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(57) ABSTRACT 

Systems and methods allow formulation of embeddings of 
problems via targeted hardware (e.g., particular quantum 
processor). In a first stage, sets of connected Subgraphs are 
Successively generated, each set including a respective Sub 
graph for each decision variable in the problem graph, 
adjacent decisions variables in the problem graph mapped to 
respective vertices in the hardware graph, the respective 
vertices which are connected by at least one respective edge 
in the hardware graph. In a second stage, the connected 
Subgraphs are refined Such that no vertex represents more 
than a single decision variable. 
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SYSTEMIS AND METHODS THAT 
FORMULATE EMBEDDINGS OF PROBLEMS 

FOR SOLVING BY A QUANTUM 
PROCESSOR 

BACKGROUND 

Field 

0001. The present systems and methods generally relate 
to use of quantum processors, and particularly relate to the 
use of quantum processors to minimize an objective func 
tion. 

Adiabatic Quantum Computation 
0002 Adiabatic quantum computation typically involves 
evolving a system from a known initial Hamiltonian (the 
Hamiltonian being an operator whose eigenvalues are the 
allowed energies of the system) to a final Hamiltonian by 
gradually changing the Hamiltonian. A simple example of an 
adiabatic evolution is given by: 

where H, is the initial Hamiltonian, H, is the final Hamilto 
nian, H is the evolution or instantaneous Hamiltonian, and 
s is an evolution coefficient which controls the rate of 
evolution. As the system evolves, the evolution coefficients 
goes from 0 to 1 Such that at the beginning (i.e., S-0) the 
evolution Hamiltonian H is equal to the initial Hamiltonian 
H, and at the end (i.e., S=1) the evolution Hamiltonian H is 
equal to the final Hamiltonian H. Before the evolution 
begins, the system is typically initialized in a ground State of 
the initial Hamiltonian H, and the goal is to evolve the 
system in Such a way that the system ends up in a ground 
state of the final Hamiltonian H, at the end of the evolution. 
If the evolution is too fast, then the system can be excited to 
a higher energy state, such as the first excited State. In the 
present systems and methods, an “adiabatic' evolution is 
considered to be an evolution that satisfies the adiabatic 
condition: 

where s is the time derivative of s, g(s) is the difference in 
energy between the ground State and first excited State of the 
system (also referred to herein as the 'gap size) as a 
function of S, and 6 is a coefficient much less than 1. 
0003. The evolution process in adiabatic quantum com 
puting may sometimes be referred to as annealing. The rate 
that S changes, sometimes referred to as an evolution or 
annealing schedule, is normally slow enough that the system 
is always in the instantaneous ground state of the evolution 
Hamiltonian during the evolution, and transitions at anti 
crossings (i.e., when the gap size is Smallest) are avoided. 
Further details on adiabatic quantum computing systems, 
methods, and apparatus are described in, for example, U.S. 
Pat. No. 7,135,701 and U.S. Pat. No. 7,418,283. 

Quantum Annealing 
0004 Quantum annealing is a computation method that 
may be used to find a low-energy state, typically preferably 
the ground state, of a system. Somewhat similar in concept 
to classical annealing, the method relies on the underlying 
principle that natural systems tend towards lower energy 
states because lower energy states are more stable. However, 
while classical annealing uses classical thermal fluctuations 

Jun. 22, 2017 

to guide a system to its global energy minimum, quantum 
annealing may use quantum effects, such as quantum tun 
neling, to reach a global energy minimum more accurately 
and/or more quickly than classical annealing. It is known 
that the Solution to a hard problem, such as a combinatorial 
optimization problem, may be encoded in the ground State of 
a system Hamiltonian (e.g., the Hamiltonian of an Ising spin 
glass) and therefore quantum annealing may be used to find 
the solution to Such a hard problem. Adiabatic quantum 
computation may be considered a special case of quantum 
annealing for which the system, ideally, begins and remains 
in its ground state throughout an adiabatic evolution. Thus, 
those of skill in the art will appreciate that quantum anneal 
ing systems and methods may generally be implemented on 
an adiabatic quantum computer, and vice versa. Throughout 
this specification and the appended claims, any reference to 
quantum annealing is intended to encompass adiabatic quan 
tum computation unless the context requires otherwise. 
0005 Quantum annealing uses quantum mechanics as a 
Source of disorder during the annealing process. The opti 
mization problem is encoded in a Hamiltonian H, and the 
algorithm introduces strong quantum fluctuations by adding 
a disordering Hamiltonian H, that does not commute with 
H. An example case is: 

where T changes from a large value to Substantially Zero 
during the evolution and H may be thought of as an 
evolution Hamiltonian similar to H described in the context 
of adiabatic quantum computation above. The disorder is 
slowly removed by removing H (i.e., reducing T). Thus, 
quantum annealing is similar to adiabatic quantum compu 
tation in that the system starts with an initial Hamiltonian 
and evolves through an evolution Hamiltonian to a final 
“problem Hamiltonian H, whose ground state encodes a 
solution to the problem. If the evolution is slow enough, the 
system will typically settle in the global minimum (i.e., the 
exact solution), or in a local minimum close to the exact 
Solution. The performance of the computation may be 
assessed via the residual energy (distance from exact solu 
tion using the objective function) versus evolution time. The 
computation time is the time required to generate a residual 
energy below some acceptable threshold value. In quantum 
annealing. He may encode an optimization problem and 
therefore H may be diagonal in the Subspace of the qubits 
that encode the Solution, but the system does not necessarily 
stay in the ground state at all times. The energy landscape of 
He may be crafted so that its global minimum is the answer 
to the problem to be solved, and low-lying local minima are 
good approximations. 
0006. The gradual reduction of T in quantum annealing 
may follow a defined schedule known as an annealing 
schedule. Unlike traditional forms of adiabatic quantum 
computation where the system begins and remains in its 
ground State throughout the evolution, in quantum annealing 
the system may not remain in its ground state throughout the 
entire annealing schedule. As such, quantum annealing may 
be implemented as a heuristic technique, where low-energy 
states with energy near that of the ground state may provide 
approximate solutions to the problem. 

Quantum Processor 
0007. A quantum processor may take the form of a 
Superconducting quantum processor. A Superconducting 
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quantum processor may include a number of qubits and 
associated local bias devices, for instance two or more 
Superconducting qubits. A Superconducting quantum proces 
Sor may also employ coupling devices (i.e., “couplers') 
providing communicative coupling between qubits. Further 
details and embodiments of exemplary quantum processors 
that may be used in conjunction with the present systems and 
methods are described in, for example, U.S. Pat. No. 7,533, 
O68, U.S. Pat. No. 8,008,942, US Patent Publication 2008 
0176750 (now U.S. Pat. No. 8,195,596), US Patent Publi 
cation 2009-0121215 (now U.S. Pat. No. 8,190.548), and 
US Patent Publication 2011-0022820. 

0008. The types of problems that may be solved by any 
particular embodiment of a quantum processor, as well as 
the relative size and complexity of Such problems, typically 
depend on many factors. Two Such factors may include the 
number of qubits in the quantum processor and the connec 
tivity (i.e., the availability of communicative couplings) 
between the qubits in the quantum processor. Throughout 
this specification, the term “connectivity” is used to describe 
the maximum number of possible communicative coupling 
paths that are physically available (e.g., whether active or 
not) to communicably couple between individual qubits in a 
quantum processor without the use of intervening qubits. 
For example, a qubit with a connectivity of three is capable 
of directly communicably coupling to up to three other 
qubits without any intervening qubits. In other words, there 
are direct communicative coupling paths available to three 
other qubits, although in any particular application all or less 
than all of those communicative coupling paths may be 
employed. In a quantum processor employing coupling 
devices between qubits, this would mean a qubit having a 
connectivity of three is selectively communicably couple 
able to each of three other qubits via a respective one of three 
coupling devices. Typically, the number of qubits in a 
quantum processor limits the size of problems that may be 
Solved and the connectivity between the qubits in a quantum 
processor limits the complexity of the problems that may be 
solved. 

0009. Many techniques for using adiabatic quantum com 
putation and/or quantum annealing to solve computational 
problems involve finding ways to directly map a represen 
tation of a problem to the quantum processor itself. For 
example, US Patent Publication 2008-0052055 describes 
Solving a protein folding problem by first casting the protein 
folding problem as an Ising spin glass problem and then 
directly mapping the Ising spin glass problem to a quantum 
processor, and US Patent Publication 2008-0260257 (now 
U.S. Pat. No. 8,073,808) describes solving a computational 
problem (e.g., an image-matching problem) by first casting 
the problem as a quadratic unconstrained binary optimiza 
tion (“OUBO) problem and then mapping the QUBO 
problem directly to a quantum processor. In both cases, a 
problem is solved by first casting the problem in a contrived 
formulation (e.g., Ising spin glass, QUBO, etc.) because that 
particular formulation maps directly to the particular 
embodiment of the quantum processor being employed. In 
other words, an intermediate formulation is used to re-cast 
the original problem into a form that accommodates the 
number of qubits and/or connectivity constraints in the 
particular quantum processor and then the intermediate 
formulation is directly mapped to the quantum processor. 
This “direct mapping approach is motivated, at least in part, 
by limitations inherent in the architecture of the quantum 
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processor being employed. For example, a quantum proces 
Sor that employs only pair-wise interactions between qubits 
(i.e., a quantum processor employing coupling devices that 
provide communicative coupling between respective pairs 
of qubits but not, for example, between larger sets of qubits, 
Such as three or more qubits) is intrinsically well-suited to 
Solve problems having quadratic terms (e.g., QUBO prob 
lems) because quadratic terms in a problem map directly to 
pair-wise interactions between qubits in the quantum pro 
CSSO. 

0010. The approach of re-casting a problem in an inter 
mediate formulation and then directly mapping the interme 
diate formulation to the quantum processor can be imprac 
tical for some types of problems. For example, for a 
quantum processor architecture that inherently solves qua 
dratic (e.g., QUBO) problems because it employs only 
pair-wise couplings between qubits, casting a generic com 
putational problem as a QUBO problem requires casting the 
generic computational problem in a form having only pair 
wise interactions between qubits. Any higher-order interac 
tions that may exist in the original problem need to be 
broken down into pair-wise terms in order to be re-cast in 
QUBO form. Many computational problems have higher 
order (i.e., beyond pair-wise) interactions between variables, 
and these problems can require significant pre-processing in 
order to be re-cast in QUBO form. Indeed, the pre-process 
ing required to re-cast a generic problem in QUBO form and 
directly map the corresponding QUBO problem to a quan 
tum processor can, in some cases, be of similar computa 
tional complexity to the original problem. Furthermore, 
breaking down higher-order interactions into pair-wise 
terms can force multiple qubits to be used to represent the 
same variable, meaning the size of the problem that can be 
solved is reduced. 
0011 Clearly, these “direct mapping techniques for 
interacting with quantum processors limit the type, size, and 
complexity of problems that can be solved. There is a need 
in the art for techniques of using quantum processors that are 
less dependent on the architecture of the processors them 
selves and enable a broader range of problems to be solved. 

99 

Quadratic Unconstrained Binary Optimization Problems 
0012. A quadratic unconstrained binary optimization 
(“OUBO) problem is a form of discrete optimization prob 
lem that involves finding a set of N binary variables xi that 
minimizes an objective function of the form: 

isi 

where Q is typically a real-valued upper triangular matrix 
that is characteristic of the particular problem instance being 
studied. QUBO problems arise in many different fields, for 
example machine learning, pattern matching, and statistical 
mechanics, to name a few. 

Programming a Quantum Processor 
0013. A quantum processor may interact with a digital 
computer and may be programmed and/or operated via 
instructions sent from the digital computer. However, the 
way in which the quantum processor is programmed, and 
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how its operation is involved in an algorithm for solving a 
problem, may depend on many factors. As described in PCT 
Patent Application Serial No. PCT/US2012/045843 and in 
accordance with the present systems and methods, a quan 
tum processor may be programmed and operated to deter 
mine a solution to a computational problem via at least two 
approaches: a direct mapping approach and a sampling 
approach. 

Direct Mapping Approach 
0014) A problem may comprise a number of variables, 
and using the direct mapping approach to solve the problem, 
each variable may be mapped to and/or represented by at 
least one qubit in a quantum processor. The types of prob 
lems that may be solved by this approach, as well as the 
relative size and complexity of Such problems, typically 
depend on many factors. Two Such factors may include the 
number of qubits in the quantum processor and the connec 
tivity between the qubits in the quantum processor. Through 
out this specification, the term “connectivity” is used to 
describe the maximum number of possible communicative 
coupling paths that are physically available (e.g., whether 
active or not) to communicably couple between individual 
qubits in a quantum processor without the use of intervening 
qubits. For example, a qubit with a connectivity of three is 
capable of communicably coupling to up to three other 
qubits without any intervening qubits. In other words, there 
are communicative paths directly available to three other 
qubits, while in any particular application any number (i.e., 
0, 1, 2, or 3) of those communicative paths may be 
employed. In a quantum processor employing coupling 
devices between qubits, this would mean a qubit having a 
connectivity of three is communicably directly coupleable to 
three other quits via three respective coupling devices. 
Traditionally, the number of qubits in a quantum processor 
limits the size of problems that may be solved and the 
connectivity between the qubits in a quantum processor 
limits the complexity of the problems that may be solved. 
00.15 Examples of applications that employ the direct 
mapping approach include: US Patent Publication 2008 
0052055, which describes solving a protein folding problem 
by first casting the protein folding problem as an Ising spin 
glass problem and then directly mapping the Ising spin glass 
problem to a quantum processor, U.S. Pat. No. 8,073,808, 
which describes Solving a computational problem (e.g., an 
image-matching problem) by first casting the problem as a 
quadratic unconstrained binary optimization (“OUBO) 
problem and then mapping the QUBO problem directly to a 
quantum processor, and US Patent Publication 2011 
0231462, which describes solving logic circuit representa 
tions of computational problems by mapping each indi 
vidual logic gate to a respective miniature optimization 
problem having an output that is “optimized if the truth 
table of the logic gate is satisfied. In all of these examples, 
a problem is solved by first casting the problem in a 
contrived formulation (e.g., Ising spin glass, QUBO, etc.) 
because that particular formulation maps directly to the 
particular embodiment of the quantum processor. In other 
words, an intermediate formulation is used to re-cast the 
original problem into a form that accommodates the number 
of qubits and/or connectivity constraints in the particular 
quantum processor. 
0016 Techniques for performing direct mapping of a 
problem to a quantum processor (e.g., techniques generating 
for generating an intermediate formulation, such as a QUBO 
problem) are described in at least U.S. Pat. No. 7,418,283, 
U.S. Pat. No. 7,135,701, U.S. Pat. No. 7,788,192, U.S. Pat. 
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No. 7,533,068, U.S. Pat. No. 8,008,942, U.S. Pat. No. 
7,984.012, U.S. Pat. No. 8,244,662, U.S. Pat. No. 8,190,548, 
U.S. Pat. No. 8,174,305, and US Patent Publication 2011 
0231462, each of which is incorporated herein by reference 
in its entirety. 
0017. The “direct mapping approach of re-casting a 
problem in an intermediate formulation can work well for 
some problems but can also be impractical for other prob 
lems. For example, casting a computational problem as a 
QUBO problem requires casting the computational problem 
in a form allowing only pair-wise interactions between 
qubits. Any higher-order interactions need to be broken 
down into pair-wise terms in order to be re-cast in QUBO 
form. Many computational problems have higher-order (i.e., 
beyond pair-wise) interactions between variables, and these 
problems can require significant pre-processing in order to 
be re-cast in QUBO form. Furthermore, breaking down 
higher-order interactions into pair-wise terms can force 
multiple qubits to be used to represent the same variable, 
meaning the size of the problem that can be solved is 
reduced. It is for at least these reasons that the alternative 
'sampling approach' to programming quantum processors 
has been developed. 

Sampling Approach 

0018. The sampling approach to programming a quantum 
processor is described in PCT Patent Application Serial No. 
PCT/US2012/045843, which is hereby incorporated by ref 
erence in its entirety. 
0019. In brief the sampling approach to programming a 
quantum processor involves using a digital computer to 
define an objective function which takes, as input, a bit 
string (i.e., a sequence of 0s and 1s) and outputs a real 
number. The quantum processor is called to provide a set of 
bit strings, or “samples,” where each bit in the bit string 
corresponds to the state of a respective qubit in the quantum 
processor after a quantum computation/operation/algorithm 
is performed. The quality of each sample is then assessed by 
plugging it into the objective function on the digital com 
puter to determine the corresponding real number output. 
The quantum processor intrinsically provides samples from 
a probability distribution, where the shape of the probability 
distribution depends on a configuration of programmable 
parameters (i.e., the same programmable parameters that are 
used to define a QUBO in the direct mapping approach). 
High probability samples in the quantum processor's prob 
ability distribution may correspond to low-energy states of 
the quantum processor. In other words, the quantum pro 
cessor may intrinsically tend to provide samples from low 
energy states (e.g., by performing adiabatic quantum com 
putation and/or quantum annealing). The focus of the 
sampling approach to programming a quantum processor is 
to make these low-energy states of the quantum processor 
correspond to bit strings that produce desirable real number 
outputs in the objective function. This may be achieved by 
shaping the probability distribution of the quantum proces 
Sorso that high-probability samples (e.g., low-energy states) 
correspond to bit strings that produce desirable real number 
outputs from the objective function. Thus, after the first 
samples from the quantum processor are assessed by deter 
mining their corresponding real number outputs, the pro 
grammable parameters of the quantum processor may be 
adjusted to re-shape the probability distribution of the quan 
tum processor and increase the probability of producing 
desirable real number outputs and/or increase the desirabil 
ity of at least some of the real number outputs produced. 
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0020 Compared to the direct mapping approach, the 
sampling approach to programming a quantum processor is 
less dependent on the architecture of the processor itself and 
may enable a broader range of problems to be solved. In 
many applications, it can also be considerably more straight 
forward to program a quantum processor via the sampling 
approach than via the direct mapping approach. 

BRIEF SUMMARY 

0021 Methods of formulating a problem to facilitate 
determining a solution via a quantum processor are 
described. Systems that perform the methods are also 
described. 
0022. A method for use in embedding a problem in a 
target processor, the problem represented as a problem graph 
having a number of decision variables and the target pro 
cessor represented as a hardware graph having a plurality of 
vertices coupleable via a number of edges may be summa 
rized as including in a first stage. Successively generating a 
number of sets of connected Subgraphs, each set including a 
respective subgraph for each decision variable in the prob 
lem graph, where adjacent decisions variables in the prob 
lem graph are mapped to respective vertices in the hardware 
graph, the respective vertices which are connected by at least 
one respective edge in the hardware graph; and in a second 
stage, following the first stage, refining the connected Sub 
graphs created in the first stage such that no vertex repre 
sents more than a single decision variable. Successively 
generating a number of sets of connected Subgraphs may 
include using only unused vertices in the hardware graph to 
represent the decision variables if an unused vertex in the 
hardware graph is available. Successively generating a num 
ber of sets of connected Subgraphs may include using used 
vertices in the hardware graph to represent the decision 
variables if no unused vertex in the hardware graph is 
available. Successively generating a number of sets of 
connected Subgraphs may include using a weighted shortest 
path determination to find a shortest path that uses only 
unused vertices of the hardware graph. Using a weighted 
shortest path determination may include, for each of at least 
Some of the hardware vertices, exponentially increasing a 
weight associated with the respective hardware vertex as a 
function of a total number of decision variables represented 
by the respective hardware vertex. Using a weighted shortest 
path determination may include, for each of at least Some of 
the hardware vertices, exponentially increasing a weight 
associated with the respective hardware vertex as a function 
of a fixed value greater than one and a total number of 
decision variables represented by the respective hardware 
vertex. Using a weighted shortest path calculation may 
include, for each of at least some of the hardware vertices, 
exponentially increasing a weight associated with the 
respective hardware vertex as a function of a fixed value 
between 2 and 10 and a total number of decision variables 
represented by the respective hardware vertex. Using a 
weighted shortest path calculation may include, for each of 
at least some of the hardware vertices, may exponentially 
increasing a weight associated with the respective hardware 
vertex in accordance with a function given by 

wit(g):=o tig-sik, 

where C. is greater than 1. 
0023 Refining the connected subgraphs may include 
iteratively for each of the decision variables, in an defined 
order, removing the connected Subgraph which represents 
the respective decision variable from the mapping of the 
problem graph to the hardware graph; and generating a 
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replacement connected Subgraph for the respective decision 
variable; and after completing the removing of the con 
nected Subgraph and the generating of the replacement 
connected Subgraph for each of the decision variables, 
determining whether the mapping of the problem graph to 
the hardware graph is improved relative to at least one 
previous mapping of the problem graph to the hardware 
graph. Determining whether the mapping of the problem 
graph to the hardware graph is improved relative to at least 
one previous mapping of the problem graph to the hardware 
graph may include comparing a largest number of decision 
variable represented at single vertex which single vertex has 
the largest number of variables represented of all of the 
vertices of the hardware graph for each of at least two 
different mappings of the problem graph to the hardware 
graph. Determining whether the mapping of the problem 
graph to the hardware graph is improved relative to at least 
one previous mapping of the problem graph to the hardware 
graph may include comparing a total Sum of lengths of the 
connected subgraphs for each of at least two different 
mappings of the problem graph to the hardware graph. 
Determining whether the mapping of the problem graph to 
the hardware graph is improved relative to at least one 
previous mapping of the problem graph to the hardware 
graph may include comparing a length of a longest one of 
the connected subgraphs for each of at least two different 
mappings of the problem graph to the hardware graph. 
0024. The method may further include for each of the 
decision variables, storing information to at least one non 
transitory processor-readable medium that identifies the 
connected subgraphs that represent the respective decision 
variable; and storing information to at least one nontransi 
tory processor-readable medium that specifies the paths in 
the hardware graph that represent each edge in the problem 
graph. 
0025. The method may further include based at least in 
part on Stored information, removing at least a portion of an 
adjacent connected Subgraph which is adjacent to one of the 
connected Subgraphs which is being removed. 
0026. The method may further include determining 
whether there are any vertices in the hardware graph which 
represent more than on decision variable in the mapping; 
determining whether a total number of iterations has 
exceeded a define number of iterations; and terminating the 
method if at the first of determining that there are no vertices 
in the hardware graph which represent more than on deci 
sion variable in the mapping or the defined number of 
iterations has been reached. 

0027. The problem graph may be a quadratic uncon 
strained binary optimization (QUBO) graph, the target pro 
cessor may be at least one quantum processor that includes 
a plurality of qubits and a plurality of couplers, the couplers 
selectively operable to couple selected ones of the qubits to 
one another, and may further include embedding the QUBO 
graph onto the quantum processor. The hardware graph may 
be a Chimera graph, the at least one processor may include 
a digital processor, and Successively generating a number of 
sets of connected Subgraphs may include Successively gen 
erating the sets of connected Subgraphs in tiles of the 
Chimera graph by the digital processor. Successively gen 
erating a number of sets of connected Subgraphs may 
include determining by the at least one processor whether a 
respective vertex appears in more than one shortest con 
nected Subgraph; and if the respective vertex appears in 
more than one shortest connected Subgraph, adding the 
vertex to a connected Subgraph other than the shortest 
connected Subgraphs. 



US 2017/0178017 A1 

0028. A system for use in embedding a problem in a 
target processor, the problem represented as a problem graph 
having a number of decision variables and the target pro 
cessor represented as a hardware graph having a plurality of 
vertices coupleable via a number of edges may be summa 
rized as including at least one nontransitory processor 
readable medium; and at least one processor communica 
tively coupled to the At least one nontransitory processor 
readable medium, and which in operation executes a first 
stage and a second stage which follows the first stage, in the 
first stage, the at least one processor. Successively generate 
a number of sets of connected Subgraphs, each set including 
a respective Subgraph for each decision variable in the 
problem graph, where adjacent decisions variables in the 
problem graph are mapped to respective vertices in the 
hardware graph, the respective vertices which are connected 
by at least one respective edge in the hardware graph; and in 
a second stage, the at least one processor: refines the 
connected Subgraphs created in the first stage Such that no 
vertex represents more than a single decision variable. The 
at least one processor may use only unused vertices in the 
hardware graph to represent the decision variables if an 
unused vertex in the hardware graph is available to Succes 
sively generate the number of sets of connected Subgraphs. 
The at least one processor may use used vertices in the 
hardware graph to represent the decision variables if no 
unused vertex in the hardware graph is available to Succes 
sively generate the number of sets of connected Subgraphs. 
The at least one processor may use a weighted shortest path 
determination to find a shortest path that uses only unused 
vertices of the hardware graph to Successively generate the 
number of sets of connected Subgraphs. The at least one 
processor, for each of at least Some of the hardware vertices, 
may exponentially increase a weight associated with the 
respective hardware vertex as a function of a total number of 
decision variables represented by the respective hardware 
vertex to execute the weighted shortest path determination. 
The at least one processor, for each of at least some of the 
hardware vertices, may exponentially increase a weight 
associated with the respective hardware vertex as a function 
of a fixed value greater than one and a total number of 
decision variables represented by the respective hardware 
vertex to execute the weighted shortest path determination. 
The at least one processor, for each of at least some of the 
hardware vertices, may exponentially increase a weight 
associated with the respective hardware vertex as a function 
of a fixed value between 2 and 10 and a total number of 
decision variables represented by the respective hardware 
vertex to execute the weighted shortest path calculation. 
0029. The at least one processor, for each of at least some 
of the hardware vertices, may exponentially increase a 
weight associated with the respective hardware vertex in 
accordance with a function given by 

where C. is greater than 1. 
0030 To refine the connected subgraphs, the at least one 
processor may iteratively, for each of the decision variables, 
in an defined order, remove the connected Subgraph which 
represents the respective decision variable from the mapping 
of the problem graph to the hardware graph; and generate a 
replacement connected Subgraph for the respective decision 
variable; and after completing the removal of the connected 
Subgraph and the generation of the replacement connected 
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Subgraph for each of the decision variables, the at least one 
processor may determine whether the mapping of the prob 
lem graph to the hardware graph is improved relative to at 
least one previous mapping of the problem graph to the 
hardware graph. To determine whether the mapping of the 
problem graph to the hardware graph may be improved 
relative to at least one previous mapping of the problem 
graph to the hardware graph, the at least one processor may 
compare a largest number of decision variable represented at 
single vertex which single vertex has the largest number of 
variables represented of all of the vertices of the hardware 
graph for each of at least two different mappings of the 
problem graph to the hardware graph. To determine whether 
the mapping of the problem graph to the hardware graph 
may be improved relative to at least one previous mapping 
of the problem graph to the hardware graph, the at least one 
processor may compare a total Sum of lengths of the 
connected subgraphs for each of at least two different 
mappings of the problem graph to the hardware graph. To 
determine whether the mapping of the problem graph to the 
hardware graph may be improved relative to at least one 
previous mapping of the problem graph to the hardware 
graph, the at least one processor may compare a length of a 
longest one of the connected Subgraphs for each of at least 
two different mappings of the problem graph to the hardware 
graph. For each of the decision variables, the at least one 
processor may store information to the at least one nontran 
sitory processor-readable medium that identifies the con 
nected Subgraphs that represent the respective decision 
variable; and may store information to the at least one 
nontransitory processor-readable medium that specifies the 
paths in the hardware graph that represent each edge in the 
problem graph. Based at least in part on stored information, 
the at least one processor may remove at least a portion of 
an adjacent connected Subgraph which is adjacent to one of 
the connected Subgraphs which is being removed. 
0031. The at least one processor may further determine 
whether there are any vertices in the hardware graph which 
represent more than on decision variable in the mapping; 
may determine whether a total number of iterations has 
exceeded a define number of iterations; and may terminate 
at an occurrence of the first of a determination that there are 
no vertices in the hardware graph which represent more than 
on decision variable in the mapping or the defined number 
of iterations has been reached. The problem graph may be a 
quadratic unconstrained binary optimization (QUBO) graph, 
the target processor may be at least one quantum processor 
that may include a plurality of qubits and a plurality of 
couplers, the couplers may be selectively operable to couple 
selected ones of the qubits to one another, and wherein the 
at least one processor may cause the QUBO graph to be 
embedded onto the quantum processor. The hardware graph 
may be a Chimera graph, and the at least one processor may 
be a digital processor which may successively generate the 
sets of connected Subgraphs in tiles of the Chimera graph to 
Successively generate the number of sets of connected 
Subgraphs. 
0032 To successively generate a number of sets of con 
nected Subgraphs, the at least one processor may determine 
whether a respective vertex appears in more than one 
shortest connected Subgraph; and if the respective vertex 
appears in more than one shortest connected Subgraph, the 
at least one processor may add the vertex to a connected 
Subgraph other than the shortest connected Subgraphs. 
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BRIEF DESCRIPTION OF THE SEVERAL 
VIEWS OF THE DRAWING(S) 

0033. In the drawings, identical reference numbers iden 
tify similar elements or acts. The sizes and relative positions 
of elements in the drawings are not necessarily drawn to 
scale. For example, the shapes of various elements and 
angles are not drawn to scale, and some of these elements are 
arbitrarily enlarged and positioned to improve drawing 
legibility. Further, the particular shapes of the elements as 
drawn are not intended to convey any information regarding 
the actual shape of the particular elements, and have been 
solely selected for ease of recognition in the drawings. 
0034 FIG. 1 is a schematic diagram of a portion of an 
exemplary Superconducting quantum processor designed for 
AQC (and/or quantum annealing) that may be used to 
implement the present systems and methods. 
0035 FIG. 2 illustrates an exemplary digital computer 
including a digital processor that may be used to perform 
classical digital processing tasks described in the present 
systems and methods. 
0036 FIG. 3 illustrates an exemplary hardware graph 
decomposition given a complete graph as a primal graph, 
according to at least one implemenation of the present 
systems and methods. 
0037 FIG. 4 is a flow-diagram showing two stages of a 
method to find a hardware graph decomposition for a primal 
graph, according to at least one implemenation of the present 
systems and methods. 
0038 FIG. 5 is a flow-diagram showing the first stage of 
the method illustrated in FIG. 4. 
0039 FIG. 6 is a flow-diagram showing the second stage 
of the method illustrated in FIG. 4. 
0040 FIG. 7 illustrates an exemplary method of selecting 
a root of a new chain, according to at least one implemena 
tion of the present systems and methods. 
0041 FIG. 8 illustrates an exemplary method of remov 
ing a portion of a cycle formed by the union of two chains, 
according to at least one implemenation of the present 
systems and methods. 
0042 FIG. 9 illustrates an exemplary method of adding a 
chain to a decomposition, according to at least one imple 
menation of the present systems and methods. 
0043 FIG. 10 is a flow-diagram showing two stages of a 
method to find a embedding for a primal graph in a hardware 
graph, according to at least one implemenation of the present 
systems and methods. 
0044 FIG. 11 is a flow-diagram showing an example of 
the method illustrated in FIG. 10. 
0045 FIG. 12 is a flow-diagram showing a portion of the 
method illustrated in FIG. 10. 

DETAILED DESCRIPTION 

0046. In the following description, some specific details 
are included to provide a thorough understanding of various 
disclosed embodiments. One skilled in the relevant art, 
however, will recognize that embodiments may be practiced 
without one or more of these specific details, or with other 
methods, components, materials, etc. In other instances, 
well-known structures associated with quantum processors, 
Such as quantum devices, coupling devices, and control 
systems including microprocessors, drive circuitry and non 
transitory computer- or processor-readable media Such as 
nonvolatile memory for instance read only memory (ROM), 
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electronically eraseable programmable ROM (EEPROM) or 
FLASH memory, etc., or volatile memory for instance static 
or dynamic random access memory (ROM) have not been 
shown or described in detail to avoid unnecessarily obscur 
ing descriptions of the embodiments of the present systems 
and methods. Throughout this specification and the 
appended claims, the words “element” and "elements’ are 
used to encompass, but are not limited to, all Such structures, 
systems and devices associated with quantum processors, as 
well as their related programmable parameters. 
0047 Unless the context requires otherwise, throughout 
the specification and claims which follow, the word “com 
prise' and variations thereof. Such as, "comprises' and 
“comprising are to be construed in an open, inclusive sense, 
that is as “including, but not limited to.” 
0048 Reference throughout this specification to “one 
embodiment,” or “an embodiment,” or “another embodi 
ment’ means that a particular referent feature, structure, or 
characteristic described in connection with the embodiment 
is included in at least one embodiment. Thus, the appear 
ances of the phrases “in one embodiment,” or “in an 
embodiment,” or “another embodiment in various places 
throughout this specification are not necessarily all referring 
to the same embodiment. Furthermore, the particular fea 
tures, structures, or characteristics may be combined in any 
Suitable manner in one or more embodiments. 

0049. It should be noted that, as used in this specification 
and the appended claims, the singular forms “a,” “an,” and 
“the include plural referents unless the content clearly 
dictates otherwise. Thus, for example, reference to a prob 
lem-solving system including “a quantum processor 
includes a single quantum processor, or two or more quan 
tum processors, including a grid or distributed network of 
multiple quantum processors. It should also be noted that the 
term 'or' is generally employed in its sense including 
“and/or unless the content clearly dictates otherwise. 
0050. The headings provided herein are for convenience 
only and do not interpret the scope or meaning of the 
embodiments. 

0051. The various embodiments described herein provide 
systems and methods for Solving computational problems 
via a quantum processor. As previously described, a quan 
tum processor may comprise an architecture including a 
number of qubits and a number of coupling devices provid 
ing controllable communicative coupling between qubits 
(e.g., between respective pairs of qubits). The architecture of 
a quantum processor is typically fixed, in other words, the 
number of qubits in the architecture is fixed, and the 
connectivity between qubits (i.e., the number of available 
couplings each qubit has to other qubits) is also fixed. As a 
result of the architecture being fixed, there is a need in the 
art for techniques that facilitate solving problems of different 
structures via a quantum processor. For example, Solving a 
problem that has more variables than the fixed number of 
qubits in the quantum processor may employ the problem 
decomposition techniques described in U.S. Pat. No. 7,870, 
087 and U.S. Pat. No. 8,032,474, both of which are incor 
porated herein by reference in their entirety, whereby a large 
problem that does not “fit in the quantum processor is 
decomposed into Sub-problems that do fit in the quantum 
processor. The present systems and methods provide, among 
other things, techniques for recombining (e.g., “stitching 
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back together') the sub-solutions to such sub-problems in 
order to establish a solution to the original full-sized prob 
lem. 
0052 A further consequence of the quantum processor 
architecture being fixed is that the available connectivity 
may not provide couplings between all variables and, inevi 
tably, some problem formulations may include variable 
couplings that are not available in the quantum processor 
architecture. The present systems and methods provide 
techniques for overcoming sparseness in the connectivity of 
the quantum processor architecture by reformulating prob 
lems in ways that are more amenable to being solved via the 
quantum processor. 
0053. Throughout this specification, the term “hardware' 

is generally used to refer to a quantum processor. Thus, the 
phrases “in hardware' and “by the hardware” and the like 
generally refer to "via the quantum processor and similar, 
as the context reasonably dictates. 
0054 Throughout this specification, the terms hardware 
graph and specific architecture is generally used to refer to 
the specific fixed architecture of a quantum processor (i.e., 
the fixed number of qubits and connectivity between qubits 
in the quantum processor architecture). Throughout this 
specification, the term “Chimera' is generally used to refer 
to the specific fixed architecture of a quantum processor. 
Thus, a Chimera architecture may be represented in a graph 
where the fixed number of qubits correspond to nodes and 
the fixed connectivity between qubits corresponds to the 
edges between nodes. An example of a Chimera architecture 
is C. This is a 2 by 2 array of Kaa bipartite graph unit cells. 
In the C, there are 32 nodes and 80 edges. An example of a 
Chimera architecture is Cs. This is a 8 by 8 array of Kaa 
bipartite graph unit cells. In the Cs there are 512 nodes and 
1472 edges. In some embodiments, not all nodes or edges in 
a hardware graph are available. 
0055. In accordance with some embodiments of the pres 
ent systems and methods, a quantum processor may be 
designed to perform adiabatic quantum computation and/or 
quantum annealing. As previously discussed, a typical adia 
batic evolution may be represented by Equation 1: 

where H, is the initial Hamiltonian, H, is the final or 
“problem Hamiltonian, H is the evolution or instantaneous 
Hamiltonian, and s is the evolution coefficient which con 
trols the rate of evolution. In general, s may vary from 0 to 
1 with time t as S(t). A common approach to adiabatic 
quantum computation (AQC), described, for example, in 
Amin, M. H. S., “Effect of local minima on quantum 
adiabatic optimization’, PRL 100, 130503 (2008), is to start 
with an initial Hamiltonian of the form shown in Equation 

(2) 

where N represents the number of qubits, O, is the Pauli 
x-matrix for the i' qubit and A, is the single qubit tunnel 
splitting induced in the i' qubit. Here, the O, terms are 
examples of “off-diagonal terms. An initial Hamiltonian of 
this form may, for example, be evolved to a final Hamilto 
nian of the form: 
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W W (3) 

S. h;O; + X. re 

where N represents the number of qubits, O, is the Pauli 
Z-matrix for the i' qubit, h, and J, are dimensionless local 
fields coupled into each qubit, and e is some characteristic 
energy scale for H Here, the O, and O, of terms are 
examples of "diagonal terms. Throughout this specifica 
tion, the terms “final Hamiltonian' and “problem Hamilto 
nian' are used interchangeably. Hamiltonians such as H, 
and H, in Equations 2 and 3, respectively, may be physically 
realized in a variety of different ways. A particular example 
is realized by an implementation of Superconducting qubits. 
0056 FIG. 1 is a schematic diagram of a portion of an 
exemplary Superconducting quantum processor 100 
designed for AQC (and/or quantum annealing) that may be 
used to implement the present systems and methods. The 
portion of Superconducting quantum processor 100 shown in 
FIG. 1 includes two superconducting qubits 101, 102 and a 
tunable ZZ-coupler 111 coupling information therebetween 
(i.e., providing pair-wise coupling between qubits 101 and 
102). While the portion of quantum processor 100 shown in 
FIG. 1 includes only two qubits 101, 102 and one coupler 
111, those of skill in the art will appreciate that quantum 
processor 100 may include any number of qubits and any 
number of coupling devices coupling information therebe 
tWeen. 

0057 The portion of quantum processor 100 shown in 
FIG. 1 may be implemented to physically realize AQC 
and/or QA by initializing the system with the Hamiltonian 
described by equation 2 and evolving the system to the 
Hamiltonian described by equation 3 in accordance with the 
evolution described by equation 1. Quantum processor 100 
includes a plurality of interfaces 121-125 that are used to 
configure and control the state of quantum processor 100. 
Each of interfaces 121-125 may be realized by a respective 
inductive coupling structure, as illustrated, as part of a 
programming Subsystem and/or an evolution Subsystem. 
Such a programming Subsystem and/or evolution Subsystem 
may be separate from quantum processor 100, or it may be 
included locally (i.e., on-chip with quantum processor 100) 
as described in, for example, U.S. Pat. No. 7.876,248 and 
U.S. Pat. No. 8,035,540. 
0058. In the operation of quantum processor 100, inter 
faces 121 and 124 may each be used to couple a flux signal 
into a respective compound Josephson junction 131, 132 of 
qubits 101 and 102, thereby realizing the A, terms in the 
system Hamiltonian. This coupling provides the off-diago 
nal O' terms of the Hamiltonian described by equation 2 and 
these flux signals are examples of “disordering signals.” 
Similarly, interfaces 122 and 123 may each be used to 
couple a flux signal into a respective qubit loop of qubits 101 
and 102, thereby realizing the h, terms in the system Ham 
iltonian. This coupling provides the diagonal Of terms of 
equation 3. Furthermore, interface 125 may be used to 
couple a flux signal into coupler 111, thereby realizing the J, 
term(s) in the system Hamiltonian. This coupling provides 
the diagonal O,O, terms of equation 3. In FIG. 1, the 
contribution of each of interfaces 121-125 to the system 
Hamiltonian is indicated in boxes 121a-125a, respectively. 
Thus, throughout this specification and the appended claims, 
the terms “problem formulation' and “configuration of a 
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number of programmable parameters' are used to refer to, 
for example, a specific assignment of h, and J, terms in the 
system Hamiltonian of a Superconducting quantum proces 
sor via, for example, interfaces 121-125. 
0059. Throughout this specification and the appended 
claims, the term "quantum processor is used to generally 
describe a collection of physical qubits (e.g., qubits 101 and 
102) and couplers (e.g., coupler 111). The physical qubits 
101 and 102 and the couplers 111 are referred to as the 
“programmable elements' of the quantum processor 100 and 
their corresponding parameters (e.g., the qubith, values and 
the coupler J, values) are referred to as the “programmable 
parameters of the quantum processor. In the context of a 
quantum processor, the term “programming Subsystem” is 
used to generally describe the interfaces (e.g., “program 
ming interfaces' 122, 123, and 125) used to apply the 
programmable parameters (e.g., the h, and J, terms) to the 
programmable elements of the quantum processor 100 and 
other associated control circuitry and/or instructions. As 
previously described, the programming interfaces of the 
programming Subsystem may communicate with other Sub 
systems which may be separate from the quantum processor 
or may be included locally on the processor. As described in 
more detail later, the programming Subsystem may be con 
figured to receive programming instructions in a machine 
language of the quantum processor and execute the pro 
gramming instructions to program the programmable ele 
ments in accordance with the programming instructions. 
Similarly, in the context of a quantum processor, the term 
“evolution subsystem’ is used to generally describe the 
interfaces (e.g., “evolution interfaces' 121 and 124) used to 
evolve the programmable elements of the quantum proces 
sor 100 and other associated control circuitry and/or instruc 
tions. For example, the evolution Subsystem may include 
annealing signal lines and their corresponding interfaces 
(121, 124) to the qubits (101, 102). 
0060 Quantum processor 100 also includes readout 
devices 141 and 142, where readout device 141 is configured 
to read out the state of qubit 101 and readout device 142 is 
configured to read out the state of qubit 102. In the embodi 
ment shown in FIG. 1, each of readout devices 141 and 142 
comprises a respective DC-SQUID that is configured to 
inductively couple to the corresponding qubit (qubits 101 
and 102, respectively). In the context of quantum processor 
100, the term “readout subsystem is used to generally 
describe the readout devices 141, 142 used to read out the 
final states of the qubits (e.g., qubits 101 and 102) in the 
quantum processor to produce a bit string. The readout 
Subsystem may also include other elements, such as routing 
circuitry (e.g., latching elements, a shift register, or a mul 
tiplexer circuit) and/or may be arranged in alternative con 
figurations (e.g., an XY-addressable array, an XYZ-address 
able array, etc.). Qubit readout may also be performed using 
alternative circuits, such as that described in PCT Patent 
Publication 2012-064974. 

0061 While FIG. 1 illustrates only two physical qubits 
101, 102, one coupler 111, and two readout devices 141, 
142, a quantum processor (e.g., processor 100) may employ 
any number of qubits, couplers, and/or readout devices, 
including a larger number (e.g., hundreds, thousands or 
more) of qubits, couplers and/or readout devices. The appli 
cation of the teachings herein to processors with a different 
(e.g., larger) number of computational components should 
be readily apparent to those of ordinary skill in the art. 
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0062 FIG. 2 illustrates an exemplary digital computer 
200 including a digital processor 206 that may be used to 
perform classical digital processing tasks described in the 
present systems and methods. Those skilled in the relevant 
art will appreciate that the present systems and methods can 
be practiced with other digital computer configurations, 
including hand-held devices, multiprocessor systems, 
microprocessor-based or programmable consumer electron 
ics, personal computers (“PCs'), network PCs, mini-com 
puters, mainframe computers, and the like. The present 
systems and methods can also be practiced in distributed 
computing environments, where tasks or modules are per 
formed by remote processing devices, which are linked 
through a communications network. In a distributed com 
puting environment, program modules may be located in 
both local and remote memory storage devices. 
0063 Digital computer 200 may include at least one 
processing unit 206 (i.e., digital processor), at least one 
system memory 208, and at least one system bus 210 that 
couples various system components, including system 
memory 208 to digital processor 206. Digital computer 200 
will at times be referred to in the singular herein, but this is 
not intended to limit the application to a single digital 
computer 200. For example, there may be more than one 
digital computer 200 or other classical computing device 
involved throughout the present systems and methods. 
0064 Digital processor 206 may be any logic processing 
unit, such as one or more central processing units ("CPUs), 
digital signal processors (“DSPs'), application-specific inte 
grated circuits (ASICs'), etc. Unless described otherwise, 
the construction and operation of the various blocks shown 
in FIG. 2 are of conventional design. As a result, Such blocks 
need not be described in further detail herein, as they will be 
understood by those skilled in the relevant art. 
0065 System bus 210 can employ any known bus struc 
tures or architectures, including a memory bus with a 
memory controller, a peripheral bus, and a local bus. System 
memory 208 may include non-volatile memory Such as 
read-only memory (“ROM) and volatile memory such as 
random access memory (“RAM) (not shown). A basic 
input/output system (“BIOS) 212, which can form part of 
the ROM, contains basic routines that help transfer infor 
mation between elements within digital computer 200, such 
as during startup. 
0.066 Digital computer 200 may also include other non 
volatile memory 214. Non-volatile memory 214 may take a 
variety of forms, including: a hard disk drive for reading 
from and writing to a hard disk, an optical disk drive for 
reading from and writing to removable optical disks, and/or 
a magnetic disk drive for reading from and writing to 
magnetic disks. The optical disk can be a CD-ROM or DVD, 
while the magnetic disk can be a magnetic floppy disk or 
diskette. Non-volatile memory 214 may communicate with 
digital processor 206 via system bus 210 and may include 
appropriate interfaces or controllers 216 coupled between 
non-volatile memory 214 and system bus 210. Non-volatile 
memory 214 may serve as long-term storage for computer 
readable instructions, data structures, program modules and 
other data for digital computer 200. Although digital com 
puter 200 has been described as employing hard disks, 
optical disks and/or magnetic disks, those skilled in the 
relevant art will appreciate that other types of non-volatile 
computer-readable media may be employed, such a mag 
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netic cassettes, flash memory cards, Bernoulli cartridges, 
Flash, ROMs, Smart cards, etc. 
0067 Various program modules, application programs 
and/or data can be stored in system memory 208. For 
example, system memory 208 may store an operating sys 
tem 218, end user application interfaces 220 and server 
applications 222. In accordance with the present systems 
and methods, system memory 208 may store at set of 
modules 230 operable to interact with a quantum processor 
(not shown in FIG. 2). In some embodiments, system 
memory 208 stores an embedding module 232. The embed 
ding module 232 implements some of the method shown in 
FIG. 10. In some embodiments, system memory 208 stores 
a graph techniques module 236. The graph techniques 
module 236 provides standard graph processing techniques 
like traversing a graph, determining the presence of a cycle, 
calculating the length of a weighted path, and the like. 
0068 System memory 208 may also include one or more 
networking applications 250, for example, a Web server 
application and/or Web client or browser application for 
permitting digital computer 200 to exchange data with 
Sources via the Internet, corporate Intranets, or other net 
works, as well as with other server applications executing on 
server computers. Networking application 250 in the 
depicted embodiment may be markup language based. Such 
as hypertext markup language (“HTML'), extensible hyper 
text markup language (XHTML'), extensible markup lan 
guage (XML) or wireless markup language (“WML'), 
and may operate with markup languages that use syntacti 
cally delimited characters added to the data of a document 
to represent the structure of the document. A number of Web 
server applications and Web client or browser applications 
are commercially available. Such as those available from 
Mozilla and Microsoft. 
0069. While shown in FIG. 2 as being stored in system 
memory 208, operating system 218 and various applica 
tions/modules 220, 222, 230, 250 and other data can also be 
stored in nonvolatile memory 214. 
0070 Digital computer 200 can operate in a networking 
environment using logical connections to at least one client 
computer system 236 and at least one database system 270. 
These logical connections may be formed using any means 
of digital communication, for example, through a network 
238, such as a local area network (“LAN”) or a wide area 
network (“WAN”) including, for example, the Internet. The 
networking environment may include wired or wireless 
enterprise-wide computer networks, intranets, extranets, 
and/or the Internet. Other embodiments may include other 
types of communication networks Such as telecommunica 
tions networks, cellular networks, paging networks, and 
other mobile networks. The information sent or received via 
the logical connections may or may not be encrypted. When 
used in a LAN networking environment, digital computer 
200 may be connected to the LAN through an adapter or 
network interface card (“NIC) 240 (communicatively 
linked to system bus 210). When used in a WAN networking 
environment, digital computer 200 may include an interface 
and modem (not shown), or a device such as NIC 240, for 
establishing communications over the WAN. Non-net 
worked communications may additionally, or alternatively 
be employed. 
0071. In a networked environment, program modules, 
application programs, data, or portions thereof can be stored 
outside of digital computer 200. Those skilled in the relevant 
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art will recognize that the logical connections shown in FIG. 
2 are only some examples of establishing communications 
between computers, and other connections may also be used. 
0072 While digital computer 200 may generally operate 
automatically, an end user application interface 220 may 
also be provided such that an operator can interact with 
digital computer 200 through different user interfaces 248, 
including output devices, such as a monitor 242, and input 
devices, such as a keyboard 244 and a pointing device (e.g., 
mouse 246). Monitor 242 may be coupled to system bus 210 
via a video interface. Such as a video adapter (not shown). 
Digital computer 200 can also include other output devices, 
Such as speakers, printers, etc. Other input devices can also 
be used, including a microphone, joystick, Scanner, etc. 
These input devices may be coupled to digital processor 206 
via a serial port interface that couples to system bus 210, a 
parallel port, a game port, a wireless interface, a universal 
serial bus (“USB) interface, or via other interfaces. 
0073 NIC 240 may include appropriate hardware and/or 
Software for interfacing with the elements of a quantum 
processor (not shown). In other embodiments, different 
hardware may be used to facilitate communications between 
digital computer 200 and a quantum processor. For example, 
digital computer 200 may communicate with a quantum 
processor via a direct electrical connection (e.g., via Uni 
versal Serial Bus, Firewire, or the like), a wireless connec 
tion (e.g., via a Wi-FiR network), or an Internet connection. 
0074 Client computer system 236 may comprise any of 
a variety of computing devices communicatively coupled to 
digital computer 200, and may include a client program 290 
configured to properly format and send problems directly or 
indirectly to server application 222. Once digital computer 
200 has determined a solution, server application 222 may 
be configured to send information indicative of this solution 
back to client program 290. 
0075. In the various embodiments described herein, a 
digital computer (e.g., classical or digital computer 200) 
may be used to interact with a quantum processor. A 
quantum processor may include a number of programmable 
elements, and interacting with a quantum processor may 
include programming the quantum processor with a particu 
lar problem formulation and/or configuration of program 
mable parameters by assigning specific values to these 
programmable elements. Interacting with a quantum proces 
Sor may also include evolving the quantum processor (e.g., 
performing adiabatic quantum computation and/or quantum 
annealing) to determine a solution to the particular problem 
and reading out the Solution from the quantum processor. 
0076 FIG. 3 illustrates an exemplary hardware graph 
decomposition given a complete graph as a primal graph. 
Many problems present a QUBO that does not fit into the 
hardware graph because it has too many variables, or too 
many interactions between variables. In accordance with the 
present systems and methods, Solving Such problems via the 
quantum processor may be facilitated by casting individual 
qubits to represent multiple variables. In other words, mul 
tiple variables may be mapped to the same qubit Such that 
the state of that qubit represents specific configurations of 
the multiple variables. 
0077 Assume the original problem is represented by the 
primal graph G=(V, E) where V is a set of vertices and E a 
set of edges. The primal graph, also known as the problem 
graph, is found in the adjacency information in the QUBO. 
The vertices of this graph represent the binary variables of 
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the QUBO, and two variables are adjacent if there is a 
nonzero quadratic interaction term between them. Let the 
hardware graph be denoted GF(V, E). Then a (specific) 
hardware decomposition of G is defined by a collection of 
Subgraphs of G, one for each vertex of V. These subgraphs 
are called chains, denoted S. i. e. V. Each variable is 
represented by a chain in the hardware graph Such that if two 
variables are adjacent in the primal graph there is an edge 
between the chains in the hardware graph. Each chain can be 
thought of as having a unique qubit root. An edge in the 
primal graph is presented as a path in the hardware graph. In 
Some embodiments, a chain is a linear structure; in some 
embodiments a chain is a tree; in Some embodiments the 
chain is a cycle; and in Some embodiments the chain 
includes a tree and a cycle. In some embodiments, every 
chain S, is a nonempty connected subgraph. In some 
embodiments, if indices i and are adjacent in G, then S, and 
S, either share a common vertex, or have at least one edge 
between them in G. A chain is a plurality of qubits 
representing one variable. 
0078. An example of a Chimera decomposition of the 
complete graph on 16 vertices is given in FIG. 3 (using C 
as the hardware graph G.). If all of the chains Si are disjoint, 
then a hardware decomposition of G is simply a minor 
embedding of G into G. However, while many primal 
graphs are too large to be minor-embedded into G, a 
hardware decomposition of G can always be found. 
007.9 The usefulness of a hardware decomposition 
depends on how many variables (vertices of V) are repre 
sented by a single physical qubit (vertex of V). A bag is a 
plurality of variables represented at one qubit. In some 
embodiment, a bag is defined as set B. q eV, to be the set 
of vertices of G represented at qubit q: 

0080. The bag-width or hardware-width of a hardware 
decomposition is the size of the largest bag. That is, the 
bag-width is the number of variables represented at each 
qubit. A decomposition with bag-width 1 is a minor-embed 
ding. The decomposition in FIG. 3 has a bag-width of 2. 
There are at most two variables associated with a qubit. 
Multiple qubits have 2 variables associated with the respec 
tive qubits. In the graph 300 in a Chimera decomposition of 
the complete graph K is embedded in the hardware specific 
graph, C. The chain S (302) is drawn with stippled lines. 
An example bag 304 of width 2, and including variables 1, 
and 5 is included in the chain. 

0081. The description will return to how hardware 
decompositions may be used to solve QUBOs at FIGS. 
10-12. Shown in FIGS. 4-9 are methods and examples of 
how hardware decompositions can be found. These decom 
positions are used in FIG. 10 to perform an embedding. 
Examples of the techniques to form an embeddings are 
shown in FIGS. 11 and 12. 

0082 Determining whether or not one graph has a minor 
embedding in another is an NP-complete problem; this 
shows that finding a decomposition of minimal bag-width is 
hard in general. Since given hardware graph, Such as a 
Chimera graph, is fixed, the graph-minors theorem implies 
that there is a technique for determining if G is a minor of 
G which has running time polynomial in IV. However, 
there is no known construction for that algorithm, and all of 
the known exact algorithms for determining minors are 
much too slow to be of any practical use. Instead, a heuristic 
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method is used to build hardware decompositions. In gen 
eral, the bag-width of these decompositions is not minimal 
but also not impractically large, and the method is fast 
enough to be applied to problems on the current scale of 
interest. 
I0083 FIG. 4 is a flow-diagram showing two stages of a 
method 400 to find a hardware graph decomposition for a 
primal graph. The method 400 works in two stages: 410 and 
450. In the first stage 410, a decomposition finder greedily 
builds up a hardware decomposition of G, vertex by vertex. 
As each vertex is added the finder has a partial decompo 
sition of G. A partial decomposition of G is a specific 
hardware decomposition of the Subgraphs of the primal 
graph G induced by vertices added so far. The method 400 
is greedy in that the addition of a vertex from the hardware 
graph G avoids increasing a measure in the decomposition, 
Such as, a measure in bag size or chain length. The avoidance 
only considers the instant addition and past additions and not 
future additions. In the second stage 450, the method recti 
fies the greedy deficiencies of the first stage 410. The 
decomposition finder tries to improve the current decompo 
sition using a local search. The decomposition finder itera 
tively removes a vertex of G from the decomposition and 
then reinserts it, hopefully in a better place. The method 400 
is summarized below: 

findChimeraDecomposition(G) 
Stage 1: 
order V(G) as (v.v.) 
D = decomposition of empty graph 
for i from 1 to n do 

add v, to decomposition D of Gv...,V, 1 
Stage 2: 
while bag-width (D) is improved 

for i from 1 to n do 
remove v, from D 
add v, to decomposition D of GV\V. 

where V\V, denotes V, not in V. 
I0084 FIG. 5 is a flow-diagram showing a method 500 as 
an example of the first stage FIG. 4. At 502 the decompo 
sition finder receives a primal graph G. The primal graph 
may be called a problem graph as it encodes a problem. Also 
at 502 the hardware graph G is received. At 504 the 
decomposition finder orders the vertices of the primal graph 
into a set. At 506 the decomposition finder creates an empty 
decomposition, D. A non-empty decomposition D includes a 
list of chains. At 508 a for loop over an index corresponding 
to the number of vertices in the primal graph starts. Each 
vertex is added to the decomposition D of the induced 
Sub-graph G.V. . . . . V. As a decomposition is a list of 
chains the addition includes determining which chain to add 
the vertex to and including forming a new chain. This is 
done in a greedy fashion using one or more heuristics as 
described below. As the for loop progresses the induced 
sub-graph approaches the primal graph G. Method 500 
returns a decomposition D of primal graph G, e.g., decom 
position 300 from FIG. 3. 
I0085 FIG. 6 is a flow-diagram showing a method 600 as 
an example of the second stage FIG. 4. At 602 a decompo 
sition finders receives a primal graph G, a hardware graph 
G, and a decomposition D. At 602 a “while loop' based on 
a measure begins. In some embodiments, the “while loop' 
terminates if the measure does not improve after the last 
iteration. In some embodiments, the “while loop' terminates 
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if the measure has not improved after a set number of 
iterations. In some embodiments the measure is allowed to 
worsen before the “while loop' terminates. In some embodi 
ments, the measure is maximum bag-width of the decom 
position. In some embodiments, the measure is the sum of 
the bag-widths of the decomposition. In some embodiments, 
the measure the chain length within the decomposition. 
I0086. At 604 the decomposition finder starts a “for loop' 
over an index corresponding to the number of Vertices in the 
primal graph. In the body of the “for loop', at 606, a vertex 
corresponding to the current index is removed from the 
decomposition, D. At 608 the removed vertex is re-added to 
the decomposition, D., of the primal graph without the 
removed vertex, GIV\V. Unlike in method 500, the adding 
of the vertex to a decomposition is to the primal graph 
without the removed vertex, GIV\V), and not the induced 
Subgraph G.V. . . . . V. The re-addition of the vertex 
hopefully improves the measure governing the “while loop' 
SO2. 

I0087. Both stages 410 and 450 of method 400 of the 
method use a heuristic that, given a partial decomposition of 
G, extends it to include one more vertex. See, for example, 
508 in method 500 and 608 in method 600. This heuristic is 
described. 
0088 A decomposition of an induced subgraph Gv. . . 

.., V, is a list of chains S, in G, such that every edge V.V. 
of GV, . . . , VI is represented. This representation is 
either as a vertex in SnS, or as an edge between S, and S. 
For the decomposition finder to add a new chain S, in such 
a way that every edge between V, and V. . . . V-1} is 
represented, yet the bag sizes of the partial decomposition do 
not increase too much. More precisely, the decomposition 
finder seeks a connected subgraph S, in G of minimal size 
such that S, contains a vertex in or adjacent to a vertex in S. 
for every neighboring pair, V-V, 
0089. This problem of finding a minimal subgraph which 
connects a fixed set of Vertices in a graph is known as the 
Steiner Tree problem and is itself NP-complete. However, 
the problem can be efficiently approximated to within a 
constant factor of the optimal solution. Here the decompo 
sition finder approximates Steiner trees using a union of 
shortest paths. 
0090. As would be understood to a person of skill in the 

art, a Steiner tree is related to the minimum Steiner tree 
problem, is a problem in combinatorial optimization, to find 
the shortest interconnect for a given set of objects. Given an 
edge-weighted graph G=(V, E, w) and a subset S CV of 
required vertices. A Steiner tree is a tree in G that spans all 
vertices of S. (A minimum spanning tree is one that spans 
V). There are two versions of the problem: in the optimi 
Zation problem to find a minimum-weight Steiner tree, and 
the in the decision problem, given a value k the task is to 
determine whether a Steiner tree of total weight at most k 
exists. 
0091. The decomposition finder's heuristic for adding V, 

is the following. Let V, be a neighbor of V, and let S, be the 
subgraph for V, in the partial decomposition. First, find the 
shortest path from S, to every other vertex v in G. This can 
be done efficiently using Djikstra's algorithm. Let c(v,i) 
denote the length of that shortest path from S, to v. Repeat 
this for every neighbor V, , and sum the lengths c(v,i) over 
all j to obtain a cost of each vertex v. Choose V of minimal 
cost, along with its paths to each S. to be the subgraph S, 
representing V. This procedure is illustrated in FIG. 7. 
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0092 FIG. 7 illustrates an exemplary method 700 of 
selecting a root of a new chain. A primal graph 702 is shown. 
The vertices are labeled X to denote these are variables. The 
adjacencies of the variables are shown. The decomposition 
finder is desirous of finding a new root of a chain for variable 
X, within the qubits in the hardware graph. In the example of 
FIG. 7, a set of chains S through S is known and shown 
at 704. Adjacent to the chains are a plurality of unused 
vertices 706 with generic vertex v. Let c(v, j) denote the 
length of weighted path from S, to the generic vertex v in the 
hardware graph. Let c(v) be the sum of the lengths over all 
the chains, as indexed by j. First, compute the shortest-path 
distance from S, to every unused vertex v in the subgraph of 
the hardware graph G that has yet to be added to a chain. 
Record this information as c(v,i). Then compute c(v). Next 
choose the vertex v that has the smallest total sum of 
distances c(v). If there is no vertex v that has a path to every 
chain using only unused vertices, then the heuristic fails. 
Once the vertex v is selected the paths from the chains to the 
vertex are unioned. This union operation can result in a 
cycle. 
0093. In practice, there are refinements which improve 
the performance of this method. These are enumerated 
below. As the decomposition finder is concerned about the 
size of the largest bag in the decomposition, while embodi 
ments of the method as Stated attempts to minimize the Sum 
of the sizes of the bags. For this reason, in some embodi 
ments the shortest paths calculation is replaced with a with 
a weighted shorted paths calculation. Each vertex in G is 
given a weight such that the selection of a vertex that 
increases a bag size greatly increases the calculated length. 
In some embodiments, the weight is proportional to an 
exponentiation of a function in the bag size. For example, 

where b is the base of the exponent and is, for example, the 
number of qubits in the hardware graph; and f is a function 
in the bag size. In practice this allows the shortest paths to 
avoid large bags for as long as possible. 
0094. Another refinement includes removing cycles. 
Note that by choosing Si to be a union of paths, S, may in 
fact contain cycles: clearly this is a Suboptimal approxima 
tion to a Steiner tree. When the union of two paths contains 
a cycle, remove the part of the cycle coming from one of the 
paths. This can be done efficiently without affecting the 
connectivity of S. 
0.095 FIG. 8 illustrates an exemplary input to a method 
800 for removing a portion of a cycle formed by the union 
of two paths. The addition of a vertex can result in a cycle. 
If a cycle is detected this can be removed. For example if 
there is a path 802 from chain 1 to vertex 808 and there is 
a path 804 from chain 2 to vertex 808. If the union of the 
paths includes a cycle, the cycle can be removed. For 
example, removing vertex 806 from path 804. 
0096. Another refinement includes dealing with a choice 
of which chain to add a vertex too. Note that after selecting 
a vertex v with shortest paths to represent S, the vertices on 
the path from V to a neighbor S, could in fact be added to the 
subgraph S. rather than S. The decomposition finder 
chooses which chain to add vertices to by the following 
heuristic. If a vertex u appears in more than one shortest 
path, say the paths to S, and S., then u is added to S. (This 
is preferable to adding u to both S, and S. as it only 
increases the bag size of u by 1 rather than 2.) On the other 
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hand, a vertex u that appears in only a single shortest path, 
say the path to S, then u is added to S. (The motivation for 
this choice is that u may lead to shorter paths to the 
neighbors of V other than vi.) FIG. 9 illustrates an exem 
plary method 900 of adding a chain 906 to a decomposition 
including chains 902 and 904. 
0097. In some embodiments, the method 400 terminates 
when second stage 450 stops improving (i.e. deleting and 
reintroducing a vertex in the decomposition no longer leads 
to smaller bag sizes). In fact, the method 400 performs better 
using a "tabu’ heuristic described here and above. The 
second stage 450 is allowed to get worse before it gets better. 
The method 400 terminates if no improvement is seen after 
a fixed number of iterations. 

0098. Several aspects of the method 400 may be random 
ized. For example, the initial order of the vertices of G in the 
first stage 410. As well the choice of paths in the decom 
position when paths have equal weight can be decided at 
random. The choice of exponent in weighting shortest paths 
can be selected at random. The method 400 is most effective 
when it is run repeatedly over different random choices of 
these parameters. 
0099 FIG. 10 is a flow-diagram showing two stages of a 
method 1000 to find a embedding for a primal graph in a 
hardware graph. Embodiments of method 1000 resemble in 
Some respects method 400 and its variations and examples 
above. In method 1000 the objective is to find an embedding. 
That is a decomposition of bag width 1. The method 1000 
works in two stages: 1010 and 1050. In the first stage 1010, 
an embedding finder greedily builds up a decomposition of 
primal graph G, vertex by vertex. As each vertex is added the 
finder has a partial embedding of G. A partial embedding of 
G is a specific hardware embedding of the subgraphs of the 
primal graph G induced by vertices added so far. The method 
1000 is greedy in that the addition of a vertex from the 
hardware graph G for increasing a measure in the embed 
ding Such as in the bag size or chain length. Examples of the 
measure are described herein below. That is the first stage 
1010 Successively generates a set of connected Subgraphs. 
There is a respective subgraph for each respective variable 
in the primal graph. Variables that are adjacent in the primal 
graph are connected by at least one respective edge in the 
hardware graph. In the second stage 1050, the method 
rectifies the greedy deficiencies of the first stage 1010. The 
embeddings finder tries to improve the current embedding. 
The embedding finder iteratively removes a vertex of G 
from the embedding and then reinserts it, hopefully in a 
better place. That is the connected subgraphs created in the 
first stage 1010 are refined such that no vertex in the 
hardware graph represents more than one variable from the 
primal graph. 

0100 Some embodiments find an embedding, if it exists, 
with some reasonable probability. Also, the search for an 
embedding is not typically for a unique solution, if a graph 
can be embedded, the graph can probably be embedded in 
many ways. One way to see this is the following: in an 
embedding, each variable X, is represented by a connected 
subgraph S, of the hardware graph so that if X, and x, are 
adjacent in the QUBO graph then there is an edge between 
S, and S, in the hardware graph. Think of a chain S, as having 
a unique root vertex g. Then the edge X,x, is represented by 
a path from g, to g, where the first k vertices (for some k) 
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are in S, and the rest are in S. Modifying the choice of path 
from g., to g, or even modifying the choice of k, gives a new 
embedding. 
0101 The fact that there are often a large number of 
embeddings is particularly true of the Chimera hardware 
graph. The ideal Chimera graph C. on 8N vertices has an 
automorphism group of size 8(4!)', and applying an auto 
morphism to an embedding typically results in a different 
embedding. So, probabilistic methods are a feasible 
approach to the embedding problem. 
0102) Thus, under the method 1000 multiple variables are 
temporarily allowed to be represented by the same vertex in 
a hardware graph. Further, chains are repeatedly updated by 
removing them and using the shortest-paths procedure to 
find better ones. Typically, the processor(s) builds up the set 
of chains, trying to find shortest paths using only unused 
vertices. However, if no such path exists, then paths using 
other vertices are allowed. In some embodiments, the finders 
implement this using a weighted shorted paths calculation, 
in which the weight of a hardware vertex grows exponen 
tially with the number of variables represented there: 

wit(g):=oltigei: , (6) 

for some fixed CD-1. In some embodiments a is randomly 
chosen to be between 2 and 10. In some embodiments a is 
about 10. This calculation allows the shortest paths to avoid 
vertices representing many variables whenever possible, but 
always finding a path. 
(0103) In the second stage of method 1000, the finder tries 
improve the embedding. For example, the finder refines the 
chains so that no vertex represents more than one variable. 
It does this by iteratively going through the variables in their 
order, removing a variable's chain from the embedding, and 
then reinserting with a better chain. Once the method has 
gone through all the variables, it checks to see if an 
improvement has been made. In some embodiments the 
improvement is measured by: the largest number of vari 
ables represented at any vertex; failing that, the Sum of the 
chain sizes; and failing that, the largest size of a chain. In 
Some embodiments the improvement is measured by the 
largest number of variables represented at any vertex in the 
hardware graph. That is the bag-width. In some embodi 
ments, the improvement is measured by the sum of the bag 
for the vertices in the hardware graph. In some embodi 
ments, the measure is the Sum of the chain sizes. In some 
embodiments, the measure is the size of the largest chain for 
the embedding. 
0104. In some embodiments, the measure in the first 
stage of method 1000 differs from the measure used in the 
second stage. In some embodiments, the method can be used 
to improve a measure. Such as, minimizing chain lengths of 
any embedding, regardless of how it was originally found. 
0105. Some embodiments have improved ways one can 
modify the method. These are enumerated. First, note that 
after selecting a vertex v and shortest paths for a chain S, to 
represent variable x, the vertices on the path from V to a 
chain S, could in fact be added to S, rather than S. One 
heuristic for choosing which subgraph to add vertices to is 
the following: if a vertex g appears in more than one shortest 
path, say the paths to S, and S, then g is added to S. (This 
is preferable to adding g to both S, and S. as it only 
increases the number of variables represented at g by 1.) On 
the other hand, if g appears in only a single shortest path, say 
the path to S, then g is added to Si (as g may lead to shorter 
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paths to the of X, other than X,). In some embodiments, this 
heuristic is used to find an embedding and once an embed 
ding is found, however, a different heuristic used. The finder 
adds vertices to S, or S, so as to make the size of the largest 
chain as Small as possible. 
0106 Second, when a chain S, is removed so that the 
embedding finder can re-embed it, parts of the embeddings 
of adjacent chains may be removed. During the method 
10000 the finder records not just the chains representing 
each variable but also the paths in the hardware graph 
representing each edge in the QUBO graph. When S, is 
removed, and X, is adjacent to X, the finder also removes the 
part of S, representing the path from X, to X, Recording paths 
makes the method slower, but it also gives more unused 
vertices when finding a new chain for X. In some embodi 
ments the finder use the faster variant of the method to find 
an initial valid embedding, and then uses the slower variant 
to minimize chain lengths. 
0107 An additional useful representation of the method 
of FIG. 10 includes the following. 

findChimeraEmbedding 
Input: QUBO graph Q with variables {x1,...,x}, hardware graph G 
Output: Chains S1.....Sol 

randomize the variable order x1,...,x. 
for i from 1 to IQ do 

set S, := find MinimalChain(G, {S, : j - i, j < i}) 
while maxero |{i : ge. S, or X, IS, or max, IS, is improving 

for i from 1 to Q do 
S, := find MinimalChain.(G, {S, : j-i}) 

return {S1.....Sol 
findMinimalChain(G, {S}) 
Input: hardware graph G with vertex weights, neighbouring chains {S} 
Output: Chain S in G such that there is an edge between S and each S, 

if {S} is empty 
return random {g*} 

for all g in V(G) and all 
set c(g, j) := weighted shortest-path distance(g, S.) 

set g := argming X, c(g,j) 
return {g*} U{paths from g to each S.} 

0108 FIG. 11 is a flow-diagram showing an example 
method 1100 the method 1000. At 1102 receive at the 
embedding finder a QUBO, Q with an associated a primal 
graph, G, and a hardware graph G. In some embodiments, 
at 1104 randomize the order of variables from the QUBO 
problem, Q. In some embodiments, the variables are ordered 
by increasing index. At 1106 a “first iterative loop' over the 
variable index starts. The index is incremented by one with 
each iteration of the “first iterative loop.” A search is made 
to find the minimum weighted chain S, through unused 
vertices in the hardware graph G from the root of the chain 
to the existing chains, j<i, associated variables neighbouring 
the instant variable, i-j. That is, for the variables and 
associate chains indexed by j such that is less than current 
index i and the variables are neighbours to i in the primal 
graph. This process is explained below. In some embodi 
ments this completes the first stage of method 1000. 
0109 An example of the second stage of method 1000 
begins. At 1008 a “while loop” begins. While a measure of 
embedding is improving the body of the “while loop' 
iterates. In some embodiments, the “while loop' stops if 
there has been no improvement since the previous iteration. 
In some embodiments, the measure of embedding is allowed 
to worsen for a number of iterations in the hopes it will 
improve. In some embodiments, the “while loop' terminates 
after a fixed number of iterations. In some embodiments, the 
measure is the length of the chain. 
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0110. At 1110 a “second iterative loop' over the variable 
index starts. The index is incremented by one with each 
iteration of the “second iterative loop.” A search is made to 
find the minimum weighted chain S, through unused vertices 
in the hardware graph G from the root of the chain to all the 
chains, without restriction on the chain index, associated 
variables neighbouring the instant variable, i-j. Processing 
continues in the “second iterative loop' and the “while loop' 
until respective terminations. At 1112, an embedding is 
returned. If the method 1100 fails the returned embedding is 
a decomposition. Recall an embedding is a decomposition 
with a bag width of 1. 
0111 FIG. 12 is a flow-diagram showing an example 
method 1100 the method 1000. At 1202, the embedding 
finder receives a set of chains {S}; and a hardware graph 
G. At 1204 a test is made to see if the set of chains is empty. 
If the set is empty, the embedding finder returns a random 
unused vertex ge. G. At 1206 the embedding finder enters 
an “iterative loop', or a “double iterative loop' depending 
on the implementation, over all the unused vertices in the 
hardware graph and all the chains in the embedding. In the 
“iterative loop' or “double iterative loop', the finder calcu 
lates the weighted shortest path from all chains to all unused 
vertices, g. At 1208 the cost of each vertex is calculated. The 
cost is the sum of weighted shortest path over all chains. At 
the 210 the finder selects the vertex, g, with minimum cost. 
At 1212 the union of the selected vertex g and the paths 
from g” to chains S, that are adjacent to instant chain Si, is 
returned. 
0112 Recall that for each hardware vertex v in a decom 
position, we have a bag B{v, ..., V} of vertices of G, 
where each V, represents a binary variable X, in the original 
QUBO. In order to take advantage of the hardware graph, 
each qubit (that is, each bag) must be allowed to take on two 
possible values, the choice between which is decided by 
quantum annealing. One natural way of selecting two values 
for a qubit is to let those values correspond to assignments 
of the original variables in the bag. For example, if B g1. 
g2 ga. g7}. We might choose the assignments (x1, x2, x4: 
X,) (1,0, 1, 1) and (X, X, X, X-)-(1, 1, 0, 1), and the value 
of qubit videntifies a choice between the two. Once a QUBO 
Solver has selected a pair of variable assignments for each 
bag, the QUBO solver calls the annealing hardware to 
simultaneously select the best assignments for all bags. The 
objective function for this hardware call is found by con 
sidering the interactions in the original QUBO between 
variables that are in the same bag or in adjacent bags. Since 
each call to the hardware only distinguishes between 2 of the 
2 |A possible assignments for a bag, the QUBO solver may call the hardware 

many times with different assignment pairs and ikeep track of the outcomes. 
In practice we accompiish this by means of a local search: given a current 
assignment of variabies, we heuristically select an aiternative assignment of 
variabies for each bag, and iet the hardware decide between the current and 
alternative solutions. The gUBO solver repeats this selection process enough 
times to ensure that most of the possibie variable assignments are considered. 
The netada is sitnanzarized belov: 

localSeachWithBags(QUBO Q, bags {B}) 
assign variables X = (x,...,x) in Q (with X, e {0, 1}) 
while X has not converged 

for each B, = {x,...,x, 
select an alternative assignment X", = {x',...,x'} 

compare assignments X and {X} using hardware 
record outcomes and update X 

0113 Proposed assignments of variables might not be 
consistent. For example, if the variable X appears in two 
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different bags, it might be assigned X=0 in the first bag and 
X=1 in the second bag. If assignments are proposed ran 
domly, inconsistencies are almost certain to occur. Such an 
assignment of variables does not correspond to a legitimate 
solution to the original QUBO. There are several techniques 
to resolve this issue. 
0114. A penalty technique could be used. When evaluat 
ing proposed variable assignments using the hardware, a 
large penalty can be constructed for inconsistent assign 
ments in the objective function. This ensures that inconsis 
tent assignments perform worse and are never selected by 
the hardware. A consistent assignments technique could be 
used. In selection of alternative variable assignments for 
each bag, one can ensure that all variable assignments are 
consistent between bags. For example, once X=1 is selected 
in one bag, the QUBO solver can set x=1 in every other bag 
in which X occurs. 
0115. A projection technique could be used. Inconsistent 
variable assignments can be chosen, but then inconsistencies 
are resolved in each iteration of the local search. That is, 
Suppose X occurs in three bags, and after calling the 
hardware two of those bags have assigned X=1 and one has 
assigned X-1. Using majority logic decoding the “correct 
assignment is x'=1, and reassign all instances of X to that 
value. A soft inconsistencies technique could be used. We 
can enforce consistency among variables “softly' by slowly 
increasing the penalty for inconsistent assignments as the 
algorithm progresses. Initially variables may be assigned 
freely so that good assignments of variables within each bag 
and between adjacent bags may be identified. As the penalty 
is increased, there is a trade-off between good assignments 
and consistent assignments. When the algorithm terminates, 
the assignments should be both consistent and close to 
optimal. 
0116. The above description of illustrated embodiments, 
including what is described in the Abstract, is not intended 
to be exhaustive or to limit the embodiments to the precise 
forms disclosed. Although specific embodiments of and 
examples are described herein for illustrative purposes, 
various equivalent modifications can be made without 
departing from the spirit and scope of the disclosure, as will 
be recognized by those skilled in the relevant art. The 
teachings provided herein of the various embodiments can 
be applied to other methods of quantum computation, not 
necessarily the exemplary methods for quantum computa 
tion generally described above. 
0117 The various embodiments described above can be 
combined to provide further embodiments. All of the com 
monly assigned US patent application publications, US 
patent applications, foreign patents, foreign patent applica 
tions and non-patent publications referred to in this speci 
fication and/or listed in the Application Data Sheet, includ 
ing but not limited to U.S. Provisional Patent Application 
Ser. No. 61/738,961, filed Dec. 18, 2012 and U.S. Provi 
sional Patent Application Ser. No. 61/857993, filed Jul. 14, 
2013 are incorporated herein by reference, in their entirety. 
Aspects of the embodiments can be modified, if necessary, 
to employ systems, circuits and concepts of the various 
patents, applications and publications to provide yet further 
embodiments. 

0118. These and other changes can be made to the 
embodiments in light of the above-detailed description. In 
general, in the following claims, the terms used should not 
be construed to limit the claims to the specific embodiments 
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disclosed in the specification and the claims, but should be 
construed to include all possible embodiments along with 
the full scope of equivalents to which Such claims are 
entitled. Accordingly, the claims are not limited by the 
disclosure. 

1-36. (canceled) 
37. A method for use in embedding a problem in a target 

processor, the problem represented as a problem graph 
having a number of vertices and a number of edges and the 
target processor comprising qubits coupleable by couplers 
and represented as a hardware graph having a plurality of 
vertices corresponding to qubits coupleable via a number of 
edges corresponding to couplers, the method comprising: 

in a first stage, building a decomposition of the problem 
graph, by at least one circuit, given a hardware graph, 
the building by: 

sequentially adding each vertex in the problem graph to 
the decomposition, 

wherein: 
each vertex in the problem graph is associated with a 

connected Subgraph in a set of connected Subgraphs 
that is a first representation of the decomposition, 

each edge in the problem graph is represented as a path 
from a first respective connected Subgraph and a 
second respective connected Subgraph, and 

sequentially adding of a vertex in the problem graph to 
the decomposition which minimizes a measure of the 
decomposition via execution of a greedy algorithm; 

in a second stage, following the first stage, refining, by the 
at least one circuit, the decomposition created in the 
first stage by: 
removing in sequence each vertex from the decompo 

sition, 
re-adding the vertex into the decomposition to mini 

mize the measure of the decomposition; and 
transmitting a problem formulation executable by the 

target processor based on the refining of the decom 
position. 

38. The method of claim 37 further comprising receiving 
the problem graph and the hardware graph. 

39. The method of claim 37 wherein the hardware graph 
is a Chimera graph. 

40. The method of claim 37 wherein the measure of the 
decomposition is over the first representation of the decom 
position. 

41. The method of claim 40 wherein the measure of the 
decomposition over the first representation of the decom 
position is proportional to the length of the connected 
Subgraphs the set of connected Subgraphs. 

42. The method of claim 37 wherein the measure of the 
decomposition is over a second representation of the decom 
position, the second representation of the decomposition is 
a plurality of bags, and each bag is a set of one or more 
variables represented at one or more qubit that includes a 
respective bag-width. 

43. The method of claim 42 wherein the measure of the 
decomposition over the second representation of the decom 
position includes a Summation over the bag-width of the 
decomposition. 

44. The method of claim 42 wherein the measure of the 
decomposition over the second representation of the decom 
position includes a maximum bag-width of the bag-width of 
the decomposition. 
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45. The method of claim 37 wherein the measure of the 
decomposition is over the second representation of the 
decomposition and includes a maximum bag-width of a 
number of bag-widths of the decomposition. 

46. The method of claim 37 wherein sequentially adding 
a vertex in the problem graph to the decomposition further 
comprises: 

finding a minimum cost qubit the hardware graph; and 
finding a weighted shortest path through a set of unused 

vertices in the hardware graph. 
47. The method of claim 37 wherein the problem graph is 

associated with a quadratic unconstrained binary optimiza 
tion (QUBO) problem, the hardware graph is representative 
of least one quantum processor that includes a plurality of 
qubits and a plurality of couplers. 

48. A method for Solving a quadratic unconstrained binary 
optimization (QUBO) problem, the QUBO problem repre 
sentable as a problem graph having a number of decision 
variables, the method performed by one or more processors 
and comprising: 

receiving a decomposition of the problem graph, wherein 
the decomposition of the graph includes a plurality of 
bags; 

assigning, by the one or more processors, a truth assign 
ment to a plurality of decision variables of the problem 
graph; 

while the truth assignment has not converged: 
conducting, by the one or more processors, for each bag 

in the plurality of bags, a local search from the truth 
assignment to generate a candidate set of new truth 
assignments; 

comparing the truth assignment to the candidate set of 
new truth assignments; and 

updating, by the one or more processors, the truth 
assignment based on a result of the comparing the 
truth assignment to the candidate set of new truth 
assignments. 

49. The method of claim 48 wherein comparing the truth 
assignment to the candidate set of new truth assignments 
comprises executing an objective function by a target pro 
cessor, the target processor comprising qubits coupleable by 
couplers and represented as a hardware graph having a 
plurality of vertices coupleable via a number of edges, the 
objective function based on one or more interactions in the 
QUBO problem between decision variables. 

50. The method of claim 49 wherein executing the objec 
tive function comprises assigning a penalty value to assign 
ments where a decision variable corresponds to different 
truth assignments in different bags. 
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51. The method of claim 50 wherein the penalty value 
increases with time during the performance of the method. 

52. The method of claim 49 wherein conducting a local 
search from the truth assignment to generate the candidate 
set of new truth assignments comprises: 

for a first bag, selecting a first truth assignment for a first 
variable associated with a first bag, and 

for each other bag of the plurality of bags associated with 
the first variable, selecting the first truth assignment for 
the first variable. 

53. The method of claim 49 wherein conducting a local 
search from the truth assignment to generate the candidate 
set of new truth assignments comprises: 

in a first stage, selecting truth assignments for each 
variable associated with each bag; and 

in a second stage, resolving inconsistencies between truth 
assignments for each variable by, for at least one bag, 
reselecting at least one truth assignment for at least one 
variable to correspond to a truth assignment for the at 
least one variable in at least one other bag. 

54. The method of claim 53 wherein reselecting the at 
least one truth assignment comprises determining at least 
one shared truth assignment shared by a majority of bags for 
the at least one variable and reselecting the at least one truth 
assignment to correspond to the at least one shared truth 
assignment. 

55. A system for Solving a quadratic unconstrained binary 
optimization (QUBO) problem, the QUBO problem repre 
sentable as a problem graph having a number of decision 
variables, the system comprising: 

at least one nontransitory processor-readable medium; 
and 

at least one processor communicatively coupled to the at 
least one nontransitory processor-readable medium, 
and which in operation is configured to: 

receive a decomposition of the primal graph, wherein the 
decomposition of the graph includes a plurality of bags; 

assign a truth assignment to a plurality of decision vari 
ables of the primal graph; 

while the truth assignment has not converged: 
conduct, for each bag in the plurality of bags, a local 

search from the truth assignment to generate a can 
didate set of new truth assignments; 

compare the truth assignment to the candidate set of 
new truth assignments; and 

update the truth assignment based on a result of the 
comparing the truth assignment to the candidate set 
of new truth assignments. 
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