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(57) ABSTRACT

Location of mobile units in a wireless local area network is
based on use of signal strength ratios and other criteria. In
one embodiment absolute value of signal strength is used to
derive a second value of location. The second value may be
used as the location if the system is not calibrated and may
also be used to calibrate the system. Alternatively time
difference of arrival may be used in combination with signal
strength ratio.
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METHOD FOR LOCATING MOBILE UNITS
BASED ON RECEIVED SIGNAL STRENGTH
RATIO

REFERENCE TO RELATED APPLICATION

[0001] This Application claims the benefit of Provisional
Application Ser. No. 60/385,547, tiled Jun. 4, 2002.

BACKGROUND OF THE INVENTION

[0002] This invention relates to object location systems,
and particularly to systems having a plurality of access
points wherein mobile units communicate with the access
points using a wireless data communications protocol, such
as IEEE Standard 802.11. The invention particularly relates
to systems wherein location of a mobile unit is determined
by measuring the signal strength of mobile unit transmis-
sions which are received by access points to estimate the
range of a mobile unit from the access point. As used in this
application the term “access point” is intended to apply to
access points as contemplated by Standard 802.11, or other
standards, that interface a computer or a wired network to
the wireless medium, and also RF Ports and cell controllers
connected thereto, as described in co-pending application
Ser. No. 09/528,697, filed Mar. 17, 2000, the specification of
which is incorporated herein by reference.

[0003] A major variable in determination of range of a
mobile unit from an access point is the signal strength of the
mobile unit. There can be significant variation in transmitted
signal strength of transmitter cards (NIC cards) from differ-
ent manufacturers and even in cards from the same manu-
facturer from different production runs. Further the trans-
mitter signal strength may vary over the life of a mobile unit
and the life of its rechargeable battery.

[0004] Differences in transmitter power for mobile units in
a system can be calibrated out by doing a measurement of
signal strength as received from a known distance and
providing a correction factor that is identified with that
particular mobile unit. Such calibration requires special
calibration procedures for each mobile unit as it is put into
service, and, unless units are recalibrated, cannot account for
changes in transmitter power as the mobile unit or its battery
ages.

[0005] Tt is therefore an object of the present invention to
provide new and improved methods of determining the
location of a mobile unit.

SUMMARY OF THE INVENTION

[0006] In accordance with the invention there is provided
a method for locating mobile units arranged for radio
communication with fixed devices. Received signal strength
is detected for transmissions from one of the mobile units to
a selected plurality of fixed devices having known locations.
A first location of the mobile unit is determined based on
ratios of the detected signal strength for pairs of the fixed
devices. A second location of the mobile unit is determined
based on absolute value of the detected signal strengths for
each of the fixed devices, corrected by a calibration value for
the mobile unit. A difference between the first location and
the second location is calculated. The first location for the
mobile unit is selected if the difference exceeds a predeter-
mined value, and the second location for the mobile unit is
selected if the difference does not exceed a predetermined
value.
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[0007] In a preferred method the correction value for the
mobile unit is updated if the difference exceeds the prede-
termined value.

[0008] In accordance with the invention there is provided
a method for locating mobile units arranged for radio
communication with fixed device within an area. Received
signal strength is detected for transmissions fi-om one of the
mobile units to a selected plurality of fixed devices having
known locations. A first location of the mobile unit is
determined based on ratios of the detected signal strength for
pairs of the fixed devices. A second location of the mobile
unit is determined based on absolute value of the detected
signal strengths for each of the fixed devices, corrected by
a calibration value for the mobile unit. The first location for
the mobile unit is selected if one of the first and second
locations is within a selected portion of the area. The second
location for the mobile unit is selected if the one of the first
and second locations is not within the selected portion of the
area.

[0009] In accordance with the invention there is provided
a method for calibrating mobile units arranged for radio
communication with fixed devices. Received signal strength
is detected for transmissions from one of the mobile units to
a selected plurality of fixed devices having known locations.
A first location of the mobile unit is determined based on
ratios of the detected signal strength for pairs of the fixed
devices. A second location of the mobile unit is determined
based on absolute value of the detected signal strengths for
each of the fixed devices, corrected by a calibration value for
the mobile unit. A difference between the first location and
the second location is calculated. The calibration value for
the mobile unit is updated if the difference exceeds a
predetermined value.

[0010] In a preferred arrangement the updating is per-
formed only if a selected one of the first and second
locations is within a selected portion of the area.

[0011] In accordance with the invention there is provided
a method for locating mobile units arranged for radio
communication with fixed devices. Received signal strength
is detected for transmissions from one of the mobile units to
a first selected plurality of fixed devices having known
locations. Time of arrival for the transmissions is detected at
a second selected plurality of the fixed devices. Ratio of the
received signal strength is computed for at least one pair of
the fixed devices in the first plurality. Time difference of
arrival is computed for at least one pair of the fixed devices
in the second plurality. The maximum likelihood location for
the mobile unit is computed using the computed ratio and the
time difference of arrival.

[0012] In one arrangement the first plurality and the sec-
ond plurality include at least three fixed devices. The first
plurality may be the same as the second plurality and
includes at least three fixed devices.

[0013] For a better understanding of the present invention,
together with other and further objects, reference is made to
the following description, taken in conjunction with the
accompanying drawings, and its scope will be pointed out in
the appended claims.

BRIEF DESCRIPTION OF THE DRAWINGS

[0014] FIG. 1 is a block diagram showing a system in
which the methods of the invention may be practiced.
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[0015] FIG. 2 is a flow diagram showing a first embodi-
ment of a method in accordance with the present invention.

[0016] FIG. 3 is a flow diagram showing a second embodi-
ment of a method in accordance with the present invention.

[0017] FIG. 4 is a diagram showing theoretical location
accuracy for a location system using calibrated signal
strength.

[0018] FIG. 5 is a diagram showing theoretical location
accuracy for a location system using differential signal
strength.

[0019] FIG. 6 is a diagram illustrating location using
signal strength ratio for two fixed devices.

[0020] FIG. 7 is a graph showing the relation of inverse
distance squared.

[0021] FIG. 8 is a diagram illustrating localization using
signal strength ratio for three fixed devices.

[0022] FIG. 9 is a diagram illustrating localization using
signal strength ratio and time difference of arrival for two
fixed devices.

[0023] FIG. 10 is a diagram illustrating simplification of
equations.

DESCRIPTION OF THE INVENTION

[0024] Referring to FIG. 1 there is shown a representative
wireless local area network, operating, for example, using
the protocol of IEEE Standard 802.11 to provide wireless
data communication functions between computer server 10
and mobile units 17. It is known to use such networks to
provide location functions for locating mobile units, such as
mobile unit 17 within the area serviced by the wireless local
area network.

[0025] Location determination may be based on the signal
strength of signals transmitted by mobile unit 17 and
received by a plurality of fixed location access points 12, 14,
16 and 18. Signal strength is measured at the access points
using the RSSI function of Standard 802.11, and data
corresponding to the received signal strength is sent to
computer server 10 over local area network (LAN) 13 for
comparison to database 11, maintained therein, which cor-
relates signal strength to location within the area. It is
likewise known to use ratio of signal strength as received by
the various access points to compare to a database 11 to
determine location. Alternately location may be determined
by computer 10 based only on ratios of signal strength
without using a database.

[0026] FIG. 2 is a flow diagram for a first embodiment of
the method of the present invention. In accordance with the
first embodiment the signal strength of signals sent from the
mobile unit 17 to a plurality, for example three or four access
points 12, 14, 16, 18 are provided to computer 10 over local
area network 13. Computer 10 computes location for mobile
unit 17 using the absolute value of the signal strength data.
Computer 10 also computes the location of mobile unit 17
using ratios of signal strength for pairs of the access points.

[0027] Referring to FIGS. 4 and 5 there are shown theo-
retical contours of accuracy in feet for determination of
location from signal strength data for a system having four
access points arranged in a square pattern. FIG. 4 shows the
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contours for location using signal strength absolute value,
provided the system is calibrated to the actual transmitter
power of the mobile unit. Computer 10 maintains correction
values for each mobile unit which are used to correct the
signal strength data for the actual power of the mobile unit
transmitter. FIG. 5 shows contours of accuracy for determi-
nation of location using ratio of received signal strength,
where calibration of transmitter power is not required.
Comparison of the contours in FIGS. 4 and 5 indicates that
both methods of location determination have comparable
accuracy within the area bounded by the access points.

[0028] Using the information from FIGS. 4 and 5 it can be
seen that use of absolute signal strength is appropriate for
greater accuracy (1) if the system is callibrated for trans-
mitter power of the mobile units and/or (2) the mobile unit
is located outside the area bounded by the access points. In
the embodiment of the invention depicted in FIG. 2, the
location of the mobile unit 17 is determined using both
actual values of signal strength and ratios of signal strength
at pairs of access points. If the difference D between the
determined values exceeds a selected value X, it is assumed
the the system is not calibrated for transmitter power of the
mobile unit 17. In this case, the location of the mobile unit
17 is selected to be the location determined by ratio of
received signal power. As an additional feature, the correc-
tion value for the mobile unit 17 can be updated based on the
observed difference in location computed by the two meth-
ods, preferrably in a manner that causes the correction value
to converge on the correct value after a sequence of updates.
This may be achieved using an adjustment to the correction
value that is, for example, one-half of the difference in actual
signal level observed.

[0029] 1In a variation of the method depicted in FIG. 2,
location is initially determined based on one or a combina-
tion of the two location determinations, preferrably the ratio
determination. If the mobile unit is initially determined to be
in a portion of the area bounded by the access points, where
ratio calculation is most accurate, the ratio calculation of
location is selected for the mobile unit location. If the mobile
unit is initially determined to be outside the portion of the
area bounded by the access points, the location calculated
using absolute signal strength values is selected for the
mobile unit location.

[0030] Referring to FIG. 3 there is shown an alternate
embodiment of the method of the present invention wherein
the access points 12, 14, 16, 18, measure time of arrival for
signals sent from the mobile unit 17 in addition to measure-
ment of received signal strength. In accordance with the
embodiment of FIG. 3, the location of the mobile unit is
determined using a maximum likelihood calculation based
on a combination of the received signal strength values and
time of arrival measurement. An exemplary maximum like-
lihood calculation is described below.

[0031] Modern commercial indoor localization systems
typically operate on the premise of either Time-Difference-
of-Arrival (TDoA) or Signal Strength (SS) measurements at
a number of fixed receivers. An example of TDoA imple-
mentation is the WhereNet system which operates in the
unlicensed 2.4 GHz ISM band. This particular system com-
bats performance degradation due to multipath fading by
utilizing larger bandwidth than 802.11b systems, a manifes-
tation of higher chip rate. This would cause a problem if one
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wishes to utilize an existing 802.11b infrastructure for
localization purposes. Examples of SS implementation also
operate in the unlicensed 2.4 GHz ISM band. These SS
systems share the same drawbacks: a fairly elaborate site-
survey to develop a radio signal characteristic database 11,
and susceptibility to variations in transmitters’ radiated
power.

[0032] Tt is desireable that an indoor localization method
employs existing 802.11 infrastructures. For the TDoA
approach, good accuracy must be provided in the face of a
low chip rate. This can only be achieved with a very
sophisticated mathematical method capable of resolving the
line-of-sight component from multipath-corrupted TDoA
measurements. For the SS approach, it appears that the
elaborate site-survey to develop a database is an inescapable
eventuality due to lack of accurate indoor RF propagation
models, but the susceptibility to variations in transmitters’
radiated power may be resolved.

[0033] The geometry for location by signal strength using
two access points is shown in FIG. 6 where P is a transmitter
at (X, y), Aand C are two receivers at (-a, 0) and (a, 0) which
receive transmission from P with signal power measure-
ments s, and s,, respectively. Let y=s,/5,=0. Then:

d?=PA?=(x+a)’+)” and d>=PC?=(x-a)’+)°

[0034] Tt is assumed for the following calculations that (a)
line-of-sight Friis propagation model, inverse square law of
distance applies, (b) that isotropic transmit and receive
antennas are used, (c) that additive Gaussian noise is present
and (d) there is no a priori knowledge of power radiated by
transmitter P at (x, y).

[0035] Let n, and n; be uncorrelated zero-mean Gaussian
random variables with standard deviations o, and o,
respectively. By the above assumptions (a)-(c), the signal
strength measurements are expressible as:

(1)

S0
S =m+n where s = s
S1

1 1
[mo} a2 (x+a)?+y?
ms=s = 1 = 1

d_lz (x—a)? +y?

no . o5 0 (1b)
andns[ :|,AEE(}’LI’L)=
n 0

o

[0036] Givena (known, fixed receiver locations) and noise
covariance (A), the quantities to be estimated are . (which
is related to the power radiated by the transmitter and
antennae directivities) and the transmitter location (X, y).
The likelihood of s, conditioned upon m, is

@

pls|m)=

! [ Ljs —m2 ]
exp|—=|ls —mll5 -y
27 Al 2 A

= ! exp[—%(s —-m)T AL (s —m)]

27v1A|
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where ||(*)|| ,-*=(*)"A~(*) denotes the Euclidean norm with
respect to the (positive-definite) fundamental metric tensor
A~'. The log-likelihood of s, conditioned upon m, is there-
fore expressible as:

1 3
Inpts | m) = = 3lls =P, ~ (2 TAT) ®

[0037] The maximum-likelihood (ML) criterion selects
that value m=m which maximizes the likelihood function
given by equation (2). Since the likelihood function is
decreasing in the argument of the exponential, this is equiva-
lent to minimizing the following sufficient statistics

Nmexy;a)=|ls-mx,y;0)|,->20 (Euclidean separa-
tion between s and m(x,y;a)) (4a)

N(mx,yra)) 20, y;0)) Z0; for all feasible m (x,y;a) (4b)

[0038] Since the sufficient statistics is non-negative, the
absolute best case happens when the global minimum occurs
at the lower bound, namely zero. If that is possible, then the
ML solution must be m=s since A™' is positive definite. Now
we determine the conditions under which the sufficient
statistics vanishes at the ML solution. Equation (4a) is
rewritten:

o 2llS 2 ®
nom(x. y: ) = o]~ —uee )|
where
1 1
m g d? (x+a)? +y?
ux, y)= — = = =
@ Uy 1 1
d? (x—a)?+y?

[0039] Sinceu, and u, are parametrically related via (x,y),
it may not be prudent to expect that, for arbitrary values of
s, the ML solution can be determined from u(x,y)=s/a where
the sufficient statistics vanishes. Proper consideration
requires the determination of the relationship between u, and
u,, as follows

dg—dlzz4axwhere —(dy+a)=x=dy—a (6a)

dg—df<d (6b)
dq T4

=>—(dy+a)=

= (do —2a)? < d? < (dy +2a)*

But u,=1/d,* and u,=1/d,?; therefore,

Uy Uy (@)

(1+2avuo ) s (1-2avuo )

[0040] Inequalities (7) describe a region on the (u,, u,)
plane which gives all feasible vectors u (x, y). On the (uy, u,)
plane, the term s/a in equation (5) represents a straight line
from the origin passing through s.
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[0041] For a given value of s=[s,,s,]", the sufficient sta-
tistics vanishes at the ML solution, which is determined by
u (X,9)=s/¢. (or equivalently m=s), if and only if the straight
line defined by s/a penetrates the region defined by (7) on
the (u,, u,) plane. This is always possible for arbitrary values
of s , as shown in FIG. 7. Furthermore, FIG. 7 also reveals
that there are infinitely many such ML solutions for a given
measurement s.

[0042] Thus, it is concluded that the sufficient statistics
defined in (4a) must necessarily and sufficiently vanish at the
ML solution, for all measurements s.

0043] Let y=s,/s,=0 then:
[ w 0’91

s omy _dg _(5c+a)2+312

M=s=>p=—= = = -
¥ so mo  dP (x-al+3”

Thus,
2 2 (8a)
(56— i—ja] +j12 :(l;/_iplZa] where ¢ = j—; =0
and, therefore,
A:4slafc _ 5150 420 (8b)
y-1 si-so

[0044] Eq. (8a) shows that for all =0 there are infinitely
many equi-probable ML solutions, all of which are distrib-
uted on a circle centered at

(xO,O)E(Ztia, 0]

with radius

where the sufficient statistics vanishes. Furthermore, asso-
ciated with every feasible value of @, there are two ML
solutions which are symmetrical around the x-axis as shown
in FIG. 6.

[0045] The following can be deduced from equations
(8a)-(8b)

(9a)
31 < Ro, ¥ & where Ry = Wﬂllm
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-continued

(9b)
W+1a; for ¢y = 1

A4 .
— vy
w_la; fory < 1;

Yy -1 Vi +1

<)

2
];szandV(fc,ji)

[ 2a ]25 <&<[ 2a
vy +1 ' "Wy -1

[0046] An example of the locus of ML solutions for y>1
is shown in FIG. 6. For <1, the circle would be to the left
of the y-axis. The locus becomes the y-axis when =1,
which is the limit of the circle as 1p—1 as we would expect.
Let B and D be the x-intercepts of the circle. In other words,
B and D represent the ML solutions on the x-axis corre-
sponding to a given value of 1. Note that the four (colinear)
points (A, B, C, D) form a harmonic division since

[0047] By fundamental properties of harmonic divisions,
the beam formed by (PA, PB, PC, PD) is a harmonic beam,
any four-point cross-section of which forms a harmonic
division. The locus of ML solutions is also the locus of
vertices from which BA and BC subtend the same angles. In
other words, the ray PB always bisects ZAPC. The ML
solutions do not depend on the noise power. The error
covariance does, however. We know from classic analytic
geometry that conic sections such as circles, parabolas and
hyperbolae can be constructed by knowledge of distances
from points on such curves to fixed points (foci) or lines
(directrices). In that light, aside from the usual definitions, a
circle can be alternatively defined as the locus of points the
distances from which to two fixed points form a constant
ratio. These circles arc commonly referred to as Apollonius
circles.

[0048] ML solutions are determined from the criterion
m=s. Consider

E{(=m)(m—m) " y=E{ (s—m)(s—m) }=E{mn"}=A

(noise covariance!) (10)
[0049] The information given by eq. (10) is not quite what

we are after. That which we are really interested in is the
error covariance on the x-y plane, i.e.

X-x (11a)
E{[A }[}?—x j/—y]}zJ’l where

y-y
J = E{[Vie ) Inp(s | mx, y)[Ve,y Inps | mx, y)I7} (11b)
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Jis commonly referred to as the Fisher’s information matrix.
To evaluate eq. (11), apply the chain rule as follows:

Vi, Inp(s | mix, y) = V(X,y)mT(x, V) -V lop(s|mx, y) (12)
where
Imy Imy (13a)
o n | E
e (5 ¥) = dmgy  Omy
dy 9y
x+a x-a
a2 dt |[mo O
| % i [ 0 }and
yoovloom
4 4
Vaulnp(s|m(x, y)) = A~ s = m(x, y)] (13b)

[0050] Substitute equations (13a)-(13b) into equation
(12), we have

x+a x-a 14)

& & |m O
Als -
T 2 o-menn

ViepInpls| mix, y) = -2
d 4

[0051] Finally, substitute equation (14) into (11a)-(11b),
the error covariance is given by

-1

a1

1 (Z_Lz)z(x;éa]z (Zi )2(xd—12a]2 (Z_Lz)z y(xdg a) + (ml )2 y(xd;- a)
4 (x+a) (x-a) 2 2
(Rt (T (2 (]

Since J is a low-order (2x2) matrix, it is not difficult to
compute the inverse. We have,

my my 8ay Y ., 1[Jn -Jn (15)
ne(ee g =nl 5 )

oo o1 did? MIL=Jar Ju
Hx -2 2 Ik By - 97 = 15
Ex-%") _ @/2"  (do/2a)

a? Ty /o)? (mo/oo)?

Ely-9" (Eray @ /2a) (Eoey (do /2a)"

a? SNy S o) y 7 (mo /o)

(G )

[0052] Note that the quantities m,/0, and m /o, represent
the familiar signal-to-noise ratios. The error covariance is
indeed a decreasing function of the signal-to-noise ratios, as
expected.

Ela-9"+y=9% _ Jil+d3 _
a? - a?
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[0053] The system geometry for three receivers is shown
in FIG. 8 where P is a transmitter at (X, y), A, B and C are
three receivers at (-a, 0), (b, 0) and (0, ¢) which receive
transmission from P with signal power measurements s, s,
and s,, respectively. Defining the following quantities:
YPi=51/5020 and Pr=5,/5,=0
52=PR?=(x+aP+y%; d2=PB’=(x-bY+? and d,’=
PC=+(y-c)’
[0054] The distances between receiver pairs are given by:

ro=AB=a+b; r,=BC=Vb?+c? and ry=CA=V a2+

[0055] Operating under the same assumptions as in the
two-receiver case, let:

1

a3 (x+a)? +y?
Ky my
0 0 1 1
S=E|S |, m=E|m |=q d_lz =@ m N
52 my 1 1
4 Er(y-oP
1o o5 0 0
n=|n |,A=sEn'm=|0 o 0
2 0 0 o3

[0056] Following exactly the same arguments as in the
two-receiver case, the maximum-likelihood criterion selects
that value m =m which minimizes the sufficient statistics
given by (4a), i.e.:

Nmexy;a)=|ls-mx,y;0)|,->20 (Euclidean separa-

tion between s and m(x,y;a))

M(m(x,y;a) Zn(m(x,y;a)) 20; for all feasible m(x,y;a)
[0057] Utilizing results for the two-receiver configuration,
there are at most two ML solutions at which the sufficient
statistics vanishes. As illustrated in FIG. 8, these solutions
must be at the intersection of the following circles:

b
(Co): (5c—x0)2 +j12 = R% where xg = id +a;
Y1-1
Vi1 s1
Ry = ———r¢; = —
o Wl_ll"o-lﬂl o
~ 2 a 2 2 a
(C):(X—x1)"+ (J—y1)” = Rf where xy = ——;
Ya-1
"= CWz_R: Vi R = Vi r_w:S_z
T -0 e - T s
b
(€20 (k=2 4 (=92 = B where 3y = —
[x'2)
o= 2 o N2
ST N T

[0058] Itis clear that (C,), (C,) and (C,) do not necessarily
pair-wise intersect for all values of \y, and 1),. If the circles
do pair-wise intersect, however, then all three circles must
intersect each other at the same point(s). Under any circum-
stances, the centers of these circles are always co-linear with
slope tan O=cy,(\p, - 1)/ [roy,—(br, +a)y,] as shown in FIG.
8.
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[0059] In order to identify (xX,3) at which the sufficient
statistics vanishes, we only need compute the intersection of
two circles, say (C,) and (C,). Let D be the distance between
the centers of (C,) and (C,), i.e.

D? = (x; —x0)* + yf (16)

_ o = G+l + P - 1
W1 - P - 17

[0060] Let B be the angle from the x-axis to the line
passing through the centers of the circles, in the counter-
clockwise direction as shown in FIG. 8, then:

cosf = X1~ % Y1 17)
D

3 sinf = —
D

[0061] To ease the algebra, let (x',y") be the new coordinate
system generated by translating (x,y) to the center of (C,) at
(X4,0), followed by counter-clockwise rotation by the angle
0-m radians.

x] [%o cos —sind [ X (18)
[y]_[o}_[smo cose}y’
or

[x—xo} [cos@ —sin@} x
y |~ lsing cosd v

[0062] Note that in the new coordinate system (x',y"), the
centers of (C,) and (C,), respectively, are represented by
X'y, ¥'0)=(0,0) and (x',,y',)=(-D,0). Solve for (X',3") we
arrive at:

|: 56/ :| 1
3y 2D
B 1
)

R —R:-D?

iJ@W&%M—%—mf

R —R:-D?

£ 2RIRE + R3D? + D*R}) — (R} + RY + DY)

wherein it is required that
AD’Ry’Z(R *-Rs*-D?)? 19
[0063] Substitute (19) into (18), we obtain

X RE (20)
9 _[0}_
R? - R:-D?

1 [xl—xo =Y1 }
2y m-xo )|y \Jap2RE - (R} - R} - D2
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where we stipulate that 1, and 1y, must be such that the
following constraints (in equivalent forms) are satisfied:
25 (p 2 0 2_122&> 2p 2. p 2

4012)1?5 )izglfﬁRIj‘?Dg‘?/Dz-z(geRﬂI;%%\Ré’ 211333 R -

Ro/SD=R+R, 1)
[0064] The constraint on 1, and 1, expressed by (21)
implies that not all Ml. solutions can be represented by eq.
(20). Those which are represented by eq. (20), however,
guarantee that the sufficient statistics is zero. That is, the
sufficient statistics does not necessarily vanish at every ML
solution. This is in contrast with the two-receiver case where
the sufficient statistics must necessarily and sufficiently
vanish at every ML solution.

[0065] In cases where \y, and 1, fail to satisfy constraint
(21), algebraic methods appear intractable. Numerical tech-
niques must be employed to compute the ML solutions.
These solutions, while maximizing the likelihood function,
do not guarantee that the sufficient statistics is zero.

[0066] The solutions given by (20) and (21) contain sin-
gularities at 1y, =1, y,=1, ¢, =0 and },=0. The solutions can,
still be correctly determined under these conditions by
applications of L3 Hopital’s rule. To ease computational
difficulties at these singularities, those special cases are
given below:

b-a (22)
2
L [E] |2t Va2 - (6 - aws - rol?
im =
-1 % 202 - 1)
dn#l
(23a)
YWy -3 - DI —a?)?
b{UZPES i )
% (Y1 = 1) +4c2(b2y; — a?)]
lim =
vl ﬁ} 230 -1 -
v %l
2a% + ¢* - a*
2¢
where
Yp)=2¢ (b +a)+a(P=a®) (o -1) (23b)
and
V)12 - D= (= 1)+4E (0P -a”) |20 3¢)
b-a (24)
* 2
lim [ } =, and a trivial solution at oo
zﬁi 3 c“—ab
o

X —-a (25)
hino[A}:[ 0 }
ot
[0067] If a, and v, fail to satisfy constraint (21), ML

solutions of the form given by eq. (20) do not exist. The
sufficient statistics cannot vanish at the ML solutions in this
case. To solve the problem under these conditions, we seck
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that estimate (x,3) and the associated parameter & at which
the gradient of the sufficient statistics vanishes, i.e.

ViaE s Dlegam0  where  myay=ls-me
.V)'a)ﬂ/\’l

(26a)
and m(xy,a)=[mom m;]"=a[dy(xp)d, (xy)d (&,
»Ir (26b)
By chain rule,
Viara T 95 @) = Vi yaym (%, y; @) - Vyglm) (272)
where
Omy Omy  Omy (27b)
9x  dx  ox
dmy 9Im; Imy
T Loy | 2T T Y
Vi (X, ¥; @) = 3y Ty 3y
dmy 9Im; Imy
8a Ao da
x+a x=b X
a7 Ky -7
dg(x, y) dix,y)  dix,y)
- @ y o y o y—C
B By Cdey
1 1 1
25, y)  2diey)  2d5(x, )
Vuniim) = 2A7 [m(x, y; @) — 5] (27¢)

[0068] Substitute (27b)-(27¢) into (27a) to obtain the
gradient of the sufficient statistics, then set the resultant to
zero according to eq. (26a):

_ %+a i-b % (28)
ARGy ARG G D
N oy e
AAEH AdEmH AHED
1 1 1

203d5(%, 9) 201 (%, 9 2034 %)

a

TR
51—L =0
FE )

&
ST

[0069] To improve computational efficiency, we can easily
eliminate ¢. using the third equation in (28) and the system
of equations is reduced to:

X+a . x-b % (29a)
&
ofdy (%, 9)  oidiR, ) o3diR, )
3 ¥ y-c

o3dgx, 3 ofdl3. ) AR )

50— P&, )AL, D3 (&, 9)
51— B D3R DGR 9) | =0
52— P& D), DL (& 9)

where

Feb. 28, 2008

-continued
0ot oRd (R, )3, )+ (290)

 S030 B )& D) + 5,081 di (R, $)dE & 9)
B&, 9 =

oioddl (s HAE, 5) + oFofdi (%, AR, §) +

o3otdi & Pdi&. D)

&, ) = BB, DdF &, TR, HdF &, ) (29¢)

[0070] A Matlab subroutine employing algebraic root-
solving methods may be written to solve for the ML solu-
tions and the associated optimal value of a from equations
(292)-(29¢).

[0071] Following the same approach as in the two-receiver
case, the first step is to determine the Fisher’s information
matrix defined by equation (11b). To evaluate the gradient of
the log-likelihood function:

Vi Inpls | m(x, ¥)) = Vieyym? (v, y)- Vi Inp(s | m(x, ) (30)
where
dmy 9Imy; Imy
v r B ox ox ox
wptt (% y) = dmy Om;  Omy
oy ay dy
xX+a XxX—a X
my 0 O
Bxy) dixy) By
=-2 0 m O
y y y—c¢
By &y Buy 00 m
and

Voulnp(s | m(x, y) = A" [s — m(x, y)]

[0072] Substitute the last two expressions into eq. (30):

Ve npls | m(x, y) =

xX+a XxX—a X 0 0
moy
a2 (x, a2 (x, 43 (x,
-2 O(y v l(y v 2y(_ Cy) \ 0 m 0 [A[s—mix, )]
By dwy By |0 0om

[0073] Substitute the last expression into eq. (11b), noting
that B{[s-m(x,y)[s-m(x,y)['} =A, we arrive at the Fisher’s
information matrix J is:

Jig g 3la
J :4[ . 12} where (la)
Ja I
; :(@)2 X+a 24_(&)2[ x—b ]2+(&)2[ x r (31b)
Ve o] e L] o) [d ey
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-continued
o _(Mmoylx+a) mylx—b) mp\2aly-—c) (31d)
= _(Uo) dg(x, y) (Ul) df(x, y) (Uz) di(x, y)

[0074] The Cramer-Rao bound on the error covariance
requires J7*:

Elx -7 2 Il By - 97} = 13

—le}
Ju

2

where

-
||
and

|ﬂ=16ﬂﬁﬁ_ﬁiﬁ“+“y

J2
=Ja

-1

dgd}
Vanish for x,y)eBA

[ml my; cx+by—c)
did
Vanish for (x,y)eCB

]2 [mz mo cx—a(y—c)
d3di
Vanish for (x,y)eAC

|

mo2[ y P omie[y P ma[y—cT
Az =z &g EZ
Ex-%"t= =
[mo my (a+b)y
4 oo oy did?
[ﬂ_ﬂ_cx+b(y—c)]2+[ﬂ_@_cx—a(y—c)r
o1 o2 drd? o2 oo d3d}
mo2[x+al? mp2[x—bP mp[x TP
IO ) b B o e A A
EHy-9t= 5
[mo my (a+b)y
o o &R
4 0 1 04

]2
Ex-2"+0-9=...

m2)2 1

1 1
(Z%Z)zd—g +(Z—%)2d—lz +(0——2 3
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1 azbz]
2_ 2|22, 2
dc_4(a +b 4+t + =

[0078] The signal-to-noise ratio at A, B and C are
(mo/Oo)|o(my/01)0o=(m2/02)*|o=SNR

[0079] The error variance at the point O is bounded by:

Elxe =3 + (e =37 =

3 [cz(a + b)2 +(? - ab)2]3
64-SNR [(a+ b2 (c? — ab)? + a2(b? + c2)* + b2(c? + a2)*]c*

[0080] Moving away from point O to the position (x,y),
the distances fi-om which to A, B and C are d';, d', and d',,
respectively. Let:

Bo=(do/d'o)s W=(d/d"); no=(d/d5)’

[0081] Then the error variance at (x,y), normalized to d_2,
is bounded by

(32

[mo my (a+byT

dgdi

ny

didf

[0075] The error covariance is a decreasing function of the
signal-to-noise-ratios. A numerical example is given below:

[0076] Example: 0,=0,=0,; a=80 ft; b=40 ft; c=60 ft

[0077] Consider the point O at (x_y. )=0.5(b-a,c-ab/c),
which is the center of the circle circumscribing the triangle
ABC, This point is equi-distant to A, B and C. Denote this
distance as d_, then

my cx—a(y—c)

T

Hy+H+45

B3+ (v =9/} = g

[a+b?+(c—ab/c)
wila+ b)) + @dlex + by — o + Bdlex — aly — o
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[0082] Upon numerical substitution, the plot of normal-
ized standard-deviation of error along the three lines which
bisect AB, BC and CA at right angles is given below. The
error bound increases rapidly outside the triangle ABC.

SNR=32  VE[Go—®)+(-5)°}269 ft or

VE{(x~®,+~$.)°}/d,Z0.11
[0083] To compute location by a combination of signal
strength and time of arrival using two receivers, the system
geometry is essentially identical to that shown in FIG. 6. it
is assumed that both received signal power and time-
difference-of-arrival (TDoA) measurements are available. P
is a transmitter at (X, y), A and C are two receivers at (-a,
0) and (a, 0) which receive transmission from P with signal
power measurements so and s,, respectively. Let y=s,/s,=0.
Time diference of arrival is T. Let ¢ be the (known) speed of
EM wave propagation in air and define d=ct/2. Note that
represents half the difference between PA and PC. Additive
Gaussian noise in both signal-power and TDoA measure-
ments.

d?=PA%=(x+a)’+)? and d,>=PC?=(x-a)*+)>

[0084] To compute maximum likelihood estimation using
assumptions (a)-(c) above, let:

S0
s=1|5
52

=m+n,
where
@ a
d_g (x+ a3 +y?
mo @
a -
m=|m = d_lz = (x_a)2+y2
m
? do —d \/(x+a)2+y2 —\/(x—a)2+y2
2 2
and
7 a3 0 0
n=|m|\A=E@m=|0 o 0
n 0 0 o3

[0085] The noise vector n is Gaussian by assumption.
Note that elements of the (positive definite) noise covariance
A have different physical meanings. Whereas the dimension
of' 0, and o, is signal-power, that of 0, is distance. Following
exactly the same arguments as in previous analyses, the ML,
criterion selects that value m=m which minimizes the suf-
ficient statistics given by (4a), i.e.:

n(mx,y;a))=|ls-mx,y;0)|,->=0 (Euclidean separa-
tion between s and m(x,y;a))

M(m(x,y;0)) Zn(m(x,y;0)) 20; for all feasible m(x,y;a)

[0086] To determine the conditions under which the suf-
ficient statistics vanishes at the ML solution, the necessary
and sufficient condition is m=s since A is positive definite.
In other words,
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1 (33a)
. (5c+a)2+312 _[so}
. =

G-af +3*

S1

(33b)
=6

Verar+8 V-t e+’
2

[0087] Equation (33b) represents one branch of a hyper-
bola with vertex at (9, 0), foci at (-a, 0) and (a, 0). Thus, the
ML solution (X,9) at which the sufficient statistics vanishes
must lie on the right-hand branch of the hyperbola if 3>0, the
left-hand branch of the hyperbola if 8<0, and the y-axis if
3=0. This hyperbola is denoted by (H) in FIG. 9, corre-
sponding to an example where 3>0.

[0088] Drawing from previous results where only signal-
power measurements are used in a localization system with
two receivers (FIG. 1), equation (33a) represents the circle
described by equation (8a). Thus, the ML solution (X, ¥) at
which the sufficient statistics vanishes must also lie on the
Apollonius circle defined by the points A, C and the har-
monic division ratio Vip=Vs,/s,. This circle is denoted by (L)
in FIG. 9, corresponding to an example where {>1.

[0089] Combining the two facts stated above, there are at
most two ML solutions at which the sufficient statistics
vanishes. As illustrated in FIG. 9, these solutions must be at
the intersection of the circle (L) and the hyperbola (H)
described below

+1
-1

(L): (56—)60)2 + 312 = R% where xo = Z a;

24
RO——wa;w—S—IZO
l¢ =1 50
<2 22
LA Yy _
(H): ﬁ—m_lwhere —a<d=a
Hence,

- (34
either ¢ = 1 and g_‘_i sgsl
=
or ¢y =1 and _1SESW—1
a \/J+1
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[0090] Ifthe ML solutions are given by equation (34), then

X . A2 ~ S150
lls —m(, 3; @NP-1 =0 and & = 4———
S1 — S0

[0091]
in equation (34), the sufficient statistics cannot vanish at the
ML solution. To solve the problem under these conditions,

If 8 and 1 do not satisfy the constraints delineated

we seek that estimate (X,9) and the associated parameter ¢
at which the gradient of the sufficient statistics vanishes, i.e.

Vi 105, ¥, @ |z 5.8 =0 (352)
where
0, v, @lls = mix, y; Iy
and
Mo (35b)
mix, y; @) = | m
my
@
@
@
T4
dy—dy
T2
@
(x+a)?+y?
@
\/(X+a)2+y2 —\/(x—a)2 +3?
2

M 9)| 50— B DAE (R, ) 51 - B DAFR. §) 6-
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By chain rule,

Veoya 1 35 @) = Vigpoym (%, 3 @)- Vurp(m)
where

Vioyeym' (%, y; @) =

x+a x—a 1( x—a x+a )
e fe’d - —
Ay dixy Ay dxy)
y y y( 1 1 ]
a— — = —
dg(x, y) dix,y)  4\dilx,y)  do(x, y)
1 1

s AT Tha o 0
2d5(x, y)  2di(x, y)

Vimn(m) = —2A7! [s —mi(x, y; )]
[0092] Of the three equations above , substitute the last

two into the first to obtain the gradient of the sufficient
statistics, then set the resultant to zero according to eq, (35a)

X+a . X-a 1 i-a i+a (36)
R Sy S | QAT S
o5ds (R, ) oidi (%, ) oa\d1 (X, 5)  do(, §)
o b d L( L ]
cdiz 3 old Gy 4i\AE D de D)

(
1 1

- - 0

203433, 9)  201dR(x.9)
&

S0T 3

d5(%. 9)
&

- =0
S1 ~

di(&, $)

2

[0093] To improve computational efficiency, we can easily
eliminate d using the third equation in (36) and the system
of equations is reduced to

o, $) =i (3, 9) ]T -0

2
where
G+ a)pE AR ) G- apE HEEH L ( t-a  X+a ]
. ogds (%, 9) otdi (% 9) 403\di(%, D) do(%, 9)
MEps=| R )
IBE, DAL 3) B D)dy . 3) ¥ ( ro 1 ]
ogds (%, 9) otdi (% 9) 403\di(%, D) do(%, 9)
B 5 = SoTEdER, 9) + 5,02 d3 (R, §)

and

oidi(®, )+ opdi(x. §)

&, §) = PG, G (&, 9)df (&.3)
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[0094] A Matlab subroutine employing algebraic root-
solving methods may be written to solve for the ML solu-
tions and the associated optimal value of ¢. from the above
equations.

[0095] For systems employing signal-power and TDoA

measurements with more than two receivers, the analysis
quickly becomes intractable. However, numerical solutions
require only a straightforward extension of the above
method where the system order increases linearly with the

number of receivers. We expect —a=d=a in the absence of

noise. This is almost trivial by considering the triangle APC
in FIG. 9 where 20, which is the difference between two
sides PA and PC, must be smaller than the third side AC, the
length of which is 2a. Hence, one would argue that perfor-
mance may be enhanced if TDoA samples resulting in [3|Za,

which must be heavily corrupted by noise for the reason

mentioned above, are altogether disregarded.

[0096] Following the same approach as in previous analy-
ses, the first step is to determine the Fisher’s information
matrix defined by equation (11b). We begin by evaluating
the gradient of the log-likelihood function:

Vi Inp(s | mx, y)) = V(X,y)mT(x, V)V lnp(s|m(x, y)) (37)
where
Omy Imy Imy
. Tx ox Ox
Voopm (5 y) = Omg Omy Imy
8y 8y a8y
do(x, y) +di(x, y)
mo(x+a) my(x—a) T )
=2 By &y 2do(x, Y)d1(x, y)
moy my myy
g y) A ) 2y (%, Y)dy(x, y)

9, Inps | mix, y)) = A~ [s = m(x, )]

[0097] Substitute the last two expressions into equation
(37):

Vi lnp(s [ m(x, y) =

do(x, y) +di(x, y)

mo(x+a) my(x—a) ™M~ )
ol By dixy) 2dy(x, y)di (x, y) A s — m(x, y)]
moy my my
d5le ) diln ) 2do(x, )d (x, 3)

[0098] Substitute the last expression into eq. (11b), noting
that E{[s-m(x,y)][s-m(x,y)]" }=A, we arrive at the Fisher’s
information matrix J

Ju Jiz (38)
J=4
Ja I
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where the elements of ] are given by:

mo2[ x+a |? (39a)
= (”_0) d3(x, y)
dolx, y) +di(x, y) T
R
o/ Ldfx, y) 2072dp (%, Y)d1 (%, y)
2 39b
2 (?)z[d%y )] * -
0 0% Y
mp[ oy P may? y 2
G ]+ ey
Jia =y (39¢)
do(x, y) + di(x, y)
=(@)2y(x+a) (E)Zy(x_a) mzy—iz a
oo/ dix,y) ‘ol dix,y) 209dy (%, y)d) (. y)

[0099] To find the Cramer-Rao bound on the error cova-
riance J7! is computed:

Elx-dY =07
By -9 = Iz
where

4 [ I —le}
MIL=Ju  Ju

and

|J|_(8ay ]2 (mo m1)2+1(m2)2[(m1 do ]2+(m0 dy ]2}
“dga?) Voo o Ao/ \or do-d oo do—di

Thus,

Elx-%% (40)
—_— =

(2 () (2 2 (e ()

mo my\2 1 mpN2[(my dy V¥ (mg dy V
IR =l e R Py

=

E{y -7
a2

my x+a 2(d1]4
(0-—0' 3 ) %) "
do +d; \?
(ﬂ.x—ay(@]z 1[}1&] (@]2(2]2
oy 2a A\ o, y 2a)\2a
mo my\2 1 omp\2[fmy dy V (mo dy \?
R e I s

Ex-3"+ (-9
a2

=
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-continued
mo iV (my do\: 1lym z(x—jztjia]2+y2
() (53] +(Gom) a5 —
2ay

my my\2 1m22(m1 dy ]2 (mo do ]2
(O——O'U—I)W(o——z) o d-d) e B

[0100] The error covariance is a decreasing function of the
signal-to-noise-ratios. Recall that the error variance for a
localization system employing SS measurements at two
receivers is bounded by equation (15). If TDoA is employed
in addition to SS measurements, the error variance is
bounded by equation (40). The improvement I in estimation
error is calculated as

1)

Bl ="+~ 3 b ss47m0

. \/ Elx-3"+(y- 5’)2}55 only

(Improvement in estimation error)

Substitute equations (15) and (40) into equation (41) and
square both sides for convenience:

di 2 dy Y
[(_ml/ﬂ'l] +(m0/0'0]}
mo mp\2 1 my2[fmy dy V¥ (mg dy
12_{(0——0'0——1) | ) 2 )

T S

I8

ESEE NEHES )
oo do—di o dy—di
mp 2

I oy (ml do ]2+(m0 d ]2
4 @ﬂ al do—dl ao do—dl

To 01

(o (M) + g(g)z[(x_ jz fjﬁ a]z +y2]

=

Expand the last term in the denominator, noting that

dg =@ +a)?+y" and dlz =(x—a’ +y* “42)
(mo d ]2 +(m1 do ]2 N
7o do—dy o1 do—d
mp 2

I oy (ml do ]2+(m0 d ]2
4 m m | o dy-dy oo do—d

2= Jo 01
my d Y
(0'_0 dy—dy ] *
. o (e
oy dy—dy 2\oy/ (do—dy)* dody
[0101] For known SNR’s m;/0;, the approximate improve-

ment in estimation error at a given point (X,y) may be
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calculated directly from equation (42). Further simplifica-
tion is possible by some geometric observations. Consider
the following ratio in the denominator of equation (42)

2

It aP ¢l —a? + 7]

X +y-a X +y-at

dody

[0102] Of course a brute-force application of algebra can
simplify the above ratio, but a more elegant method is
geometrically illustrated in FIGS. 10(a) and 10(b) which
illustrate cases where (x,y) is, respectively, exterior and
interior to the circle centered at (0,0) with radius a.

[0103] Substitute the inequalities given in FIG. 10 into
equation (42) to arrive at the following bounds on the
improvement in estimation error

) <\/ . 1(@)2 (uy — po)? (432)
- Ao/ oy + o+ (ma /o) o
232 s
1= 1+4—1( 2)(#1—#0)
where
al dl To do (43b)

2 2
=[—- d o = .
m (ml do - dl] and Ho (mo do — dy ]

[0104] Note that I is never smaller than unity, indicating
that employing TDoA measurements in addition to signal-
strength always improves the estimation error. Furthermore,
the improvement gets better with increasing TDoA signal-
to-noise ratio (i.e. m,/0,), as is intuitively expected.
1001031 Development of the maximume-likelihood (ML)
solution does not require a priori knowledge of the trans-
mitters’ radiated power. In fact, the radiated power can be
inferred from the ML solution. The solution relies on nor-
malized received signal-strengths instead of the raw signal-
strength data. The method may be used to improve existing
schemes to mitigate performance variations due to uncer-
tainties in the transmitters’ radiated power. Modifications to
the algorithms should be simple. The estimation error
decreases with increasing SNR, as is intuitively expected. If
signal-power measurements alone are employed for local-
ization, the ML solutions may be entirely constructed using
the geometry of circles, lines and harmonic divisions. In
two-receiver configurations, there are infinitely many equi-
probable ML solutions the loci of which are Apollonius
circles (lines being treated as limiting cases of circles). If
there are more than two receivers, there are at-most two
equi-probable ML, solutions which are located at intersec-
tions of Apollonius circles. If signal-power and TDoA
measurements are employed for localization, the ML solu-
tions may be entirely constructed using the geometry of
circles, lines and hyperbolae. For the same number of
receivers, the estimation error is always improved in com-
parison to cases where only either signal power or TDoA
alone is employed. Fewer receivers are required for a given
level of performance.

[0105] While there have been described what are believed
to be the preferred embodiments of the invention, those
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skilled in the art will recognize that other and further
changes and modifications may be made thereto without
departing from the spirit of the invention, and it is intended
to claim all such changes and modifications as fall within the
true scope of the invention.

1-8. (canceled)
9. A method for locating mobile units arranged for radio
communication with fixed devices, comprising:

detecting received signal strength for transmissions from
one of said mobile units to a first selected plurality of
fixed devices having known locations;

detecting time of arrival for said transmissions at a second
selected plurality of said fixed devices;

computing ratio of said received signal strength for at
least one pair of said fixed devices in said first plurality;

computing time difference of arrival for at least one pair
of said fixed devices in said second plurality; and

calculating the maximum likelihood location for said
mobile unit using said computed ratio and said time
difference of arrival.

10. A method as specified in claim 9, wherein said first
plurality and said second plurality include at least three fixed
devices.

11. A method as specified in claim 9, wherein said first
plurality is the same as said second plurality and includes at
least three fixed devices.

12. A method as specified in claim 9, wherein the mobile
units operate according to the IEEE Standard 802.11 com-
munication protocol.

13. A method as specified in claim 9, further comprising:

wherein the first plurality of fixed devices includes a first
plurality of access points and the second plurality of
fixed devices includes a second plurality of access
points.

14. A method as specified in claim 9, wherein for the
calculating of the maximum likelihood location, a line-of-
sight Friis propagation model and an inverse square law of
distance apply.

15. A method as specified in claim 9, wherein the calcu-
lating includes selecting a value for maximizing a likelihood
function.

16. A method as specified in claim 9, wherein the method
is performed in an indoor location.

17. A method as specified in claim 9, wherein the calcu-
lating is performed based on locations of the first plurality of
fixed devices and of the second plurality of fixed devices
being known.

18. A method as specified in claim 17, wherein the
calculating is performed based on a noise covariance being
present and based on an estimate of a quantity related to a
power radiated by a transmitter directivity of the mobile
unit.

19. A system for locating mobile units arranged for radio
communication with fixed devices, comprising:
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means for detecting received signal strength for transmis-
sions from one of said mobile units to a first selected
plurality of fixed devices having known locations;

means for detecting time of arrival for said transmissions
at a second selected plurality of said fixed devices;

means for computing ratio of said received signal strength
for at least one pair of said fixed devices in said first
plurality;

means for computing time difference of arrival for at least
one pair of said fixed devices in said second plurality;
and

means for calculating the maximum likelihood location
for said mobile unit using said computed ratio and said
time difference of arrival.

20. A system as specified in claim 19, wherein said first
plurality and said second plurality include at least three fixed
devices.

21. A system as specified in claim 19, wherein said first
plurality is the same as said second plurality and includes at
least three fixed devices.

22. A system as specified in claim 19, further comprising:

wherein the first plurality of fixed devices includes a first
plurality of access points and the second plurality of
fixed devices includes a second plurality of access
points.

23. A system as specified in claim 19, wherein for the
calculating of the maximum likelihood location, a line-of-
sight Friis propagation model and an inverse square law of
distance apply.

24. A system as specified in claim 19, wherein the
calculating includes selecting a value for maximizing a
likelihood function.

25. A system as specified in claim 19, wherein the method
is performed in an indoor location.

26. A system as specified in claim 19, wherein the
calculating is performed based on locations of the first
plurality of fixed devices and of the second plurality of fixed
devices being known.

27. A system as specified in claim 26, wherein the
calculating is performed based on a noise covariance being
present and based on an estimate of a quantity related to a
power radiated by a transmitter directivity of the mobile
unit.

28. A device for storing computer instructions that when
executed results in a performance of the following:

computing a ratio of a detected received signal strength
for at least one pair of fixed devices in a first plurality
of fixed devices;

computing a time difference of arrival for at least one pair
of fixed devices in a second plurality of fixed devices;
and

calculating the maximum likelihood location for a mobile

unit using said computed ratio and said time difference
of arrival.



