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This invention relates to wave transmission networks
and more particularly to broad-band microwave imped-
ance transformers.

An object of the invention is to connect without mis-
match two resistive impedances which differ in the mag-
nitude and slope of their impedance—frequency character-
istics,

A more specific object is to match, over a band of
frequencies, two wave guides of rectangular cross section
which differs in one or both transverse dimensions.

In microwave systems, it is sometimes necessary to con-
nect two wave guides having real characteristic imped-
ances which differ from each other over the frequency
band it is desired to transmit. The difference may be in
magnitude only, in slope only, or in both magnitude and
slope. For efficient transmission of energy from one wave
guide to the other over a broad band of frequencies,
they must be joined through a transducer, or impedance
transformer, having image impedances which substan-
tially match the characteristic impedances, respectively,
of the guides throughout the band.

The present invention is directed to a broad-band
microwave impedance transformer for connecting two re-
sistive impedances whose impedance—frequf:ncy character-
istics differ from each other in magnitude, slope, or both.
The transformer comprises one or more pairs of tandem-
connected sections of rectangular wave guide which, in
general, differ from each other in length and in both
transverse dimensions. The design method employed is
based on the assumption that, since each section alone
can be treated mathematically like a length of non-dis-
sipative smooth transmission line, the physically con-
nected sections can be similarly treated, neglecting any
small errors arising from physical changes of cross sec-
tion at the junction points. Actual results obtained have
shown that this assumption is entirely justified. Explicit
design formulas are presented for determining the re-
quired length, width, and height of each section of a two-
section transformer. These formulas are based on the
magnitude and slope of each of the desired image im-
pedances of the transformer at the selected mid-band
frequency. Also, a simple procedure is outlined for ap-
plying the formulas to a transformer comprising two or
more pairs of sections connected in tandem. Each of
the sections has a phase shift approximately equal to »/2
radians at the mid-band frequency. The transformer is
especially useful in connecting two dissimilar wave guides
of rectangular cross section. In this case, the transformer
can be designed to provide a very close impedance match
over a comparatively broad band of frequencies.

The nature of the invention and its various objects,
features, and advantages will appear mere fully in the
following detailed description of preferred embodiments
illustrated in the accompanying drawing, of which

Fig. 1 is a perspective view, with one corner cut away,
of a two-section microwave impedance transformer in
accordance with the invention connecting two rectangular
wave guides;
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Figs. 2 and 3 are, respectively, a sectional top view and
a sectional side view of the transformer shown in Fig, 1;

Figs. 4 and 5 present typical impedance-frequency
characteristics showing the matches obtainable with a
transformer of the type shown in Figs. 1, 2, and 3; and

Fig. 6 is a side view of a transformer in accordance
with the invention comprising three pairs of sections con-
nected in tandem.

In the embodiment shown in Figs. 1, 2, and 3, two
hollow-pipe wave guides 16 and 13 of oblong cross sec-
tion are connected by an impedance transformer 14 com-
prising two sections 11 and 12 of rectangular wave guide
connected in tandem. The guide 10 has an inside width
aa and an inside height bs. For the guide 13 the corre-
sponding dimensions are ap and bb, in the section 11 they
are a1 and b1, and in the section 12 they are a2 and bs.
The sections 11 and 12 have respective lengths I and fk,
each equal to a quarter wavelength within the section.
The side walls are made continuous between the differ-
ent sections of guide to prevent the escape of energy.
In general, this results in small steps in the width, at the
junction points 16, 17, and 18 in Fig, 2, and small steps
in the height, at the paints 19, 20, and 21 in Fig. 3.

It will be assumed that microwave energy is to be
transmitted from the guide 10 through the transformer
14 to the guide 13, as indicated by the arrow 16 in Fig.
1. The flow of energy may, of course, as well be in the
reverse direction. For analysis, it will be assumed fur-
ther that the mode of transmission is the TFEi,0, in which
the electric field E is perpendicular to the longer trans-
verse dimension of the guide, as indicated in Figs. 1 and 3.

The section 11 will transmit waves above the critical or
cut-off frequency fe1, given by the expression

Jer=c/2a, 1)

where ¢ is the velocity of light and is equal to 31010
centimeters per second. The phase constant, g1, of the
section at any frequency, §, is

2xf,
p="a y (=T
and its characteristic impedance, ki, is

ki=k o /NT=(Falf)?
where ke« is the characteristic
quency and is given by

ko1=60x2b1/a01 4)

The design formulas are greatly simplified by introducing
a parameter Dy, defined as

Di=1/[1-—(fe1/fq)2] (3)

where fq is the quarter-wave frequency at which the phase
shift By of the section is =/2 radians. The frequency fq
is ordinarily chosen as the geometric mean of the limits
of the desired transmission band. It will be noted that
D: will have a value greater than unity, since fa will
always be greater than fet.

For the section 12, the cut-off frequency, fez, the phase
constant, B2, the characteristic impedance, k2, its value,
ks, at infinite frequency, and the value of a second pa-
rameter, Dz, may be found from expressions similar,
respectively, to (1), (2), (3), (4), and (5) except that
the subscripts 1 are all changed to 2.

The composite transformer 14, comprising the sections
11 and 12 connected in tandem, has a real image imped-
ance Wa at the left end and a real image impedance Wy
at the right end. The slops of the image impedance-
frequency characteristics are, respectively, Wa’ and W',
In accordance with the invention, the impedances Wa and
Wb may be chosen arbitrarily at the frequency f,, and
their slopes Wa’' and Wy’ may be given any desired nega-

2)

3)

impedance at infinite fre-
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tive values at fq. This imposes four conditions. There
are also two more conditions, namely, that the phase shift
B: in the section 11 and the phase shift Bz in the section
12 shall each be =/2 radians at fa; that is,

szf.hh:Bz:ﬂzlz::vr/Z (6)

Since the transformer 14 has six variables, the dimensions
ai, az, by, bz, I, and I, these six conditions can all be
satisfied at the frequency fa.

A recommended design procedure and explicit design
formulas will now be presented, using the known quan-
tities Wa, Wb, Wa', and Wp'. As the derivation of the
formulas is lengthy and somewhat involved, it will be
omitted.

First, the parameter D1 is obtained as the root, greater
than unity, of the cubic expression

3 s(l—p) 4, ] 3 i_(_l_:p_) —_ ]
pa+[s+igry -t Pt aara Dit
ps3 [ 8
P t=5—1=0 7
ol "2 "
where the symbols p, 5, and ¢ are defined as
pEV’Wb’Wa’ (8)
P _’I_bl]
=P\ w. W, (9
and
.=i.a[ Wo! 1&]
1= 3'w,,+‘wb (10)
Next, evaluate the parameter Dz, which is given by
Da=D1+s (11)
Now, the characteristic impedance k1 of the section 11
is found from the formula
k=W AWpl/tU (12)
where
D1+PD3
= 13
U pDy+ D2 (13)

Then, the dimensions of the section 11 are found from the
formulas

._._2__ __12‘_
=97, VD1 (4)
by =ck/120mF ¥V D1—1 (15)
and
zl=f,?/1‘>1 (16)

Also, convenient expressions for the cut-off frequency
feo of the section and its characteristic impedance ket
at infinite frequency may be written in terms of the
parameter Dy as follows:

fa=fey 25 (an
and
For=hD: (18)

For the section 12, the characteristic impedance ka is
given by
ka==Wal/AWv3/4U 19

The dimensions as, bs, and I2, the cut-off fez, and the
impedance ko: may now be found from the following

formulas:
_c [ D
#=55.V D,—1 (20)
by=cky/120w2f ¥ Da—1 (21)
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4
Lh=%+VD; (22)

4fq

_ D,—1
f c?"‘fa Di! (23)
and

k 3= Ko\ Dy (24)
The transformer 14 will give a particularly close im-

pedance match over a comparatively wide band if the
image impedances Wa and Wy are to match the charac-
teristic impedances of rectangular wave guides such as 10
and 13. Tt will be assumed that the guide 10 has a cut-
off frequency fea and, at the frequency fq, @ character-
istic impedance ka with a slope ka’. For the guide 13,
the corresponding quantities are feb, kv, and kv'. The
dimensions of the sections 11 and 12 are found from the
formulas (14), (15), (16), (20), (21), and (22), but in
using formula (7) to find D1, the expression for p becomes

p=kn/ka (2%
and the expressions for s and 7 can be simplified to
s=Dbv—Da)/2 (26)
and
t=1—(3Da+Dv)/4 27)
where
Da=1/11—(fea/fa)?1 (28)
and
Do=1/11—(fev/fa)?] (29

This simplification can be made since, at fq, the follow-
ing relationships hold:

k. 1—D
Ra a 30
b (80)
and
ky 1—Ds
= 31
ke~ T (1)

In this case, the characteristic impedances ki and k2 are
given by the formulas

k1=ka3/4kb1/4U (32)
and

kg==kal/tkp3/4U (33)

The impedance-frequency characteristics in Fig. 4 show
the match obtained with a two-section transformer 14 in
accordance with the invention designed to connect a
rectangular wave guide 10 in which a= is 0.900 inch
and ba is 0,400 inch to a rectangular wave guide 13 in
which ap is 1.122 inches and bp is 0.497 inch. The band
to be transmitted extends between 3.5 and 2.6 kilcmega-
cycles. The quarter-wave frequency fq is taken as 9.033
kilomegacycles, the geometric mean of these frequencies.
The required dimensions in inches of the sections 11 and
12, found from the design formulas given above, are as
follows:

a1=0.929
b1=0.410
11=0.460
az=1.027
b2=0.452
la=0.424

The solid-line curves 24 and 27 show the characteris-
tic impedances ka and kv, respectively, of the guides 10
and 13 to be matched. The curves 25 and 26 show
the characteristic impedances %1 and ks, respectively, of
the transformer sections 11 and 12. The broken-line
curves 23 and 28 show the image impedances Wa and
Wh, respectively, of the transformer 14 at the left end
and at the right end. It is apparent that an extremely
close match is obtained, throughout a wide band, between
the curves 23 and 24, and also between the curves
27 and 28, In fact, over a considerable portion of the



2,787,380

5

range, the curves 23 and 24 are indistinguishable, and
the same is true of the curves 27 and 28.

The characteristics shown in Fig. 5 apply to another
example of a two-section transformer in accordance with
the invention, designed to connect a wave guide 10 in
which aa is 1.372 inches and ba is 0.622 inch to a guide
13 in which av is 1,590 ioches and by is 0.795 inch.
The band to be passed extends between 5.925 and 6.425
kilomegacycles, and fq is 6.170 kilomegacycles. The re-
quired dimensions in inches of the sections 11 and 12
are as follows:

ai=1.408
b1=0.652
11==0.652
a=1.512
b2=0.735
—0.618

The curves labelled Wa, Wy, ka, kv, k1, and k2 corre-
spond, respectively, to the similarly designated curves in
Fig, 4. In this case, also, the image impedances of the
transformer 14 closely match the characteristic im-
pedances of the guides 10 and 13, as evidenced by the
substantial coincidence of the curves for Wea and ks, and
also of the curves for Wy and kb. This is an interesting
example in that all of the curves cross at the frequency
fx. At this particular frequency, no impedance trans-
formation is required, but the important point is that
the transformer impedances match the guide impedances
in slope,

In each of the examples disclosed herein, the insertion
loss within the desired transmission band is not more
than 0.00004 decibel greater than that of an ideal trans-
former. The corresponding voltage standing wave ratio is
less than 0.053. This comparison neglects the effects of
dissipation, which ordinarily will be very small in the
short lengths of wave guide employed.

It should be pointed out that a two-section transformer
in accordance with the present invention has a consider-
able advantage over a tapered transformer in that the
former is easier to construct and is generally shorter
in physical length.

In accordance with an extension of the invention, if
the impedances k= and kb to be connected differ con-
siderably, their difference is divided into two or more
ranges. The formulas presented above are then used
to design a two-section transformer for each of the ranges
and the transformers are connected in tandem. Thus, by
using two or more pairs of transformer sections, good
impedance matches will be obtained over a broad fre-
quency band even in this case.

Fig. 6 shows a side view of such a composite trans-
former 29 connecting a wave guide 30 of characteristic
impedance ka to a wave guide 37 of characteristic im-
pedance kp. The transformer 29 comprises three two-
section transformers 38, 39, and 40 connected in tandem.
Each of these component transformers is of the type
shown in Figs. 1, 2, and 3, comprising two sections of
wave guide connected in tandem. In the transformer
38 the sections are designated 31 and 32, in the trans-
former 39 they are 33 and 34, and in the transformer 40
they are 35 and 36.

If the impedance range between ke and kp is to be
covered in two equal step-up or step-down ratios, there
will be an auxiliary dividing impedance k4,1 such that

kas_ ko
To Fas (34)
giving
kai1=vk.k, (35)

Assuming that the impedance ka,1 follows the law of
wave guides, the design parameter Dq,; is given by

Da1=(Ds+Dv)/2 (36)
For this case, the composite transformer 29 will consist
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of the two two-section component transformers 38 and
39. The required dimensions of the sections 31 and 32
are found from the design formulas given above, except
that, in determining p, s, and 7, ka,1 is substituted for k»
in Equation 25 and Daq,1 is substituted for Dy in Equations
26 and 27. The required dimensions of the sections 33
and 34 are found in the same way, except that kq,1 is
substituted for ka in Equation 25 and Da,: for Da in
Equations 26 and 27.

If there are n equal step-up or step-down ratios,
the corresponding expressions for the jth dividing im-
pedance kq,; and the jth design parameter Da,j are

kg, j=kal—1/2kpi/n (37)

and

Da,j=(1—j/n)Da+(j/n) Dy (38)

from which the dimensions of the various pairs of trans-
former sections may be found by applying the design
formulas, after making the proper substitutions.

It is to be understood that the above-described ar-
rangements are illustrative of the application of the prin-
ciples of the invention. Numerous other arrangements
may be devised by those skilled in the art without de-
parting from the spirit and scope of the invention.

What is claimed is:

1. In combination, two wave guides and a transducer
connecting said guides, said guides having characteristic
impedances which differ in magnitude and slope at a
selected frequency, said transducer comprising two sec-
tions of rectangular wave guide connected in tandem,
each of said sections having a phase shift approximately
equal to »/2 radians at said frequency, the transverse di-
mensions of one of said sections differing, respectively,
from the transverse dimensions of the other of said sec-
tions, and said dimensions being so chosen that the image
impedance of said transducer at said frequency substan-
tially match said characteristic impedances, respectively,
both in magnitude and in slope.

2. In combination, two wave guides and a transducer
connecting said guides, said guides having characteristic
impedances which differ in magnitude and slope at a
selected frequency, said transducer comprising two sec-
tions of rectangular wave guide connected in tandem, the
length and transverse dimensions of one of said sections
differing, respectively, from the length and transverse
dimensions of the other of said sections, and said dimen-
sions being so chosen that the image impedances of said
transducer at said frequency substantially match said char-
acteristic impedances, respectively, both in magnitude and
in slope.

3. In combination, two wave guides and a transducer
connecting said guides, said guides having characteristic
impedances which differ in magnitude and slope at a
selected frequency, said transducer comprising a
plurality of pairs of sections of rectangular wave guide
connected in tandem, each of said sections having a phase
shift approximately equal to =/2 radians at said fre-
quency, said sections differing from section to section in
both transverse dimensions, and said dimensions being so
chosen that the image impedances of said transducer at
said frequency substantially match said characteristic im-
pedances, respectively, both in magnitude and in slope.

4. The comibnation in accordance with claim 3 in
which said pairs of sections have substantially equal im-
pedance step-up ratios at said frequency,

5. The combination in accordance with claim 3 in
which the number of said pairs of sections exceeds two.

6. In combination, two wave guides and a transducer
connecting said guides, said guides having characteristic
impedances which differ in magnitude and slope at a se-
lected frequency, said transducer comprising a plurality
of pairs of sections of rectangular wave guide connected
in tandem, said sections differing from section to section
in length and in both transverse dimensions, and the
lengths and transverse dimensions of said sections being
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so chosen that the image impedance of said transducer at
said frequency substantially match said characteristic
impedances, respectively, both in magnitude and in slope.

7. The combination in accordance with claim 6 in
which said pairs of sections have substantially equal im-
pedance step-up ratios at said frequency.

8. The combination in accordance with claim 6 in
which the number of said pairs of sections exceeds two.

9. In combination, a broad-band microwave impedance
transformer and two wave guides, said transformer com-
prising two sections of rectangular wave guide connected
in tandem, each of said sections having a phase shift equal
to /2 radians at a selected frequency, and the transverse
dimensions of one of said sections differing, respectively,
from the transverse dimensions of the other of said sec-
tions, whereby at said frequency the transformer has at
one end a real image impedance of preselected magnitude
and slope and at its other end a real image irnpedance
of different preselected magnitude and slope, one of said
guides being connected to said one end of said trans-
former and having a characteristic impedance which sub-
stantially matches, in magnitude and slope, the image im-
pedance of said transformer at said one end, and the other
of said guides being connected to said other end of said
transformer and having a characteristic impedance which
substantially matches, in magnitude and slope, the image
impedance of said transformer at said other end.

10. In combination, two dissimilar wave guides and a
transformer connected therebetween, one of said guides
having a cut-off frequency fea and a characteristic im-
pedance of magnitude k= at a selected frequency fq, the
other of said guides having a cut-off frequency feb and a
characteristic impedance of magnitude kb at the frequency
fa, said transformer comprising two sections of rectangu-
lar wave guide connected in tandem, one of said sec-
tions having a length &1 and transverse dimensions a1
and by, the other of said sections having a length /2 and
transverse dimensions az and b2, and said dimensions
having approximately the following values:

o=
o5 YD —1

by =cky/1207%f oV D; —1

8

5 Sy
“B=3F N Di—1

by =Ck2/1201fzfq'\/D2 —1
c
h=g7 VD

where ¢ is the velocity of light and Dy is the root, greater
than unity, of the cubic

s(1—p)
Dx3+[s+"4‘(1__+p‘)‘+t—'l]l)12+s

[ Iot-5-1]0

10

where

p=Vkv/ka
s=(Dv—Da)/2
t=1—(3Da}-Dv)/4
Do=1/1—(fea/fa)?]
Dy=1/[1—(fcv/fq)?
Dy=D1+-s

k1 =ka3/4kp1/4U
kg=kal/4ke3/4U

20

25

and
30 U = D; + pDz
N oD+ D2
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