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SCHEDULING IN MAPREDUCE-LIKE SYSTEMS FOR FAST COMPLETION TIME

FIELD OF THE INVENTION
[0001] The present invention is generally directed to scheduling tasks in a
computing environment and more particularly to optimized scheduling of related sets of

tasks across multiple processors.

BACKGROUND

[0002] Large-scale data processing needs are met using distributed and parallel
computing data centers. MapReduce is a programming model used by these data
centers for various applications such as indexing, mining, social networking,
recommendation services, and advertising backends. MapReduce includes a map
phase and a reduce phase. In the map phase, a dataset is partitioned into several
smaller chunks that are assigned to individual nodes for partial computation of results.
The results are computed at each node in the form of key-value pairs on the original
data set. During the reduce phase, key-value pairs generated as a result of the map
phase are aggregated based on the key-value pairs. Within a data center, a centralized
master program orchestrates the assignment and scheduling of jobs, each of which
includes several map and reduce tasks. The assignment and scheduling functions
determine which tasks are assigned to a particular node. The master keeps track of the
progress of individual tasks in order to determine where to assign and when to schedule
individual tasks. Since several MapReduce jobs are often performed in parallel,
scheduling problems often arise due to varying workloads and job size distributions.

SUMMARY

[0003] In accordance with an embodiment of the invention, a method and system
for scheduling tasks is provided. A plurality of lower bound completion times, using one
or more computer processors and memory, is determined for each of a plurality of jobs,
each of the plurality of jobs including a respective subset plurality of tasks. A task
schedule is determined for each of a plurality of processors based on the lower bound

completion times.
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[0004] In an embodiment, tasks are scheduled at each processor based on the
task schedule.
[0005] In an embodiment, determining the lower bound completion times includes

solving a linear program to determine the lower bound completion times. The linear
program is determined by the equation

Z%P = min Z w;C;

j€J

wherein Z* is a minimum weighted completion time, j is a job in a plurality of jobs J, w;
represents a weight of each job, and C; represents a calculated completion time of each
job. Determining the lower bound completion times may be performed in response to
the arrival of a new job or at a predetermined time in response to the arrival of new jobs
during the predetermined time interval.
[0006] In an embodiment, determining the task schedule includes determining a
ranked order of the plurality of jobs based on the lower bound completion time of each
of the plurality of jobs.
[0007] In an embodiment, the lower bound completion times and task schedule
are determined according to weighting factors assigned to each of the plurality of jobs.
[0008] These and other advantages will be apparent to those of ordinary skill in
the art by reference to the following detailed description and the accompanying
drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

[0009] Fig. 1 is an exemplary diagram of a computing environment in which tasks
can be scheduled and assigned in accordance with an embodiment of the present
invention;

[0010] Fig. 2 is an exemplary diagram of a task schedule in accordance with an
embodiment of the present invention;

[0011] Fig. 3 is a flowchart of a process for scheduling tasks in accordance with
an embodiment of the present invention;
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[0012] Fig. 4 is a flowchart of an algorithm for scheduling tasks in accordance
with an embodiment of the present invention; and

[0013] Fig. 5 is a high level diagram of a computer which may be used to
implement certain embodiments of the present invention described herein.

DETAILED DESCRIPTION

[0014] Fig. 1 is an exemplary diagram of a computing environment in which tasks
can be scheduled and assigned in accordance with an embodiment of the present
invention. Server 102 may reside at a data center 106, which is responsible for
receiving and assigning jobs within a distributed computing environment to clients 104-
A, 104-B, 104-C, 104-D, and 104-E. Each job includes tasks, such as map and reduce
tasks. Server 102 is also responsible for generating a task schedule representing an
order of tasks to be performed by each of the clients.

[0015] Server 102 may receive groups of jobs in bulk or receive individual jobs
one at a time. As jobs arrive at server 102, the jobs are processed such that all tasks
associated with each job are assigned to clients 104. The tasks may be assigned
based on several factors, such as a current workload of a particular client or based on
the capabilities of a particular client. After all tasks are assigned to clients 104, server
102 determines an optimal scheduling of the tasks with each client in order to minimize
total job completion times across all of the clients 104. The completion time of a job is
defined as the time needed for all tasks belonging to a respective job to be performed
by clients 104. '

[0016] In order to determine the optimal scheduling of tasks for each client,
server 102 determines a lower bound completion time for each job. The lower bound
completion time for a job represents the shortest possible completion time for
performing a particular job across all clients 104. Thus, each lower bound completion
time represents an ideal completion time. The lower bound completion times are
determined based on a linear program. A linear program is determined based on
constraints such as the processing times of each job, release times of each job, and
weights associated with each job specifying the importance of each job. The release
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time of each job represents the arrival time of the job at server 102. More specific
information regarding the linear program is provided in the paragraphs below.

[0017] The lower bound completion times may be determined each time server
102 receives a new job or alternatively at predetermined time intervals as long as new
jobs are received by server 102 during the predetermined time interval.

[0018] After the lower bound completion time for each job has been determined,
the lower bound completion times are used to determine a task schedule for any clients
that have been assigned tasks associated with the jobs. The task schedule is
determined by ranking all jobs based on their lower bound completion times. Typically,
to ensure that all jobs are performed in the shortest time, the jobs are ranked in order of
shortest lower bound completion time to longest lower bound completion time. The
actual ranking of jobs is performed using an approximation algorithm that ensures that
the actual summed weighted completion time of performing the jobs is less than or
equal to a factor of the summed weighted lower bound completion time of jobs. More
detail regarding the approximation algorithm is provided in the paragraphs below.
[0019] The task schedule is then used by server 102 to schedule tasks according
to the order of jobs in the task schedule at each client 104A, 104-B, 104-C, 104-D, and
104-E. It should be further understood that while the embodiment described herein is
with respect to a particular number of clients, any number of clients may be utilized. It
should be understood that while described with respect to a central server 102 and
multiple separate clients 104, the present invention can be adapted to a multi-processor
computer or combination of a distributed environment with muIti—prbcessor computers
such that server 102 may represent a master processor of a computer and each client
104 may represent a processor in a parallel computing environment.

[0020] Fig. 2 is an exemplary diagram of a task schedule in accordance with an
embodiment of the present invention. An exemplary task schedule 202 is shown
including a listing of jobs 204 and corresponding lower bound completion times 206,
and a ranking 208. As shown by task schedule 202, the jobs are ranked based on
shortest lower bound completion time to longest lower bound completion time. For
example, job 25 has lower bound completion time of ‘5’ and thus the highest task



WO 2012/151054 PCT/US2012/034191

schedule ranking of ‘1.” In contrast, job 1 has the longest corresponding lower bound
completion time of '19' and has a task schedule ranking of ‘142.

[0021] As mentioned above, for each client 104, server 102 will schedule tasks
based on the task schedule. Task scheduling is based on task schedule 202. For
example, if client 104-A is assigned certain tasks corresponding to jobs 25, 17, and 142,
according to the task schedule, client 104-A will perform the tasks according to the job
schedule ranking. This means that all tasks corresponding to job 25 are performed first,
followed by the tasks corresponding to job 17, and then the tasks corresponding to job
142. Tasks will be performed in a similar order if, for example, client 104-B is assigned
tasks corresponding to jobs 19, 2, and 8. Tasks corresponding to job 19 will be
performed first, followed by tasks corresponding to job 2, and then tasks corresponding
to job 8. Itis understood that task schedule 202 is exemplary and may include more
than or less than the number of jobs shown. It is also understood that each client 104
may be assigned tasks corresponding to any number of jobs.

[0022] Fig. 3 is a flowchart of a process for scheduling tasks in accordance with
an embodiment of the present invention. Server 102 is configured to schedule a
plurality of tasks, wherein each task is assigned to one of a plurality of clients 104. At
step 302, a plurality of lower bound completion times for each of a plurality of jobs is
determined. Each of the plurality of jobs includes a respective subset plurality of tasks.
The determination of the plurality of lower bounds may be performed either in response
to server 102 receiving at least one new job including tasks that need to be assigned to |
clients 104, or in response to receiving at least one new job during a predetermined
time interval. Determining the plurality of lower bounds includes solving a linear
program to determine the lower bound completion times.

[0023] At step 304, a task schedule for each of the plurality of clients is
determined based on the lower bound completion times. Specifically, a ranked order of
the plurality of jobs is determined using the lower bound completion times of each of the
plurality of jobs. The ranked order is used as the task schedule. At step 306, tasks that
have been assigned to each client are scheduled based on the task schedule.
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[0024] In order to fully discuss the aforementioned linear program and
approximation algorithm, the theoretical framework for scheduling jobs and tasks to
clients or processors follows. If a server is responsible for m clients or a computer with
m processors with n jobs assigned to the m processors, M may be used to represent
the set of processors and J to represent the set of jobs that need to be processed.

Each jobJ € J includes of n; tasks each of which is assigned to a processor.

M; € M represents the set of processors required to process job j. It is assumed that
each processor can process at most one task at a time. in practice, processors may
run multiple tasks simultaneously and preempt each other.
[0025] Each job j is assumed to be available for processing at time r; , the release
time or arrival time of job j at server 102. A weight w; may also be applied to each job,
which specifies its importance.
[0026] The finish time of job j on a client or processor P € M; is denoted by £,
the time at which the task of job j is completed on processor p. The completion time of
ajob, C; is defined as the time at which all tasks belonging to a job j are finished.
Therefore the completion time of job j, is
C; = maxpea, f,-p’

where J, denotes the set of jobs that have a task assigned to processor p. Therefore

j€Jo ifandonlyif P € M;, _
[0027] The objective of scheduling is to determine the ordering of tasks on each
processor in order to minimize the weighted sum of the job completion times

2 ies wiC;, Assuming that scheduling takes place offline, all job arrival times, r; are
known in advance. Scheduling problems, however, arise online when jobs are released
over time and the job release times are not known in advance. Also, while it is assumed
that processing times are known processing times are generally estimated and thus
estimation errors must be taken into account.

[0028] An algorithmic approach is ideal for solving the problem of scheduling
tasks. As discussed a linear program is derived to determine a lower bound completion
time for each job. However since the lower bound completion times represent the
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absolute minimum possible completion time, it is not always feasible that this
completion time be achieved. Thus, the lower bound cdmpletion times are used in
order to determine the resulting task schedule where the weighted completion time of
completing the jobs according to the task schedule is within a factor of the weighted
sum of the lower bound completion times.

[0029] A linear program for determining the lower bound completion times for
jobs will be described. Assuming t,, denotes the processing time of job j on processor p,
and J, denotes the set of jobs on processor p, the linear program (LP_OPT_SCHED)
discussed below provides the lower bound on a minimum weighted completion time

schedule.
[0030] The linear program is represented by:
ZY? = min Z w;Cj
jed
D tipC; 2 f(S.p) VSCJp Vp )]
jes
Ci 2 rj+h; ¥y @)
where
2
1 2 —
(S =3 Zt,-p + (Z t,-p) and h; = max tip-
JES jES

[0031] ZP represents an optimal solution to linear program (LP_OPT_SCHED)

representing the lower bound completion time and f(S,p) represents the finish time of all
jobs S on a particular processor p.

[0032] A proof for the aforementioned linear program is described for
completeness. Fix a processor p and consider the set of jobs J, that are assigned to

processor p. Consider a subset SCJpandlet S = {1.2,....k) Let £, denote the finish
time of job j on processor P € M;_Assume that the jobs in S are processed before any
job in J, in a subset S. Assume that the jobs are processed in the order 1, 2, ... k. Since
a lower bound is determined, r;is ignored, and in this case
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[3 J
U ST 5 3 T BFEY
F=1 i=1 .

[0033] Note that (S, p) is symmetric in f, and therefore its value is independent

of the order in which the jobs in set S are processed. Moreover, 2 jestin fin only
increases if some job in J, in a subset S is processed along with jobs in S. This holds
for any subset S of J,. Since

C; 2 fip, Yjestin Cj 2 3 ses tiv fip
thus giving the constraints in (1). The constraints in (2) states that the completion time
of job j on cannot be less than the sum of the arrival time of the job and the maximum
processing time of the job on any processor.
[0034] Note that in Equation (1) of the linear program, there are an exponential
number of constraints for each processor. The polyhedron for each processor is a
polymatroid. In this case, the job completion times lie in the intersection of m
polymatroids, one belonging to each processor. The constraints in the linear program
only represent necessary conditions, and therefore, Z*F | the optimal solution to the
linear program, only represents a lower bound of the optimal solution, which is the lower
bound completion time. We illustrate this by the following example: Consider a two job,
two processor problem. The processing times are t11=1, t2=2, 1 =2, tx = 1. Letwy =
w2 =1and r, =r; = 0. In this case the linear programming problem is

minC, 4 Cs
C =21 2C, > 4
2C, > 4 Cr 21
Ci+2C 2 7 2C, +Cr 2 7

The three constraints on the left are for processor 1 and the three constraints on the
right are for processor 2. The optimal solution to the linear program is C; = C2 = 7/3
giving Z*F = 14/3 = 4.67. An optimal schedule is to schedule job 1 on both machines
first, followed by job 2. The completion time of job 1 is 2 and the completion time of job
2 is 3 giving a total completion time of 5. Since the linear program does not give an
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actual schedule, an algorithm is necessary to produce a feasible ordering of jobs on
different processors, which is discussed further in the paragraphs below.

[0035] One approach to solving the linear program involves using an ellipsoid
algorithm with a separation oracle. Though this will result in a polynomial time algorithm,
it is not a practical approach due to the high level of complexity associated with
polynomial time algorithms. Thus, a primal dual algorithm is better suited for solving the
linear program.

[0036] To solve the primal dual algorithm, the dual variable ”g is associated with
equation (1) of the linear program. The dual variable is then used in the equation

shown:

maxy> 3 (S,

m SCI,

z t; Z ﬁf <w; V5
m SCJp:S3537
"T}? represents dual variables and C; represents primal variables.
[0037] An outline of algorithm PRIMAL_DUAL is presented below:

1) Initialize C; = w% for all jobs j.

2) Find the processor p and subset of jobs § C J, that
minimizes Equation (4).

3) Find the job j € S that minimizes ;w,f;.

4) Set ﬁg — 'Kg + %

5) Set C; C,-+e(1+,-‘,‘,§%j§§).
[0038] Fig. 4 is a flowchart of an algorithm for scheduling tasks in accordance
with an embodiment of the present invention. More specifically, Fig. 4 is a flowchart of
the PRIMAL_DUAL algorithm. Given any € > 0, a combinatorial approach may be used
to solve the maximization linear program to within a factor of (1- e)? of the optimal
solution. '
[0039] The primal dual-algorithm initializes completion time G5 = 8/wjfor all jobs j
at step 402, where é&is a parameter based on €.

[0040] At step 404, the processor subset combination @, S)that minimizes
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Z.’ieS tJ'pCj 4)
f(S,p)
is identified for current values of C;.
[0041] This processor-subset combination represents a column in the linear

program. This is equivalent to picking the entering variable in a standard simplex

algorithm.
[0042] At step 406, the blocking row, a job j from set S is found. The blocking
w;
row is the job that minimizes 77,
[0043] At step 408,
7'r1;3§ — ﬂg + %%

representing the dual variables, is set.

[0044] At step 410, the G, values are updated and the algorithm PRIMAL_DUAL
outlined above may be repeated. The following paragraphs provide a theorem that
serves as a proof for the primal dual algorithm described.

[0045] Given € > 0 and

5= (1+ € ((1+em)T
the algorithm PRIMAL_DUAL computes an optimal solution to the linear program in at
most

n% logy .1

iterations, where n is the number of jobs in the system. Each iteration represents a
lower bound completion time for a particular job.
[0046] One aspect of solving the linear program is to determine a processor-
subset combination that minimizes Equation (4). Although completion time values C;
are known, there may be an exponential number of subsets to be checked. Thus, a
straightforward brute force approach is not appropriate. Instead, the structure of the
scheduling polyhedron can be exploited to develop a simple polynomial time algorithm
to solve the problem. Thus, on any processor, at most n sets need to be checked.
[0047] Since jobs J, on processor p are configured such that
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Ci12C=...Cryhere 1ol = &
Equation (4) is minimized by a set S of {1, 21 ...,m}form=2, 3, ..., k. Assuming that S
minimizes Equation (4) for processor p, a job k € Sis found in order to determine what
happens to Equation (4) when evaluating for S . Letting
9(S.p) = E:‘es tjp Cj

results in:

9(S\k,p) _ 9(S,p) — tip Ci

F\K2)  5(S,m) - (Tyestin) thr

Since S minimizes Equation (4),

9(S,p)p(S.p)
A (X

ke J\S

Where T(5:P) = Zjes tiv, Considering that some , then

g(SUk'p) — g(stp)+tkp Ck
f(SUk,p) F(S,p) + tip + (Zjes tjp) tip
Since S minimizes Equation (4), it can be shown that

9(S.p)p(S.p) |, trpg(S,p)

Cr > +
TN f5.p)
[0048] Note that k € Sif any only if
| 9(S, p)p(S. p)
Cp £ =—"rr—-—~
*=""F(S.p)
This implies that if two jobs J:% € Ypand C3 < Ck thenj € Sif k€ S,
[0049] Since tasks of each job can potentially be assigned to all available

processors, the running time of the algorithm is O(nm). The primal-dual algorithm for
solving LP_OPT_SCHED is similar to the primal-dual algorithm PRIMAL_DUAL outlined
above. The only change is that there are n additional dual variables corresponding to
the release time constraint for each job. These n additional variables are updated

separately.
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[0050] The solution of LP_OPT_SCHED can be used to design a 3-
approximation algorithm. This algorithm is referred to as OFFA. The superscript LP is
used to denote the linear program solution and OFFA to denote the approximation

LP
algorithm. Letting ~7  denote job completion times corresponding to the optimal

linear program solution, algorithm OFFA can be used to determine a task schedule
representing the optimal ordering of jobs on processors.
[0051] Specifically, algorithm OFFA is described below.

Algorithm OFF A

1) Solve LP_OPT _SCHED and let C;'P denote the com-
pletion time of job j. On each processor p, the jobs in
Jp are processed in the order output by the LP.

2) Given a job j € Jp, let

P(j.p)={k:keJ,, CE" < CF7}

denote the set of jobs on p whose LP completion time
is lower than j. These are jobs that will be scheduled
before job j on processor p.

3) A job is started as soon as the previous job is complete
or the job becomes available whichever is later. The

finish time of job § on machine p denoted by gp FA
is

OFF A OFFA
¢ = max {rj, max +tip.
P { 7’ keP(i.p) fiw } P

4) The completion time of job j

OFFA _ OFFA
Gyt = max [
[0052] 7" and Z°F4 denote the objective function value of LP_OPT_SCHED and

the sum weighted completion time from algorithm OFFA, respectively. Thus,

ZOFFA < 3 ZLP_

fOFFA I .
[0053] ir denotes the finish time of job j on processor p and
PGp)={k:ke,, CL" < GfPIu {5}
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o P4 < maxiep(p Tk + Lrepeim te- From Equation (2) of the linear program, note
LP_ CLP < CFF
that & < Ot and ¥ =i from the definition of P(ip). Therefore,
fOFFA<CEP &+ D"ty ()
keP(j.p)
[0054] Applying Equation (1) to the set S=P(j,p) on processor p, then
2
; ] 1
Y. eGP 2 f(PGRLP 25| Dot
keP(i.p) keP(i.p)

Based on the fact that Cr” = CFPtor i K € PULP ), then

2
1
cke Z t‘-‘Pzﬁ( Z tkp)

keP(i.p) ke P(j.p)
Therefore,

Yiergmtis < 2057
and applying these to Equation (5) resuits in

OFFA LP
fip 77 S3C

This result holds forall» € M. Since

C,?FFA = IaXpe M;

fOFFA
jr
then
OFFA LP .

CE < 3CLP wk
implying that the solution given by algorithm OFFA is less than three times the optimal
solution.
[0055] When all jobs are available initially, a specific linear program

LP_BULK_ARRIVAL is used. LP_BULK_ARRIVAL is represented by

ZEP = minz w;C;
J

Yt Ci > f(S,p) VS CJ, Vp
jeS



WO 2012/151054 PCT/US2012/034191

14

This linear program provides lower bound completion times and is used to generate an
approximation algorithm when all jobs are available at time zero. This approximation
algorithm is referred to as OFFB. OFFB operates similarly to OFFA described above.
Jobs are processed on processor p in the order of their LP_BLK_ARRIVAL completion
times. Since job arrival times are not used,

J'opFFB =1jp + Z tip

ke P(4.p)

[0056] Letting Z5” and Z°FF 8 denote the objective function value of
LP_BULK_ARRIVAL and the sum weighted completion time from algorithm OFFB
respectively. Then

ZOF'F‘B nggl’

[0057] Algorithm OFFB processes jobs in the order of linear program completion
times and thus

f_g,FFB — Z tip- (6)
ke P(4.p)
[0058] Applying Equation (1) to set S=P(j,p) on processor p, then

BS 1L
Zkep(ip) thp <2 C;“. Applying these to Equation (6) results in fa%’i- <265 P. This

result holds for all » € M;, Since

CE_)FFB = maXpea, fg%FFB, then CEFFB <92 C’I;P

for all k implying that the solution given by algorithm OFFB is less than two times the
optimal solution.

[0059] In practice, release times or arrival times of jobs are not always known in
advance. Thus, when a new job arrives, all jobs currently in the system as well as the
new job may be taken and used for LP_BULK_ARRIVAL. An optimal task schedule can
then be determined based on the lower bound completion times. This task schedule
may be used until the arrival of the next job. Alternatively, groups of arrival jobs may be
gathered and LP_BULK_ARRIVAL run periodically.

[0060] The above-described methods and apparatus for scheduling tasks can be
implemented on a computer using well-known computer processors, memory units,
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storage devices, computer software, and other components. A high-level block diagram
of such a computer is illustrated in Fig. 5. Computer 500 contains a plurality of
processors 510 which controls the overall operation of computer 500 by executing
computer program instructions which define such operations. The computer program
instructions may'be stored in a storage device 520, or other computer readable medium
(e.g., magnetic disk, CD ROM, etc.), and loaded into memory 530 when execution of
the computer program instructions is desired.

[0061] Thus, the method steps of Figs. 3 and 4 can be defined by the computer
program instructions stored in the memory 530 and/or storage 540 and controlled by
processors 410 executing the computer program instructions. For example, the
computer program instructions can be implemented as computer executable code
programmed by one skilled in the art to perform an algorithm defined by the method
steps of Figs. 3 and 4. Accordingly, by executing the computer program instructions,
the processors 510 execute an algorithm defined by the method steps of Figs. 3 and 4.
[0062] While computer 500 has been described as being used for compensating
for frequency dependent imbalances in a signal in accordance with the method steps
shown in Figs. 3 and 4, computer 500 may also perform functionalities related to those
described above in connection with the other Figures. Computer 500 also includes one
or more network interfaces 540 for communicating with other devices via a network.
Computer 500 further includes input/output devices 550 that enable user interaction with
the computer 500 (e.g., display, keyboard, mouse, speakers, buttons, etc.) One skilled
in the art will recognize that an implementation of an actual computer could contain
other components as well, and that Fig. 5 is a high level representation of some of the
components of such a computer for illustrative purposes.

[0063] The foregoing Detailed Description is to be understood as being in every
respect illustrative and exemplary, but not restrictive, and the scope of the embodiments
disclosed herein is not to be determined from the Detailed Description, but rather from
the claims as interpreted according to the full breadth permitted by the patent laws. It is
to be understood that the embodiments shown and described herein are only illustrative
of the principles of the present embodiments and that various modifications may be



WO 2012/151054 PCT/US2012/034191

16

implemented by those skilled in the art without departing from the scope and spirit of the
embodiments described herein. Those skilled in the art could implement various other
feature combinations without departing from the scope and spirit of the embodiments of

the present disclosure.
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| Claim:

1. A computer-implemented method for scheduling a plurality of tasks, wherein
each task is assigned to one of a plurality of processors, the method comprising:

determining, using one or more computer processors and memory, a lower
bound completion time for each of a plurality of jobs, each of the plurality of jobs
comprising a respective plurality of tasks; and

determining, using one or more computer processors and memory, a task
schedule for each of the plurality of processors based on the lower bound completion
times.

2. The method of claim 1, wherein determining the lower bound completion time

comprises:
solving a linear program to determine the lower bound completion time, wherein

Z"P = min ) w;C;
the linear program is determined by the equation i€J , wherein Z'°
is @ minimum weighted completion time, j is a job in a plurality of jobs J, w; represents
the weight of each job, and C; represents a calculated completion time of each job.

3. The method of claim 1, wherein determining the task schedule comprises:
determining a ranked order of the plurality of jobs based on the lower bound

completion time of each of the plurality of jobs.

4, An apparatus for scheduling a plurality of tasks, wherein each task is assigned to
one of a plurality of processors, the apparatus comprising one or more computer
processors and memory, the one or more computer processors and memory configured
to:

determine a lower bound completion time for each of a plurality of jobs, each of
the plurality of jobs comprising a respective plurality of tasks; and

determine a task schedule for each of the plurality of processors based on the

lower bound completion times.

3079109.1
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5. The apparatus of claim 4, wherein the one or more computer processors and
memory further configured to:
schedule, at each processor, tasks based on the task schedule.

6. The apparatus of claim 4, wherein the one or more computer processors and
memory are further configured to:
solve a linear program to determine the lower bound completion time, wherein

ZEP = min Z w;C;
the linear program is determined by the equation i€d , wherein Z*°
is @ minimum weighted completion time, j is a job in a plurality of jobs J, w; represents
the weight of each job, and C; represents a calculated completion time of each job.

7. The apparatus of claim 4, wherein the one or more computer processors and
memory are further configured to:

determine the lower bound completion time of each of the plurality of jobs in
response to the arrival of a new job.

8. An article of manufacture including a tangible non-transitory computer-readable
medium having instructions stored thereon, that in response to execution by a
computing device cause the computing device to perform operations comprising:
determining a lower bound completion time for each of a plurality of jobs, each of
the plurality of jobs comprising a respective plurality of tasks; and
determining a task schedule for each of the plurality of processors based on the
lower bound completion times.

9. The article of manufacture of claim 8, wherein the operation of determining the
lower bound completion time for each of the plurality of jobs is performed at a
predetermined time interval in response to the arrival of new jobs during the
predetermined time interval.
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10.  The article of manufacture of claim 8, wherein the lower bound completion time
for each of the plurality of jobs and task schedule are determined according to a
weighting factor assigned to each of the plurality of jobs.
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Fig 3
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Fig. 4
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