation o determine a robust coniour for clusters of spatial points. A robust
contour for a cluster may be composed of spalial edges, where each spatial point
of each spatial edge is also connecied o a mixed edgs. Method 300 may then

continus o block 330, where method 30C may stop.

(00407  FIG. 4 iz a flowchart of an exampie method 4G0 for execution by a
computing device 200 for composite spatial analysis with atiribute graphs.
Although execution of method 400 is described below with reference to computing
device 200 of FIG. 2, other suilable devices for exscution of method 400 may be
used, such as computing device 200 of FIG. 1. Mesthod 400 may be implemented
in the form of executable instructions siored on a machine-readable siorage

medium and/or in the form of electronic circuitry.

{0417 Method 400 may start in block 405 and continue o block 410, where
computing device 200 may collect spatial data poinis that describe various
attributes in a dimensional space. In block 415, the next coarseness parameter (o
be used when performing a Delaunay iriangulgtion is loaded. Specifically, a
sequence of coarseness paramelers may be configured for seguential use in
generating non-data points for the Delaunay triangulation. In block 420, non-data
points are generaled in the dimensional space using the loaded coarseness

parameter,

{00427  In block 425, non-dala poinis cccurring in the interior of dlusters of
spatial dala are excluded from further analysis. Excluding the identified non-data
points ensuras that spatial edges can be more easily ideniified as described
below. In block 430, a Delaunay triangulation is performed on the spatial points

and non-data points that were not excluded. In block 435, computing device 200
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determines if there are additional coarseness parameters. If there are additional
coarsensss paramelers, method 400 relums fo block 415 to use the next
coarseness parameter as described above. I there are no additional coarseness
parameters, a compaosite robust contour can be generated using the spatial edges
generated above in block 440, Specifically, the spatial edges for each coarseness
parameter where each spatial point is connecled to a non-data point are used o
generate a composite robust confour. For exampie, spatial edges can be selsclied
for each coarseness parameter {0 generate the composite contour. In another
example, the composite contour can be a spatial average of the different robust
contours generated for the coarseness parameters. Method 400 may then

continue 1o block 445, where method 400 may siop.

(00437 FIG. BA is example dimensional space 500 showing spatial data. The
dimensional space 500 allows for clusters of spatial points 502A, 5028, 502C io
be spatiaily represented. Dimensional space 500 is two-dimensional and includes
two axis {not shown)}, each of which represents a characteristic of each spatial
point. In this example, the characleristics may be related o the positioning of
objects in an underlying photograph or picture.  Specifically, the spatial points in
each cluster 502A, 5028, 502C may represent locations in the underlying
photograph or picture that have a similar color. 502A and 502B appear o

represent aves while 502C appears o represent a mouth,

{00441  FIG. 5B is an example dimensional space 500 showing spatial data and
non-data. Dimensional space 500 shows clusters of spatial points 50247, 5028,
502C and non-data poinis 504, 506, In this example, non-data poinis 504, 508
are evenly distributed in a square grid according to the bounds of dimensional
space 50C. The non-data points 504, 506 may be generated by iteratively dividing
the dimensional space 500 according o & coarseneass parameter. Non-dala point
506 is interior 1o clusier of spatial poinis 5028 such that non-data point 506 would

be excluded from a Delaunay triangulation.
[00457  FiG. BC is an example dimensional space 500 showing spatlial data,
non-data, and robust contours. Each cluster of spatial points 5024, 5028, 502C

has been processed o now show spatial edges 508, 512 and mixed edges 510,
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which are the resulls of a Delaunay iriangulation. Spatial edges 508 have bsen
used o determine a robust contour for sach cluster of spatial points 502A, 5028,
502C, which shows a smiling face. Each spatial edge 508 in a robust contour is

connecied o two non-data points via mixed edges.

{00467 The foregoing disclosure describes a number of examples for providing
spatial analysis using atlribute graphs. In this manner, the examples disclosed
herein enable robust contours o be delermined clusiered spatial data by using

non-data points with the spatial points when performing a Delaunay triangulation.
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CLAIMS
We claim;
1. A system for providing spatial analysis using attribute graphs, the system
comprising:

a storage device to siore a plurality of spatial points that sach represent
characteristics in a dimensional space;
a processor operatively connecied o the storage device, the processor
to:
generate a plurality of non-data poinis in the dimensional space;
perform a Delaunay triangulation using the piuralily of spatial
points and the plurality of non-data points o generate a plurality of
edges, wherein interior points of the plurality of non-data points that are
in an intsrior space of the plurality of spatial points are excluded from the
Delaunay triangulation; and
identify spatial edges from the plurality of edges that each connect
a spatial point that is connected (o a first mixed edge o ancther spatial
point that is connected to a second mixaed edge, wherein the spatial
edges are used fo generale a robust contour of a cluster of the plurality

of spatial points.

2. The system of claim 1, wherein the plurality of non-dafa points is a
sguare grid, a rectangular grid, a hexagonal grid, or a spherical grid of points

that are uniformly distributed in the dimensional space.

3. The system of claim 2, wherein the uniform distribution of the grid of

points is determined using a preconfigured coarseness parametear.

4. The system of claim 3, wherein the preconfigured coarsgness parameter
is set to a cearser value o decrease an analysis duration of the Delaunay

triangulation.
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5. The system of claim 3, wherein the Delaunay triangulation is iteratively
performed using a plurality of values for the preconfigured coarseness
parameter 1o generate a plurality of robust resulls, and wherein the robust

coniour is a composite of the plurality of robust resulis.

8. The system of claim 1, wherein the processor is further to delermine a
centroid of the robust counter, wherein the centroid is used 1o determine a
represeniative value of a characteristic in the cluster of the plurality of spatial

peints,

7. A method for providing spatial analysis using attribute graphs, the
method comprising:

oblaining a plurality of spatial points that each represent characteristics in
a dimensional space

generating a pluralily of non-daia poinis using a bounds of the
dimensional space, wherein the plurality of non-data points is a square grid, a
rectangular grid, a hexagonal grid, or a spherical grid of points that are uniformiy
distributed in the dimensional space;

perorming a Delaunay friangulation using the plurality of spatial points
and the plurality of non-data points to generate a piurality of edges, wherein
interior points of the plurality of non-dala points that are in an interior space of
the plurality of spatial points are excluded from the Delaunay triangulation; and

identitying spatial edges from the plurality of edges that each connect a
spatial point that is connectad o a first mixed edge to another spatial point that
is connected 10 a second mixed edge, wherein the spalial edges are used o

ganerate a robust contour of a cluster of the plurality of spatial points.

8. The method of claim 7, wherein the uniform distribution of the grid of

points is determined using a preconfigured coarsenass parameter.
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g. The method of claim 8, wherein the preconfigured coarsaness parameler
is set to a coarser value o decrease an analysis duration of the Delaunay

friangulation,

10.  The method of claim 8, wherein the Delaunay triangulation is iteratively
performed using a plurality of values for the preconfigured coarseness
parameter to generate a plurality of robust results, and wherein the robust

confour is a composite of the plurality of robust results.

11, The method of claim 7, further comprising determining a centroid of the
robust counter, wherein the centroid is used o delermine a representative value

of a characteristic in the cluster of the plurality of spatial points.

12, A non-fransitory machine-readable slorage medium  encoded  with
instructions exscutable by a processor for spatial analysis using aifribute
graphs, the machine-readable storage medium comprising insiructions fo:

obiain a plurality of spalial points that each represent characteristics in a
dimensional space

generate a plurality of non-daia points using a bounds of the dimensional
space, wherein the uniform distribution of the grid of points is determined using
a preconfigured coarsenegss parameier,

perform a Delaunay triangulation using the plurality of spatial points and
the plurality of non-data points {o generate a plurality of edges, wherein interior
points of the plurality of non-data points that are in an inlerior space of the
plurality of spatial points are excluded from the Delaunay triangulation;

identify spatial edges from the plurality of edges that each connect a
spatial point that is connectad to a first mixed edge to another spatial point that
iz connectad 10 a second mixed edge; and

use the spatial edges o generate a robust contour of a clusier of the

plurality of spatial points.
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13.  The non-transitory machine-readable storage medium of claim 7, wherein
the plurality of non-data points is a square grid, a reclangular grid, a hexagonal
grid, or a spherical grid of poinis that are uniformly distributed in the dimensional

space.

14, The non-transitory machine-readable storage medium of claim 7, wherein
the Delaunay trigngulation s iteratively performed using a plurality of values for
the preconfigured coarseness paramster {0 generale a plurality of robust
results, and wherein the robust contour is a composite of the plurality of robust

results.

15, The non-transitory machine-readable storage medium of claim 7, wherein
the machine-readable siorage medium further comprises instructions fo
determine a ceniroid of the robusi counier, wherein the centroid is used to
determine a represeniative value of a characteristic in the cluster of the plurslity

of spatial points.
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