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FIG. 2B
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PREDICTING SHAPES OF AT LEAST
PARTIALLY UN-ERUPTED TEETH

CROSS REFERENCE TO RELATED
APPLICATIONS

The present application is a continuation of U.S. patent
application Ser. No. 17/454,224, filed on Nov. 9, 2021, titled
“ORTHODONTIC APPLIANCES INCLUDING AT
LEAST PARTIALLY UN-ERUPTED TEETH AND
METHOD OF FORMING THEM,” now U.S. Patent Appli-
cation Publication No. 2022/0137592, which is a continua-
tion of U.S. patent application Ser. No. 16/837,864, filed on
Apr. 1, 2020, titled “ORTHODONTIC APPLIANCES
INCLUDING AT LEAST PARTIALLY UN-ERUPTED
TEETH AND METHOD OF FORMING THEM,” now U.S.
Pat. No. 11,194,312, which is a continuation of U.S. patent
application Ser. No. 15/942,341, filed Mar. 30, 2018, titled
“ORTHODONTIC APPLIANCES INCLUDING AT
LEAST PARTIALLY UN-ERUPTED TEETH AND
METHOD OF FORMING THEM,” now U.S. Pat. No.
10,613,515, which claims priority to U.S. Provisional Patent
Application No. 62/480,243, filed on Mar. 31, 2017, and
titled “VIRTUAL GEOMETRY IN DENTAL ALIGNERS
BY MEANS OF CREATING MATHEMATICAL REPRE-
SENTATIONS OF TOOTH SHAPES,” each of which is
herein incorporated by reference in its entirety.

INCORPORATION BY REFERENCE

All publications and patent applications mentioned in this
specification are incorporated herein by reference in their
entirety to the same extent as if each individual publication
or patent application was specifically and individually indi-
cated to be incorporated by reference.

BACKGROUND

In many pediatric cases, orthodontic aligners may be used
before all of the patient’s permanent teeth have completely
erupted. For instance, an orthodontic treatment plan may call
for use of removable orthodontic aligners on a pediatric
patient even though the patient has un-erupted or partially
erupted teeth. In such cases, the orthodontic aligner may
need to be designed to accommodate the un-erupted or
partially erupted teeth. While conventional techniques make
it possible to predict the size of an un-erupted or partially
erupted tooth with a high degree of accuracy, conventional
techniques are presently unable to predict the shape of such
a tooth. In the absence of such a prediction, orthodontic
aligners currently create a space buffer or cavity in the shape
of a generic tooth (e.g., a tooth shape that was observed to
fit over a sample size of observed teeth) that can be posi-
tioned above the point at which the permanent tooth will
erupt.

While convenient in some instances, conventional tech-
niques may present numerous challenges. For instance, a
conventional space buffer or cavity having a generic tooth
shape may not look “natural” in the context of an un-erupted
or partially erupted tooth it is positioned over. As another
example, a conventional space buffer or cavity having a
generic tooth shape may come into contact with an un-
erupted or partially erupted tooth, and as a result, may
interrupt tooth eruption and/or cause discomfort. For these
and other reasons, the systems, methods, and/or computer-
readable media discussed herein are provided.
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2
SUMMARY OF THE DISCLOSURE

The 3D descriptors may provide parametric descriptions
of virtual contours of the 3D virtual representations identi-
fied thereon. As noted herein, automated agents may identify
descriptor distances in the 3D descriptor space between 3D
descriptors in order to identify representative 3D
descriptor(s) of a tooth type.

An anatomical identifier of a tooth type of an at least
partially un-erupted tooth of a patient (e.g., a pediatric
patient) may be gathered. The anatomical identifier may
comprise a universal tooth number, a character string asso-
ciated with the tooth type, or an automated identification of
the tooth type through, e.g., an image. Automated agents
may identify the tooth type using the anatomical identifier.
Automated agents may gather one or more representative 3D
descriptors for the tooth type. The representative 3D descrip-
tor may be selected from a plurality of 3D descriptors for the
tooth type. The plurality of 3D descriptors may include the
representative 3D descriptor and may parametrically repre-
sent a plurality of virtual surface contours of the tooth type
according to a plurality of spatial parameters. In general, the
3D descriptors may be referred to as mathematical 3D
descriptors, an may include a numeric description, a geo-
metric description, and mathematical and/or geometric rela-
tionship description, or the like. Similarly, the 3D descriptor
space may be referred to as mathematical 3D descriptor
space.

In some implementations, the representative 3D descrip-
tor has a minimum “distance” (e.g., in the 3D descriptor
space) to other 3D descriptors of the plurality of 3D descrip-
tors. Each of the plurality of 3D descriptors may be asso-
ciated with one of the plurality of 3D virtual representations
of a plurality of teeth gathered from a plurality of subjects.
As noted herein, such 3D virtual representations may be
gathered from, e.g., scans, images, models, etc. of teeth of
the tooth type from subjects whose teeth have been imaged.
The automated agents described herein may form a virtual
3D tooth shape for the at least partially un-erupted tooth
using the representative 3D descriptor. As noted herein,
instructions to form at least a portion of a removable
orthodontic appliance for the at least partially un-erupted
tooth using the 3D tooth shape for the at least partially
un-erupted tooth may be provided.

In some implementations, the plurality of 3D wvirtual
representations of teeth each comprise a plurality of ortho-
scopic views of the corresponding plurality of teeth. The
plurality of 3D descriptors may comprise a convex bounding
3D shape. The plurality of 3D descriptors may be repre-
sented using an Elliptic Fourier Descriptor (EFD) of the
plurality of virtual surface contours. The plurality of spatial
parameters may comprise one or more locational compo-
nents.

In some implementations, the plurality of 3D descriptors
comprises a plurality of spheres. The plurality of spheres
may comprise a plurality of voxelized spheres, a plurality of
spheres that are not voxelized, or some combination thereof.
In various implementations, the plurality of spatial param-
eters comprise a plurality of polar coordinates to virtually
represent a plurality of voxelized spheres.

The removable orthodontic appliances may comprise a
polymeric appliance such as a polymeric orthodontic appli-
ance and/or a polymeric appliance designed to incrementally
change tooth positions. In some implementations, providing
instructions to form at least the portion of the removable
orthodontic appliance comprises providing instructions to
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three-dimensionally print the at least the portion of the
removable orthodontic appliance.

The representative 3D descriptor may comprise an aver-
age 3D descriptor of the plurality of 3D descriptors.

In some implementations, systems, methods, and/or com-
puter-readable media may include: gathering a second ana-
tomical tooth identifier of the tooth type, the second ana-
tomical tooth identifier forming a basis to identify the tooth
type; gathering, using the second anatomical tooth identifier,
the plurality of 3D virtual representations of a plurality of
teeth from a plurality of subjects, identifying the plurality of
virtual surface contours for the tooth type; identifying the
plurality of 3D descriptors to parametrically represent the
plurality of virtual surface contours according to the plural-
ity of spatial parameters; identifying a descriptor location in
the 3D descriptor space of each of the plurality of 3D
descriptors; assigning a descriptor distance to each of the
plurality of 3D descriptors, the descriptor distance repre-
senting a difference between the descriptor location of the
each 3D descriptor and the descriptor location of a rest of the
plurality of 3D descriptors; and identifying the representa-
tive 3D descriptor for the tooth type by finding a minimum
descriptor distance between two or more of the plurality of
3D descriptors.

In some implementations, assigning the descriptor dis-
tance comprises: identifying a variance between the each of
the plurality of 3D descriptors and the rest of the plurality of
3D descriptors; and minimizing the variance. In various
implementations, rotational orientations or sizes of the plu-
rality of 3D descriptors are normalized before identifying
the representative 3D descriptor for the tooth type. In some
implementations, identifying the plurality of 3D descriptors
comprises creating at least one spherical harmonic based
signature based on a sum of spherical harmonics for the
plurality of 3D descriptors. In various implementations, the
at least one spherical harmonic based signature comprises a
plurality of spherical harmonic based signatures; and finding
the minimum descriptor distance comprises identifying a
minimum distance between two or more of the plurality of
spherical harmonic based signatures in the 3D descriptor
space. Additionally, identifying the minimum distance may
comprise performing a least squares analysis of a Euclidean
distance between the two or more of the plurality of spheri-
cal harmonic based signatures.

Additionally, as noted herein, there may be needs to
address technical problems related to providing a space
buffer that looks “average” for a particular tooth type, to
produce more normal and natural looking virtual geometry
that is more universally accommodating to the erupting
tooth despite uniqueness of each patient’s dentition.

The present application relates to an orthodontic device
designed to accommodate an at least partially un-erupted
tooth. The device can include a cavity positioned over the
erupting site before or during eruption and configured to
accommodate an erupting tooth without interfering with or
contacting the erupting tooth.

In another aspect, the cavity can be designed to represent
or approximate a representative tooth shape, with size to be
determined on a per-patient basis, for each of the teeth in the
Universal Numbering System. The representative tooth
shape may be intended to accommodate erupting teeth
without interfering with eruption, while representing a most
probable tooth shape and being more aesthetically pleasing
to the patient.

In another aspect, the cavity can be designed based on
evaluating data representing a plurality of teeth for each of
the teeth in the Universal Numbering System. techniques
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can be applied to the data to calculate the representative
tooth shape for each tooth of a patient. The technique can use
2D Elliptic Fourier Descriptors (EFDs) to determine the
representative tooth shape. In another embodiment, the
technique can use spherical harmonics to determine the
representative tooth shape.

Once the representative tooth shape has been computed,
the orthodontic device can be manufactured incorporating
one or more cavities into the device in the shape of the
representative tooth for that specific un-erupted or erupting
tooth.

In some embodiments, a method for accommodating an at
least partially un-erupted during a proposed orthodontic
treatment is provided, comprising identifying, via a com-
puting device, whether a patient’s arch contains an at least
partially un-erupted tooth, receiving, via the computing
device, data representing a plurality of teeth corresponding
to an anatomical identifier (e.g., a universal tooth number) of
the at least partially un-erupted tooth, evaluating the data
representing the plurality of teeth with a technique to
determine a representative 3D shape for the at least partially
un-erupted teeth after they have fully erupted, determining
a scaling factor, via the computing device, for a cavity of a
dental appliance positioned to accommodate the at least
partially un-erupted tooth as the tooth erupts, and creating
the dental appliance configured to reposition at least one
tooth of the patient, the dental appliance including the cavity
having the representative 3D shape and being sized accord-
ing to the scaling factor for the un-erupted or erupting tooth.

In some embodiments, the modeling technique comprises
generating two-dimensional top, front, and side views from
the data representing the plurality of teeth.

In another embodiment, the modeling technique further
comprises generating a characteristic, convex bounding
shape for each two-dimensional top, front, and side view. In
some embodiments, the modeling technique further com-
prises representing the convex bounding shape for each
two-dimensional top, front, and side view using elliptic
Fourier descriptors.

In some embodiments, the modeling technique further
comprises normalizing the elliptic Fourier descriptors to
provide rotation and size invariance.

In one embodiment, the modeling technique further com-
prises computing a principal component analysis to find the
optimal 3D shape for the cavity from the data representing
the plurality of teeth.

In yet another embodiment, the modeling technique com-
prises scaling a length of the longest axis of each of the teeth
from the data representing the plurality of teeth. The mod-
eling technique can further comprise forming a voxelized
sphere for each of the teeth from the data representing the
plurality of teeth to an array having uniform size.

In some embodiments, the modeling technique further
comprises summing spherical harmonics for each point of
the voxelized sphere over a specific frequency range to
compute a spherical harmonic signature for each tooth.

In other embodiments, the modeling technique further
comprises computing a Euclidean distance between each
tooth’s spherical harmonic signature to find the optimal 3D
shape for the cavity from the data representing the plurality
of teeth.

A dental appliance having a cavity for accommodating an
un-erupted or erupting tooth is also provided, comprising an
appliance designed to implement at least a portion of a
treatment plan, comprising a shell having a plurality of
cavities therein designed to receive teeth of a jaw with at
least one of the plurality of cavities being a cavity for



US 12,099,342 B2

5

accommodating an at least partially un-erupted tooth
therein, wherein at least one of a size, shape, location, and
orientation of at least one of the cavities for accommodating
an at least partially un-erupted tooth is designed based upon
a evaluation of a sample of teeth that calculates an optimal
3D shape for the at least partially un-erupted tooth.

In some embodiments, the evaluation comprises generat-
ing two-dimensional top, front, and side views from the data
representing the plurality of teeth, generating a characteris-
tic, convex bounding shape for each two-dimensional top,
front, and side views, representing the convex bounding
shape for each two-dimensional top, front, and side view
using elliptic Fourier descriptors, normalizing the elliptic
Fourier descriptors to provide rotation and size invariance,
and computing a principal component analysis to find the
optimal 3D shape for the cavity from the data representing
the plurality of teeth.

In another embodiment, the modeling technique com-
prises scaling a length of the longest axis of each of the teeth
from the data representing the plurality of teeth, forming a
voxelized sphere for each of the teeth from the data repre-
senting the plurality of teeth to an array having uniform size,
summing spherical harmonics for each point of the
voxelized sphere over a specific frequency range to compute
a spherical harmonic signature for each tooth, and comput-
ing a Euclidean distance between each tooth’s spherical
harmonic signature to find the optimal 3D shape for the
cavity from the data representing the plurality of teeth.

A non-transitory computing device readable medium is
provided that has instructions stored thereon that are execut-
able by a processor to cause a computing device to receive,
via a computing device, data representing a plurality of
teeth, identify data indicating which of the plurality of teeth
are at least partially un-erupted, determine an optimal 3D
shape for each of the un-erupted or erupting teeth after they
have fully erupted using a modeling technique, and generate
a series of incremental tooth arrangements incorporating the
optimal 3D shape into a cavity positioned over each of the
un-erupted or erupting teeth to define a proposed orthodontic
treatment.

In some embodiments, the modeling technique comprises
generating two-dimensional top, front, and side views from
the data representing the plurality of teeth.

In other embodiments, the modeling technique further
comprises generating a characteristic, convex bounding
shape for each two-dimensional top, front, and side view.

In another embodiment, the modeling technique further
comprises representing the convex bounding shape for each
two-dimensional top, front, and side view using elliptic
Fourier descriptors. In some embodiments, the modeling
technique further comprises normalizing the elliptic Fourier
descriptors to provide rotation and size invariance. In other
embodiments, the modeling technique further comprises
computing a principal component analysis to find the opti-
mal 3D shape for the cavity from the data representing the
plurality of teeth.

In one embodiment, the modeling technique comprises
scaling a length of the longest axis of each of the teeth from
the data representing the plurality of teeth.

In another embodiment, the modeling technique further
comprises forming a voxelized sphere for each of the teeth
from the data representing the plurality of teeth to an array
having uniform size.

In some embodiments, the modeling technique further
comprises summing spherical harmonics for each point of
the voxelized sphere over a specific frequency range to
compute a spherical harmonic signature for each tooth.
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In another embodiment, the modeling technique further
comprises computing a Euclidean distance between each
tooth’s spherical harmonic signature to find the optimal 3D
shape for the cavity from the data representing the plurality
of teeth.

BRIEF DESCRIPTION OF THE DRAWINGS

The novel features of the invention are set forth with
particularity in the claims that follow. A better understanding
of the features and advantages of the present invention will
be obtained by reference to the following detailed descrip-
tion that sets forth illustrative embodiments, in which the
principles of the invention are utilized, and the accompany-
ing drawings of which:

FIG. 1A is a diagram showing an example of an un-
erupted tooth aligner fabrication system.

FIG. 1B is a diagram showing an example of automated
tooth model learning engine(s).

FIG. 1C is a diagram showing an example of un-erupted
tooth modeling engine(s).

FIG. 1D is a flowchart of an example of a method of
identifying a representative three-dimensional descriptor of
a tooth type.

FIG. 1E is a flowchart of an example of a method of
forming at least a portion of a removable orthodontic
appliance for an un-erupted tooth.

FIG. 1F is a flowchart of an example of a method for
accommodating an un-erupted or erupting tooth during a
proposed orthodontic treatment.

FIGS. 2A, 2B, and 2C are diagrams showing top, front,
and side views of samples of an upper, right canine tooth
shape.

FIGS. 2D, 2E, and 2F are diagrams showing examples of
convex bounding shapes corresponding to the top, front, and
side views of FIGS. 2A, 2B, and 2C.

FIGS. 3 and 4 are diagrams showing distributions of the
first principal component of one of the orthoscopic EFDs
before (FIG. 3) and after (FIG. 4) normalization.

FIG. 5 is a diagram showing the “most average” tooth
shape resulting from the EFD method.

FIG. 6 is a diagram showing the “least average” tooth
shape resulting from the EFD method.

FIG. 7 is a diagram showing the “most average” tooth
shape resulting from the spherical harmonics method.

FIG. 8 is a diagram showing the “least average” tooth
shape resulting from the spherical harmonics method.

FIG. 9 is a diagram comparing the quality of tooth shapes
selected using the EFD and spherical harmonics methods.

FIG. 10 is a simplified block diagram of an example of a
data processing system for designing and manufacturing an
orthodontic aligner.

FIG. 11 is a diagram showing an example of an orthodon-
tic aligner that includes a space buffer or cavity in the form
of a “most average” tooth shape designed to fit over un-
erupted teeth.

DETAILED DESCRIPTION

The present disclosure is related to systems, methods,
computing device readable media, and devices that solve
technical problems related to design of highly accurate
models of un-erupted or partially erupted teeth (“at least
partially un-erupted teeth”) and/or technical problems
related to fabrication of aligners for at least partially un-
erupted teeth. Automated agents that use machine learning
models to parametrically represent three-dimensional (3D)
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virtual representations of teeth as 3D descriptors (e.g.,
mathematical 3D descriptors) in a 3D descriptor space (e.g.,
mathematical 3D descriptor space) are provided herein. The
3D descriptors may provide parametric descriptions of vir-
tual contours of the 3D virtual representations identified
thereon. In some implementations, the automated agents
described herein provide instructions to fabricate aligners
for at least partially un-erupted teeth using representative 3D
descriptor(s) of a tooth type.

Example Structures and Systems

FIG. 1A is a diagram showing an example of an un-
erupted tooth aligner fabrication system 100A. The parts
(e.g., modules, components, circuits, etc.) of the un-erupted
tooth aligner fabrication system 100A may include one or
more engines and datastores. A computer system can be
implemented as an engine, as part of an engine or through
multiple engines. As used herein, an engine includes one or
more processors or a portion thereof. A portion of one or
more processors can include some portion of hardware less
than all of the hardware comprising any given one or more
processors, such as a subset of registers, the portion of the
processor dedicated to one or more threads of a multi-
threaded processor, a time slice during which the processor
is wholly or partially dedicated to carrying out part of the
engine’s functionality, or the like. As such, a first engine and
a second engine can have one or more dedicated processors
or a first engine and a second engine can share one or more
processors with one another or other engines. Depending
upon implementation-specific or other considerations, an
engine can be centralized or its functionality distributed. An
engine can include hardware, firmware, or software embod-
ied in a computer-readable medium for execution by the
processor. The processor transforms data into new data using
implemented data structures and methods, such as is
described with reference to the figures herein.

The engines described herein, or the engines through
which the systems and devices described herein can be
implemented, can be cloud-based engines. As used herein, a
cloud-based engine is an engine that can run applications
and/or functionalities using a cloud-based computing sys-
tem. All or portions of the applications and/or functionalities
can be distributed across multiple computing devices, and
need not be restricted to only one computing device. In some
embodiments, the cloud-based engines can execute func-
tionalities and/or modules that end users access through a
web browser or container application without having the
functionalities and/or modules installed locally on the end-
users’ computing devices.

As used herein, datastores are intended to include reposi-
tories having any applicable organization of data, including
tables, comma-separated values (CSV) files, traditional
databases (e.g., SQL), or other applicable known or conve-
nient organizational formats. Datastores can be imple-
mented, for example, as software embodied in a physical
computer-readable medium on a specific-purpose machine,
in firmware, in hardware, in a combination thereof, or in an
applicable known or convenient device or system. Data-
store-associated components, such as database interfaces,
can be considered “part of” a datastore, part of some other
system component, or a combination thereof, though the
physical location and other characteristics of datastore-
associated components is not critical for an understanding of
the techniques described herein.

Datastores can include data structures. As used herein, a
data structure is associated with a particular way of storing
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and organizing data in a computer so that it can be used
efficiently within a given context. Data structures are gen-
erally based on the ability of a computer to fetch and store
data at any place in its memory, specified by an address, a
bit string that can be itself stored in memory and manipu-
lated by the program. Thus, some data structures are based
on computing the addresses of data items with arithmetic
operations; while other data structures are based on storing
addresses of data items within the structure itself. Many data
structures use both principles, sometimes combined in non-
trivial ways. The implementation of a data structure usually
entails writing a set of procedures that create and manipulate
instances of that structure. The datastores, described herein,
can be cloud-based datastores. A cloud-based datastore is a
datastore that is compatible with cloud-based computing
systems and engines.

The un-erupted tooth aligner fabrication system 100A
may include a computer-readable medium 102, 20 auto-
mated tooth model learning engine(s) 104, un-erupted tooth
modeling engine(s) 106, orthodontic appliance (e.g., includ-
ing, but not limited to aligners) fabrication engine(s) 108, a
tooth type identifier datastore 110, a 3D virtual representa-
tion datastore 112, and a 3D descriptor datastore 114. One or
more of the modules of the un-erupted tooth aligner fabri-
cation system 100A may be coupled to one another (e.g.,
through the example couplings shown in FIG. 1A) or to
modules not explicitly shown in FIG. 1A. The computer-
readable medium 102 may include any computer-readable
medium, including without limitation a bus, a wired net-
work, a wireless network, or some combination thereof.

The automated tooth modeling learning engine(s) 104
may implement one or more automated agents configured to
learn tooth models for various tooth types based on 3D
virtual representations of teeth taken from subjects. A “tooth
type,” as used herein, may refer to a specific tooth in the
mouth of a human being. A tooth type may include any
specific tooth identified according to an “anatomical tooth
identifier,” which as used herein, may refer to any identifier
used to anatomically identify the tooth type. Examples of
anatomical tooth identifiers include identifiers of a universal
or other tooth numbering system, character identifiers,
image(s), etc. A “3D virtual representation,” as used herein,
may refer to a 3D rendering of a tooth. Examples of 3D
virtual representations include animated 3D renderings,
composite 3D renderings assembled from 2D images, etc. A
3D virtual representation may have one or more “virtual
surface contours,” or contours that define surfaces of the
tooth in a virtual 3D space.

In various implementations, the automated tooth model-
ing engine(s) 104 implement one or more automated agents
configured to describe 3D virtual representations of teeth
with 3D descriptors that use spatial parameters. A “math-
ematical 3D descriptor,” as used herein, may refer to a
function that represents virtual surface contours and/or other
portions of 3D virtual representations of teeth according to
spatial parameters. Examples of 3D descriptors include
Elliptical Fourier Descriptors (EFDs), spherical harmonic
functions that use voxelized spheres, and spherical harmonic
functions that use non-voxelized spheres. A “spatial param-
eter,” as used herein, may refer to a parameter that relates to
a spatial element. Examples of spatial parameters include
locational coordinates identified along orthogonal systems,
such as three translational planes, 3D polar coordinates, etc.
As noted herein, 3D descriptors may “parametrically repre-
sent” a 3D virtual representation, or represent that 3D virtual
representation according to one or more parameters, such as
spatial parameters.
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In various implementations, 3D descriptors may form a
“mathematical 3D descriptor space,” or a datastore of 3D
descriptors with descriptor locations assigned for each 3D
descriptor space. “Descriptor locations,” as used herein, may
refer to unique coordinates in the 3D descriptor space where
each 3D descriptor reside. In various implementations,
descriptor locations may be used to define “descriptor dis-
tances,” or differences in distances between descriptor loca-
tions of 3D descriptors in a 3D descriptor space.

In some implementations, the automated tooth modeling
engine(s) 104 identify a representative 3D descriptor for a
given tooth type. A “representative 3D descriptor,” as used
herein, may refer to a 3D descriptor for a tooth type that is
most similar to other 3D descriptors for that tooth type. In
some implementations, the representative 3D descriptor may
reside a minimum distance from other 3D descriptors for a
tooth type. A “minimum distance,” as used in this context,
may refer to the minimum descriptor distance between a
single 3D descriptor for a tooth type and all other 3D
descriptors for that tooth type in the 3D descriptor space.
The minimum distance may be determined using the tech-
niques described herein.

In various implementations, the automated tooth model-
ing engine(s) 104 implement one or more automated agents
configured to gather tooth type identifiers for various tooth
types from the tooth type identifier datastore 110, gather 3D
virtual representations of those tooth types from the 3D
virtual representation datastore 112, and identify represen-
tative 3D descriptors for various tooth types. The automated
agents may further be configured to store the representative
3D descriptors for various tooth types in the 3D descriptor
datastore 114.

The un-erupted tooth modeling engine(s) 106 may imple-
ment one or more automated agents configured to create
virtual tooth models of different tooth types. In some imple-
mentations, the un-erupted tooth modeling engine(s) 106
may be configured to gather a tooth type of an at least
partially un-erupted tooth from the tooth type identifier
datastore 110. The un-erupted tooth modeling engine(s) 106
may further be configured to gather a representative 3D
descriptor for the tooth type (using e.g., an anatomical tooth
identifier) from the 3D descriptor datastore 114. The un-
erupted tooth modeling engine(s) 106 may be configured to
provide instructions to the orthodontic appliance fabrication
engine(s) 108 to fabricate at least a portion of an aligner for
the least partially un-erupted tooth. The instructions may
include a virtual 3D shape formed in accordance with the
representative 3D descriptor.

The orthodontic appliance fabrication engine(s) 108 may
implement one or more automated agents configured to
fabricate an aligner. Examples of an aligner are described in
detail in U.S. Pat. No. 5,975,893, and in published PCT
application WO 98/58596, which is herein incorporated by
reference for all purposes. Systems of dental appliances
employing technology described in U.S. Pat. No. 5,975,893
are commercially available from Align Technology, Inc.,
Santa Clara, Calif., under the tradename, Invisalign System.
Throughout the description herein, the use of the terms
“orthodontic aligner”, “aligner”, or “dental aligner” is syn-
onymous with the use of the terms “appliance” and “dental
appliance” in terms of dental applications. For purposes of
clarity, embodiments are hereinafter described within the
context of the use and application of appliances, and more
specifically “dental appliances.” The orthodontic appliance
fabrication engine(s) 108 may be part of 3D printing sys-
tems, thermoforming systems, or some combination thereof.
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The tooth type identifier datastore 110 may be configured
to store one or more tooth type identifiers of different tooth
types. In some implementations, the tooth type identifiers
correspond to numbers of a Universal Tooth Numbering
System, character strings to identify tooth types by anatomy,
images or portions thereof to identify tooth types by geom-
etry and/or other characteristics, etc.

The 3D virtual representation datastore 112 may be con-
figured to store 3D virtual representations of different tooth
types. As will be noted herein, the 3D virtual representations
may comprise 3D models of teeth, indexed by tooth type,
taken from a variety of subjects. Examples of such subjects
include past orthodontic patients, models, cadavers, etc.

The 3D descriptor datastore 114 may be configured to
store 3D descriptors. As noted further herein, in some
implementations, the 3D descriptors may be indexed by
tooth type and/or by tooth type identifier. The 3D descriptors
may form a 3D descriptor space having descriptor locations
and/or the properties of such a space, as noted herein.

FIG. 1B is a diagram showing an example of the auto-
mated tooth model learning engine(s) 104. The automated
tooth model learning engine(s) 104 may include a tooth type
identifier gathering engine 116, a 3D virtual representation
gathering engine 118, a virtual surface contour identification
engine 120, a 3D descriptor identification engine 122, a
descriptor distance analysis engine 124, and a representative
3D descriptor assignment engine 126. One or more of the
modules of the automated tooth model learning engine(s)
104 may be coupled to one another (e.g., through the
example couplings shown in FIG. 1B) or to modules not
explicitly shown in FIG. 1B.

The tooth type identifier gathering engine 116 may imple-
ment one or more automated agents configured to gather
tooth type identifiers from the tooth type identifier datastore
110. In some implementations, the tooth type identifier
gathering engine 116 gathers a series of tooth type identifiers
corresponding to the teeth in a human being’s permanent/
adult dentition. The tooth type identifier gathering engine
116 may gather from the tooth type identifier datastore 110
universal or other tooth numbering system, character iden-
tifiers, image(s), etc. corresponding to a person’s adult teeth.
In various implementations, the tooth type identifier gath-
ering engine 116 provides tooth types to other modules, such
as the 3D virtual representation gathering engine 118.

The 3D virtual representation gathering engine 118 may
implement one or more automated agents configured to
gather 3D virtual representations of tooth types from the 3D
virtual representation datastore 112. The 3D virtual repre-
sentation gathering engine 118 may implement one or more
automated database queries to the 3D virtual representation
datastore 112. The database queries may request 3D virtual
representations based on tooth type identifiers and may
receive 3D virtual representations and/or identifiers of 3D
virtual representations in response to these queries. In some
implementations, the 3D virtual representation gathering
engine 118 may decompose 3D virtual representations into,
e.g., orthoscopic views along orthogonal directions.

The virtual surface contour identification engine 120 may
implement one or more automated agents configured to
identify virtual surface contours of 3D virtual representa-
tions of tooth types. The virtual surface contour identifica-
tion engine 120 may use one or more optical feature recog-
nition techniques to identify object boundaries, virtual
curves, and/or other aspects of virtual surfaces. The virtual
surface contour identification engine 120 may provide vir-
tual surface contour identifiers in a relevant format, such as
a set of points and/or a point cloud defining a contour, a
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function describing a contour, etc. The virtual surface con-
tour identification engine 120 may provide information
about virtual contours to one or more other modules of the
automated tooth model learning engine(s) 104, such as the
3D descriptors identification engine 122.

The 3D descriptors identification engine 122 may imple-
ment one or more automated agents configured to identify
3D descriptors to represent virtual surface contours. In some
implementations, the 3D descriptors identification engine
122 represents virtual surface contours using 3D descriptors
comprising EFDs. An example of this technique will now be
discussed with reference to FIGS. 2A, 2B, 2C, 3, and 4. In
various implementations, the 3D descriptors identification
engine 122 may be configured to evaluate two-dimensional
(2D) orthoscopic views of sample teeth (e.g., those sharing
a tooth type) from a plurality of subjects.

FIGS. 2A, 2B, and 2C show example top, front, and side
views of samples of an upper-right canine tooth (tooth 6 in
the Universal Numbering System). To generate each 2D
view, the 3D descriptors identification engine 122 may have
flattened the vertices of the tooth meshes for each of the
samples by removing one dimension, so the top view was
represented by the X and Y coordinates of the vertices, the
front view by the X and Z coordinates, and the side view by
the Y and Z coordinates. For each of the orthoscopic views,
the mesh is then collapsed into a point cloud. A shape is then
drawn around the bounds of each point cloud.

In some implementations, the 3D descriptors identifica-
tion engine 122 may use a concave bounding shape to model
features of each view. The 3D descriptors identification
engine 122 may use Algorithm 1 (below) to generate the
characteristic, convex bounding shape for each 2D tooth
view.

Algorithm 1 Algorithm to generate concave boundary
around a set of points, ¥

1: Generate the Dulaunay triangularization A of all

points P

2: Identify the boundary as all edges of the triangular-
ization that are only seen once (i.e., those on the outer
boundary)

3: Create the list B containing all boundary edges and

their lengths

4 Sort B by descending order of length
5: Create result set v < { }
6: while B is not empty do
7: e < pop(B)
8 if lel > 2, then
9 find the vertex, v of the triangle opposite to
the edge, e
10: remove edge e from the triangularization A
11: add the two newly revealed edges (e, v) and
(e, v) to B ordered by their lengths
12: else
13: r<ru{e}
14: end if
15: end while
16: Generate a counter-clockwise polygon of the charac-

teristic bounding shape, based on the edges in r

In this example, for purposes of determining the concave
bounding shape, the 3D descriptors identification engine 122
may set a length threshold (in this example, A,=0:0005) to
represent maximum line length for the size of the tooth
representations. FIGS. 2D, 2E, and 2F show examples of
convex bounding shapes corresponding to the top, front, and
side views of FIGS. 2A, 2B, and 2C.

In some implementations, the 3D descriptors identifica-
tion engine 122 may represent the virtual surface contours
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using EFDs after creating a concave bounding shape for
each orthoscopic view. EFDs have been shown to be good
representations of closed shapes, sparsely representing com-
plex feature data. For this method, the 3D descriptors
identification engine 122 chose anywhere from 10-30 Fou-
rier descriptors to accurately represent the shapes of the
teeth with a minimal number of features.

In some implementations, the 3D descriptors identifica-
tion engine 122 may use an EFD with a set of four numbers
per descriptor (an, bn, cn, dn) along with a location com-
ponent, (A,, Cy), such that the original shape can be repre-
sented parametrically as:

Ne 4 i 2numt . Onmt M®
=Ao+ Y @cos —— + b, sin ——
x(t)= 4o 2. 008 — sin —

- 2nmt . 2nmt @)
y(@)=Co + ;cn cos - +d, sin -

where t ranges from 0 to T (for reconstruction, T can be
taken as 1).

After computing the EFD for each view (top, front, side),
the 3D descriptors identification engine 122 may normalize
the EFD in order to provide rotation and size invariance. In
this example, the EFD normalization process may involve
moving the shape to the origin, finding the principal axis,
rotating it to the X-axis, and scaling the length of the
principal axis to £1.

Depending on the sample size of teeth, this example
normalization process can introduce some ambiguity in that
each normalized shape can be represented in two rotations
that are 180 degrees apart. In a typical classification scheme,
this might not be an issue, but each 3D tooth shape in this
system is represented by three separate orthoscopic views,
each with an arbitrary rotation, yielding eight separate
clusters of teeth. In very large sample sizes (e.g. 4,000 to
8,000 samples), the center of each cluster could be identified
to find the sample closest to the center. However, with
smaller sample sizes (e.g., less than 1500 teeth), each cluster
would contain, on average, fewer than 200 shapes, and
finding the center of the cluster would prove difficult.

In one embodiment, the 3D descriptors identification
engine 122 may present a solution to the rotational ambi-
guity by computing all of the normalized EFDs, and then for
each view (top, front, and side), compute the first principal
component of the normalized EFDs. In cases where the first
principal component is negative, the 3D descriptors identi-
fication engine 122 may rotate normalized descriptors by
multiplying each even-numbered descriptor by —1 which
corresponds to a 180 rotation in the normalized elliptic
Fourier space. FIGS. 3 and 4 show distributions of the first
principal component of one of the orthoscopic EFDs before
(FIG. 3) and after (FIG. 4) the disambiguation.

In some implementations, the 3D descriptors identifica-
tion engine 122 represents virtual surface contours using 3D
descriptors comprising spherical harmonics. It is noted that
spherical harmonics may more accurately characterize the
3D shape of a tooth than other techniques. Spherical har-
monic techniques may facilitate computing spherical har-
monics for each tooth over a set of normalized radii. These
example methods may prove useful in the retrieval of 3D
imagery, particularly due to the rotational invariance of a
particular 3D virtual representation of a tooth.

As noted, in some implementations, the 3D descriptors
identification engine 122 represents virtual surface contours
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using 3D descriptors comprising spherical harmonics. In
some implementations, the spherical harmonics are analo-
gous to Fourier descriptors, except that they operate on
functions defined over a sphere. In general, any function f(r,
0, ¢) can be represented as an infinite sum of spherical
harmonics:

)

4
e 8.9)= " > FrYE. 9

=0 m=—¢

&)

where fis a constant, p is a scaling factor,

@+ (¢ —m)! (CY)

4 (£ +m)!

Y70, ¢) = PP(cos )™

and P} is the associated polynomial defined as:

(-1 gt ®)

Pr(x) = W(l _XZ)m/Zm(xz _ 1)/

In some implementations, the number of harmonics can
be truncated to some finite number large enough to capture
the frequency characteristics of the original function.

The 3D descriptors identification engine 122 may use
multiple approaches to compute the spherical harmonics for
a particular tooth. Under a first approach, the 3D descriptors
identification engine 122 may normalize a 3D virtual rep-
resentation of a tooth by centering and scaling so that the
size of the longest axis of the 3D virtual representation of the
tooth (usually the Z axis) ranges from —1 to 1. Once the 3D
descriptors identification engine 122 has normalized the 3D
virtual representation of the tooth, the 3D descriptors iden-
tification engine 122 may voxelize the surface of the tooth
into an array of an arbitrary size (e.g., size 64x64x64 used
in some examples). The 3D descriptors identification engine
122 may create a voxelized sphere, S, of radius r, using any
spatial parameters, including but not limited to polar coor-
dinates (r, 0, ¢) where r varies between two arbitrary integers
(in some examples, from 1 to 32). The 3D descriptors
identification engine 122 may further use the coordinates of
S to index into the voxelization of the tooth shape. For each
point in S where the voxel is set to 1 (i.e., which is a
discretized location of the tooth exterior), 3D descriptors
identification engine 122 may compute a sum of the spheri-
cal harmonics for a given frequency, F. By varying the range
of F from, e.g., 1 to 16 and the radius r from, e.g., 1 to 32,
the 3D descriptors identification engine 122 may create a
spherical harmonic based signature for the tooth in question.
An example of this process is described in detail in Algo-
rithm 2, below:

Algorithm 2 Algorithm to generate a spherical-
harmonic signature based on [3]

1: Create empty signature, sig < array(32,16)

2: Find the center of the tooth, ¢

3: Center the tooth, T, by updating each vertex v <
v—c; VveT

4: Find the length of the tooth in each dimension,

Lo L, 1 ¢ max(vy, v,, v;) —min(v,, v,, v,)
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-continued

Algorithm 2 Algorithm to generate a spherical-
harmonic signature based on [3]

Find the scale of the tooth as L <~ max(l,, 1, .)
Scale the tooth, v < v/L; Vve T
Create the voxel array, V < zeros(64 x 64 x 64)
forv eT do

p < int(32 * v)

Vipl « 1
end for
forr « 1..32 do

Generate voxelized sphere, S with radius r

for F « 1..16 do

sig(t, F) & Zs 2, ¢ VISIY 27(s0,5y)
end for

5
6
7
8
9
10:
11:
12:
13
14
15
16
17 end for

Under a second approach, the 3D descriptors identifica-
tion engine 122 may avoid voxelization of the surface of the
3D object. Once again, the 3D descriptors identification
engine 122 may compute the spherical harmonic signature
of a 3D virtual representation of a tooth by centering the 3D
virtual representation of the tooth to normalize it. Then, in
some implementations, the 3D descriptors identification
engine 122 may convert one or more of the vertices from one
set of spatial parameters to another set of spatial parameters
(e.g., from Cartesian coordinates (X, y, z) to spherical
coordinates (r, 0, ¢)). The 3D descriptors identification
engine 122 may implement a scaling process to normalize
the tooth so that the maximum r value is a specific value
(e.g., 1). For a first integer set (e.g., 32) of radii ranges, from
one value to another (e.g., O to 1), the 3D descriptors
identification engine 122 can select all vertices within a
given radii range. The 3D descriptors identification engine
122 may further compute the sum of the spherical harmonics
for each frequency F. By varying the range of F from 1 to 16
and the radius range r from O to 1, 3D descriptors identifi-
cation engine 122 may create a spherical harmonic based
signature.

Different teeth representations can have a differing num-
ber of vertices. In the first approach, the 3D descriptors
identification engine 122 may normalize the number of
points in the spherical harmonic signature through the
voxelization process. In the second approach, the 3D
descriptors identification engine 122 may divide the signa-
ture by the number of vertices in each radius range, as
described in more detail in Algorithm 3 below:

Algorithm 3
Algorithm to generate a spherical-
harmonic signature without voxelization

1: Create empty signature, sig < array(32, 16)
2. Find the center of the tooth, ¢
3: Center the tooth, T, by updating each vertex v <
v—c VveT
4: Convert each vertex from Cartesian coordinates to
spherical coordinates
5: Find the scale of the tooth as L < max{(v,); Vve T
6: Scale the tooth, v < v/L; Vv e T
7: Generate the radius ranges R =0, 1/32, 2/32, . .., 1
8 fori<0...31do
9 S« {veTIR[]<v,<R[i+1]}
10: forF«1...16do
11: sigh, F) « 2 %, 27 Y™ (sq, )
12: end for
13: ) 1.
L) e =
O
14: end for
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The descriptor distance analysis engine 124 may imple-
ment one or more automated agents configured to identify
descriptor distances between 3D descriptors in the 3D
descriptor space formed by the 3D descriptors for a specific

16
TABLE 2

“Least representative” teeth for EFD

. . . ; Score STL File
tooth type. In some implementations, the descriptor distance 3
analysis engine 124 identifies differences in descriptor loca- 8'822? iﬁ:gzzzgi
tions of specific 3D descriptors. The descriptor distance 0.0673 <Redacted>
analysis engine 124 may further identify a minimum dis- 0.0677 <Redacted>
tance for a given 3D descriptor space of a tooth type. 8'8233 iﬁeiaﬁegi
. . . . . caacte
In some implementations (e.g., some in which 3D 1o 0.0709 <Redacted>
descriptors comprise EFDs), the descriptor distance analysis 0.0765 <Redacted>
engine 124 may perform a principal component analysis 8-8;;515 iﬁegmﬁi
(PCA) to identify descriptor distances; the descriptor dis- : oracre
tance analysis engine 124 may identify which PCAs of 3D 15
descriptors are minimum, are O, or are substantially 0. In The “most representative” tooth resulting from an
implementations (e.g., some in which 3D descriptors com- example of an EFD method performed by the representative
prise spherical harmonic representations), the descriptor 3D descriptor assignment engine 126 is shown in FIG. 5, and
distance analysis engine 124 may identify Euclidean dis- the “least representative” tooth resulting from an example of
tance(s) between 3D descriptors and/or taking £ 2 norm(s) ,, an EFD method performed by the representative 3D descrip-
of rows of matrices embodied in the 3D descriptor datastore tor assignment engine 126 is shown in FIG. 6.
114. The d.escnptor. dlstaqce analysis engine 124 may oper- In a similar manner, in some implementations, the repre-
ate to provide descriptor distances betweep 3D descnptqrs to sentative 3D descriptor assignment engine 126 may deter-
oth.er modules,. suclh2 6as the representative 3D descriptor mine the top 10 “most average” and “least average” teeth
assignment engine : . . . 25 can be determined for the spherical harmonic method (see
The representative 3D descriptor assignment engine 126 . .
. Tables 3 and 4, respectively) with the best and worst teeth
may implement one or more automated agents configured to .
. . . . seen in FIGS. 7 and 8.
identify a representative 3D descriptor for a tooth type. In
some implementations, the representative 3D descriptor TABLE 3
assignment engine 126 bases the representative 3D descrip-
t.OI' on descnptor dlSta.nce& As an .example, the representa- “Most representative” teeth for spherical harmonic:
tive 3D descriptor assignment engine 126 may select a 3D
descriptor having a minimum distance from other 3D Score STL File
descriptors corresponding to the same tooth type as a 71.3577326 <Redacted>
representative 3D descriptor. In some implementations, the ., 73.3774578 <Redacted>
representative 3D descriptor may correspond to a represen- 75.9055045 <Redacted>
tation of an “average” or “optimal” shape for a tooth type. 76.2979777 “Redacted>
. . . . 76.6726197 <Redacted>
In some implementations, the representative 3D descrip- 775058384 <Redacted>
tor assignment engine facilitates ranking a set of teeth in 77.9117356 <Redacted>
order of normality. For example, the top 10 “most represen- , 78.1144551 <Redacted>
tative” teeth for a sample set of teeth, as found by the 78.2615031 <Redacted>
. . . . . 78.4348530 <Redacted>
representative 3D descriptor assignment engine 126 via
EFDs, can be seen in Table 1, in which the score for each
individual sample is listed in the “Score” column and the
digital file linking to the individual tooth sample is listed in 5 TABLE 4
the “STL File” column:
“Least representative” teeth for spherical harmonics
TABLE 1 Score STL File
“Most representative” teeth for EFD 123.1364272 <Redacted>
50 123.4200720 <Redacted>
Score STL File 123.6039287 <Redacted>
123.7421478 <Redacted>
0.0026 <Redacted> 124.6166645 <Redacted>
0.0029 <Redacted> 127.0011129 <Redacted>
0.0030 <Redacted> 128.8748830 <Redacted>
0.0033 <Redacted> 55 130.7281688 <Redacted>
0.0034 <Redacted> 134.2232485 <Redacted>
0.0034 <Redacted> 139.0518147 <Redacted>
0.0035 <Redacted>
0.0035 <Redacted>
0.0037 <Redacted> As noted herein, the representative 3D descriptor assign-
0-0038 “Redacted> 60 ment engine 126 may store a representative 3D descriptor

Likewise, the top 10 “least representative” teeth found by
the representative 3D descriptor assignment engine 126 via
the EFD method for a sample set of teeth can be seen in
Table 2, in which the score for each individual sample is
listed in the “Score” column and the digital file linking to the
individual tooth sample is listed in the “STL File” column:

65

for a tooth type in the 3D descriptor datastore 104. The
representative 3D descriptor may be indexed by tooth type
so that it can be used to identify the shape and/or size of a
portion of an aligner to accommodate an at least partially
un-erupted tooth.

FIG. 1C is a diagram showing an example of the un-
erupted tooth modeling engine(s) 106. The un-erupted tooth
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modeling engine(s) 106 may include an un-erupted tooth
identification engine 128, a representative 3D descriptor
gathering engine 130, a 3D virtual shape modeling engine
132, and an orthodontic appliance (e.g., aligner, palatal
expander, etc.) fabrication instruction engine 134. One or
more of the modules of the un-erupted tooth modeling
engine(s) 106 may be coupled to one another (e.g., through
the example couplings shown in FIG. 1C) or to modules not
explicitly shown in FIG. 1B.

The un-erupted tooth identification engine 128 may
implement one or more automated agents configured to
identify one or more un-erupted teeth to be modeled. In
some implementations, the un-erupted tooth identification
engine 128 receives anatomical tooth identifiers of un-
erupted teeth through manual input or through an automated
system. In an implementation, the un-erupted tooth identi-
fication engine 128 may receive tooth numbers and/or
character strings input by a medical professional corre-
sponding to an un-erupted tooth of a patient. In various
implementations, the un-erupted tooth identification engine
128 may receive the results of a scan (e.g., an optical scan)
or a virtual representation of a dental mold that identifies
un-erupted teeth. The un-erupted tooth identification engine
128 may provide identifiers of one or more teeth to other
modules, such as the representative 3D descriptor gathering
engine 130. In some implementations, this may involve the
un-erupted tooth identification engine 128 providing ana-
tomical tooth identifiers. This can be performed in other
ways as well.

The representative 3D descriptor gathering engine 130
may implement one or more automated agents configured to
gather one or more representative 3D descriptor for a tooth
type from the 3D descriptor datastore 114. The representa-
tive 3D descriptor gathering engine 130 may use anatomical
tooth identifiers to gather what the automated tooth model
learning engine(s) 104 stored in the 3D descriptor datastore
114 as a representative 3D descriptor for a tooth type. The
representative 3D descriptor gathering engine 130 may
provide the representative 3D descriptor to other modules,
such as the 3D virtual tooth shape modeling engine 132.

The 3D virtual tooth shape modeling engine 132 may
implement one or more automated agents configured to
identify visual parameters of a representative tooth of a tooth
type using the representative 3D descriptor for the tooth
type, The 3D virtual tooth shape modeling engine 132 may
implement one or more specialized graphics rendering
engines. In some implementations, the representative 3D
virtual tooth shape modeling engine 132 forms a virtual 3D
tooth shape for an at least partially un-erupted tooth using
the 3D descriptor for the tooth type associated with the at
least partially un-erupted tooth. The virtual 3D tooth shape
may include virtual contours that represent the surfaces of
the at least partially un-erupted tooth. In some implemen-
tations, the 3D virtual tooth shape modeling engine 132 may
scale the 3D virtual tooth shape to match the anticipated size
of the at least partially un-erupted tooth of the patient.

The aligner fabrication instruction engine 134 may imple-
ment one or more automated agents configured to provide
instructions to form parts of aligners using the virtual 3D
tooth shape. The aligner fabrication instruction engine 134
may provide the orthodontic appliance fabrication engine(s)
108 with instructions to 3D print and/or thermoform align-
ers, in various implementations.

Example Flowcharts of Methods of Operation

FIG. 1D is a flowchart of an example of a method 100D
of identifying a representative three-dimensional descriptor
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of a tooth type. The method 100D is discussed in conjunc-
tion with the structures of the automated tooth model
learning engine(s) 104. It is noted the method 100D may
have fewer or additional operations, and that structures other
than the automated tooth model learning engine(s) 104 may
perform operations of the method 100D.

At an operation 138, an anatomical tooth identifier of a
tooth type may be gathered. In some implementations, the
anatomical tooth identifier forms a basis to identify the tooth
type. The anatomical tooth identifier may comprise a tooth
number, a character string, and/or graphical data corre-
sponding to the tooth type. As noted herein, the tooth type
identifier gathering engine 116 may gather an anatomical
tooth identifier as part of a tooth model automated learning
process for that tooth type. In various implementations, the
tooth type identifier gathering engine 116 may sequentially
input two or more tooth types so that representative 3D
descriptors for those tooth types can be learned through the
automated systems described herein.

At an operation 140, a plurality of three-dimensional (3D)
virtual representations of a plurality of teeth from a plurality
of subjects may be gathered using the anatomical tooth
identifier. Each of the plurality of teeth may have the tooth
type. The 3D virtual representation gathering engine 116
may gather from the 3D virtual representation datastore 112
two or more 3D representations of a plurality of teeth from
a plurality of subjects may be gathered using the anatomical
tooth identifier. As noted herein, the 3D virtual representa-
tion may have one or more virtual surfaces that model
physical surfaces of teeth on images captured from/modeled
by the plurality of subjects.

At an operation 142, a plurality of virtual surface contours
corresponding to surfaces of each of the plurality of 3D
virtual representations may be identified. The virtual surface
contour identification engine 118 may perform an analysis of
3D virtual representations of different teeth of a tooth type
to identify portions of the 3D virtual representations that
indicate separation from open space. One-dimensional
curves, and two-dimensional contours may be mapped out
and/or stored.

At an operation 144, a plurality of 3D descriptors to
parametrically represent the plurality of virtual surface con-
tours according to a plurality of spatial parameters may be
identified. In some implementations, the plurality of 3D
descriptors have descriptor locations in a 3D descriptor
space. The 3D descriptor identification engine 120 may
identify a plurality of 3D descriptors to parametrically
represent the plurality of virtual surface contours according
to a plurality of spatial parameters. As noted herein, in some
implementations, EFDs, spherical harmonic descriptors
involving voxelized spheres, and/or spherical harmonic
descriptors involving non-voxelized spheres, among other
descriptors, may be used to parametrically represent the
plurality of virtual surface contours according to a plurality
of spatial parameters.

At an operation 146, a descriptor distance may be
assigned to each of the plurality of 3D descriptors. In various
implementations, the descriptor distance may represent a
difference between the descriptor location one of the 3D
descriptors and the descriptor location of rest of the plurality
of 3D descriptors. The descriptor distance analysis engine
122 may, e.g., use appropriate descriptor distance techniques
(as discussed herein) to identify distances between specific
3D descriptors and other 3D descriptors for a tooth type.

At an operation 148, a representative 3D descriptor for the
tooth type may be identified using the descriptor distances.
In some implementations, the representative 3D descriptor
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may have a minimum distance to the rest of the plurality of
3D descriptors. As an example, the representative 3D
descriptor may reside closer in the 3D descriptor space to
other in that 3D descriptor space than any of the other 3D
descriptors reside to any of the 3D descriptors in that 3D
descriptor space. The representative 3D descriptor assign-
ment engine 124 may identify such a representative 3D
descriptor for a tooth type and may store such a represen-
tative 3D descriptor in the 3D descriptor datastore 114.

FIG. 1E is a flowchart of an example of a method 100E
of forming at least a portion of a removable orthodontic
appliance for an un-erupted tooth. The method 100E is
discussed in conjunction with the structures of the un-
erupted tooth modeling engine 106. It is noted the method
100E may have fewer or additional operations, and that
structures other than the un-erupted tooth modeling engine
106 may perform operations of the method 100E.

At an operation 150, a first anatomical tooth identifier of
an at least partially un-erupted tooth of a patient may be
gathered. In some implementations, the first anatomical
tooth identifier forms a basis to identify the at least partially
un-erupted tooth 150. The un-erupted tooth identification
engine 130 may gather a first anatomical tooth identifier of
an at least partially un-erupted tooth of a patient in some
implementations. The first anatomical tooth identifier may
comprise a tooth number, a character string, and/or graphical
data corresponding to the tooth type. In some implementa-
tions, the operation 150 may be part of identifying whether
a patient’s arch contains at least partially un-erupted teeth.
Such identification may be made manually or automatically
(e.g., using a computing device). For example, identification
can be made by a dental practitioner evaluating the patient’s
teeth or arch, or alternatively, can be performed by a
computing system automatically by evaluating data (such as
a scan or dental impression) of the patient’s teeth or arch.

At an operation 152, a tooth type may be identified using
the first anatomical tooth identifier. In some implementa-
tions, the un-erupted tooth identification engine 130 may
identify a tooth type using the first anatomical tooth iden-
tifier. The un-erupted tooth identification engine 130 may
evaluate the tooth type using data from the tooth type
identifier datastore 110.

At an operation 154, a representative 3D descriptor for the
tooth type may be gathered from a plurality of 3D descrip-
tors for the tooth type. In various implementations, the
representative 3D descriptor gathering engine 12 may gather
a representative 3D descriptor for a tooth type from the 3D
descriptor datastore 114. As noted herein, the 3D descriptor
datastore 114 may have been populated by the tooth model
automated learning engine(s) 104 using the automated learn-
ing techniques described further herein.

At an operation 156, a virtual 3D tooth shape for the at
least partially un-erupted tooth may be formed. In various
implementations, the 3D virtual tooth shape modeling
engine 134 may form a virtual 3D tooth shape for the at least
partially un-erupted tooth. This may involve providing
instructions to one or more graphics engines to render the
virtual 3D tooth shape and/or parameters of the virtual 3D
tooth shape.

At an operation 158, instructions to form at least a portion
of a removable orthodontic appliance for the at least par-
tially un-erupted tooth using the virtual 3D tooth shape for
the at least partially un-erupted tooth may be provided. The
aligner fabrication engine 136 may translate the virtual 3D
tooth shape into specific parameters of a removable orth-
odontic appliance for the at least partially un-erupted tooth.
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At an operation 160, the at least the portion of the
removable orthodontic appliance to accommodate the at
least partially un-erupted tooth may be formed. The orth-
odontic appliance fabrication engine(s) 108 may form rel-
evant portions of the removable orthodontic appliance using
various techniques, e.g., 3D printing, thermoforming, etc.
Advantageously, the portion of the aligner will appear
natural and will provide a secure yet comfortable fit for an
at least partially un-erupted tooth. The methods herein allow
identification of a representative tooth shape for use in
orthodontic applications before all of the patient’s perma-
nent teeth have erupted. As noted herein, some implemen-
tations use orthoscopic views, elliptic Fourier descriptors,
and principal component analysis. Some implementations
use computing a three dimensional signature using spherical
harmonics. The methods described herein can be integrated
into an orthodontic treatment plan when a patient has been
identified as having one or more un-erupted or erupting
teeth.

FIG. 1F is a flowchart of an example of one method of
accommodating an at least partially un-erupted tooth during
a proposed orthodontic treatment. In FIG. 1F, the method
100F may initially include identifying (e.g., via computing
device or manually) whether a patient’s arch contains an
un-erupted or erupting tooth 162. The identification can be
performed by a dental practitioner and directly inputted into
the computing device, or can be identified by the computing
device itself by evaluating data representing the patient’s
arch (e.g., a scan or dental impression of the patient).

The method can further include receiving, via the com-
puting device, data representing a plurality of teeth corre-
sponding to a universal tooth number of the un-erupted or
erupting tooth 164. In some embodiments, the data can be
generated by scanning a plurality of samples of teeth with a
3D scanner or obtaining dental impressions of a plurality of
samples of teeth. The data can include information regarding
the shape, size, and orientation for each of the teeth in the
Universal Numbering System.

In any of the apparatuses and methods described herein,
multiple samples of teeth corresponding to each tooth num-
ber of the Universal Numbering System can be evaluated to
compute a representative 3D representation for each tooth
number. As used herein, “universal tooth number” refers to
a specific tooth within the Universal Numbering System of
dental notation. For example, a tooth having a “universal
tooth number” of “Tooth 6” can refer to the upper-right
canine tooth. For purposes of the disclosure herein, ~1500
samples of the upper-right canine tooth, Tooth 6 in the
Universal Numbering System, were scanned (either directly
or from a dental impression) and evaluated to determine a
representative 3D representation of an upper-right canine
tooth.

It should be understood the methods and techniques used
herein to determine the representative tooth can be applied
to any tooth in the Universal Numbering System, and that
any number of samples can be evaluated to determine the
representative tooth. Once the representative shape is deter-
mined for each tooth, the shapes can be scaled in size for use
in orthodontic aligners where the patient’s permanent teeth
have not all yet erupted.

Returning to FIG. 1F, the method can further include
evaluating the data representing the plurality of teeth (e.g.,
with a technique) to determine an optimal 3D shape for the
un-erupted or erupting tecth after they have fully erupted
166. This estimation may be done in any appropriate man-
ner, including using any appropriate technique, as will be
described in greater detail herein. For example, in one
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embodiment the evaluating step can comprise the 2D Ellip-
tic Fourier Descriptors method. The evaluating step can
include the use of a Spherical Harmonics method. For
example, a modeling technique may include generating
two-dimensional top, front, and side views from the data
representing the plurality of teeth, and representing the
convex bounding shape for each two-dimensional top, front,
and side view using elliptic Fourier descriptors. The mod-
eling technique can further comprise computing a principal
component analysis to find the optimal 3D shape for the
cavity from the data representing the plurality of teeth.

The modeling technique may include summing spherical
harmonics for each point of a voxelized sphere over a
specific frequency range to compute a spherical harmonic
signature for each tooth. The modeling technique can further
comprise computing a Fuclidean distance between each
tooth’s spherical harmonic signature to find the optimal 3D
shape for the cavity from the data representing the plurality
of teeth.

Any of these methods can further include determining a
scaling factor (e.g., via the computing device) for a cavity of
a dental appliance positioned to accommodate the
un-erupted or erupting tooth as the tooth erupts 168. The
scaling factor may allow the optimal 3D shape to be scaled
in size for use in an orthodontic aligner.

Any of these methods can further include creating the
dental appliance configured to reposition at least one tooth
of'the patient 170. The dental appliance may include a cavity
having the optimal 3D shape and being sized according to
the scaling factor for the un-erupted or erupting tooth. A
dental appliance (or series of dental appliances) can be
fabricated according to the data processing system 500
described in greater detail below.

As mentioned above the methods and apparatuses (e.g.,
systems, devices, software, firmware, etc.) described herein
may generally include evaluating data to determine a 3D
shape for the un-erupted or erupting shape. Examples (and
exemplary techniques) of performing this evaluation are
described below. For example, a technique for evaluating
data representing a plurality of teeth with Elliptic Fourier
Descriptors to determine an optimal 3D shape for a patient’s
un-erupted or erupting teeth after they have fully erupted is
provided.

FIG. 9 compares the quality of the teeth provided by both
the EFD and spherical harmonics solutions, shown on the X
and Y axes. As can be seen in FIG. 9, both methods are in
loose correlation, having a Pearson’s r value of 0.26.

While there is some correlation between the two methods,
subjectively speaking, the spherical harmonic representation
overall appears to perform better than the EFD representa-
tion. This is, in part, an expected result, as the 2D projections
of the EFD method may mask significant abnormalities in
tooth structure that can be captured in the 3D representation
of the spherical harmonics technique.

Example of a Computing System

The methods described herein may be performed by an
apparatus, such as a data processing system, which may
include hardware, software, and/or firmware for performing
many of these steps described above. For example, FIG. 10
is a simplified block diagram of a data processing system
500. Data processing system 500 typically includes at least
one processor 502 which communicates with a number of
peripheral devices over bus subsystem 504. These peripheral
devices typically include a storage subsystem 506 (memory
subsystem 508 and file storage subsystem 514), a set of user
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interface input and output devices 518, and an interface to
outside networks 516, including the public switched tele-
phone network. This interface is shown schematically as
“Modems and Network Interface” block 516, and is coupled
to corresponding interface devices in other data processing
systems over communication network interface 524. Data
processing system 500 may include a terminal or a low-end
personal computer or a high-end personal computer, work-
station or mainframe.

The user interface input devices typically include a key-
board and may further include a pointing device and a
scanner. The pointing device may be an indirect pointing
device such as a mouse, trackball, touchpad, or graphics
tablet, or a direct pointing device such as a touchscreen
incorporated into the display. Other types of user interface
input devices, such as voice recognition systems, may be
used.

User interface output devices may include a printer and a
display subsystem, which includes a display controller and
a display device coupled to the controller. The display
device may be a cathode ray tube (CRT), a flat-panel device
such as a liquid crystal display (LCD), or a projection
device. The display subsystem may also provide nonvisual
display such as audio output.

Storage subsystem 506 maintains the basic programming
and data constructs that provide the functionality of the
present invention. The software modules discussed above
are typically stored in storage subsystem 506. Storage sub-
system 506 typically comprises memory subsystem 508 and
file storage subsystem 514.

Memory subsystem 508 typically includes a number of
memories including a main random access memory (RAM)
510 for storage of instructions and data during program
execution and a read only memory (ROM) 512 in which
fixed instructions are stored. In the case of Macintosh-
compatible personal computers the ROM would include
portions of the operating system; in the case of IBM-
compatible personal computers, this would include the
BIOS (basic input/output system).

File storage subsystem 514 provides persistent (nonvola-
tile) storage for program and data files, and typically
includes at least one hard disk drive and at least one floppy
disk drive (with associated removable media). There may
also be other devices such as a CD-ROM drive and optical
drives (all with their associated removable media). Addi-
tionally, the system may include drives of the type with
removable media cartridges. The removable media car-
tridges may, for example be hard disk cartridges, such as
those marketed by Syquest and others, and flexible disk
cartridges, such as those marketed by Iomega. One or more
of the drives may be located at a remote location, such as in
a server on a local area network or at a site on the Internet’s
World Wide Web.

In this context, the term “bus subsystem” is used generi-
cally so as to include any mechanism for letting the various
components and subsystems communicate with each other
as intended. With the exception of the input devices and the
display, the other components need not be at the same
physical location. Thus, for example, portions of the file
storage system could be connected over various local-area or
wide-area network media, including telephone lines. Simi-
larly, the input devices and display need not be at the same
location as the processor, although it is anticipated that the
present invention will most often be implemented in the
context of PCS and workstations.

Bus subsystem 504 is shown schematically as a single
bus, but a typical system has a number of buses such as a
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local bus and one or more expansion buses (e.g., ADB,
SCSI, ISA, EISA, MCA, NuBus, or PCI), as well as serial
and parallel ports. Network connections are usually estab-
lished through a device such as a network adapter on one of
these expansion buses or a modem on a serial port. The
client computer may be a desktop system or a portable
system.

Scanner 520 is responsible for scanning casts of the
patient’s teeth obtained either from the patient or from an
orthodontist and providing the scanned digital data set
information to data processing system 500 for further pro-
cessing. In a distributed environment, scanner 520 may be
located at a remote location and communicate scanned
digital data set information to data processing system 500
over network interface 524.

Fabrication machine 522 fabricates dental appliances
based on intermediate and final data set information received
from data processing system 500. In a distributed environ-
ment, fabrication machine 522 may be located at a remote
location and receive data set information from data process-
ing system 500 over network interface 524.

In the context of the present disclosure, processing system
500 can evaluate the data from a plurality of samples of teeth
according to the methods and techniques described above to
determine the “most average” tooth shape for each tooth in
the Universal Tooth Numbering system. The “most average”
tooth shape information can then be transmitted to the
fabrication machine 522 to fabricate the individual dental
appliances with cavities representing the “most average”
tooth shape in the proper position of un-erupted or erupting
teeth for each specific patient.

The dental appliance fabricated by the {fabrication
machine 522 can include a cavity for accommodating the
un-erupted or erupting tooth, and can be designed to imple-
ment at least a portion of a treatment plan, comprising a shell
having a plurality of cavities therein designed to receive
teeth of a jaw with at least one of the plurality of cavities
being a cavity for accommodating an un-erupted or erupting
tooth therein, wherein at least one of a size, shape, location,
and orientation of at least one of the cavities for accommo-
dating an un-erupted or erupting tooth is designed based
upon a evaluation of a sample of teeth that calculates an
optimal 3D shape for the un-erupted or erupting tooth. The
evaluation can comprise the techniques described above,
specifically the 2D Elliptic Fourier Descriptors method and
the Spherical Harmonics method.

In another embodiment, the system 500 of FIG. 10 can
include a non-transitory computing device readable medium
having instructions stored thereon that are executable by a
processor to cause a computing device to receive, via a
computing device, data representing a plurality of teeth,
identify data indicating which of the plurality of teeth are
un-erupted or erupting, determine an optimal 3D shape for
each of the un-erupted or erupting teeth after they have fully
erupted using a modeling technique, and generate a series of
incremental tooth arrangements incorporating the optimal
3D shape into a cavity positioned over each of the un-
erupted or erupting teeth to define a proposed orthodontic
treatment.

Various alternatives, modifications, and equivalents may
be used in lieu of the above components. Although the final
position of the teeth may be determined using computer-
aided techniques, a user may move the teeth into their final
positions by independently manipulating one or more teeth
while satistfying the constraints of the prescription.

Additionally, the techniques described here may be imple-
mented in hardware or software, or a combination of the
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two. The techniques may be implemented in computer
programs executing on programmable computers that each
includes a processor, a storage medium readable by the
processor (including volatile and nonvolatile memory and/or
storage elements), and suitable input and output devices.
Program code is applied to data entered using an input
device to perform the functions described and to generate
output information. The output information is applied to one
or more output devices.

Each program can be implemented in a high level proce-
dural or object-oriented programming language to operate in
conjunction with a computer system. However, the pro-
grams can be implemented in assembly or machine lan-
guage, if desired. In any case, the language may be a
compiled or interpreted language.

Each such computer program can be stored on a storage
medium or device (e.g., CD-ROM, hard disk or magnetic
diskette) that is readable by a general or special purpose
programmable computer for configuring and operating the
computer when the storage medium or device is read by the
computer to perform the procedures described. The system
also may be implemented as a computer-readable storage
medium, configured with a computer program, where the
storage medium so configured causes a computer to operate
in a specific and predefined manner.

Example of Orthodontic Aligners

FIG. 11 shows an orthodontic aligner 100, which includes
a cavity 126 in the form of a “most average” tooth shape as
determined by either the EFD or spherical harmonics meth-
ods described above. The cavity 126 is designed to provide
an adequate yet sufficient space for each specific un-erupted
tooth while improving aesthetics and comfort for the patient
during orthodontic aligner wear.

While preferred embodiments of the present disclosure
have been shown and described herein, it will be obvious to
those skilled in the art that such embodiments are provided
by way of example only. Numerous variations, changes, and
substitutions will now occur to those skilled in the art
without departing from the invention. It should be under-
stood that various alternatives to the embodiments of the
invention described herein may be employed in practicing
the invention. Numerous different combinations of embodi-
ments described herein are possible, and such combinations
are considered part of the present disclosure. In addition, all
features discussed in connection with any one embodiment
herein can be readily adapted for use in other embodiments
herein. It is intended that the following claims define the
scope of the invention and that methods and structures
within the scope of these claims and their equivalents be
covered thereby.

When a feature or element is herein referred to as being
“on” another feature or element, it can be directly on the
other feature or element or intervening features and/or
elements may also be present. In contrast, when a feature or
element is referred to as being “directly on” another feature
or element, there are no intervening features or elements
present. It will also be understood that, when a feature or
element is referred to as being “connected”, “attached” or
“coupled” to another feature or element, it can be directly
connected, attached or coupled to the other feature or
element or intervening features or elements may be present.
In contrast, when a feature or element is referred to as being
“directly connected”, “directly attached” or “directly
coupled” to another feature or element, there are no inter-
vening features or elements present. Although described or
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shown with respect to one embodiment, the features and
elements so described or shown can apply to other embodi-
ments. It will also be appreciated by those of skill in the art
that references to a structure or feature that is disposed
“adjacent” another feature may have portions that overlap or
underlie the adjacent feature.

Terminology used herein is for the purpose of describing
particular embodiments only and is not intended to be
limiting of the invention. For example, as used herein, the
singular forms “a”, “an” and “the” are intended to include
the plural forms as well, unless the context clearly indicates
otherwise. It will be further understood that the terms
“comprises” and/or “comprising,” when used in this speci-
fication, specify the presence of stated features, steps, opera-
tions, elements, and/or components, but do not preclude the
presence or addition of one or more other features, steps,
operations, elements, components, and/or groups thereof. As
used herein, the term “and/or” includes any and all combi-
nations of one or more of the associated listed items and may
be abbreviated as /.

Spatially relative terms, such as “under”, “below”,
“lower”, “over”, “upper” and the like, may be used herein
for ease of description to describe one element or feature’s
relationship to another element(s) or feature(s) as illustrated
in the figures. It will be understood that the spatially relative
terms are intended to encompass different orientations of the
device in use or operation in addition to the orientation
depicted in the figures. For example, if a device in the figures
is inverted, elements described as ‘“under” or “beneath”
other elements or features would then be oriented “over” the
other elements or features. Thus, the exemplary term
“under” can encompass both an orientation of over and
under. The device may be otherwise oriented (rotated 90
degrees or at other orientations) and the spatially relative
descriptors used herein interpreted accordingly. Similarly,
the terms “upwardly”, “downwardly”, “vertical”, “horizon-
tal” and the like are used herein for the purpose of expla-
nation only unless specifically indicated otherwise.

Although the terms “first” and “second” may be used
herein to describe various features/elements (including
steps), these features/elements should not be limited by
these terms, unless the context indicates otherwise. These
terms may be used to distinguish one feature/element from
another feature/element. Thus, a first feature/element dis-
cussed below could be termed a second feature/element, and
similarly, a second feature/element discussed below could
be termed a first feature/element without departing from the
teachings of the present invention.

Throughout this specification and the claims which fol-
low, unless the context requires otherwise, the word “com-
prise”, and variations such as “comprises” and “comprising”
means various components can be co-jointly employed in
the methods and articles (e.g., compositions and apparatuses
including device and methods). For example, the term
“comprising” will be understood to imply the inclusion of
any stated elements or steps but not the exclusion of any
other elements or steps.

In general, any of the apparatuses and methods described
herein should be understood to be inclusive, but all or a
sub-set of the components and/or steps may alternatively be
exclusive, and may be expressed as “consisting of” or
alternatively “consisting essentially of” the various compo-
nents, steps, sub-components or sub-steps.

As used herein in the specification and claims, including
as used in the examples and unless otherwise expressly
specified, all numbers may be read as if prefaced by the word
“about” or “approximately,” even if the term does not
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expressly appear. The phrase “about” or “approximately”
may be used when describing magnitude and/or position to
indicate that the value and/or position described is within a
reasonable expected range of values and/or positions. For
example, a numeric value may have a value that is +/-0.1%
of the stated value (or range of values), +/-1% of the stated
value (or range of values), +/-2% of the stated value (or
range of values), +/-5% of the stated value (or range of
values), +/—10% of the stated value (or range of values), etc.
Any numerical values given herein should also be under-
stood to include about or approximately that value, unless
the context indicates otherwise. For example, if the value
“10” is disclosed, then “about 10” is also disclosed. Any
numerical range recited herein is intended to include all
sub-ranges subsumed therein. It is also understood that when
a value is disclosed that “less than or equal to” the value,
“greater than or equal to the value” and possible ranges
between values are also disclosed, as appropriately under-
stood by the skilled artisan. For example, if the value “X” is
disclosed the “less than or equal to X as well as “greater
than or equal to X” (e.g., where X is a numerical value) is
also disclosed. It is also understood that the throughout the
application, data is provided in a number of different for-
mats, and that this data, represents endpoints and starting
points, and ranges for any combination of the data points.
For example, if a particular data point “10” and a particular
data point “15” are disclosed, it is understood that greater
than, greater than or equal to, less than, less than or equal to,
and equal to 10 and 15 are considered disclosed as well as
between 10 and 15. It is also understood that each unit
between two particular units are also disclosed. For
example, if 10 and 15 are disclosed, then 11, 12, 13, and 14
are also disclosed.

Although various illustrative embodiments are described
above, any of a number of changes may be made to various
embodiments without departing from the scope of the inven-
tion as described by the claims. For example, the order in
which various described method steps are performed may
often be changed in alternative embodiments, and in other
alternative embodiments one or more method steps may be
skipped altogether. Optional features of various device and
system embodiments may be included in some embodiments
and not in others. Therefore, the foregoing description is
provided primarily for exemplary purposes and should not
be interpreted to limit the scope of the invention as it is set
forth in the claims.

The examples and illustrations included herein show, by
way of illustration and not of limitation, specific embodi-
ments in which the subject matter may be practiced. As
mentioned, other embodiments may be utilized and derived
there from, such that structural and logical substitutions and
changes may be made without departing from the scope of
this disclosure. Such embodiments of the inventive subject
matter may be referred to herein individually or collectively
by the term “invention” merely for convenience and without
intending to voluntarily limit the scope of this application to
any single invention or inventive concept, if more than one
is, in fact, disclosed. Thus, although specific embodiments
have been illustrated and described herein, any arrangement
calculated to achieve the same purpose may be substituted
for the specific embodiments shown. This disclosure is
intended to cover any and all adaptations or variations of
various embodiments. Combinations of the above embodi-
ments, and other embodiments not specifically described
herein, will be apparent to those of skill in the art upon
reviewing the above description.
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What is claimed is:

1. A non-transitory computer-readable medium that has
instructions stored thereon and that is executable by a
processor to cause one or more computing devices to:

identify a tooth type of an at least partially un-erupted

tooth in a patient’s dentition;

access a dataset comprising a plurality of three-dimen-

sional (3D) virtual representations of the identified
tooth type; and

predict a tooth shape for the at least partially un-erupted

tooth using an elliptic Fourier technique or a spherical
harmonic technique,
wherein the elliptic Fourier technique comprises:
generating orthoscopic views of each of the plurality
of 3D virtual representations in different orthogo-
nal directions;
representing bounding shapes around the ortho-
scopic views using elliptic Fourier descriptors;
and
applying principal component analysis on the bound-
ing shapes to predict the tooth shape for the at least
partially un-erupted tooth; and
wherein the spherical harmonic technique comprises:
generating a spherical harmonic 3D signature for
each of the plurality of 3D virtual representations;
and
calculating a distance between spherical harmonic
signatures to predict the tooth shape for the at least
partially un-erupted tooth;

incorporate the predicted tooth shape of the at least

partially un-erupted tooth into one or more virtual
dentition models of the patient’s dentition in accor-
dance with an orthodontic treatment plan for treating
the patient’s dentition.

2. The non-transitory computer-readable medium of claim
1, wherein the plurality of 3D virtual representations of the
identified tooth type are gathered from a database having a
plurality of teeth representations of a variety of patient teeth.

3. The non-transitory computer-readable medium of claim
1, wherein the orthoscopic views are two-dimensional (2D)
views.

4. The non-transitory computer-readable medium of claim
1, wherein generating each of the orthoscopic views
includes flattening vertices of a tooth mesh by removing one
dimension of a corresponding 3D virtual representation.

5. The non-transitory computer-readable medium of claim
1, wherein the spherical harmonic 3D signature for each of
the plurality of 3D virtual representations are calculated over
a set of normalized radii.

6. The non-transitory computer-readable medium of claim
1, wherein generating the spherical harmonic 3D signature
for each of the plurality of 3D virtual representations com-
prises summing spherical harmonics for each point of a
voxelized sphere over a specific frequency range.

7. The non-transitory computer-readable medium of claim
1, wherein calculating the distance between the spherical
harmonic signatures comprises computing a Euclidean dis-
tance between the spherical harmonic signatures.

8. The non-transitory computer-readable medium of claim
1, wherein generating a spherical harmonic 3D signature for
each of the plurality of 3D virtual representations comprises:

scaling a length of the longest axis of each tooth of the

plurality of 3D virtual representations;

forming a voxelized sphere for each tooth in an array

having uniform size; and

summing spherical harmonics for each point of the

voxelized sphere of each tooth.
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9. The non-transitory computer-readable medium of claim
1, wherein the instructions further comprise forming a
virtual 3D tooth shape for the at least partially un-erupted
tooth using the predicted tooth shape.

10. The non-transitory computer-readable medium of
claim 1, wherein the instructions further comprise determin-
ing a cavity shape of a dental appliance for accommodating
the at least partially un-erupted tooth using the predicted
tooth shape.

11. The non-transitory computer-readable medium of
claim 10, wherein determining the cavity shape comprises
determining a scaling factor for scaling a size of the pre-
dicted tooth shape.

12. The non-transitory computer-readable medium of
claim 10, wherein the instructions further comprise gener-
ating instructions for fabricating the dental appliance having
a cavity for the at least partially un-erupted tooth determined
using the predicted tooth shape, wherein the cavity has the
determined cavity shape.

13. A dental aligner comprising:

a plurality of cavities configured to reposition teeth from
first arrangement toward second arrangement, the plu-
rality of cavities including:
one or more first cavities configured to receive one or

more permanent teeth; and
one or more second cavities located at one or more
regions of an at least partially un-erupted tooth,
wherein a shape of the one or more second cavities
is formed based on a predicted tooth shape for the at
least partially un-erupted tooth calculated using an
elliptic Fourier technique or a spherical harmonic
technique,
wherein the elliptic Fourier technique comprises:
generating orthoscopic views of each of a plurality
of three-dimensional (3D) virtual representa-
tions in different orthogonal directions;
representing bounding shapes around the ortho-
scopic views using elliptic Fourier descriptors;
and
applying principal component analysis on the
bounding shapes to predict the tooth shape for
the at least partially un-erupted tooth; and
wherein the spherical harmonic technique com-
prises:
generating a spherical harmonic 3D signature for
each of the plurality of 3D virtual representa-
tions; and
calculating a distance between spherical harmonic
signatures to predict the tooth shape for the at
least partially un-erupted tooth.

14. The dental aligner of claim 13, wherein the plurality
of 3D virtual representations are gathered from a database
having a plurality of teeth representations of a variety of
patient teeth.

15. The dental aligner of claim 13, wherein the dental
aligner is made of a polymer.

16. The dental aligner of claim 13, wherein generating
each of the orthoscopic views includes flattening vertices of
a tooth mesh by removing one dimension of a corresponding
3D virtual representation.

17. The dental aligner of claim 13, wherein the spherical
harmonic 3D signature for each of the plurality of 3D virtual
representations is calculated over a set of normalized radii.

18. The dental aligner of claim 13, wherein generating the
spherical harmonic 3D signature for each of the plurality of
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3D wvirtual representations comprises summing spherical
harmonics for each point of a voxelized sphere over a
specific frequency range.

19. The dental aligner of claim 13, wherein calculating the
distance between the spherical harmonic signatures com- 3
prises computing a Euclidean distance between the spherical
harmonic signatures.

20. The dental aligner of claim 13, wherein generating a
spherical harmonic 3D signature for each of the plurality of
3D virtual representations comprises: 10

scaling a length of the longest axis of each tooth of the

plurality of 3D virtual representations;

forming a voxelized sphere for each tooth in an array

having uniform size; and

summing spherical harmonics for each point of the 15

voxelized sphere of each tooth.
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