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(57) Abstract: A method of registering and modeling a deformable shape in
a digitized image is provided, comprising the steps of providing a measure-
ment matrix W of N measurements of P points of a D-dimensional deformable
shape, determining a basis number K for the N measurements, wherein K<N,
and selecting K measurements of said measurement matrix W as a basis set, de-
composing said measurement matrix W into a matrix product Mx3B, wherein
M is a proposed scaled rotation matrix and B is a proposed basis matrix, com-
puting a matrix Q, defined by (I), where ® stands for {(i, j)li=1, ....K; j=1, ....N;
iyk}, which represents an ambiguity matrix transforming the proposed scaled
rotation matrix and the proposed basis matrix into a true scale%l rotation matrix
and a true basis matrix; decomposing the matrix Q into gygy , fork=1,. . .,
Kj, wherein g, is a column of a DAK%D3K matrix G; and recoverinlg the true
scaled rotation matrix from Mx3G and the true basis matrix from G x3B.



WO 2006/028841 A1 1IN} N0VYH0 0 000 0O

GM, KE, LS, MW, MZ, NA, SD, SL, SZ, TZ, UG, ZM, — before the expiration of the time limit for amending the
7ZW), Eurasian (AM, AZ, BY, KG, KZ, MD, RU, TJ, TM), claims and to be republished in the event of receipt of
European (AT, BE, BG, CH, CY, CZ, DE, DK, EE, ES, FI, amendments

FR, GB, GR, HU, IE, IS, IT, LT, LU, LV, MC, NL, PL, PT,

RO, SE, SI, SK, TR), OAPI (BF, BJ, CFE, CG, CI, CM, GA,

GN, GQ, GW, ML, MR, NE, SN, TD, TG). For two-letter codes and other abbreviations, refer to the "Guid-
Published: ance Notes on Codes and Abbreviations” appearing at the begin-
—  with international search report ning of each regular issue of the PCT Gazette.



WO 2006/028841 PCT/US2005/030952

SYSTEM AND METHOD FOR REGISTRATION AND MODELING
OF DEFORMABLE SHAPES BY DIRECT FACTORIZATION

Cross Reference to Related United States Applications

This application claims priority from “Registration and Modeling of
Deformable Shapes: A Factorization Approach”, U.S. Provisional Application
No. 60/606,632 of Xiao, et al., filed September 2, 2004, the contents of which

are incorporated herein by reference.
Technical Field

This invention is directed to the registration of deformable shapes in

digitized images.
Discussion of the Related Art

Statistical shape models of deformable objects are important for many
tasks, such as segmenting the 2-D MRI brain images, tracking the myocardial
wall motion from the 3-D ultrasound images, and tracking and recognizing
human faces from 2-DI videos. However, many measurement methods
produce coordinates of the object shapes with respect to a local coordinate
system, e.g. 2-D images of human faces or 3-D ultrasound volumes of human
hearts taken from different viewpoints. To exiract the shape models, these
measurements in different local coordinate systems have to be registered into

a common system.

When the object is rigid, the variation of the observed shapes comes
from the difference between the orientations and scales of the local
coordinate systems. Registration of these shapes amounts to the estimation
of the similarity transformations between them, which include scaling, rotation,

and translation.
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In real world, many biological objects and natural scenes vary their
shapes, such as human faces and hearts. The variation of the observed
shapes arises from two factors that are coupled to each other: rigid similarity
transformations and non-rigid éhape deformations.  The purpose of
registration is thus decomposing and recovering these two factors. One well
known approach, Generalized Procrustes Analysis (GPA), treats the shape
deformations as Gaussian noise and aligns each observed shape with a
centroid shape, which is the mean of the already-aligned shapes, as in rigid
cases. This registration process is iterated until it converges to a stable

centroid.

The shapes of deformable objects are often linear combinations of
certain shape bases, such as 2D and 3D human face shapes and 2D
myocardium shapes. When such shape deformations are insignificant, i.e.
the mean shape is dominant compared with the deformations, or when they
are symmetric with respect to the mean shape, i.e. the positive and negative
offsets cancel each other, these deformations can be regarded as Gaussian
noise and Generalized Procrustes Analysis works successfully on registering
the deformable shapes. Then Principle Component Analysis can be applied
on the aligned shapes to compute the linear shape deformation model.
However, in many applications, the shape deformations are significant and
asymmetric, e.g. a dynamic scene consisting of static buildings and moving
cars, or two eyes blinking asynchronously. Under such situations, the shape
deformations cannot be regarded as Gaussian noise. Because Generalized
Procrustes Analysis does not take into account the non-rigid shape
deformations during the registration process, such deformations will bias the

registration and the consequential linear shape model.
Summary of the Invention

Exemplary embodiments of the invention as described herein generally
include methods and systems for a direct factorization registration that
decouples the rigid similarity transformation and non-rigid shape
deformations. Direct factorization yields a linear closed-form solution to

2
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simultaneously registering deformable shapes at arbitrary dimensions and
reconstructing the linear deformation model. The linear basis representation
of deformable shapes has been successfully used to recover 3D shapes from
2D images in. A direct factorization method enforces linear constraints
respectively on orthonormality of the rigid rotations and uniqueness of the
deformable shape bases, and yieldé a linear closed-form solution to
simultaneously registering the observed shapes and reconstructing the

deformation bases.

An exemplary embodiment of the present invention provides a method
of registering and modeling a deformable shape in a digitized image,
comprising the steps of providing a set of measurements of a deformable
shape, wherein said set of measurements forms a measurement matrix, and
simultaneously solving for a rigid registering transformation and a linear shape

model.

Another exemplary embodiment of the present invention provides a
method of registering and modeling a deformable shape in a digitized image,
comprising the steps of providing a measurement matrix W of N
measurements of P points of a D-dimensional deformable shape, determining
a basis number K for the N measurements, wherein K<N, and selecting K
measurements of said measurement matrix W as a basis set, decomposing
said measurement matrix W into a matrix product Mx7B, wherein M is a

proposed scaled rotation matrix and B is a proposed basis matrix, computing

I Jd=]= .
a matrix Qx defined by M, Q.M ;{ Bt = J , where @ stands for {(i,

0pp- G NED
Pi=1, ...K: j=1, ...,N; irk}, which represents an ambiguity matrix transforming
the proposed scaled rotation matrix and the proposed basis matrix into a true
scaled rotation matrix and a true basis matrix, decomposing the matrix Qy into
gkng, for k=1, . . ., K, wherein g is a column of a DFK%DFK matrix G, and
recovering the true scaled rotation matrix from MxZG and the true basis matrix
from G'x3B.
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Yet another embodiment of the present invention provides a program
storage device readable by a computer, tangibly embodying a program of
instructions executable by the computer to perform the method steps for
registering and modeling a deformable shape in a digitized image, comprising
the steps of providing a set of measurements of a deformable shape, wherein
said set of measurements forms a measurement matrix, and simultaneously

solving for a rigid registering transformation and a linear shape model.
Brief Description of the Drawings

FIG. 1 depicts a flow chart of a direct factorization registration

procedure according to an embodiment of the invention.

FIG. 2 is a block diagram of an exemplary computer system for
implementing a direct factorization registration procedure according to an

embodiment of the invention.
Detailed Description of the Preferred Embodiments

Exemplary embodiments of the invention as described herein generally
include systems and methods for direct factorization registration that
decouples the rigid similarity transformation and non-rigid shape

deformations.

According to an embodiment of the invention, the shape of a non-rigid
object can be regarded as a linear combination of K shape bases {By, k=1, ...,
K}. Each of the bases is a DxP matrix, which direct P points on a shape to
alter locations in a D-dimensional object shape space. Accordingly, the
coordinate of the shape at time i is

S; = ZlikBk , (1)

where Iy is the combination weight of the basis Bi. The object shape can be

measured from different views, in different distances, and at different scales.
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Thus there is a similarity transformation between the object shape and its

measurement, as follows,
Wi=ciR;S; + T:F1 (2)

where ¢;is a nonzero scalar, R;is a DxD orthonormal matrix, and T;is a Dx1
vector, which respectively stand for the scaling, rotation, and translation
transformations, and together form the similarity transformation. 1 is a 1xP
vector, of which all elements are ones. Replacing S; using Eq. (1) and

absorbing ¢; into /i, one obtains

B,

IIIIi:(lilRi"“’liKRi?Ti)' .BK .

1

(3)

If N observations of the deformable shape are measured, the measurements
can be stacked into a DNxP matrix W. Each of the N D-rows in W contains
an observed shape respectively. Due to Eq. (3), since all the observed

shapes refer to the same set of shape bases, one obtains

W=(MT)(f], @

where Mis a DNxDK scaled rotation matrix, B is a DKxP basis matrix, and T

is a DNx1 translation vector, as shown in the following:

IRy LRy
M=|:
LRy ...Lyg Ry
B,
B=|: ] . (5)
By
(T,
Ty



WO 2006/028841 PCT/US2005/030952

The registration and modeling of deformable shapes thus involves
decomposing the measurement matrix W to simultaneously recover the rigid
similarity transformations in M and T and reconstructing the non-rigid
deformation model in B. To accurately align the observed shapes, the
measurements in W should be directly factorized as in Eq. (4) to
simultaneously reconstruct the deformable shape bases in B and the rigid
similarity transformations in Mand T.

According to an embodiment of the invention, a first step in factoring W
is positioning the world coordinate origin at the center of the observed shape.

Then the translations in T equal the average coordinates of the shape points.

Subtracting them from the measurements vyields W=W-T-1=MB.
Assuming that the shape deformations and rigid rotations are both non-
degenerate, i.e. the scaled rotation matrix M and the shape bases matrix B
are both of full rank, according to Eq. (5), the rank of M is min{DN,DK} and

that of B is min{DK,P}. Their product, W, is of rank min{DK, DN, P}. In

general, the shape number N and point number P are much larger than the
basis number K, such that DN>DK and P>DK. The rank of W is thus DK and
K is determined by K=rank(W )/D.

According to an embodiment of the invention, a Singular Value
Decomposition (SVD) can be used to decompose W into a product of a

DNxDK matrix # and a DKxP matrix B. This decomposition is only
determined up to a non-singular DKxDK linear transformation. The true

scaled rotations M and bases B are of the forms
-G
- (6)
-B
where G is the non-singular DKxDK ambiguity transformation that determines

M and B. The determination of a deformable shape registration and modeling

now becomes computing G given W .
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The matrix G has K D-columns, denoted as g, k=7, . . . , K, where
each column is a DKxD matrix. These columns are independent of each

other since G is non-singular. According to Egs. (5,6), gk satisfies,

lIle
Mg, =|: ; (7)
lNkRN
where M has N D-rows, denoted as Ml., i=1, ..., N, where each row is a

DxDK matrix. Let Qx =gkgx’, the DKxDK symmetric matrix formed by the
product of the ambiguity matrix columns. Then,

M0 M7 =1,1,RR], i,j=L....N. (8)
To compute Qi two types of constraints are available: orthonormality of

rotation matrices and uniqueness of shape bases.

Orthonormality constraints on rotation matrices can be used to infer 3D
structures and motions from 2D images. From the above equation, due to

orthonormality of rotations, one obtains:
MOM! =11,,, i=t1...,N, ©)

where Ipxp is a DxD identity matrix. The D diagonal elements above are
equivalent and yield D-7 linear constraints on Q. The off-diagonal elements
are all zeros. Because Q is symmetric, there are (D?-D)/2 linear constraints.

According to an embodiment of the invention, one obtains (N/2)(D?+D-

2) linear constraints for N observed shapes. The symmetric matrix Cj has
(D°K+DK)/2 distinct elements.  When N is large enough so that
N> D*K*+DK
D*+D-2
constraints in Eq. (9). However, most of these constraints are dependent on

., Qx would be determined using the linear orthonormality

the others and thus redundant. However, it can be shown that the general

solution for the orthonormality constraints is Q=G(Q+A)G', where Q is an
7
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arbitrary block-skew-symmetric matrix and A is an arbitrary block-scaled-
identity matrix. Both A and Q are symmetric. Each DxD block of A is a
scaled identity matrix. All the diagonal DxD blocks of Q are zero matrices and

the off-diagonal DxD blocks are all skew symmetric matrices.

A and Q respectively contain (K2+K)/2 and (K?-K)(D°-D)/4 variables.
Therefore, no matter how many observations of the deformable shape are
measured, enforcing only the orthonormality constrainis leads to an
ambiguous solution space that has ((K2-K)(D?-D)+2(K?+K))/4 degrees of
freedom. Moreover, this space contains invalid solutions. Specifically,
because the desired Qngng is positive semi-definite, the solution
Q=G(Q+A)G" is not valid when (Q+A) is not positive semi-definite. Such
invalid solutions indeed exist in the space. For example, when A=0, (Q+A)

equals the block-skew-symmetric matrix Q, which is not positive semi-definite.

The reason the orthonormality constraint is inherently ambiguous is
that it cannot determine a unique set of shape bases. Any non-singular linear
transformation applied on the bases results in another set of eligible bases.
To eliminate the ambiguity, constraints that ensure the uniqueness of shape

bases are enforced.

A DKxP sub-matrix of W can be formed from K observed shapes,

where K is the basis number previously determined. The condition number of

W is a measure of the independence of the underlying deformable shapes. A
smaller condition number refers o stronger independence. According to an
embodiment of the invention, condition numbers of each possible set of K
observed shapes are computed and the set with the smallest condition
number is selected. This set contains the most independent K deformable
shapes. Since any K independent shapes in the linear deformation space can
be regarded as a set of bases, these deformable shapes can be specified as
the unique basis set, i.e. the selected observations are respectively scaled
and rotated shape bases. Since scaling does not influence the independence
of the shapes, the scalars are absorbed into the bases and the selected

observations are simply rotated bases.
8
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Denoting the selected observations as the first K measurements, i.e.

W, =RB,, i=1, ..., K, the corresponding coefficients are thus,

i~

lii= 1: i=1, ceny K
(10)
Ilj = 01 i1j=11 seny l(: Iy

According to Eq. (8, 10):

Vi NT—_—{IDXD’i—_-j:k
0y, (i )ED’

where @ stands for {(i, j)li=1, ....K; j=1, ...,N; i7k}. These 4N(K-1) linear

constraints uniquely determine the shape bases.

Solving the linear equations in Eq. (9) and (11) leads to a closed-form
solution of Qu=gxgx’, k=1, . . ., K. The gk can be recovered by decomposing
Q« via SVD. The decomposition of Qx is up to an arbitrary DxD orthonormal
transformation ¥, since (g«¥)(gx¥) also equals Q. This ambiguity arises
from the fact that g4, . . ., gk are estimated independently under different
coordinate systems. To resolve the ambiguity, g+, . . ., gk need to be

transformed to be under a single reference coordinate system.

However, due to Eq. (7), M,g, =I,R,, i= 1, ..., N. Because the

rotation matrix R; is orthonormal, that is, [Ri/=1, RFil—M:“g—"
M

The sign is
i8 k|
determined by the orientation of the reference coordinate system. According
to an embodiment of the invention, K sets of rotations are computed using gy,

. ., gk respectively. Because of the decomposition ambiguity, there is a DxD

orthonormal transformation between each two sets. One of the rotation seis

9
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is specified as the reference. The signs of the other rotations are determined
such that they are consistent with the corresponding reference rotations. The
orthonormal transformations are computed by orthogonal Procrustes Analysis
to transform the signed rotation sets to the reference set. These orthonormal
transformations also transform g, . . ., gk to be under a common coordinate
system, ie. the desired ambiguity transformation G is achieved. The
coefficients are then computed by Eq. (7), and the shape bases are recovered

by Eq. (6). Their combinations reconstruct the deformable shapes.

A flow chart of a direct factorization registration procedure according to
an embodiment of the invention is depicted in FIG. 1. Referring now to the

figure, the registration begins at step 11 by computing the translation T as the
average of the measurements W and then eliminating it by W=W-T-1.
Then, at step 12, an SVD is performed to factor W=MB, where M is a
DN %DK matrix, and B is a DK%P matrix. The rank of W that dominates the

energy is then DK. The basis number K is defined as the rank(W)/D, where

D is the dimension of the object shape space. At step 13, the K basis
observations Wy are selected, W is reordered, and the rank-DK

approximation of W= - B is computed by SVD. At step 14, the matrix Q, k
=1, ...,K is computed by solving the linear equations

MoMr=11,,, i=1,..,N,
i=k i ik~ DxD

or

?
14

L J

M,Q.M] ={IDXD’i=j=k
¢ 00, e @

from Egs. (9) and (11) via the least squares algorithm. At step 15, the
columns gi, k=1, ..,K of G are calculated via SVD, and the rotations are

~

Mg,
|Migkl
coordinate system using orthogonal Procrustes Analysis. At step 16, the
10

recovered from R==+ The rotations are transformed to a common
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linear shape model is recovered from M =M -G and B=G™-B, and the

coefficients are recovered from

5 LR,
Mg, =|:
IRy

Their combinations reconstruct the registered shapes. To save computational
cost, one can stop the search for basis observations once a group of K
observed shapes with small enough condition number are located, since they
specify a set of independent shapes, however, more independent shapes
leads to a more reliable registration. When the basis number is determined
as 1, the shapes are treated as rigid but noisy data, and a least squares

registration similar to that of GPA is achieved.

The performance of the methods according to embodiments of the
invention was tested using both simulated and real data, including human

faces, myocardium, and dynamic scenes.

The accuracy and robustness of the direct factorization method was
quantitatively evaluated with respect to different measurement noise levels
and basis numbers. Assuming a Gaussian white noise, the noise strength

was represented by the ratio between the Frobenius norms of the noise and

the measurements: |noise|/|W|. The algorithm was tested under 5 different

noise levels, 0%, 5%, 10%, 15%, and 20% respectively. On each level, the
rigid settings were examined involving 1 basis and the non-rigid settings
involving 2, ... , and 10 bases respectively in the 2D space. For each of the
settings, 100 trials were tested. At each trial, the bases were randomly
generated and normalized (/Bj/=1). Thus they were generally asymmetric.
Sixty-six shapes were constructed as linear combinations of the bases. The
combination weights were randomly generated in such a way that the weights
for different bases had the same order of magnitude, i.e. none of the bases
was dominant. These shapes were then randomly scaled, rotated, translated,

and contaminated with noise to generate the observations. Since the bases
11
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equally contributed to the shape composition, the bigger the basis number,
the more “non-rigid” the shapes and the stronger the noise relative to each
individual basis. Thus, in general, the registration is more sensitive to the

measurement noise when more bases were involved.

The observed shapes were registered by the proposed method and
GPA respectively. Because the space of rotations is a manifold, the errors
were measured as the Riemannian distance,
d(Rest,Rm,th)=arccos(trace(RestRTtruth)/Z), in degrees. The shape bases were
reconstructed using the aligned shapes that were then projected into the
recovered shape space to obtain the desired deformable shapes. The relative
reconstruction errors on shapes were computed as [Reconstruction-
Truth}/|Truth. '

When the noise level was 0%, the Direct Factorization method always
recovered the exact rigid rotations and deformable shapes with zero errors.
When noise was imposed, as expected, the registration was more sensitive to
the noise and the errors were greater when the basis number was bigger. Yet
the direct factorization method achieved reasonable accuracy, e.g. in the
worst case of 10 bases and 20% of the noise level, the average error on
shapes was less than 18% and that on rotations was less than 7.5 degrees.
In the rigid settings, both methods treated the shapes as rigid but noisy data,
and thus performed similarly. However GPA was outperformed in all the non-
rigid trials. Even in the noiseless cases, it yielded notable errors, 22% on
shapes and 11 degrees on rotations. The errors by GPA were also bigger
when the basis humber was bfgger. But the performance of GPA was liitle
sensitive to noise, because it computes the least squares solution that is

insensitive to the Gaussian white noise.

Human faces are highly non-rigid objects. It has been shown in that
the 2D images of the face shapes are linear combinations of some basis
structures. This linear statistical model is helpful for tasks like face tracking
and recognition. One test sequence included 180 images that contained face

rotations and facial expressions like blinking and smiling. The 2D face shapes

12
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were represented by 68 feature points. Subtracting from the shape
measurements the translations, i.e. the average coordinates, the translated
shapes were then composed of the deformations and the rotations. The
number of bases was estimated as 3 so that 99% of the energy of the
translated shapes could remain after the decomposition according to the rank
constraint. Then the rigid rotations and the S-Basis linear shape model were
reconstructed using the proposed method. The registered shapes were
projected into the linear shape space to recover the 3-basis deformable

shapes.

Another test example was a face shape sequence, where the
deformations were asymmetric and not random: the right eye lid and brow
opened up and the left ones closed down simultaneously. These shapes
were observed from a fixed view point, without rigid rotations and translations.
The observed shapes were thus compositions of two bases. Registration and
reconstruction by GPA apparently involved rotations that did not occur in
reality, while the Direct Factorization method correctly registered the shapes

and reconstructed the deformable model.

Human organs such as heart and brain usually vary their shapes
dynamically or across persons. The statistical shape models have been
utilized for interpreting the images of these objects in many applications, such
as segmenting 2D MRI brain images and tracking the myocardial wall motion
in 2D ultrasound images. A method according to an embodiment of the
invention was tested on registering the shapes of myocardium in 2D
echocardiography images and extracting the linear shape space. The
observation data consisted of 120 myocardium images. The method
determined the basis number as 3 and recovered the rotations and the 3-
basis deformable shapes. The most dominant basis occupied about 90% of
the total energy, i.e. the deformations were insignificant like random noise.

3D modeling of dynamic scenes is important for tasks like robot
navigation and visual surveillance. When a 3D scene consists of static
buildings and vehicles or pedestrians moving along straight lines, the shape is

13
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composed of linear bases: the static part and the linear motions. One
example sequence contained three toys moving along respective directions
simultaneously, two on top of the table and one along the slope. The rest of
the scene was static. The scene shape was composed of two bases, one for
the static objects and another for the linear motions. Eighteen shapes were
observed from different view points. The 2- basis dynamic scene shapes
were correctly reconstructed by the Direct Factorization method. Since the
linear 3D motions were significant and asymmetric, the corresponding shape

deformations should not be treated as Gaussian noise.

It is to be understood that the present invention can be implemented in
various forms of hardware, software, firmware, special purpose processes, or
a combination thereof. In one embodiment, the present invention can be
implemented in software as an application program tangible embodied on a
computer readable program storage device. The application program can be
uploaded to, and executed by, a machine comprising any suitable

architecture.

FIG. 2 is a block diagram of an exemplary computer system for
implementing a direct factorization registration method according to an
embodiment of the invention. Referring now to FIG. 2, a computer system 21
for implementing the present invention can comprise, inter alia, a central
processing unit (CPU) 22, a memory 23 and an input/output (I/O) interface 24.
The computer system 21 is generally coupled through the /O interface 24 to a
display 25 and various input devices 26 such as a mouse and a keyboard.
The support circuits can include circuits such as cache, power supplies, clock
circuits, and a communication bus. The memory 23 can include random
access memory (RAM), read only memory (ROM), disk drive, tape drive, etc.,
or a combinations thereof. The present invention can be implemented as a
routine 27 that is stored in memory 23 and executed by the CPU 22 to
process the signal from the signal source 28. As such, the computer system
21 is a general purpose computer system that becomes a specific purpose
computer system when executing the routine 27 of the present invention.

14



WO 2006/028841 PCT/US2005/030952

The computer system 21 also includes an operating system and micro
instruction code. The various processes and functions described herein can
either be part of the micro instruction code or part of the application program
(or combination thereof) which is executed via the operating system. In
addition, various other peripheral devices can be connected to the computer

platform such as an additional data storage device and a printing device.

It is to be further understood that, because some of the constituent
system components and method steps depicted in the accompanying figures
can be implemented in software, the actual connections between the systems
components (or the process steps) may differ depending upon the manner in
which the present invention is programmed. Given the teachings of the
present invention provided herein, one of ordinary skill in the related art will be
able to contemplate these and similar implementations or configurations of the

present invention.

While the present invention has been described in detail with reference
to a preferred embodiment, those skilled in the art will appreciate that various
modifications and substitutions can be made thereto without departing from
the spirit and scope of the invention as set forth in the appended claims.

15
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WHAT IS CLAIMED IS:

1. A method of registering and modeling a deformable shape in a
digitized image comprising the steps of:

providing a set of measurements of a deformable shape, wherein said
set of measurements forms a measurement matrix; and

simultaneously solving for a rigid registering transformation and a linear

shape model.

2. The method of claim 1, wherein the step of simultaneously
solving for a rigid registering transformation and a linear shape model
comprises the steps of:

forming an average of said set of measurements and subtracting said
average from said set of measurements;

decomposing said measurement matrix into a product of a proposed
scaled rotation matrix and a proposed basis matrix;

calculating a product matrix of an ambiguity transformation from said
proposed scaled rotation matrix and said proposed basis matrix;

constraining and decomposing said product matrix to determine an
ambiguity transformation matrix;

using said ambiguity transformation matrix to determine a true scaled
rotation maitrix and a true basis matrix; and

constructing a registered shape from said true scaled rotation matrix

and said true basis matrix.

3. The method of claim 2, further comprising determining a rank of

said measurement matrix and a basis number K from said rank.

4, The method of claim 3, wherein the set of measurements is a
subset of K measurements selected from a set of N measurements, wherein
K<N, and wherein said selected subset has a smallest condition number of all

possible subsets of K measurements.
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5. The method of claim 2, wherein said measurement matrix is

decomposed using a singular value decomposition.

6. The method of claim 4, wherein said ambiguity transformation
matrix is calculated by imposing orthonormality constraints on the proposed
scaled rotation matrix, and by imposing uniqueness constraints on the

proposed basis matrix.

7. The method of claim 2, wherein said ambiguity transformation

matrix is decomposed using a singular value decomposition.

8. The method of claim 6, wherein imposing uniqueness
constraints on the proposed basis matrix further comprises selecting the K
measurements with the smallest condition number as a rotated basis set, and

calculating scaling coefficients for the proposed scaled rotation matrix.

9. The method of claim 7, further comprising the step of
transforming the ambiguity transformation matrix into a common coordinate

system using orthogonal Procrustes analysis.

10. A method of registering and modeling a deformable shape in a
digitized image, comprising the steps of:

providing a measurement matrix W of N measurements of P points of a
D-dimensional deformable shape;

determining a basis number K for the N measurements, wherein K<N,
and selecting K measurements of said measurement matrix W as a basis set;

decomposing said measurement matrix W into a matrix product Mx3B,
wherein M is a proposed scaled rotation matrix and B is a proposed basis
matrix;
Ippoi=j=k

computing a matrix Qx defined by M,Q. M f ={

L , where @
ODxD’(l’J)E q)

stands for {(i, j)li=1, ...,K; j=1, ...,N; iyk}, which represents an ambiguity matrix
transforming the proposed scaled rotation matrix and the proposed basis

matrix into a true scaled rotation matrix and a true basis matrix;
17
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decomposing the matrix Qx into gkng, for k=1, ..., K, wherein gk is a
column of a DIK%DFK matrix G; and

recovering the true scaled rotation matrix from Mx7G and the true basis

matrix from G 'x7B.

11.  The method of claim 10, wherein the measurement matrix W is
of size DINx%P, and further comprising decomposing the measurement
matrix W to determine a rank DFK of the measurement matrix W, and wherein
said basis number Kis defined by rank(W)/D.

12. The method of claim 11, wherein the proposed scaled rotation
matrix M is of size DINx%DZK, and the proposed basis matrix B is of size
DFKx%P.

13. The method of claim 10, wherein the matrix Qx is computed by a

least squares algorithm.

14. The method of claim 10, wherein an unscaled rotation R; is

determined from gi by R':ilﬁigk | for a size D%N row M; of scaled rotation
i8k

matrix M.

15. A program storage device readable by a computer, tangibly
embodying a program of instructions executable by the computer'to perform
the method steps for registering and modeling a deformable shape in a
digitized image comprising the steps of:

providing a set of measurements of a deformable shape, wherein said
set of measurements forms a measurement matrix; and

simultaneously solving for a rigid registering transformation and a linear

shape model.
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16. The computer readable program storage device of claim 15,
wherein the step of simultaneously solving for a rigid registering
transformation and a linear shape model comprises the steps of:

forming an average of said set of measurements and subtracting said
average from said set of measurements;

decomposing said measurement matrix into a product of a proposed
scaled rotation matrix and a proposed basis matrix;

calculating a product matrix of an ambiguity transformation from said
proposed scaled rotation matrix and said proposed basis matrix;

constraining and decomposing said product matrix to determine an
ambiguity transformation matrix;

using said ambiguity transformation matrix to determine a true scaled
rotation matrix and a true basis matrix; and

constructing a registered shape from said true scaled rotation matrix

and said true basis matrix.

17. The computer readable program storage device of claim 16,
further comprising determining a rank of said measurement matrix and a basis

number K from said rank.

18. The computer readable program storage device of claim 17,
wherein the set of measurements is a subset of K measurements selected
from a set of N measurements, wherein K<N, and wherein said selected
subset has a smallest condition number of all possible subsets of K

measurements.

19. The computer readable program storage device of claim 16,
wherein said measurement matrix is decomposed using a singular value

decomposition.

20. The computer readable program storage device of claim 18,
wherein said ambiguity transformation matrix is calculated by imposing
orthonormality constraints on the proposed scaled rotation matrix, and by

imposing uniqueness constraints on the proposed basis matrix.

19
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21. The computer readable program storage device of claim 16,
wherein said ambiguity transformation matrix is decomposed using a singular

value decomposition.

22. The computer readable program storage device of claim 20,
wherein imposing uniqueness constraints on the proposed basis matrix further
comprises selecting the K measurements with the smallest condition number
as a rotated basis set, and calculating scaling coefficients for the proposed

scaled rotation mairix.

23. The computer readable program storage device of claim 21,
further comprising the step of transforming the ambiguity transformation
matrix into a common coordinate system using orthogonal Procrustes

analysis.
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