
US010992314B2 

( 12 ) United States Patent 
Olsen 

( 10 ) Patent No .: US 10,992,314 B2 
( 45 ) Date of Patent : Apr. 27 , 2021 

( 54 ) RESIDUE NUMBER SYSTEMS AND 
METHODS FOR ARITHMETIC ERROR 
DETECTION AND CORRECTION 

5,050,120 A 
5,107,451 A 
5,117,383 A 
7,489,705 B2 * 

9/1991 Houk 
4/1992 Houk 
5/1992 Fujita 
2/2009 Sachs 

( 71 ) Applicant : Eric B. Olsen , Las Vegas , NV ( US ) 
HO4L 1/1678 

370/467 
G06F 7/729 

708/491 
7,523,151 B1 * 4/2009 Mellott 

( 72 ) Inventor : Eric B. Olsen , Las Vegas , NV ( US ) 

( 73 ) Assignee : Olsen IP Reserve , LLC , Henderson , 
NV ( US ) 

8,051,124 B2 
8,195,735 B2 
8,219,865 B2 * 

11/2011 Salama et al . 
6/2012 Hansen 
7/2012 Murakami HO3M 13/255 

714/746 
HO3M 13/13 

714/746 
8,607,112 B2 * 12/2013 Roh 

( * ) Notice : Subject to any disclaimer , the term of this 
patent is extended or adjusted under 35 
U.S.C. 154 ( b ) by 236 days . 

( Continued ) 
FOREIGN PATENT DOCUMENTS 

( 21 ) Appl . No .: 16 / 253,119 CA 
EP 

2868833 11/2013 
1068565 B1 9/2009 

( Continued ) ( 22 ) Filed : Jan. 21 , 2019 

( 65 ) Prior Publication Data 
OTHER PUBLICATIONS 

US 2020/0235751 A1 Jul . 23 , 2020 

( 51 ) 
Thu Van Vu , Efficient Implementations of the Chinese Remainder 
Theorem for Sign Detection and Residue Decoding , IEEE Trans 
actions on Computers , vol . C - 34 , No. 7 , Jul . 1985 , pp . 646-651 , 
XP011291045 , IEEE Service Center , Los Alamitos , CA , ISSN : 
0018-9340 , section III . 

( Continued ) 

Int . Cl . 
G06F 7/72 ( 2006.01 ) 
HO3M 13/03 ( 2006.01 ) 
U.S. CI . 
CPC HO3M 13/03 ( 2013.01 ) ; G06F 7/729 

( 2013.01 ) 
Field of Classification Search 
CPC HO3M 13/03 ; HO3M 13/07 ; G06F 7/729 
USPC 714/746 
See application file for complete search history . 

( 52 ) 

( 58 ) Primary Examiner Albert Decady 
Assistant Examiner Enam Ahmed 
( 74 ) Attorney , Agent , or Firm — Lightbulb IP , LLC 

( 56 ) References Cited 

U.S. PATENT DOCUMENTS 

( 57 ) ABSTRACT 
A method and apparatus for detecting and correcting digit 
errors of arithmetic results and signed data represented in a 
redundant residue number system ( RRNS ) and further rep 
resented using a non - systematic method of complements 
suitable for processing by a complement based digital arith 
metic of the full redundant range . 

4,281,391 A 
4,588,980 A 
4,910,699 A 
4,948,959 A 
4,963,869 A 
4,996,527 A 

7/1981 Huang 
5/1986 Bernardson 
3/1990 Capps 
8/1990 Houk 

10/1990 Falk 
2/1991 Houk 10 Claims , 32 Drawing Sheets 

1100 
Input value Y 

to be corrected 

1105 1110 

Delay Complement 

-1115 -1125 
1120 

Error Correct 
Positive errors in Error 

Flags 

Error Correct 
Positive errors in 
Range ( M / 2 Range < M / 2 

-1130 1135 1140 

Delay 
Error 
Flag 
Delay 

Complement 

1145 

1150 
Sel 

1155 1160 

Eror Corrected Y 



US 10,992,314 B2 
Page 2 

( 56 ) References Cited FOREIGN PATENT DOCUMENTS 

U.S. PATENT DOCUMENTS EP 
RU 
WO 

2761432 
2318238 

WO2013176852 

8/2014 
2/2008 
11/2013 9,081,608 B2 

9,311,050 B2 
9,395,952 B2 
9,712,185 B2 

2006/0010190 A1 
2006/0184600 A1 * 

7/2015 Olsen 
4/2016 Olsen 
7/2016 Olsen 
7/2017 Olsen 
1/2006 Shimbo 
8/2006 Maruo 

OTHER PUBLICATIONS 

G06F 7/729 
708/491 

HO4L 1/0618 
714/782 

2009/0024906 A1 * 1/2009 Calderbank 

2009/0202067 A1 
2010/0174960 A1 * 

8/2009 Michaels 
7/2010 Suzuki GIOL 19/032 

714/746 

Cardarilli G C et al , RNS Realization of Fast Fixed - Point Multi 
pliers with Large Wordlengths , ISCAS 1989 , vol . 1 of 3 , May 1989 , 
pp . 212-215 , XP000131600 , IEEE , New York , NY , p . 212 , right col . 
para . 1 , section 3 . 
Arnold M G , The Residue Logarithmic Number System : Theory 
and Implementation , IEEE Symposium on Computer Arithmetic , 
ARITH - 17 , Jun . 2005 , pp . 196-205 , XP010817723 , IEEE , Piscataway , 
NJ , DOI : 10.1109 / ARITH.2005.44 , ISBN : 978-0-7695-2366-8 , p . 
198 , left col . last para . , right col . para . 3 . 
Taylor F J , The Application of RNS Arithmetic to Data Processing , 
Electronic Engineering , vol . 61 , No. 750 , Jun . 1989 , pp . 101 , 103 , 
104 , XP000033123 , Morgan - Grampian Ltd. , London , GB , ISSN : 
0013-4902 , figs . 

2011/0231465 A1 
2013/0311532 Al 
2014/0129601 A1 
2014/0139365 A1 * 

9/2011 Phatak 
11/2013 Olsen 
5/2014 Olsen 
5/2014 Vun G06F 7/729 

341/155 
2015/0106414 A1 
2015/0339103 A1 
2016/0342891 A1 

4/2015 Olsen 
11/2015 Olsen 
11/2016 Ross * cited by examiner 



A 

B 

105 

110 

U.S. Patent 

100 

115 

120 

ALU 1 

ALU 2 

ALU 3 

Apr. 27 , 2021 

135 

125 

OK 

Voting Circuit 

Sheet 1 of 32 

140 

Error Not OK 

WwWwwWw.L . 

130 ? 

US 10,992,314 B2 

Figure 1 



210 

220 

U.S. Patent 

f 

200 

225 

X ' * Y ' = f ( X ' * Y ' ) 

M 

Y 

f ( V ) = V 

f 

240 

Apr. 27 , 2021 

205 

245 

215 

Consistency Check 
230 

Sheet 2 of 32 US 10,992,314 B2 

Figure 2 



340 

< C ( X ) , X > 

330 

1 

f ( X * Y ) = < C ( X ) * C ( Y ) , ** Y > 

U.S. Patent 

? 

345 

I 

300 

315 

1 
} 

350 
i 

C 

355 

( 320 

Apr. 27 , 2021 

< C ( Y ) , Y > 

C 

1 

335 

360 

Y 

305 

325 

365 

1 

1 1 
1 
} 

C 

Consistency Check ( equality , compare , etc ) 

C 

Sheet 3 of 32 US 10,992,314 B2 

Figure 3 



... U.S. Patent Apr. 27 , 2021 Sheet 4 of 32 US 10,992,314 B2 

415 425 

420 
X ' * Y * 

Consistency Check 
Figure 4a 

410 

Y 

405 



440 

U.S. Patent 

22 

1 
1 

---- 
1 

I 

222222 

1 
22222 

***** 

4.41 

1 1 1 

X 

450 

430 

X * Y 

455 

X * Y 

Consistency Check 

Apr. 27 , 2021 

M 

445 

460 

435 

Sheet 5 of 32 US 10,992,314 B2 

Figure 4b 



510 

U.S. Patent 

. 

1 

1 
1 
++++++ 
1 
1 

++++++ 

511 

1 1 

X 

520 

500 

X ' * V 

| 

525 

X ' * Y 

Apr. 27 , 2021 

Error Correction 

M 

515 

530 

505 

error 

...... 

Sheet 6 of 32 

Figure 5a 

US 10,992,314 B2 



OSS 
J 

U.S. Patent 

1 
1 

22222 
*** 

2222 

1 
22 

1 

I 

I 

551 

1 1 

Xi ' 

560 
1 

540 

I 

565 

? ( ? ' ? ' ) 
( X ' * Y ! ) 

? ( ' * ? ' ) 
( X ' * Y ' ) 

Apr. 27 , 2021 

Error Correction 

? ( ? * ? ) ? ' 

555 

Y 

570 

545 

Sheet 7 of 32 

Figure 5b 

US 10,992,314 B2 



600a 

X1,1 . 

X1,2 . 

# 

Xi , p - 1 

Xip 

U.S. Patent 

610a 

- 605a 

630 

616 

615 

620a 

625a 

617 

: 

Y11 

( X * Y ) 

( X * Y ) 

( X * ) 

leton Error correction 

Normalize 

Apr. 27 , 2021 

Y2,1 

? ( ? * } 

?? * ? ) 

( X * Y ) 

XX * Y ) 

Error correction 

Normalize 

R21 

* 

: 

: 

* o * 

4-1,1 

????? * ? ; ( X * Y ) 

?? * ? ) ) 

? ( ? * ? ) 

? ( ? * ? ) 

Normalize 

Error correction 

* Rq - 1 , 

Sheet 8 of 32 

Yai 

( X * Y ) 

? ( ? * ? ) 

? ( ? * ? ) 

( X * Y ) 

Error correction 

Normalize 

Rai 

621a 

626a 

US 10,992,314 B2 

Figure 6a 



YY A M Y ** 

My 
YYY 

DE 

W RV 

642 

Operand cache / staging 

Operand cache staging 

Operand cache / staging 

Operand cache / staging 

Operand cache / staging 

Operand cache / staging 

Operand cache / staging 

Operand cache / staging 

U.S. Patent 

? 

1974 

Operand cache / staging 

Operand cache / staging 

Apr. 27 , 2021 

Operand cache / staging 

Suiders / auped puedado 

617b 620b 

6210 

EDAC 
EDAC 
EDAC 
EDAC 
EDAC 

640 
PER 

WAK 

Operand cache / staging 

Operand cache / staging 

Sheet 9 of 32 

1 605b 

625b 

626b 
www 

Norm 
Norm 
Norm 

Norm 
Norm 

i } 

Operand cache / staging 

FTT 

Operand cache / staging 

660 

wi 

| 

610b 
??"? 

646 

647 

648 661 

649 
650 

645 

-D A 

Forward Conversion Units 

Reverse Conversion Units 

D 

US 10,992,314 B2 

Figure 6b 



700 

705 

DDR4 DRAM Memory 

U.S. Patent 

707 

710 

752 

Base Ext . 

711 

?? 

1 

723 

Converter 
PCle x16 Interface 

High Speed Memory interface & Routing 

Data Cache 
memory 

Matrix B Data Routing Circuitry 

751 

Apr. 27 , 2021 

Converter 

FY ) 

712 

715 

722 

727 

I 

RELU ( Y ) 

Matrix Control 

Matrix B Data Fifo or Dual Port 

Data Cache memory 

725 

730 

720 

750 

JE 

732 

-731 
735 

745 

Sheet 10 of 32 

Normalize Normalize 

& 

Matrix A Data 
Routing Circuitry 

Matrix A Data 
Fifo or Dual Port 

Matrix Product ( Y ) Store 
Fifo or Dual Port 

* 

SMOD 
Normalize Normalize 

721 

733 

Systolic Array 
734 

726 

US 10,992,314 B2 

Figure 7a 



p # of digits 

f # of fractional digits 

w # of integer digits 

e # of extended digits 

U.S. Patent 

M4 + 1 

M 

Mftw 

Mftw + 1 

M. 

Mtwie 

760 

D1 

Df + 1 

Ditw 

Dk + w + 1 

Di + w + e 

Qbits 

761 

762 

764 

765 

766 

769 

771 

763 

770 ) 

Apr. 27 , 2021 

767 ) 

p = total number of RNS digits of fully extended RNS word , ( p = f + w + e ) 

f = number of fractional value associated RNS digits 

w = number of integer value ( whole ) associated RNS digits ( short ) 

e = number of extended whole RNS digits 
g = total number of whole digits , g = w + e digits 
Q = number of bits wide of single RNS digit register M ; = pair - wise prime modulus of j * RNS digit 

D ; = RNS digit value of modulus Mi 

Y = extended RNS machine number way ( D1 , D2 , ... , Dp } 

Z = RNS fixed - point type { D , D2 , ... , D ** w } 

772 

Example fixed - point RNS number system parameters : 
p = 8 , f = 2 , W = 2 , e = 4 , Q = 18 

M = 78125 , 131072. 262109 , 262111 , 262121 , 262127 , 262133 , 262139 ) 

Sheet 11 of 32 

1 1 . H 

? H ? 

RR 
SR 

RER 

KM 

# # **** RR 

RER 

WR RAY 

** W * 

RR 

* A ** ** REX 

RN 

IR 

RR 

KR R * * * 

RR RR RR RR EN ER 18 

*** W *** *** W ** 

US 10,992,314 B2 

Figure 7b 



min 

mm 

M 

or 
w 

W 

HAVE 

im 

Y 

} } 

Example RNS Fixed Point Number System : 
p = 8 , f = 2 , W2 , e = 4 , Q = 18 

M = 78125 , 131072. 262109 , 262111 , 262121 , 262127 , 262133 , 262139 } 

R : = 78125 * 131072 - 10240000000 
Ex : 32169908773 / R = 3.141592653+ 

U.S. Patent 

{ 
} 

} 

y 

verant 

i 

rantaan 
w 

V 

nu me 

w 

w 

? PPY 

Pink 

YE mani 

DIY 

veri 

ni 

? ? ? 

mar 
w 

780 

781 

782 

Apr. 27 , 2021 

773 

774 

775 pro 776 

r777 

778 

Machine Word 

Decimal Equiv . 

Mi 

M2 

M3 

Ma 

Ms 

Ms 

M7 

Ms 

Modulus : 

Row 381a 

WA 

1312D 
20000 
283FB 
3FFDF 
3FFE9 

3FEFB 

783 

784 

785 

Fractional Digits 

Integer Digits 
R3 

Extended Digits 
Ro 

Rz 

Row 3816 

Ri . 

RS 

FDFF 

1DA25 
3505 

3A732 
EC94 

IAFEB 
27366 
33705 
32169908773 

3.14159265+ 

Sheet 12 of 32 

C209 

18923 
17E15 
10277 
CDD3 

15BDC 
3A30B 
27835205923 

AAD1 

1400F 
12907 
18AD2 
107BE 

31400 16456 25D 

129D1 
895456035220579262479 
39629 17727 

2.71828182 N / A 8.539734224 

D70 

178E8 
8250 

17741 
28DDC 

2ECS1 
87446878440 

Row 382 Row 383a Row 383b Row 384a Row 384b Row 3840 - Row 385 Row 386 

178E8 
8250 

17741 

87446878440 
8.539734224 

12380 
8718 

2889E 
17200 
3FD92 
288CE 
113AA 

22448427036650874987413 52805141344873121560 
-8.53973422 

231AB 4501 
0 

1ABFB 
3B5BF 
2229 

8E88 

FAF3 

1.0 

10240000000 10239999999 

1312C 
1FFFF 

4500 

1ABFA 
3B5BE 
2228 

8E87 

0.99999999 

US 10,992,314 B2 

Figure 70 



U.S. Patent Apr. 27 , 2021 Sheet 13 of 32 US 10,992,314 B2 

800 805 810 

m1 miz m3 05 mo 
149 125 128 131 137 139 815 820 

02 Magnitude Description dz 
825 min 101 94 287152000 

830 - 39 21 31 61 8 123456789 Y = 123456789 

835 > 39 21 31 e = 23 47 3038841376789 RRNS Y with error 

840 21 31 23 47 8 41450020501 Y q = Trial set 1 

845 39 31 23 8 18776301164 Ya = Trial set 2 
850 - 39 21 23 47 8 42539584789 Y3 = Trial set 3 
855 39 21 31 123456789 Y4 = Trial set 4 

860 39 21 31 23 1060368789 Y5 = Trial set 5 

865 ) 39 31 23 5367648789 Y6 = Trial set 6 

Figure 8 



U.S. Patent Apr. 27 , 2021 Sheet 14 of 32 US 10,992,314 B2 

900 910 920 
+ integers -integers 

905 915 

0 
= -M / 2 

Figure 9a 

925 930 935 

+ integers error region -integers 

UN 
www M / 2 M - M / 2 M 
0 

Figure 96 



U.S. Patent Apr. 27 , 2021 Sheet 15 of 32 US 10,992,314 B2 

950 
945 955 + integers -integers error region 

( redundant range ) 

M 
= 0 

M 1/2 
= / -M / 2 

Figure 9c 

970 965 975 980 

-integers mintegers 
error region 

( redundant range ) 

0 M / 2 M 
-1/2 

Figure 9d 

985 + integers 198 986 Invalid number 
region 990 -integers 995 

M - M2 

Figure 9e 



U.S. Patent Apr. 27 , 2021 Sheet 16 of 32 US 10,992,314 B2 

1000 

START 

1010 

INPUT Y 

1020 

Generate each 

1040 
1030 

Base extend 
selected Y 

any 
Y ; < M / 2 

? 

YES 

YR = BE ( Y ) 

1050 1060 

Complement Y 
Generate each 

1080 
1070 

Base extend 
selected -Y YES 

any 
Y ; < M2 

? YR = BE - Y ) 

1075 1090 

ERROR Complement 

YR = -Y 

1095 

Figure 10 



U.S. Patent Apr. 27 , 2021 Sheet 17 of 32 US 10,992,314 B2 

- 1100 

Input value Y 
to be corrected 

1105 1110 

Delay Complement 

• 1115 1125 
1120 

Error Correct 
Positive errors in 
Range < M / 2 

Error 
Flags 

Error Correct 
Positive errors in 
Range < M / 2 

- 1130 1135 1140 

Delay 
Error 
Flag 
Delay 

Complement 

1145 

1150 

Sel 

1155 1160 

Error Corrected Y 

Figure 11 



U.S. Patent Apr. 27 , 2021 Sheet 18 of 32 US 10,992,314 B2 

1200 

START 

1205 

INPUT Y 

1210 

Generate each 
Y 

1215 1220 
any 

Y < M / 2 YES sign = " t ! 
? 

1225 1230 
any 

YES sign = ' 
? 

NO 1235 
1226 

ERROR 
Base extend 
selected Y 

YR = BE ( Y ) 

1240 1245 

YES If sign = YR = YR + C 

.1245 

END 

Figure 12 



1300 

1303 

1305 

U.S. Patent 

m3 

m6 

mz 128 

m5 139 

125 

131 

149 

1310 

1315 

1320 

1325 

1330 

mno 

dz 

d3 

da 

RRNS Magnitude 

Description 

( M - M / 2 ) 

( M ' - M ; ) 

1331 > 

64 

120 

47 

143576000 

M / 2 

1332 

5947205072000 
M 

1333 milie 

86 

107 

100 

76 

92 

141 

5947081615211 
Y = -123456789 

Apr. 27 , 2021 

1334 - > 

86 

107 

100 

e - 23 

92 

141 

3299055999211 
RRNS Y ' with error 

1335 

107 

100 

23 

141 

16198799467 

Trial set 1 

47434064576 
5899627431424 
1 

1336 

100 

23 

92 

141 

215685836 

Y2 = Trial set 2 

46318963625 
5900742532375 
2 

1337 my 

86 

107 

23 

92 

141 

30363135211 

Y3 = Trial set 3 

45254936000 
5901806560000 
3 

1338 

86 

107 

100 

92 

43286799211 

Y4 = Trial set 4 

43266680000 
5903794816000 
4 4 

1339 - > 

107 

100 

23 

141 

4561103211 

Y5 = Trial set 5 

42642072000 
5904419424000 
5 

Sheet 19 of 32 

1340 

86 

107 

100 

23 

92 

26097503211 

Yo = Trial set 6 

39770552000 
5907290944000 
6 

US 10,992,314 B2 

Figure 13a 



1350 

1353 

1355 

U.S. Patent 

mz 

1713 

ms 

ma 

1360 

1365 

1370 

1375 

dz 

d3 

d's 

RANS 
Magnitude ( MAN ) 

Description 

( M - M / 2 ) MRN format 

( M - M ; ) RNS format 

1376 

120 

< 0,64,65,68,0,0 > 

M / 2 

1377 

< 0,0,0,0,0,0 > 

M 

1378 

86 

107 
100 

76 

92 

141 

< 86,121,12,78,138,148 > 

y = -123456789 

Apr. 27 , 2021 

1379 

86 

107 
100 

e = 23 92 

141 

< 86,121,12,121,90,82 

RRNS Y ' with error 

1380 

107 
100 

23 

92 

141 

< * , 107,46,67,101,50 > 

Y1 = Trial set 1 

** , 64,65,68,76,148 > 

{ 49,0,0,0,0,0 } 

1381 mily 

86 

100 

23 

92 

141 

< 86 , * , 85,19,96,0 > 

Y2 = Trial set 2 

< 0 , * , 0,0,75,148 > 

{ 0,23,0,0,0,0 } 

1382 

86 

107 

* 

23 

92 

< 86,121 , * , 108,90,99 > 

Y3 = Trial set 3 

< 0,64 , * , 68,73,148 > 

( 0,0,37,0,0,0 ) 

1383 > 

86 

107 

92 

141 

< 86,121,12 , * 80,148 > 

Y 4 = Trial set 4 

< 0,64,65 , * , 70,148 > 

{ 0,0,0,71,0,0 ) 

1384 

86 

.107 

Sheet 20 of 32 

100 

< 86,121,12,121 , * , 15 > 

Ys = Trial set 5 

< 0,64,65,68 , * , 148 > 

( 0,0,0,0,102,0 } 

1385 

86 

107 

23 

92 

< 86,121,12,121,90 , * > 

Yo = Trial set 6 

< 0,64,65,68,138 , * > 

( 0,0,0,0,0,46 } 

US 10,992,314 B2 

Figure 13b 



U.S. Patent Apr. 27 , 2021 Sheet 21 of 32 US 10,992,314 B2 

1400 

ws 

1402 140711 1403 1404 1405 1406 1401 1440 C 
1441 

Myny 

START da d3 de 
EKEKET 

1410 
1411 

1411 sm sm sm ism 1430 C 3 1442 
1412b 1413 1417 14123 1444 1431 || 1443 

STAGE 1 Ra RS RE R4 CS 

1422 1432 

-1425 
1 
11 
11 

1414 

sml Smi m2 *** a2 1434 1426 1415 1445 1433 ** W 
STAGE 2 R. RA 1435 CS 

1435 
1 1416 

smi ms 23 

1427 || | 1446 
STAGE 3 R5 Ro CS 

1 
11 ism ms 

1419 1428 1418 1447 ***** STAGE 4 CS 1449 
1421 1436 

1420 
www . wwwww W ...... www . . ???? 

1450 mal 
1438 

1437 1448 
14291 

STAGE 5 
1439 1451 

m . 

Figure 14a 



1460 

1463 

1465 

mi 

U.S. Patent 

Ri 

R2 

R3 

R4 

Rs 

Ro 

1471 
1472 
1473 

1474 1475 

1476 

1479 

1480 

1477 1478 a 

1470 ) 

R4 

Ra 

R2 d2 

R3 dz 

R5 ds 

R6 d6 

Stage 
01 

da 

1481 

Start 

39 

21 

31 

* 

47 

8 

0 

1 

1482 

45 

STAGE 1 

59 

82 

64 

125 

Apr. 27 , 2021 

39 

1483 

STAGE 2 

* 

118 

125 * 128 m 

104 

1484 1485 

STAGE 3 

58 

58 

107 

125 * 128 * 1311 ma 
1125 * 128 * 131 * 139 

1486 

STAGE 4 

mg 

61 

1487 

STAGE 5 

Sheet 22 of 32 

1488 

1489 1490 

AN MA WA 

MER 

Original RRNS value ( < M / 2 ) = { 39 , 21 , 31 , 61 , 47 , 8 ) = 12345678910 Example : Trial digit set Y4 = { 39 , 21 , 31 , * , 47 , 8 ) = 12345678910 

1 1 } 
I 

< 39,6 , 118 , * , 58 > is less than < 0 , 64 , 65 , * , 68 > ( < MRN > read least significant digit first ) 

my Y4 is a legal positive value and digit R is in error 

1 1 

iy After Base Extend function : 

( 39 * 1 + 6 * ( 125 ) + 118 * ( 125 * 128 ) + 58 * ( 125 * 128 * 131 ) ) % 137 = 61 

1 } 

US 10,992,314 B2 

Figure 14b 



U.S. Patent Apr. 27 , 2021 Sheet 23 of 32 US 10,992,314 B2 

1500 1501 
? R 

1505 
1503 

1502 | } X = | ( R - A ) * M1m SM 

1504 
X 

Figure 15a 

1511 
-1510 

1515 

1513 } 
1512 ( X = | ( A * P } + R 1 m A. MA 1 } 

III 

1514 
X 

Figure 15b 

1526 
-1521 

i S = ( A > c ) ? 2b10 : ( ( A < C ) ? 2'500 : Sin ) ! 
1 1520 Sin 

1527 C ++ 

S = ( A > c ) ? 2'b10 : ( ( AC ) ? 2'b00 : 2'b01 ) 
1523 

1522 1524 1528 

1525 ? Sign ( x ) = { + if A < C , - fA > c , else A = Sin } 
S 

Figure 150 



www 

www 

1607 

1601 

1602 

1603 

1606 

1604 1605 

1640 

1600 

n 

START 

R2 

R ? 

RS 

-1641 

U.S. Patent 

1610 

1611 

1611 

( 1630 ) 

2 

1622 

1613 

16126 

1614 

1612a 

16501 

1648 
1652 

1631 

16421 

STAGE 1 

R2 

- 1632 

1649 

1651 

1615 

sm 

KAR 

O2 

1634 

1623 

1616 

1643 1 

1653 1 

1633 

Apr. 27 , 2021 

STAGE 2 

RS 

R4 

16351 

1617 

mia 

83 

1624 

1644 

1654 

R4 

m5 

sm / 1 
1619 

@ 4 

Sheet 24 of 32 

1625 

1618 

1645 

1655 

STAGE 4 

CS 

1621 

1620 

24 

1637 

1658 

1636 

16461 

1656 1 

1626 

1647 

STAGE 5 

1657 
1659 

1638 

1648 

1660 

1661 

1666 

1662 
1663 

US 10,992,314 B2 

MMMM 

www 

1627 

Figure 16a 

1665 

Sign 1667 

1668 

STAGE 6 

R4 

3668 

valid 



1671 

1674 

1676 

1677 

1678 

1679 

1680 

1681 

1682 

1683 

1670 

R 1 

R2 

R3 

R4 

Rs 

Ro 

CS + 

CS 

b . 

R4 

Stage 
a1 

24 

25 

26 

a3 100 

U.S. Patent 

1684 

Start 

86 

92 

141 

0 

1 1 

????? 

1685 

STAGE 1 

121 

85 

79 

66 

64 

64 

125 

1686 

STAGE 2 

12 

67 

31 

65 

65 

125 * 128 m4 

4 4 

1687 

* 

1688 

STAGE 3 

80 

90 

68 

125 * 128 * 131 Ima 

67 

1689 

STAGE 4 

148 

> 

125 * 128 * 131 * 139m4 

13 

1690 

STAGES 

71 

1694 

Apr. 27 , 2021 

1691 

STAGE 

76 

1696 

1692 

1693 

1695 
1697 

> 

MIR 

< ? 

X 

W : 

10 

Sheet 25 of 32 

3 I 

Original RRNS value ( > M - M / 2 ) = { 86 , 107 , 100 , 76 , 92 , 141 } = -123456789 
Example : Trial digit set Y4 = { 86 , 107 , 100 , * , 92 , 141 } = -12345678910 

< 86 , 121 , 12 , * , 80 , 148 > is greater than < 0 , 64 , 65 , * , 68,0 > ( < MRN > read least significant digit first ) 

- Y4 is not legal positive value . ( 1692 ) 

< 86 , 121 , 12 , * , 80 , 148 > is greater than < 0 , 64 , 65 , * , 70 , 148 > 

>> Y4 is a legal negative value . ( 1693 ) 
monthly After Base Extend function : 

Rq = ( 86 * 1 + 121 * ( 125 ) + 12 * ( 125 * 128 ) + 80 * ( 125 * 128 * 131 ) + 148 * ( 125 * 128 * 131 * 139 ) % 137 = 5 

? After digit correction , Rais recovered : 

R = 5 + 71 = 76 

I 3 

US 10,992,314 B2 

} 

* 

4 

WWE 

* 

0 

4 

Figure 16b 



1701 
Y 

U.S. Patent 

620c 

1705 

AR 

RE 

MAD 

ALT 

PRINT 
in 

1702a 

1710 , 1711 51710 1711 

1715 

1720 

1725 

-1730 

-1735 

1740 

Yinput 

Vi input 

Y2 input 

Yz input 

Y4 input 

Yg input 

Yo input 

Apr. 27 , 2021 

delay 

di EDAC unit 

d2 EDAC unit 

d? EDAC unit 

da EDAC unit 

ds EDAC unit 

db EDAC unit 

Yout 

eS1 

d2 

es 

dz 

esg 

esa 

ds 

ess 

d6e56 

MmmR 

MWAKA 

KELLE 

NR 

Sheet 26 of 32 

1745 

1755 

1765 

1750 

1760 

1770 

1780a 

Vinput 

di 

@ S1 

d2 

292 

dz 

ess 

d4 

es4 

ds 

ess 

d6 

256 

V out TE 
1781 

1782 

US 10,992,314 B2 

Figure 17 



1800 

1801 

1802 

1803 

1804 

1805 

1806 

es1 

02 

esa 

253 

ess 

esi 

U.S. Patent 

1820 

| 1821 

1824 

1826 

R : 

Ra 

RE 

R6 

1780b 

WXXXX 

KMKRF 

RANK 

18321 
1833 

1831 

1846 

18471 
1848 

1851 

1852 

Apr. 27 , 2021 

1853 

R. 

es1 

Rz 

es3 

RA 

Rs 

06 

RO 

da 

eso 

1835 

1835 

1855 

| 1834 

1849 

1854 

A 

Sell 

Sels 

Error f ( x ) 

I 

ANA 

Sheet 27 of 32 

1870 

1880 

LILLA 

XXNXT 

1871 

1874 

1876 

R2 

R5 

Status 

US 10,992,314 B2 

Figure 18 



1900 

1903 

1905 

1910 

1915 

1920 

1925 

1930 

esi es es3 

ess 

or trial sets passing 

Type of pass les code ) 

EDAC Action 

Error Condition 

output 

U.S. Patent 

1935 

1 1 

1 

1 

jual 

1 1 

Y ; < M / 2 positive value 

Y is passed 

000 

1940 

??? ???? 

0 

0 

One and only one Y 

Y ; < M / 2 positive value 

V is corrected with base extended di 

Single digit in Y corrected 

001 

1945 

2 

2 

2 

2 

2 

All Y 

YR negative value 

Y ' is passed 

or in Y. 

010 

1950 

Apr. 27 , 2021 

2 

0 

One and only one Y ; 

Y ' is corrected with 
di = d + Ci 

Single digit in Y corrected 

011 

negative value 

Un - corrected 

1955 

oo 
0 

0 

NO Y 

Y , < M / 2 or Y > R 

Y is improperly corrected 

100 

Un - corrected 

1960 

2 

1 

genal 1 

1 < ( # of Yi ) < p 

Y ; < M / 2 or Y ; > Ri 

Y is improperly corrected 

101 

Example ( es ) 
codes 

EDAC error function decision table - f ( x ) 

Sheet 28 of 32 

1965 

1 1 

Ies ; input signal code 0 = Vi is out of legal range | 1 = Y ; is a legal positive value i 2 = Y ; is a legal negative value 
ARRER 

RR 

RU 

US 10,992,314 B2 

Figure 19 



2000 

Y 

U.S. Patent 

2005 

Apr. 27 , 2021 

2020 

2025 

2010 

2030 

2035 

2036 

2037 

Sheet 29 of 32 

2040 

2045 

.. 

di 

es1 

d2 

eS2 

dp - 1 eSp - 1 

dp 

esp 

2050 

2055 

2060 

2065 

2070 

2075 

2080 

2085 

US 10,992,314 B2 

Figure 20 



101Z " 
? 

19017 

2100 2107 
? : 

17025 

AT 

? ? 

11 ?? 

12 

U.S. Patent 

X 

WWW . 

ttttttim 
WWW . 

St. 

- 2140 

sml ? 

? 

EST 

0917 

ma 

? 

HTT 

Apr. 27 , 2021 

LED ] CHLEPH LED CHE 

VER 
WHEES 

211 

? 215 

EPS , 

? 

RS 

Sheet 30 of 32 

2116 
LED 

? ? 

wwwww 

2110 

2150 

-2165 

( 

2180 2185 

?? 

2151 

2115 

? 

2131 

681Z 

2188 

21307 

1 2120 

12155 
immin my 

?? ?? 

AAAAA 

LE 

? ? 

? ? 

?? , ? 

WAKA 

? , 

WA 

?? ?? 

?? ?? M 

161Z 

2193 

5617 

2194 

21971 

2192 
22 

? S 

PS2 

SS : 

855 

Ds 

ess 

US 10,992,314 B2 

2196 

+1,1 , 

WANA 
www 

View 

www 

06TZ 

Figure 21 



2200 

2203 

2205 

U.S. Patent 

2210 

2215 

2220 

2225 

2230 

dz 

ds 

Description 

M / 2 MRN format 

Magnitude ( MRN ) 
< 0,64,65,68,0,0 ) 

Ri ( M - M / 2 ) MRN format 

( M ' - M ; RNS format 

2231 

64 

0 

120 

M / 2 

2232 

0 

0 

< 0,0,0,0,0,0 > 

M 

2233 

39 

21 

31 

47 

< 39,6,118,58,0,0 > 

123456789 

2234 min 

39 

21 

31 

( 39,6,118,94,18,76 > 

RRNS Y with error 

Apr. 27 , 2021 

2235 

21 

31 

23 

< * , 21,84,80,112,129 > 

Y1 = Trial set 1 

< * , 64,65,68,62,0 > 

< * , 64,65,68,76,148 > 

{ 49,0,0,0,0,0 ) 

2236 

31 

23 

< 39 , * 45,91,29,60 > 

Y2 = Trial set 2 

< 0 , * , 0,0,64,0 ) 

< 0 , * , 0,0,75,148 > 

( 0,23,0,0,0,0 ) 

2237 mm 

39 

21 

< 39,6 , * , 102,85,139 > 

Y3 = - Trial set 3 

< 0,54 , * , 68,65,0 > 

< 0,64 , * , 68,73,148 > 

( 0,0,37,0,0,0 ) 

2238 

39 

21 

31 

< 39,6,118 , * , 58 > 

YA = Trial set 4 

< 0,64,65 , * , 68 > 

< 0,64,65 , * , 70,148 

( 0,0,0,71,0,0 ) 

2239 - 

39 

21 

31 

23 

8 

39,6,118,94 , * , 3 > 

V5 Trial set 5 

< 0,64,65,68 , * , 

< 0,64,65,68 , * 148 

( 0,0,0,0,102,0 ) 

2240 

39 

31 

23 

< 39,6,118,94 , 18 , * > 

Y6 = Trial set 6 

< 0,64,65,68,0 , * - > 

< 0,64,65,68,138 , * » 

( 0,0,0,0,0,45 ) 

Sheet 31 of 32 

2241 

Y4 - < 39,6,118 , * , 58 > less than < 0,64,65 , * , 68 > ( < MRN > listed least significant digit first ) 

positive value with one digit de in error 

1 

BE ( { 39,21,31 , * , 47,8 } ) = { 39,21,31,61,47,8 } 

( value recovered ) 

1 

MAR 

mmmmna 

US 10,992,314 B2 

Figure 22a 



2250 

2253 

2255 

m3 

U.S. Patent 

2260 

2265 

2270 

2275 

2280 

da | de 

05 

RANS 
Magnitude ( MRN ) 

Description 

M / 2 MRN format 

( M - M / 2 ) MRN format 

( M ' - M ) RNS format 

2281 

64 

120 

? 47 

< 0,64,65,68,0,0 ) 

M / 2 

2282 

0 

o 

< 0,0,0,0,0,0 > 

M 

2283 - 

86 

107 

76 

92 

141 

< 86,121,12,78,138,148 > 

Yo - 123456789 

2284 mg 

86 

107 
100 

e - 231 92 

< 86,121,12,121,90,82 

RRNS Y ' with error 

Apr. 27 , 2021 

2285 > 

107 

23 

92 

< * , 107,46,67,101,50 > 

Y = Trial set 1 

< * 64,65,68,62,0 > 

< * , 64,65,68,76,148 > 

( 49,0,0,0,0,0 ) 

2286 > 

23 

92 

141 

< 86 , * , 85,19,96,0 > 

Y2 = Trial set 2 

< 0 , * , 0,0,64,0 > 

< 0 , * , 0,0,75,148 >> 

( 0,23,0,0,0,0 ) 

2287 -- > 

86 

23 

92 

< 86,121 , * , 108,90,99 > 

Ya = Trial set 3 

< 0,64 , * , 68,65,0 > 

< 0,64 , * , 68,73,148 > 

( 0,0,37,0,0,0 ) 

2288 mm 

86 

107 
100 

92 

141 

586,121,12 , * , 80,148 > 

Y4 = Trial set 4 

< 0,64,65 , * 68 > 

< 0,64,65 , * , 70,148 > 

0,0,0,71,0,0 ) 

2289 

23 

? * 

141 

< 86,121,12,121 , * 15 

Y5 = Trial set 5 

< 0,64,65,68 , * O > 

< 0,64,65,68 , * , 148 > 

{ 0,0,0,0,102,0 ) 

2290 

86 

23 

92 

< 86,121,12,121,90 , * 

Yo = Trial set 6 

< 0,64,65,68,0 , * » 

< 0,64,65,68,138 , * » 

0,0,0,0,0,46 ) 

Sheet 32 of 32 

2295 

Y4 = < 86,121,12 , * , 80,148 > greater than < 0,64,65 , * , 70,148 > ( < MRN > read least significant digit first ) 

- > Y ' is negative with de digit in error 

BE ( { 86,107,100 , * , 92,141 } ) = { 86,107,100,5,92,141 } 

Y = { 86 , 107 , 100,5,92,141 } + { 0,0,0,71,0,0 ) = { 86,107,100,76,92,141 } ( value recovered ) 

US 10,992,314 B2 

Figure 22b 



5 

nce or 

US 10,992,314 B2 
1 2 

RESIDUE NUMBER SYSTEMS AND detected , it may be necessary to reboot the computer in error 
METHODS FOR ARITHMETIC ERROR and re - synchronize it with the other two . This is not trivial 

DETECTION AND CORRECTION in real - time applications . But the main drawback of tripli 
cation is the need for three independent ALU or computer 

BACKGROUND OF THE INVENTION systems ; this makes error detection and correction of arith 
metic expensive and it increases the delay , resources and 

1. Field of the Invention latency of the ALU , thus significantly penalizing the per 
formance of the ALU in high - speed applications . 

The invention relates to error detection and correction and One prior art approach to error detection and correction of 
in particular to residue number systems and methods for 10 arithmetic uses the residue number system ( RNS ) to perform 
arithmetic error detection and correction . arithmetic . There are several unique properties of RNS 

which allow for unique opportunities to perform error detec 2. Related Art tion and correction of arithmetic . For one , unlike conven 
Error detection and correction is a well - known topic in 15 tional EDAC schemes such as Hamming codes or parity 

science , mathematics and engineering . Error detection and codes , there is no difference between a single bit error in an 
correction is often used to detect and possibly correct errors RNS digit or multiple bit errors in the same digit ; in both 
in the storage and transmission of data . For example , Ham cases , the RNS digit is incorrect . Therefore , in RNS based 
ming codes are used to detect errors in data transmission , error detection and correction , it is more common to discuss 
while parity codes are used to detect and correct bit errors in 20 “ digit errors ” , and the number of digits in error for any given 
storage of data . representation . 
From the discussion that follows , it will become apparent For another , since RNS arithmetic is carry free , single bit 

that the present invention addresses the deficiencies associ errors in ne digit do not propagate to other RNS digits . For 
ated with the prior art while providing numerous additional the case of binary arithmetic , it is likely that an error in a 
advantages and benefits not contemplated or possible with 25 single bit position will affect bits of other significanc 
prior art constructions . position . In the case of basic RNS arithmetic , a single digit 

modulus in error will remain isolated since there is no 
SUMMARY OF THE INVENTION transmission of information from one RNS digit modulus to 

another during the operations of addition , subtraction and This disclosure introduces a new and novel approach to 30 multiplication . Therefore , there are distinct differences error detection and correction of arithmetic which uses the between binary error detection and RNS error detection , and residue number arithmetic instead of binary arithmetic . The 
specific residue number system ( RNS ) used is a carry free fundamentally , RNS EDAC solutions involve the detection 
number system that supports signed fixed - point arithmetic . and correction of RNS digits in error , not singular bits . 

There are other distinct differences between an EDAC This new version of RNS fixed - point arithmetic is disclosed 35 
in U.S. Pat . No. 9,081,608 , which is incorporated herein by solution utilizing a binary data representation versus an RNS 
reference . data representation . In the case of binary Hamming codes for 
One area of error detection and correction not as well example , there is the concept of " distance ” , called Hamming 

known is the error detection and correction of arithmetic . distance , which is the minimum number of errors that could 
Error detection and correction ( EDAC ) of arithmetic has 40 have transformed one string of bits to another . Also , there is 
some theoretical basis and has been studied in the prior art , the prior art notion of Hamming weight , which is the number 
but very few implementations are known to exist in the of l’s that transform a zero value to a data value . These 
marketplace . The reason is that the process of arithmetic notions are vital in the case of binary representation EDAC 
manipulates the data that is applied , and therefore the error but have less meaning in RNS based EDAC systems . 
code itself must undergo a similar or exact manipulation as 45 For example , with RNS EDAC it is feasible to perform 
well , so that the result and the error code have equivalence , integer arithmetic indefinitely with one digit in error while 
i.e. , they share some amount of redundancy before and after retaining the full integrity of the arithmetic . Therefore , the 
an arithmetic transformation . Thus , the redundancy of the concept of “ error detection distance ” differs significantly . In 
arithmetic result and error correction code form the basis for practice , there is some limit typically placed on a series of 
EDAC . Such methods have not flourished in the prior art 50 integer additions , subtractions and multiplications . After any 
because of the complexity and limitations of prior art such length of integer arithmetic operations , an EDAC cycle 
circuitry required to perform EDAC of binary arithmetic . can be performed afterwards on the arithmetic result to 

To attempt to avoid this complication , one alternative detect and correct digit errors . 
prior art approach for performing error detection and cor- When fixed - point arithmetic is performed , a normaliza 
rection of arithmetic is so called “ triplication ” of computer 55 tion operation is performed which allows information from 
systems . In a basic triplication example of FIG . 1 , three one digit to affect other digits . However , the process of the 
computers ALU's 100,115,120 are operated in tandem pro- arithmetic normalization is completely linear in arithmetic , 
cessing identical input data operands A 105 and B 110 . and it's result is expected to be in a valid range , so that the 
Typically , a voting circuit 125 monitors the output of each result of fixed - point normalization may also be checked and 
ALU and determines if there is any disagreement . If one 60 corrected by an RNS based EDAC unit . 
computer disagrees with the other two , then the best two out To summarize , with RNS arithmetic , it is possible that a 
of three answer is selected and returned as the result R 130 . lengthy series of integer arithmetic operations result in a 
An error signal 135 may be generated to indicate an error is single digit in error , but this error can be detected and even 
detected and corrected ; however , if all three ALU's disagree , corrected . Furthermore , in RNS fixed - point arithmetic , a 
an " un - recoverable ” error signal 140 may be generated . 65 normalized fixed - point arithmetic result is testable by the 

While a triplication scheme sounds simple , it is typically EDAC , and if a single digit error is detected , it is can be 
not trivial to implement . For example , once an error is corrected . This type of performance appears not possible or 
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at least very difficult using binary arithmetic and represents FIG . 9b is a number line illustrating a complement - M ' 
a significant break - through in computer science and math- signed RRNS representation ; 
ematics . FIG . 9c is a number line illustrating a complement - M 

signed RRNS representation ; One of the chief advantages of RNS over binary arith 
metic is the RNS representation itself may be fully redun- 5 FIG.9d is a number line illustrating an excess - M / 2 signed 

RRNS representation ; dant . In fact , it is possible to devise redundant RNS repre FIG . 9e is a number line illustrating a derived comple sentations , called RRNS for short . In an RRNS , there are ment - Mi signed RRNS representation ; more RNS digits then necessary to represent a given data FIG . 10 is a flow chart of an exemplary method of error 
word . Because RNS is not a weighted number system , this detection and correction of a complement - M ' signed RRNS 
allows the RRNS the property that any one or more digits representation ; 
can be ignored without affecting the value of the data FIG . 11 is a block diagram of an exemplary error detec 
represented . This provides a significant type of redundancy tion and correction pipeline unit for signed complement - M ' 
not present in a weighted number system , like binary . RRNS values ; 

Moreover , the redundancy is “ built in ” , and not simply 15 detection and correction of a complement - M ' signed RRNS FIG . 12 is a flow chart of an exemplary method of error 
attached as a separate code , as is the case with many EDAC representation which comprises less resources ; schemes . FIG . 13a is a tabulated table illustrating an example error Other systems , methods , features and advantages of the detection and correction of a negative data value represented invention will be or will become apparent to one with skill in a complement - M ' signed RRNS representation with mag 
in the art upon examination of the following figures and 20 nitudes and constants listed in decimal number format ; 
detailed description . It is intended that all such additional FIG . 13b is a tabulated table illustrating an example error 
systems , methods , features and advantages be included detection and correction of a negative data value represented 
within this description , be within the scope of the invention , in a complement - M ' signed RRNS representation with mag 
and be protected by the accompanying claims . nitudes and constants listed in mixed - radix number format ; 

FIG . 14a is a block diagram of an exemplary error 
BRIEF DESCRIPTION OF THE DRAWINGS detection and correction circuit for a single RRNS digit of a 

positive data value represented in an RRNS ; 
The components in the figures are not necessarily to scale , FIG . 14b is a tabulated table illustrating an example error 

detection and correction calculation for a single digit of a emphasis instead being placed upon illustrating the prin positive RRNS data value ; ciples of the invention . In the figures , like reference numer- 30 FIG . 15a is a block diagram of an exemplary modular als designate corresponding parts throughout the different subtract - then - multiply processing element ; views . FIG . 15b is a block diagram of an exemplary modular FIG . 1 is a block diagram of a prior art voting circuit for multiply - then - add processing element ; 
error detection and correction of arithmetic ; FIG . 15c is a block diagram of an exemplary modular FIG . 2 is a block diagram of an error detection circuit 35 digit comparison unit ; 
using non - separate , non - systematic codes ; FIG . 16a is a block diagram of an exemplary error 
FIG . 3 is a block diagram of an error detection circuit detection and correction circuit for a single RRNS digit of a 

using separate , systematic codes ; positive or negative RRNS data value ; 
FIG . 4a is a block diagram of an error detection circuit FIG . 16b is a tabulated table illustrating an example error 

using a consistency check ; 40 detection and correction calculation for a single digit of a 
FIG . 4b is a block diagram of an error detection circuit negative RRNS data value ; 

illustrating pipelined flow of arithmetic results ; FIG . 17 is a block diagram of an exemplary error detec 
FIG . 5a is a block diagram of an exemplary error correc- tion and correction pipeline circuit which operates on a full 

tion circuit illustrating continuous pipelined flow of cor- RRNS word ; 
rected arithmetic results ; FIG . 18 is a block diagram of an exemplary error detec 
FIG . 5b is a block diagram of an exemplary error correc- tion and correction digit selector circuit ; 

tion circuit illustrating continuous pipelined flow of cor- FIG . 19 is a tabulated table illustrating an exemplary logic 
rected product summation results ; function for error detection and correction circuit . 
FIG . 6a is a block diagram of an exemplary hardware FIG . 20 is a block diagram illustrating an exemplary data 

matrix multiplier with continuous pipelined flow of error 50 flow for an error detection and correction unit requiring less 
corrected dot products ; resources ; 
FIG . 6b is a block diagram of an exemplary RNS hard- FIG . 21 is a block diagram of an exemplary error detec 

ware matrix multiplier with separated digit matrix multipli- tion and correction pipeline circuit with an exemplary data 
ers and continuous pipelined flow of error corrected dot flow which operates on a signed RRNS word and requires 
products ; 55 less resources ; 
FIG . Ta is a block diagram of an exemplary TPU accel- FIG . 22a is a tabulated table illustrating an example error 

erator card supporting continuous pipelined flow of error detection and correction calculation for a positive RRNS 
corrected dot products ; word ; and 
FIG . 76 is a block diagram of a signed RNS fixed - point FIG . 22b is a tabulated table illustrating an example error 

machine word format ; 60 detection and correction calculation for a negative RRNS 
FIG . 7c is a diagram of a tabulated table indicating word . 

example RNS fixed - point data values ; 
FIG . 8 is a diagram of a tabulated table illustrating a DETAILED DESCRIPTION OF THE 

positive RRNS value , the same RRNS value in error , and the INVENTION 
associated trial digit combinations for detecting the error ; 
FIG . 9a is a number line illustrating a complement - M In the following description , numerous specific details are 

signed RNS representation ; set forth in order to provide a more thorough description of 

45 

65 
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the present invention . It will be apparent , however , to one The block diagram of an auto - correcting ALU 510 of FIG . 
skilled in the art , that the present invention may be practiced 5a is simplified , and may even appear obvious , but such a 
without these specific details . In other instances , well - known streamlined RRNS solution does not exist in the prior art . 
features have not been described in detail so as not to The main reason for this is the problem of detecting and 
obscure the invention . 5 correcting errors on signed RRNS arithmetic , particularly 
RNS EDAC arithmetic resulting in a negative RRNS value . The reasons 
Theoretically , it has been shown that detection of arith for this will be explored shortly . However , the unique and 

metic errors will require the use of arithmetic codes ( AR novel methods and apparatus disclosed herein support the 
codes ) , or residue ( remainder ) codes . A prior art proof full range of RNS arithmetic using signed RRNS operands 
illustrates this concept . However , there several 10 and provide an un - precedented capability for performing 

continuously checked and corrected arithmetic on fully approaches to utilizing AR codes or residue codes in the signed arithmetic results . The block diagram of FIG . 5a may prior art . While it is not the intent to fully describe each type , represent any type of RNS based ALU application , including it is necessary to discuss a few basic residue - based EDAC's the high - speed pipelined circuits to be disclosed herein . to establish a basis for a thorough discussion of the inven Another preferred embodiment of the methods of the tions and novel methods described herein . present invention are illustrated in the block diagram of FIG . RNS EDAC methods of the prior art typically belong in 5b . Depending on the application , an error correcting unit 
one of two primary categories , 1 ) EDAC's with non - separate 560 may be utilized at various stages of processing without 
codes , which are further characterized as non - systematic as degrading the ability to correct RNS digits in error . For 
shown in FIG . 2 , and 2 ) EDAC’s with separate codes , which 20 example , in FIG . 5b , a plurality of signed operands , X , 540 
are further characterized as systematic as shown in FIG . 3 . and Y , 545 , are multiplied and their product summed using 
An example of a non - systematic RRNS EDAC system for product summation unit 551. During product summation in 

arithmetic of positive integers is shown as a basic block unit 551 no error detection or correction is performed . 
diagram in FIG . 4a . The arithmetic ALU or specific arith- However , after product summation is complete , a product 
metic function 410 is shown with an asterisk ( * ) which 25 summation 555 is transmitted to an error correction unit 560 
denotes any arithmetic operation ( s ) while the M ' suffix so that any RRNS digit in error may be detected and 
denotes the arithmetic space of the RRNS word size . The corrected automatically and continuously and without 
RRNS EDAC s system detects errors in arithmetic after two impeding the flow of high - speed data processing , which is 
operands X ' and Y ' represented in an RRNS are directly especially important for pipelined implementation . 
processed using ALU 410 providing an RRNS result 415 as 30 The ability to organize RRNS product summation as 
expected . The ( non - systematic ) redundancy of the RRNS illustrated in FIG . 5b allows high - speed matrix multiplier 
result provides a self - checking capability such that a data designs to effectively utilize continuous and automatic error 
consistency check 420 is used to detect and generate an error checking using the methods of the present invention . For 
signal 425 when an illegal representation is detected . This example , as illustrated by the block diagram of FIG . 6a , a 
scheme works in RRNS since it can be shown that one or 35 high - speed hardware matrix multiplier 610a is comprised of 
more incorrect RRNS digits result in an illegal representa- a plurality of product summation units , such as product 
tion provided certain conditions are met . summation unit 615. Matrix data in RRNS format stored in 

There are many other attributes of a prior art EDAC row buffers 605a and column buffers 600a are multiplied 
system that will be briefly mentioned . For example , the together to produce a product matrix stored in result buffers 
EDAC system of FIG . 4a may be implemented as a software 40 630. Dot products ( product summations ) generated by each 
solution or alternatively as a micro - coded solution in a CPU , product summation unit 615 exit the hardware matrix mul 
or as a hardware - based solution . Moreover , the EDAC error tiplier 610a using readout buses , such as readout bus 617 , 
checking process may be initiated after a certain number of and are transmitted to an error detection and correction unit , 
arithmetic instructions have been performed , or alternatively such as EDAC unit 620a . After being corrected for possible 
may be initiated in a continuous , self - checking mode . For 45 errors , corrected dot product data is normalized using a 
example , the block diagram of FIG . 4b shows the EDAC pipelined normalize unit 625a so that its format is returned 
circuit of FIG . 4a re - organized into a self - checking , error to the format of the operands ( fixed - point normalization ) . 
detecting ALU 440. In FIG . 4b , the consistency check unit The RNS based hardware matrix multiplier example of 
450 accepts the result 445 of the ALU 441 on every FIG . 6a is redrawn with more detail in FIG . 6b to further 
operation . If an error is detected in any ALU operation , an 50 illustrate how the EDAC of the present invention is inte 
error signal 460 is generated . The consistency check unit grated into high performance RNS based matrix multiplica 
450 may pass a correct result ( X ** Y ' ) via output port 455 tion by means of example . Since product summation of 
when no error is detected , and may pass another value , for RRNS operands is carry free , the RNS based hardware 
example the value zero , via output port 455 if an error is matrix multiplier of FIG . 6b is partitioned into a plurality of 
detected . 55 “ digit matrix multipliers ” , such as digit matrix multipliers 

The block diagram of FIG . 5a illustrates a basic preferred 640 , 642. By means of example , FIG . 6b shows eight “ digit 
embodiment for an automatic error corrected ALU 510. As matrix multipliers ” representing a total RRNS word - size of 
shown , two signed operands X ' 500 and Y ' 505 is processed 8 digits . In general , by operating enough digit matrix mul 
by an arithmetic operation ( * ) using ALU 511 providing an tipliers in tandem , a suitably sized RRNS word is supported . 
arithmetic result ( X ** Y ' ) 515 ; the arithmetic result 515 is 60 The partitioning of RRNS digits results in many advan 
then sent to an error correction unit 520 so a digit detected tages including fast operation since each digit matrix mul 
in error is corrected automatically and in a continuous tiplier is synthesized using narrow , high - speed modular 
manner , and so that a corrected result X ' * Y ' is transmitted multipliers and accumulators . However , for the purpose of 
via port 525. In tandem to the error correction unit output error detection and correction , the physical separation of 
525 is the error detection signal 530 which may indicate the 65 each RRNS digit into its own matrix multiplier has signifi 
condition of no - error , corrected error or un - corrected error cant advantages . Consider if a clocking error occurs in a 
for each operation . single digit matrix multiplier , it may alter many dot products 
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of a matrix product result ; however , because the error The novel methods and apparatus for EDAC of the 
remains isolated to a single RRNS digit modulus , the entire present invention are based on a new understanding of the 
matrix product result can be recovered . mathematics of RRNS arithmetic processing and includes a 

In space - based applications of AI acceleration , the impact new solution to implementation of EDAC apparatus which 
of high - energy neutrons may adversely affect a single dot 5 can seamlessly process positive and negative values repre 
product of a single digit matrix multiplier of FIG . 6b ; even sented in an RRNS . Moreover , the methods of the present 
if a plurality of single dot product errors are impacted invention preserve the notion that all redundant digits of an 
through all digit matrix multipliers simultaneously , and RRNS are operated upon in the same manner , and that any 
provided that no two or more matrix dot - product locations valid combination of RRNS digits that complete a valid 
are affected between digit matrix multipliers , the result of 10 range can be used to recover any data value , be it a positive 
the matrix product can be recovered using single digit error value or negative value . However , in order to disclose these 
correction . As seen , the advantage of combining single digit new methods , it is necessary to briefly review prior art 
error correction to a physical ALU which partitions and understanding of redundancy and EDAC in an RRNS . 
isolates each digit of an ALU , a significant reliability in Consider the use of an RNS word Y representing a 
terms of detecting and correcting arithmetic is achieved . 15 positive integer value x consisting of four digits , 

Referring to FIG . 6b , once product summation is com x = Y = { d? , d ,, d3 , d4 } ( 1 ) plete , each digit matrix multiplier transfers an intermediate 
product summation to a series of EDAC units , such as having corresponding pair - wise prime digit moduli , 
EDAC units 6206 , 621b . In FIG . 6b and by means of 

( M1 , M2 , M3 , M4 ) ( 2 ) example , each EDAC unit services an entire matrix row of 20 
the which there is a total of five . In this example , each row then the RNS number system range M of the RNS word 
of digit matrix multiplier 640 transfers it's intermediate Y is given by , 
product summations via bus 617b to a series of error 

M = m * m2 ( 3 ) detection and correction units 6206 , 621b . All other digit 
matrix multipliers contribute a product summation for each 25 and the total range of positive integers x that are conven 
RRNS digit and each digit of each RRNS product summa- tionally encoded in Y is , 
tion word is typically input in synchronization to the EDAC 
units . ( 4 ) 

In FIG . 6b , each EDAC unit 6206 , 621b will check a fully Where the range M of ( n ) number of non - redundant digits 
assembled RRNS word for integrity . If the RRNS word is in 30 of Y limit the integer values that may be represented and in 
error , it may be because one of a plurality of digit matrix general is given by , 
multipliers , such as digit matrix multiplier 642 , has resulted 
in an arithmetic error . If so , the EDAC units 621b 
detect the RRNS digit in error and correct the RRNS digit in ( 5 ) 
error before the process of signed product normalization is 35 M 
performed by a series of normalize units , such as normalize 
units 625b , 626b . 

The significance of hardware matrix multiplication of The RNS of ( 1 ) can be expanded by adding more digits . 
FIG . 6b to the methods of error detection and correction of Normally , when more digits are added to the definition of Y , 
the present invention is that many common circuit errors 40 the range M will increase accordingly , and a larger value x 
may be isolated and corrected in an expedient and effective may be represented according to ( 3 ) ; however , if we choose 
manner . For example , consider one of the most common ( by design ) to limit our numeric range of x while we increase 
types of digital errors is a result of faulty clocking . If a the range M by one or more digits , we define an RRNS 
clocking error occurs in digit matrix multiplier 642 , it is system . For example , consider a new RRNS word Y ' which 
possible that one or more modular product accumulations 45 is created by adding two additional digits to Y thereby 
are in error within matrix multiplier 642. However , this increasing the word - size to six digits , 
clocking error only affects the value of a single RRNS digit Y " = { Y , d5 , d6 } = { d? , da , d3 , d4 , ds , d6 } ( 6 ) modulus and does not affect the value of any other RRNS 
digit modulus processed by another digit matrix multiplier , and consider that range M is increased to M ' by adding 
such as digit matrix multiplier 640. Because the EDAC 50 two pair - wise prime moduli m , and m . , each associated with 
circuits 6206 , 621b can detect and correct single digit errors , digits d , and do respectively , 
the digital clocking error ( s ) is isolated and eliminated 

M ' = M * m * m6 = m1 * m4 * m5 thereby correcting the entire product matrix result . 
Theoretical Basis of EDAC in RRNS To further develop notation , a range function is defined to 
There are numerous methods and studies of RRNS error 55 denote a range M without reference to each modulus m ; of 

detection and correction in the prior art . One of the major a word Y , 
limitations in this body of work is the lack of efficient M = range ( Y ) ( 8 ) detection and correction of arithmetic errors in a signed 
RRNS representation . There are several reasons for this . For In Y ' , the digits d , and do are so called redundant digits in 
one , some EDAC of the prior art is based on methods that 60 the prior art . This means that the values for d , and dg must 
rely on a consistency check , and this definition of consis- be set so that , 
tency check is partially based on concepts of binary EDAC 

( 9 ) and have not provided a general enough framework to 
develop a practical , fully signed RRNS EDAC solution . The redundant digits ds , do have additional requirements 
Another reason is likely due to incomplete efforts regarding 65 when working with error detection and correction systems . 
the formal reasoning of error detection and correction of In particular , it is necessary to define redundant digits with 
RRNS arithmetic . a moduli having a larger range than any moduli ( 2 ) of the 

i = 1 

* m3 * m2 * m6 

Y ' = Y = x 
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original RNS system Y ( 1 ) . Therefore , the magnitude of each present to serve the function of error detection and / or 
digit modulus is chosen such that , correction . In this case , it is well established in the prior art 

that every detectable digit error of an RRNS word requires m? < m2 < m3 < m4 < mg < m6 ( 10 ) a single independent redundant digit be present in Y ' . 
This is an important condition since for our example we 5 Therefore , we introduce a variable d for the maximum 

require any product of any four distinct moduli m ; to be number of detectable errors , so that , 
greater than or equal to M , so that , 

d = r ( 18 ) 
IIm M , any four distinct i ( 11 ) Where , 

To develop these notions further , it is desirable to adopt 10 d = maximum number of detectable digit errors in Y 
notation to indicate when a digit is invalid , or “ undefined ” ; Moreover , in this disclosure the total number of correct 
the notation below specifies that digit position of ds and do able digits is denoted by s . It is well established in the prior 
are undefined which is shown as an asterisk with the art that two redundant digits are required for every digit in specified digit subscript . Thus , the RRNS word with unde error that can be corrected in an RRNS representation . 
fined digits ( Y ** ) could be formed by the concatenation of 15 Therefore , 
the RNS word Y and two undefined digits as shown in Eq . 

r = 2 * s 9 and equivalently in short notation as , ( 19 ) 

Y ** = { Y , * 5 , * 6 } = { d? , d2 , d3 , d4 , * 5 , * * 6 } ( 12 ) So , when correcting s digits of an RRNS word Y ' , we have 
a total number of RRNS digits p equal to , 

The function which sets the digit values d , and do to the 
correct value to satisfy Equation ( 9 ) above is called a base p = n + 2s ( 20 ) 
extend ( BE ) function , which accepts as its input all “ valid ” where , digits of an RNS word having one or more invalid digits , and s = total number of correctable digits in Y produces as output a larger RRNS word where all digits are Exemplary RRNS Integer System 
valid . The base extend function BEO ) acts on the word size It is helpful to show RRNS concepts of error detection and Y ' , and sets the value of undefined digits ds and do so that ( 9 ) correction using an example RRNS . The example integer is satisfied . Various notation is developed to convey the base RRNS is expressed using notation introduced earlier . Start extend operation , ing first with a non - redundant RNS integer value Y 

Y = BE ( *** ) = BE ( { Y , * 5 * 6 } ) = { Y , ds , do } = { d1,22,3 , d4 , ds , expressed in minimal digit form as , 
( 13 ) 30 

Y = { d? , d2d3d4 } ( 21 ) 
Notice the equivalency in the expressions provided by the 

notation above . A more concise notation essentially per with associated digit modulus , 
forming the same function is , mi = 125 , m2 = 128 , m3 = 131 , m4 = 137,05 = 139 , m6 = 149 ( 22 ) 

Y = BEM ( Y ) range ( Y ) sM ' ( 14 ) 35 and an RRNS Y ' word derived from Y ( 22 ) by adding two 
In Equation ( 14 ) above , the notation for the BE ( ) function redundant digits ds , do , 

specifies the RRNS word Y ' be assigned the value of the Y ' = { d? , da , d3,24,25 , do } ( 23 ) RNS word Y ; furthermore , the BEO ) notation specifies the 
target number range of Y ' by use of the suffix M ' . The with associated digit modulus , 
specification of the target range is useful ; it describes all m ; = 125 , m2 = 128 , mz = 131 , m4 = 137 , m5 = 139 , m = 149 ( 24 ) moduli that must be base extended if they are undefined , 
such as digits ds and do in our example . This notation is the following variables are defined for our example inte 
particularly useful for error correction since any smaller set ger RRNS system , 
of RNS digits can be extended into any larger size RRNS p = 6 , n = 4 , r = 2 , s = 1 ( 25 ) word size . The notation preserves the concept that different 45 
RNS digit sets represent different RNS number systems For the example at hand , the total range of the valid 
having different numeric ranges M. integers M is , 

In order to discuss error detection and correction of RRNS 
M = 125 * 128 * 131 * 137 = 287152000 ( 26 ) data in more detail , it is necessary to establish variable 

symbols for common RRNS metrics and relate them to Therefore , our example integer RRNS system supports 
established restrictions . In this disclosure , the total number unsigned values as large as 287152000-1 ( < M ) . And for the 
of residue digits of an RRNS word Y ' is p digits , and the total example at hand , the total range of the extended RRNS word 
number of non - redundant digits is n and the total number of Y ' is , 
redundant digits is r , so that , M ' = 125 * 128 * 131 * 137 * 139 * 149 = 5947205072000 ( 27 ) 

Y ' = { d1 , d ,, , d ( n + r ) } ( 15 ) Assuming the range of the valid data representation is 
< M , Y ' can allow us to detect as many as two digits in error < m , < m ( n + 1 ) . ( 16 ) with 100 % confidence and allows us to recover at most one 

( 17 ) digit in error . As an example of a typical value encoded in 
the example RRNS , the decimal value 123456789 is 

where , encoded as , p = total number of residue digits of the RRNS machine 
word Y ' Y ' = { 39,21,31,61,47,8 } = 12345678910 

n = number of non - redundant digits in Y ' where according to well defined definition for RNS digits r - number of redundant digits in Y ' d ; of an RRNS word Y ' , If we restrict error detection and correction to RNS 
integer values , then all redundant digits are ( assumed ) ( 28 ) 

40 

50 

55 
, dn , d ( n + 1 ) 

mi < < i ( n + r ) 

p = nur 60 

65 

d ; = \ Y ' \ mi 
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Various Ways of Detecting RRNS Digits in Error RRNS EDAC Using Comparison 
To recover an RRNS digit in error , there are several Mixed radix conversion can be used to detect if an RRNS 

approaches that have been suggested or used in the prior art . residue digit is in error by using the ability of mixed - radix 
Some of the earliest methods for error detection and cor format to compare numbers directly . There are several 
rection of residue arithmetic was published in the 1960's by 5 variations in the prior art noted above . 
Svoboda and Valach , and Watson and Hastings . Intuitively , if we assume that at most one digit is in error 

in Y ' of the example above , then the value of Y may be In a prior art method proposed by Watson , error detection recovered by ignoring or skipping the digit in error . There is based upon the use of redundant digits to act as a fore , if we know what digit is in error , we can simply ignore 
consistency check . Furthermore , Watson suggests the use of that digit , since it is known the five remaining digits have 
specially selected modulus that meet certain properties so enough range to represent Y. In fact , if there are two digits 
that a LUT can be used to store both an indication of which in error , and we know which two digits are in error , we can 
digit is in error and provide a correction constant to correct still recover Y from Y ' since the four valid digits have 
the digit in error . Briefly described , the LUT is indexed by enough range to represent Y. In these cases , all we have done 
the difference of the two redundant moduli to determine is ignore redundant digits and reduce the range of our 
which digit is in error . If the LUT indicates an error , a number system under test , and this did not change the value 
correction value is returned by the LUT to provide a value of Y ' according to Equation ( 9 ) . 
to correct the digit in error . The problem in most applications is we do not know 

which RRNS digit is in error . To determine which digit is in There are many issues with the approach of Watson for a 
practical design . For one , the scheme relies on specially 20 will always transform a value that lies in a legal range to a error , it is observed that a single incorrect RRNS digit in Y ' 
selected moduli which limits the range and usefulness of value that lies in an illegal range . The reason is due to the RNS arithmetic . The approach also works on positive inte uniqueness of RNS values . For example , for any value gers in a straightforward manner but is much more compli represented by any combination of the first n non - redundant cated when considering signed values , i.e. , values that may digits , there is one and only one digit value that is defined be positive or negative . for any redundant digit such that the RNS value Y remains Another method of detecting and correcting residue digits unchanged in Equation ( 9 ) and the value remains less than 
is attributed to Jenkins and Barsi . In Jenkins and Barsi's the value M as in Equation ( 4 ) . This is due to Equation ( 28 ) . approaches , comparison of trial digits sets is used to deter Therefore , any other value for the redundant digit must bring mine if an unsigned integer is in error or not , however , the the value of Y ' into the illegal range , i.e. greater than M. subject and methods of error detection of negative numbers 30 Thus , a comparison can be used to act as a consistency using this scheme is not complete . check on Y ' for a single digit in error , and a plurality of In a recent scheme developed by Deng and Srikanth , comparisons is needed to determine which combination of RRNS error detection of negative and positive RRNS num digits is valid if more than one digit is in error . bers is based on a so called “ Excess - M / 2 ” number repre By means of example , if one digit is in error , a single 
sentation which forces the range of the negative values to be 35 comparison may establish this fact since Y ' > M . On the other located to allow conventional error detection principles of hand , if two digits is in error in the example RRNS , this can the prior art ; moreover , the work leverages off the work of be determined by taking all possible sets of five ( 5 ) digits Watson , such that specialized moduli are required . More and determining if the number represented by each digit set significantly , this scheme requires that the results of arith is valid or not . If all sets of five ( 5 ) digits are invalid , then 
metic be modified so that a redundant range according to 40 at least two digits are in error . If only one set is valid , then prior art understanding of numeric redundancy in RRNS is one digit is in error , and if all sets are valid there is no error . maintained ; because of this approach , the arithmetic algo Similarly , when performing error correction , it is neces rithms and results for most basic arithmetic operations of the sary to establish a valid set of five ( 5 ) digits for which a base ALU must be modified . Altering the arithmetic results by extend function can be applied to correct the digit that is 
adding extra ALU operations slows the ALU , and further- 45 skipped . Therefore , when using comparison for implement more , the resulting excess - M / 2 representation complicates ing error correction , and / or detection of more than one digit the design of a practical , flexible ALU by altering the natural in error , there is a need to generate basic combinations of 
arithmetic result of most every basic arithmetic operation . RRNS digit sets for purpose of range comparison . 
This makes the use of the Excess - M / 2 representation In the methods of the present invention , an error detection impractical for high - speed matrix multipliers , such as the 50 and correction ( EDAC ) unit is designed so that errors are not 
matrix multiplier illustrated in FIGS . 6a , 6b . only detected but corrected , so the combinations of RRNS For reference sake , FIGS . 7a , 7c and 7c are included to digits are required for comparison testing ; each digit com 
describe an RNS based hardware matrix multiplier . FIG . 7a bination being a unique set of five ( 5 ) digits from a total of provides an overview of a PCIe based accelerator card that six ( 6 ) digits of Y ' by means of the present example . In 
employs an RRNS based tensor processor unit ( TPU ) to 55 general , for an RRNS word of p digits total and s number of perform neural network applications in a high reliability digits to recover , the total number of trial digit sets ( t ) will environment , such as space - based applications . not exceed p choose ( p - s ) digits 
FIG . 7b and FIG . 7c provide an overview of the fixed 

point RNS number format used in a conventional RNS TPU 
not utilizing error correction . In a later section , the RNS 60 ( 29 ) 
fixed - point format of FIG . 76 , 7c is transformed to an RRNS 
fixed - point format by addition of two or more redundant 
digits so that operation of the TPU is maintained , and 
simultaneously , a continuous error detection and correction or 6 total sets in our example system above where , 
of arithmetic can be performed within the TPU accelerator 65 t = the ( maximum ) number of trial digit sets . 
of FIG . 7a . For more information on RNS fixed - point To assemble digit sets for double digit error correction , if 
arithmetic , refer to U.S. Pat . No. 9,081,608 . we assume two digits in error , then the total number of 

: = 1 ? . ) = ( * ) = 6 P - S 
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RRNS digits required will be p = 8 in our example , and total A weighted representation for each projection is obtained 
digits to skip for each trial set is s = 2 , so the total number of by converting each Y ; to mixed radix format , A ;, given in 
trial digit sets is 8 digits choose 6 , or 28 trial sets , functional notation as , 

5 4 = MRC ( Y ) ( 33 ) 
( 30 ) 1 - ( * 2 ) = > and given in the mixed - radix digit set nomenclature 

herein as , 

10 Consider the case for single digit correction of RRNS A ; = < a 1 , A2 , „ A ( p - 1 ) ( 34 ) 
arithmetic which has the property of having the least number 
of trial digit sets to test . In Table 1 , the example six - digit Where mixed - radix digits are written least significant 
RRNS indicates the d4 digit is in error using the symbol ' e ' digit first , i.e. , in a reverse significance notation . 
and illustrates each trial digit set as having different According to the prior art , and assuming only one digit in 
skipped digit position denoted by an asterisk . When an MRC 15 error , an error is detected in digit d , when one and only one 
procedure is used to convert each trial digit set to mixed digit set Y ; is less than the range M. In practice this check 
radix format , it is only the value of the digits of Trial Set 4 can be implemented using a direct comparison of A ; versus 
that is less than the range M , and so the digit in error is M for all i , and in some preferred embodiments , is per 
known to be digit d4 , and furthermore , the value of Y is also formed in mixed - radix format . Using a mixed - radix equiva 
known . lent value , if only one A , is less than M , the Y ; digit set is 

TABLE 1 

M1 = 125 M2 = 128 M3 = 131 M4 = 137 M = 139 Mo = 149 Value Description 

di 
di 

d2 
d2 
dz 

dz 
dz 
dz 

d4 
e 

dg 
d . 
ds 

do 
do 

e M 
dz e di 

di 
di 
di 
di 

e d2 
d2 

Y ' < M Positive RRNS Y ' 
Y 2 M RRNS Y ' with error 
Y Y1 = Trial set 1 
Y22M Y2 = Trial set 2 
Y3 2M Y3 = Trial set 3 
Y4 < M Y4 Trial set 4 
Y , 2M YS Trial set 5 
Y62M Y6 = Trial set 6 

do 
do 
do 
do 
do 

ds 
ds dz 

dz e d2 
d2 dz e ds 

35 preserves the 

45 

If we base extend the RRNS digits of trial set 4 , the d4 deemed to have no error but the “ skipped ” digit is known to 
digit is recovered to its original state since there is only one be in error . Base extending the digit set Y ; to restore the digit 
value for the digit de such that Y ' < M which di corrects the di digit . digit as redundant . The operation of the error correction unit can be described 
Base extension hardware may also support a comparison in conditional form as , 

function as shown in the prior art . The mixed - radix digits 
corresponding to the range value M may also be stored to 
make comparison more efficient , thus the comparison is 40 if A ; < M , for all i ( 35 ) performed entirely in mixed - radix format and typically least significant digit first in high - speed applications . Yr = { BEM ' ( Y ; ) , if A ; < M , for one i 

Error Correction of Positive Numbers Ye , error , other cases 
In the new methods presented in this disclosure , we refer 

to each trial set of digits under test as a derived RNS number 
system . Moreover , each digit set Y ; represents a reduced An error status may also be generated by the error 
number system , having been reduced by a single digit detection and correction unit . In the case of an EDAC unit 
modulus . Therefore , the terminology favored in this disclo designed to correct single digit errors in p total digits , the sure is to refer to each digit set Y , as being reduced by a status can be defined as , single modulus . This point might seem subtle , but its 
description maintains the underlying mathematics of each 50 
transformation of Y ' to Yi . 
When a value represented by a derived number system Y ; ( 36 ) if A ; < M , for all i 

is converted to mixed - radix format , such a number is if A ; < M , for only one i 1 < i < p referred to as a " projection ” in the prior art . This value can 
uncorrected error , A ; > M , for all i , or else be shown to be greater than or equal to M if a digit in Y ' is 

still in error . The range M , of each projection Y ; can be 
described by , In practice , the value of M is stored as a constant in 

mixed - radix format and comparison proceeds least signifi 
cant digit first . However , because each comparison involves 

( 31 ) 60 a value A , of a unique number system with unique range Mi , m ; a different set of mixed - radix digits is required to represent 
the constant M in each case ; for this system to work , the digit 
order of mixed - radix conversion is pre - determined or fixed . 

Each projection Y ; is formed using distinct ' trial ' digit Example of Positive Value Error Detection and Correction 
sets . For the case of correcting a single digit in error , the 65 FIG . 8 illustrates a table containing an example EDAC 
value of each projection Y , can be stated mathematically as , processing using an unsigned RRNS representation and 

YEY'M ( 32 ) using the method of comparison to determine the validity of 

no error , 

status = { corrected error , 

55 

M ; 
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each digit group Yz . In this example , the digit moduli my FIG . 9a shows a number line of M states illustrating the 
column 800 through mo column 810 are shown above each signed number ranges using the method of complements . As 
digit d , through dg respectively . The magnitude of each shown , the number zero 900 starts the number line and 
RRNS value is shown in decimal format in column 815 and positive integers are represented in a naturally increasing 
a description column 820 is provided for most important manner . Negative numbers start at the end of the number line 
parameters for the EDAC trial testing of unsigned integers . 920 at state M - 1 ( since the value M is excluded from the set 
This example RRNS system and the values were processed of valid states ) and decrease in value as the negative value 
using RNS - APAL which is an RNS arbitrary precision decreases . The mirror symmetry of the number line of FIG . 
software library which allows easy printing of RNS values 9a provides a means to perform a sign complement function 
in numerous number formats . 10 and supports signed arithmetic directly . 

In the row 825 of the table of FIG . 8 , the magnitude The primary issue with a complement representation of 
the prior art is when the RNS word Y is extended to an M = 287152000 is provided for reference . In row 830 , an RRNS word Y ' for the purpose of error detection . Because example data value equal to 123456789 is shown without the range of the overall machine word Y ' is now M ' , the errors in any RRNS digit . In the next row 835 , the d4 digit 15 complement equation ( 38 ) is modified to , 

of column 805 is modified so that it is in error by changing 
its value from 61 to an incorrect value of 23. This results in x = \ M - X | MDsx < M ( 39 ) 
a very large value for Y ' which is far beyond the legal range FIG . 9b shows the consequence of increasing the number 
of M as noted in the magnitude column 815 row 835 . line range from M to M ' while limiting the valid number 

Values for each trial set Y ; is indicated in rows 840 20 range to a value M as required to maintain an RRNS 
through 865. For example , trial set Y is the RRNS digit set representation . For example , the number zero 925 and the 
created by ignoring the first digit , d ,, and processing only positive numbers less than ( M / 2 ) 930 lie in the number line 
digits d , through do by means of comparison against the within the range value M , but the negative integers lie in a 
legal range M of row 825. As shown in row 855 of the table number line range far in excess of the value M. This is a 
of FIG . 8 , the digit dy is skipped , and the value returned by 25 problem for error detection of the prior art , since for the case 
the remaining digits Y4 is shown to be correct ; the value is of negative numbers the EDAC will indicate an error . The 
the same value as the original value of row 830 and number line of FIG . 9b illustrates the problem . Using 
furthermore , and more significantly , this value is the only method of complement arithmetic in RRNS , the region of 
value less than M of row 825. Comparison provides a negative integers between ( M ' - M / 2 ) 935 and ( M ' ) 940 is 
consistency check since in the case of a single digit error , the 30 relocated to the end of the number line such that all 
digit in error can be detected and isolated . negative integers Y > M . 

In the example at hand , if error correction is required , the It might seem a simple solution to maintain redundant 
digits of trial set Y4 are base extended so that the d4 digit is digits in such a manner as to preserve the method of 
returned ; i.e. , the skipped digit in position d is set back to complements with range M. Such a scheme is called 
the value 61 by a base extend operation . 35 “ complement - M signed RRNS representation ” and is illus 

Method of Error Detection and Correction of Negative trated using 9c . 
Numbers The problem with complement - M signed RRNS repre 

The detection and correction of errors in residue numbers sentation is that redundant digits do not follow the same 
arithmetic functions as non - redundant digits of range M. For having a signed representation is more problematic . Accord ing to a recent study , three methods are known , yet only two 40 example , decrementing the number zero by decrementing all 

methods have a solution in the prior art . The third un - solved digits of the RRNS word Y ' will land its magnitude ( state ) 
method is only proposed because it represents an ideal to a value of M - 1 . Clearly , this is out of the range M 
solution . This disclosure will show several methods for indicated in FIG . 9c . Thus , one of the main requirements 
performing the ideal solution to implementing error detec using Complement - M signed RRNS representation is to 
tion and correction of RRNS values having a signed repre 45 re - generate redundant digits after each arithmetic operation . 
sentation . In a later section , this disclosure will introduce the However , the complement - M signed RRNS representation 
extension of these EDAC methods to signed , fractional fails to provide a straight - forward way to directly check and 
representations correct arithmetic operations since the operations on redun 

Negative Value RRNS Representation dant digits must differ from that of the non - redundant digits . 
50 Schemes to solve this seemingly simple problem are com Negative numbers are often represented in RNS using a 

number system of M states by dividing the M states into two plex . 
numeric ranges , one for positive integers and the other for A recent solution proposes the use of an RRNS number 
negative integers . For even RNS systems ( M is even ) , one system referred to as “ Excess - M / 2 signed representation ” . A 
method is to divide the two ranges to support the method of number line representation of the Excess - M / 2 representation 

55 is shown in FIG . 9d . In this number line , the negative complements . In this case , we define a sign ( x ) function , integers and the positive integers are switched , such that the 
zero is at M / 2 970 and negative integers lie decreasing to the 
left in FIG . 9d and positive integers are increasing to the ( 37 ) if x < M / 2 right up to the value M 975 as shown . The goal of this 

sign ( x ) if x > M / 2 0 < x < M 60 scheme is to attempt to keep RRNS arithmetic results within 
ovf : if x = M / 2 the legal ranges indicated and less than M. 

However , there are many similar issues with Excess - M / 2 
signed representation as with complement - M signed RRNS 

For method of complements , we also define a comple- representation of FIG . 9a . For example , Excess - M / 2 signed 
ment function as , 65 representation requires that arithmetic itself undergo correc 

tion in order to maintain arithmetic correctness within the 
x = M - x | m0sx < M ( 38 ) modified number line , and to ensure redundant digits 

+ : 

- 
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undergo a similar arithmetic operation . Unfortunately , there notion of error recovery works as normal . However , for the 
are many problems with this approach , including the need to negative value , error recovery is not deemed possible since 
know the sign of arguments for every ALU operation , and the magnitude of the signed representation is larger than M. 
the fact that many operations are slowed by the introduction However , because of the reversibility of ( 41 ) it can be 
of correction steps for each arithmetic operation . Look - up 5 deduced that applying a complement to a negative value 
tables have been used in the prior art , but this approach fails corrects this problem , and furthermore restores the redun 
to compete in aggressive high - performance designs , such as dant range to the end of the number line of FIG . 9b , thereby 
high - speed product accumulators required within the RNS- allowing error detection and correction by comparison of the 
TPU . value against the value M / 2 for negative numbers . 

Prior to this disclosure , there is no known solution to the Using the notion of complements leads us to revise the 
use of “ standard method of complements ” representation as range for which numbers are valid during the error detection 
shown in FIG.9b for error detection and correction of RRNS stage . In the prior art , much attention is paid to the value of 
arithmetic . What is needed is a solution that maintains M , that is , Y ' should be less than M , or Y ' < M . However , for 
redundancy while preserving the same operations for each the method of complements , recall the sign of a value less 
digit , and more importantly , allows us to choose any digits than M is provided by the sign ( x ) function of ( 37 ) , but this 
of the arithmetic result to use . This allows true arithmetic can only be analyzed directly using the first n digits , or 
detection and correction of arithmetic . non - redundant digits . By applying the MOD M function to 
As shown in FIG . 9b , the prior art viewpoint is that since Y ' , the arithmetic of the non - redundant digits is captured , 

negative numbers are located at the end of the number line 20 and the total range of the underlying complement arithmetic 
representation , recovery of a value greater than the magni- in RRNS is seen to be M , but for signed values this is only 
tude ( M - 1 ) is not possible . However , it should be noted that valid if we apply a range check using a constant of M / 2 as 
standard complement arithmetic including negative numbers in the sign ( x ) equation of ( 37 ) . The application of the MOD 
is still limited to a range of M provided our arithmetic results M function to the arithmetic of Y ' in RRNS makes it possible 
do not over - flow . This can be seen by considering only the 25 to see the underlying arithmetic number line within Y ' is 
non - redundant digits of Y ' . In other words , if we simply continuous as in FIG . 9a . 
truncate the redundant digits of Y ' , it is seen that method of In the final analysis it doesn't matter that a value Y is < M 
complements arithmetic is working as expected in the range for error detection and correction . Instead , it only matters 
M , and all legal values and arithmetic results lie in the that there is one and only one unique mapping of M number 
number line of FIG . 9a , and that all valid representations are 30 of states of Y ' that constitute valid arithmetic , and that for 
less than M. any of the other M * ( m3 * m -1 ) number of states as in the 

Furthermore , consider a non - zero positive value x is example , the resulting value of Y ' can be detected to lie 
represented in a complement - M ' RRNS representation of outside the unique ( legal ) mapping of M states . Since the 
FIG . 9b , then we have from Equation ( 39 ) a single subtrac- unique mapping of M arithmetic states adheres to the 
tion for calculating the complement of x , 35 method of complements and follows a linear arithmetic 

progression of positive and negative integers , any value Y ' 
is validated using comparison versus the legal integer ranges 

( 40 ) M / 2 and -M / 2 . x = M ' - x 0 < x < 
In one method of the present invention , it follows that 

40 both the value Y ' and its complement ( ~ Y ' ) undergo trial 
Clearly , the RRNS representation of a positive value x lies testing using a comparison function against the value M / 2 as 

within the positive integer range of FIG . 9b . In this case , the discussed . This doubles the number of trial comparisons that 
redundant “ range ” is preserved , and it is possible to detect must be performed but allows an unparalleled level of error 
and correct digits in error for values that lie in the valid detection and correction of arithmetic . 
positive numeric range , i.e. such that Y ' < M / 2 . Formally , we can write the novel error detection and 

But we also observe other facts . The complement of a correction strategy which uses a complement operation to 
valid positive value lies in the negative integer range as recover the redundant range when a value is negative in the 
indicated in FIG . 9b , and for every non - zero positive Y ' form of a conditional equation , 
value , a complement exists . Further consider the comple 
ment function is reversible , so that negative integers are ( 43 ) converted back to positive integers by substituting for x its BEM ( Y ) , if A ; < M / 2 , for one i 
complement , YR BEM : ( T } ) , if? ; < M / 2 , for one i 

M 

45 

50 

= 

Y ' , all A ; < or all A ; < 2 2 

x = x = M ' - ( M ' - x ) 0 < x < ( 41 ) 55 
2 

Or treating the integer x as a signed quantity according to 
the rules of Equation ( 37 ) then , 

These revelations motivate a new form of error detection 
and correction in RRNS using method of complements 
representation as indicated by the number line of FIG . 9b 

60 and the conditional Equation ( 43 ) . A basic flow chart for the 
recovery of signed RNS integers using the RRNS comple 
ment strategy is shown in FIG . 10. In this flow chart , data 
values Y ' enter at start 1000 for processing and a corrected 
result Yr is generated at END 1060 , 1095 , or an error 1075 

65 is generated indicating the data representation is in error . 
A couple of points are worth explaining in the flow 

diagram of FIG . 10. The flow chart does not show all details 

( 42 ) - x = M ' - x 0 < [ x ] < 2 

Recall the case when x is positive , the redundant range is 
at the end of the number line of FIG . 9b , so the prior art 
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and is provided for means of basic disclosure . FIG . 10 Depending on the synchronized state of the error flag 
assumes any number of recoverable digits since it relies on delay line 1135 , the state of the corresponding error code , 
the trial digit generation block 1020 to account for all associated with a positive and negative value in synchroni 
required ( t ) cases . The flow chart of FIG . 10 assumes a zation and produced by block 1130 , 1140 , controls which 
recovery will take place . In the novel methods presented one of the two values is to be selected by selector 1150 and 
herein , this is acceptable for pipelined designs where valid transmitted as a corrected result 1160. An error code status 
and invalid arithmetic results are corrected in a continuous signal 1155 is generated to ascertain the status of each 
flow . In this case , a data value Y ' that passes every trial test arithmetic result or signed value passed through the dual 
is known to be valid but correcting any of the trial digit sets pipeline EDAC of FIG . 11 . 
Y ; will return the original value Y ' ; thus , the correction One issue with the new EDAC method is the need to 
operation may be redundant in the case of continuous generate two groups of trial digit sets since both positive 
correction of a high - speed arithmetic pipeline , such as values Y ; and the negative values ~ Y ; must be compared 
pipeline 620 of FIG . 6. In other words , correcting a value Y ' against the value of M / 2 . 
that is not in error returns the value Y ' , and this This results in more latency and more hardware for the be may 
convenient in some embodiments . EDAC unit . 

In FIG . 10 , flow chart step 1020 includes the process of A new improved method of the present invention which 
generating each RRNS digit trial set Y ;. A series of com eliminates the need to form or generate a second group of 
parisons 1030 provides a branch to step 1040 if any Y ; is less trial values ~ Y ; is disclosed next . This new method treats the 
than M / 2 according to ( 43 ) . In one embodiment , the decision redundant range of the RRNS number system in an entirely 

new and novel manner . It is noted during base extension of block 1030 will pass the first digit combination Y ; less than a negative representation for x that the resulting RRNS M / 2 for base extension in step 1040 , and if the input value increases the number system range from M to M ' , such that , Y ' has no errors , this will be the first trial set Y , by means 
of example . Otherwise , other embodiments will require 
decision block 1030 check and ensure that one and only one 25 ( 44 ) trial digit set Y ; is valid , or that all trial sets are valid before BEM ? ( I ) = BEM ! ( \ M – xlm ) = M - * 0 < x < 2 ' M ' > M 
transferring control to step 1040 . 

In FIG . 10 , if no trial digit sets Y ; are less than M / 2 , 
control moves to the flow chart step 1050 to generate trial Equation ( 44 ) tells us that the base extend function 
RRNS digits sets ~ Y , derived from the complement of “ Y ' . 30 increases the number system range to M ' but does not affect 
This step can be processed earlier in some embodiments . the magnitude of “ X as in required by Equation ( 9 ) . There 
Flow continues to step 1070 to test if any ~ Y ; is less than fore , the BE function does not preserve the negative value 
M / 2 . If so , the value of the chosen ~ Y ; is base extended in representation for x in the new RRNS of range M ' . In fact , 
flow chart step 1080. Next , in flowchart step 1090 , the it is possible the representation is now an illegal value within 
corrected positive value YR is re - converted to a negative 35 the RRNS number line representation of FIG . 96. A correc 
value by a complement operation in step 1090 , since the tion constant C for negative numbers is defined to correct 

derived from the complement of Y ' are known to this faulty condition , so we have , 
be originally negative . If no trial digit set ~ Y ; are less than 
M / 2 , then an un - corrected error is detected in step 1075 . 

It is obvious to those who study the disclosure that many 40 ( 45 ) | M ' - xm ' = C + ( M – x ) 0 < x < 
variations are possible from the basic flowchart of FIG . 10 , 
such as more precise error checking that discerns more error 
cases . Another preferred variation allows both the positive The quantity on the left side of Equation ( 45 ) is the correct 
range and the negative range comparisons to be performed representation for negative x in an RRNS of range M ' , and 
at the same time , however , this requires twice the circuitry . 45 the value on the right is the base extended value of a negative 
This scheme is shown in the block diagram of FIG . 11 . x in a number system of range M plus a correction constant 
FIG . 11 illustrates a block diagram of one preferred C. The correction constant is therefore , 

embodiment of an EDAC unit for error detection and 
correction of arithmetic results and values represented in a 
complement - M ' RRNS representation as illustrated in the 50 ( 46 ) 
number line of FIG . 9b . In FIG . 11 , two data flows are C = | M ' – M M = M ' - M 0 < x < 3 2 
provided in parallel indicated by the data flow from block 
1105 to bock 1150 , and by the data flow from block 1110 to 
block 1150. Both data flows may be in parallel and may be In our derivation , the correction constant C is added to the 

base - extended complement ~ x to restore it to the legal range synchronized . 
The data flow from the input value port 1100 is diverted of negative values in the RRNS range M ' as provided by 

to block 1105 where it might be delayed remaining in representation of FIG . 9b . In this case combining Equations 
synchronization with the same input data undergoing a ( 44 ) and ( 45 ) , 
complement operation in block 1110. In block 1115 , a trial 
digit set Yi are tested to be less than M < 2 , and if so , a 60 ( 47 ) positive error flag is set in an error pipeline unit 1120. In | M ' – x | m ' = BEM ' ( x ) + C 0 < x < 
block 1125 , trial digit set complements are tested to be less 
than M / 2 , and if so , a negative error flag is set in error 
pipeline unit 1120. Both blocks 1115 and 1125 detect errors In an alternate interpretation of Equation ( 47 ) , it is noted 
and correct digits in error . If a negative value is in error , the 65 the correction constant C is a negative representation for M 
value is corrected as it exits block 1140 but must be in the extended RRNS system in Equation ( 46 ) so a sub 
complemented so that it is returned to a negative value ; traction of M modulo M ' can be used for correction for 

values i 

2 

55 
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convenience ( since the value of M is needed to derive the ing the recovery of a base extended trial digit set Y ; 
negative range constant later ) . The subtraction causes an representing a negative value x is provided by substituting 
under - flow but results in a valid representation for the Y ; for x , and C ; for C in ( 47 ) , 
negative value x in the extended RRNS system . This is M - Y ; \ M BEM ( Y ; ) + C ; ( 53 ) 
described by combining ( 46 ) and ( 47 ) , The recovery of positive values is the same as discussed 

for unsigned values except the valid range is reduced from 
( 48 ) M to M / 2 . Therefore , the basic operation of an EDAC unit 

| M ' – xlm ' = | BEM ' ( x ) – MM 0 < x < capable of processing both positive and negative represen 
tations in RRNS can be described in conditional form as , 

5 

2 

10 

( 54 ) 
Moving backwards , a valid negative representation ~ Y ' 

for a positive , non - zero value x in an RRNS representation 
of range M ' may undergo digit truncation so that ( i ) number 
of derived RRNS digit sets ~ Y ; are generated . Thus , substi 
tuting ( 40 ) into ( 32 ) we have , 

BEM ( Y ; ) : if A ; < M / 2 
Yr = { BEM : ( Y ; ) + C ;: if A ; > R ; + 

15 invalid , : else 

30 

M ( 49 ) Consider if Y ' is in error by a single digit , then only one 
Y ; = | M ' – xlm ; = | M ; – x | m ; = M ; – x 0 < x < 2 trial digit set Y ; is valid ; therefore , either its mixed - radix 
M ' > M ; > M 20 equivalent A ; is less than M / 2 , or A , is greater than ~ R? . All 

other trial sets will lie in an invalid number range of the 
number line of FIG . Ie . If there are no errors in Y ' , then all 

Surprisingly , the truncation of a valid negative represen trial digit sets Y ; will be less than M / 2 , or all Yi will be 
tation Y ' = - x by a redundant digit produces a valid negative greater than ~ Ri . Any other combination of comparison 
value for x in the new representation Y ;. To visualize this 25 results indicates an inconsistency typically blamed on errors 
case , the number line of FIG . 9b is revised to reflect the within the EDAC itself . Therefore , the conditional Equation 
ranges of the new derived number system Yi , namely ( 54 ) may be read sequentially ; i.e. , the first valid case of ( 54 ) 
replacing M ' with M ; in FIG . 9e . is acted upon . Otherwise , the conditional ( 54 ) does not 

Understanding that a valid representation for negative adequately describe all nominal error cases . 
values is preserved by truncation of a redundant digit In practice it is acceptable to base extend the first trial 
provides a means to perform error detection and correction digit set Y ; that lies in a valid range . If the valid range is the 
directly on Y , regardless of the sign of Y , and without negative value range , then the base extended value Y ; is 
requiring a second set of trial values ~ Y ; as required by the corrected by adding the correction constant C ;. If there are 
method of FIG . 10 and FIG . 11. In other words , if it is any inconsistencies , then either the assumption that one digit 
assumed only one digit in Y ' is in error , then it is possible to 35 in error is incorrect , or there is an error in the EDAC unit 
directly detect if a trial digit set Y ; is in a legal negative itself , and so YR is returned invalid , or at least without 
range , and if so , to correct the digit by base extension , and confidence . For example , if there is a trial digit set Y < M / 2 
then use a correction constant C as in Equation ( 47 ) to and another trial set Y > ~ Ri , there is an un - recoverable error 
restore the base extended trial set Y ; back to the original Y ' and the correction result Yr is not known to be valid . Other 
without error . 40 variations of the error correction unit using the concepts and 

However , regardless of the reduced number system , the methods developed herein are possible , such as an EDAC 
positive value range check ( R ) for each trial digit set Y ; is state machine that handles all error cases in a specific and 
always M / 2 , so we have , predictable manner . 

It is noted that if a trial digit set Y? is determined to be 
45 equal to M / 2 or equal to ~ M / 2 , the trial digit set is in error , 

( 50 ) and the error is not correctable . In this case , the trial digit set 
Y ; is not correctable due to the fact it requires at least two 
RRNS digits to be in error to transition any legal value < M / 2 
to a value equal to M / 2 . On the other hand , the upper negative range value ( ~ R :) A basic flow chart is provided in FIG . 12 to outline the is different for each number system with range M ;. Taking new and novel method of error detection and correction of 

the complement of M / 2 for each different number system of arithmetic according to the conditional Equation ( 54 ) . range M , using ( 49 ) provides a specific In FIG . 12 , an RRNS data value Y ' is input at step 1205 ~ R , used for each trial digit set Y ; and is given by , and at step 1210 one or more trial digit sets Y ; are generated 
55 from Y ' . Next , in decision step 1215 a single Y ; less than M / 2 

triggers a transition to step 1220 which flags a positive 
( 51 ) R ; = M ; - operand is being corrected . Otherwise , if no single Y ; is less 2 than M / 2 , control transitions to decision step 1225 which 

tests if a single Y ; is greater than its corresponding negative 
In a similar manner , replacing M ; for M in equation ( 46 ) 60 range value ~ R ; as provided by Equation ( 51 ) . If so , control 

a correction constant C , is defined for each trial set Yi , transitions to step 1230 to flag the trial digit set Y ; ( and by 
association the input operand Y ' ) as negative . In both steps Ci = M - M ; ( 52 ) 1220 and 1230 control transitions to a common base extend 

We are now able to define the new method for detecting step 1235. During base extend step 1235 , the undefined 
and correcting errors directly in an RRNS complement - M ' 65 " skipped ” digit d ; of the digit set Y ; is returned to a redundant 
arithmetic providing for un - precedented error correction of value as defined in Equation ( 14 ) regardless if the value of 
arithmetic capability . First , a generalized equation describ- Y ; is positive or negative ; this operation produces 

R ; 2 

50 

range value 

cor 
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rected result YR 1235. Next at step 1240 if the sign of the magnitude Y4 and C4 of the table of FIG . 13a is summed , the 
corrected digit set Y ; is negative , control transitions to step value equals the magnitude for the original data value Y ' of 
1245 where a correction constant C ; is summed to the result row 1333. As shown in the flow chart of FIG . 12 , the base 
Yr to compensate for the range difference between the trial extend function 1235 is used to restore the error digit de in 
digit set Y ; and the final word size Y ' , and in order to 5 the example but does not change the magnitude of the trial 
maintain the negative number representation in a legal digit set Y4 ; the base extend operation is applied before the 
negative range . correction constant C4 is added in step 1245 . 

Like the flowchart of FIG . 10 , in FIG . 12 trial sets Y are The decimal values for the example of FIG . 13a are 
generated in step 1210 and each trial set is compared to M / 2 relisted in the tabulated table of FIG . 13b using mixed - radix 
in step 1215. After this , the basic flow chart of FIG . 12 10 number format instead of decimal format . Mixed - radix 
differs in several important ways from the flow chart of FIG . number are denoted using the angle brackets < > as in 
10. Most important there is only a single set of trial digits Yi Equation ( 34 ) . This is instructive in order to see the actual 
required for flow chart of FIG . 12 as opposed to two sets data values processed by the EDAC using the methods of the 
required for flow chart of FIG . 10 , i.e. , sets of Y , and sets of present invention . 
~ Y ;. This fact allows the flow chart of FIG . 12 to perform the 15 In FIG . 13b , some mixed - radix numbers are listed with an 
required two range comparisons needed but only on a single asterisk which indicates the mixed - radix number or constant 
argument Y ; was derived with respect to the underlying RRNS number 

Moreover , the flow chart of FIG . 12 allows for a single system , such as Y? , which also has a skipped digit modulus . 
base extension step 1235 regardless of the sign of the value Because each trial digit set Y , skips one ( or more ) RRNS 
Y ;. The dual comparison steps 1215 , 1225 can be performed 20 digit ( moduli ) , their mixed - radix equivalents are shown with 
at the same time in practice which allows the sign of the one or more asterisks representing one or more skipped 
operand to be known so that a correction by C ; is performed radix . Thus , the same constant value encoded in one mixed 
as a last step if the value is negative . Therefore , the flow radix number system will reflect different digit values then 
chart method of FIG . 12 requires less circuitry and / or less the same value is encoded in a mixed - radix number system 
latency than the flow chart of FIG . 10 . 25 of a different radix set . However , in the table of FIG . 13b , the 

Exemplary Negative Value Error Detection and Correc- range constants themselves are different , as they reflect 
tion values derived from the distinct range of each number 

FIG . 13a illustrates an example of error detection and system of Yi , i.e. , M ; = range ( Y , ) is unique for each i . 
correction of negative RRNS values using the methods of Apparatus of the Present Invention 
the present invention . In FIG . 13a , a signed RRNS repre- 30 In earlier sections of the present disclosure , a formal 
sentation uses the method of complements as depicted in the method is disclosed for performing error detection and 
number line of FIG . 9b . The method of the present invention correction of a value in a standard complement representa 
uses a comparison to determine the validity of any value tion of full redundant range ( M ' ) but the value limited to a 
represented in Y ' via analysis of each distinct trial digit range of -M / 2 and + M / 2 , i.e. a complement - M ' RRNS 
group 35 representation . This section will disclose high - performance 

In this example , the RRNS digit moduli m , column 1300 pipelined EDAC circuit designs and apparatus and will 
through mo column 1305 are shown above each RRNS digit disclose one or more preferred embodiments of the present 
d , through do respectively . The magnitude of each RRNS invention and by means of example only . 
value is shown in column 1310 and a description column FIG . 14a illustrates a pipelined EDAC circuit 1400 which 
1315 is provided for most important parameters for the 40 performs error correction and detection of a single five - digit 
EDAC trial testing of signed integers . Furthermore , column trial digit set Y ; by means of example . The circuit 1400 as 
1320 provides an ( upper or ) negative range value ~ R , for drawn in FIG . 14a only processes a digit combination Y , that 
each trial set Y ; and column 1325 provides a correction is known to be positive , i.e. , less than M / 2 , and is disclosed 
constant C ; 1325 associated to each trial set Y ; of row 1335 first to simplify the explanation of the preferred circuits that 
through row 1340. In the example RRNS system of FIG . 45 follow . The diagram is labeled using pipeline stage markers , 
13a , the decimal equivalents for each trial value Y ; and each such as pipeline STAGE - 1 marker 1425 , to illustrate basic 
constant ~ R , and C ; were generated using RNS - APAL and transitions of data processed by the pipeline of FIG . 14a and 
listed in the table of FIG . 13a to ease comparison and to allow a cross reference between the circuit diagrams and 
analysis . data tables of each example presented herein . 

In the example of FIG . 13a , the positive range value M / 2 50 Continuing with the present example , the circuit of FIG . 
is shown in row 1315 of the table of FIG . 13a . The total 14a illustrates the processing of trial digit set Y4 since the 
RRNS range M ' is shown in the table row 1331. The data RRNS digit d4 is skipped during processing by mixed - radix 
value under test Y ' is set to a negative value equal to conversion circuit 1410. The trial digit set Y4 is tested at 
-123456789 decimal and is shown in table row 1333. An input word 1401 and consists of RRNS digits d , 1402 , d2 
error is introduced into the digit d4 in the table row 1334 by 55 1403 , dz 1404 , d , 1405 and do 1406 but does not include the 
substituting the incorrect value 23 for the correct value 76 . RRNS digit d4 as it is excluded in trial set Y4 . Thus , in a 
Trial digit sets Y ; are shown in table row 1335 through last hardwired pipelined design , trial digit sets Y ; may be formed 
table row 1340 and the magnitude of each trial digit set Y , by directly connecting the non - skipped digits to the input 
is shown in the table column 1310. When analyzing the data 1401 for each converter of FIG . 14a . 
set of FIG . 13a , it is seen that when digit d is skipped in row 60 In FIG . 14a , the input data word Y4 is converted to 
1338 , Y ; has a magnitude of 43286799211. In only trial set mixed - radix format using mixed - radix circuit 1410. In tan 
4 is the magnitude of Y4 greater than its associated upper dem to the mixed - radix converter 1410 is a pipelined 
range constant -R4 which is equal to 43266680000 . comparator 1440 and a pipelined RRNS digit recombination 

Because the value of a single Y ; is greater than its unit 1430. The RRNS digit recombination unit 1430 is 
associated negative range constant ~ R? , the value of Y ' is 65 responsible for performing a base extend operation 1040 as 
negative and a correction constant C ; is applied to the final in the flow chart of FIG . 10 to recover the skipped digit d4 . 
result as in ( 53 ) . Therefore , when the value of RRNS For an EDAC supporting positive values only , the pipelined 
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comparator 1440 performs a comparison of the input word digit d? . During processing of pipeline STAGE - 2 1426 , 
Y4 against the positive constant M / 2 . mixed - radix digit R2 is transmitted using digit bus 1432 to 

Each major pipelined apparatus comprising the single the input of modular multiply - then - add processing unit 1434 
digit EDAC of FIG . 14a is discussed next by means of where it is multiplied by mixed - radix power constant p2 and 
explanation of key elements of basic hardware of the present 5 this product is summed to value R4 1431 from STAGE - 1 
invention . 1425 and this modular sum is stored in register R4 1435 . 
Mixed - Radix Converter Unit At each successive stage of digit recombination unit 1430 , 
The basic architecture of a pipelined mixed - radix con- a mixed - radix digit Ri is received and multiplied by an 

verter 1410 is known in the prior art and has been studied by associated power constant Pi ; this modular product is then 
Jenkins and others . As a brief review , the pipelined mixed- 10 summed with the recombination digit processed from the 
radix converter consists of a plurality of modular subtract- previous stage of the same modulus . Taken together , all 
then - multiply processing elements designated by its symbol stages of the recombination circuit 1430 perform a “ base 
( Isml ) , such as Isml processing elements , 1413 , 1417. Each extend ” of the skipped digit d ; by computing a value for a 
Isml processing element is associated with a multiplicative skipped digit d ,, mathematically the digit base extend func 
constant m ; -- , such as constant m , 1412a , which represents 15 tion is defined as , 
the multiplicative inverse of each digit modulus ( acting as a 
divisor ) with respect to each other digit modulus . di = la , 11 ; = 1P- \ m ; + ... + azm2m + 22m2 + 01'm ; ( 55 ) 

To relieve clutter in the diagram of FIG . 14a , some so that each power factor constant is defined by , 
constant symbols , such as constant m , -1 1412 a is absent on 
other Isml processing element , such as Ism | element 1417 ; in 20 ( 56 ) 

this case , the value of the multiplicative inverse input 1412b where mo = 1 by definition , and each radix m , is associated 
for this particular Ism | element is implied by the position of to each digit of the number system A? provided by Eq . ( 34 ) , 
the Isml element 1417 in the mixed - radix converter unit and where Az is further related the modulus of the derived 
1410 . RRNS number system Y ; using the decomposition relation 
The symbol and function of the Isml element is shown in 25 below describing mixed - radix conversion by circuit 1410 

FIG . 15a . In FIG . 15a the operation of a typical Isml unit is which skips conversion by the modulus mi , 
the value A 1500 is subtracted from the incoming digit value 
R 1501 , and the result of the subtraction is multiplied by the ( ( ( ( ( ( \ Y { \ m - ) / m1 ) -az ) / m2 ) - . -dp - 2 ) / mp - 2 ) -ap 
constant m - 1 1502 in a modular fashion , that is MOD m , ( 57 ) 
where m is the modulus of the digit moduli being processed . 30 A modular multiply - then - add processing element 1513 is 
The modular result of the Isml processing element is stored defined in more detail in the block diagrams and equations 
in the output register X 1504. An equation describing the of FIG . 156. The modular multiply - then - add ( Imal ) element 
operation of a typical Ism | element is shown enclosed in 1513 is denoted using a trapezoid block symbol 1513 with 
dotted lines 1505 . the Imal label . The function of the ?mal element is shown in 

For example , at STAGE - 1 1425 of FIG . 14a , the multi- 35 dotted lines 1515. The mal function receives a mixed - radix 
plicative inverse m2-1 1415 of the R2 digit modulus ( m2 ) digit A 1510 and multiplies this by the constant P 1512 and 
with respect to the digit modulus mz is multiplied by the then sums this product with the prior re - combined state R 
difference of Rz 1422 and R , 1414 , and its result stored in Rz 1511 modulo m , where m is the modulus of the digit column 
1416 at STAGE - 2 1426. This process is performed succes- being processed . 
sively at each STAGE - 1 1425 through STAGE - 5 1429 of the 40 The ?mal symbol may be synthesized from various means , 
mixed - radix converter circuit 1410 producing a mixed - radix and various methods and circuit topologies . For example , 
digit Ri + 1 at each ith STAGE . Each mixed - radix digit R? , such the imal symbol may be synthesized using look - up tables , 
as mixed - radix digit R. 1420 , is transmitted via a digit bus , RAM or dedicated circuitry and logic gates . The mal 
such as digit bus 1421 , to the comparator pipeline 1440 and symbol in the context of the pipeline digit recombination 
the digit recombination ( base extend ) pipeline 1430 . 45 unit 1430 typically indicates the Imal element is pipelined 

In one preferred embodiment of the EDAC of the present itself . 
invention , regarding the operation of the mixed - radix con- After the processing at STAGE - 4 1428 of the digit recom 
verter 1410 of FIG . 14a , a pre - defined order of mixed - radix bination pipeline 1430 , the last ( malelement 1438 performs 
conversion is chosen so that each constant used in the EDAC the last modular multiply - then - add operation using the last 
can be pre - computed and stored . In a typical embodiment 50 mixed - radix digit Ro 1420 generated , power constant Ps 
this digit processing order is chosen such that conversion 1437 and the prior recombination result R4 1436 , and the 
begins with the least valued modulus m , and proceeds with modular result of the last ( malelement 1438 is stored in 
each successive valued modulus as defined by Eq . ( 10 ) . register R4 1439. The result stored in register R4 1439 is a 

The order of RNS digit conversion during the process of base extended value for the RRNS digit de derived from the 
converting an RNS value to an associated mixed - radix 55 input trial digits Y4 1401 . 
number affects the format of the mixed - radix number system FIG . 14b provides a data table illustrating an example 
but does not change its range . However , the format of the calculation of a single digit EDAC pipeline 1400. In FIG . 
mixed - radix number system affects the values for mixed- 14b , the table lists the transition of a single EDAC calcu 
radix constants , and therefore it is advantageous to fix the lation through the pipeline as if the input 1401 is held stable 
order of RNS digit conversion for that reason in many 60 for 5 stages of pipeline operation . This provides a means to 
preferred embodiments . simplify the explanation of the operation of pipeline 1400 of 

Digit Recombination Unit FIG . 14a and is a technique used throughout this disclosure 
During processing of pipeline STAGE - 1 1425 , the first for means of illustration only . 

mixed - radix digit ( Ri = d , ) is transmitted using digit data bus FIG . 14b shows example values for the recombination 
1411 to the digit recombination unit 1430. In recombination 65 digit R4 at each STAGE of FIG . 14a in the table column 
unit 1430 at STAGE - 1 1425 , the first stage of recombination 1480 and shows the equivalent values for each power factor 
value R4 1431 is simply to store the value of the first trial set P ; at each STAGE of FIG . 14a in the table column 1479. In 
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FIG . 14a mixed - radix conversion is processed at each stage an output bus 1524 consisting of a binary code of one or 
of pipeline 1400 , the residue digits R , 1402 through R 1420 more bits . The binary code indicates the result of compari 
are shown in a diagonal pattern in table columns R? 1471 son S 1525 , and typically indicates comparison states “ less 
through Ro 1476 of FIG . 14b . than ” , “ greater than ” , or “ equal to ” . 
By means of example , the digit R4 1480 is initialized to An example of a mixed - radix comparison performed least 

zero at start in table row 1481 and in STAGE - 1 transitions significant digit first is indicated in the example comparator 
to value of 39 shown in table row 1482. The product of the status ( cs ) column 1477 of the table of FIG . 146. For 
previous power P = 1 at table row 1481 and the previous example , the comparator status cs 1477 is initiated with a 
mixed - radix digit , R = 39 , equals the value of thirty - nine state of “ equal ” at table row 1481 which corresponds to the 
( 39 ) in table row 1482. In the next stage , the value of the 10 equal state initializer constant 1441 in the comparator circuit 
power constant p2 = 125 multiplied by the value of the at pipeline START 1407 of FIG . 14a . By pipeline STAGE - 1 
previous mixed - radix digit R2 = 6 equals ( 750 ) plus the of row 1481 , the digit value d , is compared to the mixed 
previous value of ( 39 ) modulo m4 = 137 ) 1463 equals the radix constant a , resulting in a greater than symbol in row 
value ( 104 ) shown in table row 1483. By STAGE 5 of table 1482 of column 1477 since the digit value 39 > 0 . By pipeline 
row 1487 , the value of the recombined digit R4 = 61 is shown 15 STAGE - 2 of row 1483 , the mixed - radix digit R2 = 6 is less 
as a final answer . The example calculation of the complete than the mixed - radix constant az = 64 resulting in a “ less 
digit re - combination is shown in the calculations enclosed in than ” symbol at row 1483 and column 1477. The pipeline 
dotted lines 1490 . comparison process may toggle the state of comparison cs at 
Comparator Unit each pipeline stage . 
In FIG . 14a and during processing of pipeline STAGE - 1 20 For the example illustrated in FIG . 14b , by pipeline 

1425 , the first mixed - radix digit ( R1 - d , ) is transmitted using STAGE - 4 of row 1486 , the mixed - radix digit Rz = 58 of row 
digit data bus 1411 to the comparator pipeline unit 1440 1485 is detected less than the mixed - radix constant az = 68 
where it is compared to the first ( least significant ) digit a , of resulting in a “ less than ” symbol at the next STAGE at row 
a mixed radix constant representing the value M / 2 ( for 1486 and column 1477. Referring to FIG . 14a , during 
positive value EDAC ) . The mixed - radix constants a 1444 25 processing of pipeline STAGE - 5 1429 , the last mixed - radix 
through as 1448 represent the value of M / 2 ; these digits may digit Ro is transmitted using digit data bus 1421 to the 
be pre - generated and stored as a constant by converting the comparator pipeline unit 1440 where it is compared to the 
value M / 2 represented in the same RRNS number system as last ( most significant ) digit az of a mixed radix constant a ; 
trial digit set Y ; to a mixed radix format ; a sample set of representing the value M / 2 . 
mixed radix digits a , representing the constant M / 2 of the 30 By pipeline STAGE - 5 1487 , the mixed - radix digit Ro = 0 
present example is provided in column 1478 of the table of of row 1485 is detected equal to the mixed - radix constant 
FIG . 14b . az = 0 resulting in a " less than ” symbol at row 1487 and 

Note the asterisk in row 1484 and column 1478 of the column 1477 since during an equal condition , the compara 
table of FIG . 14b indicates that the digit moduli m4 is tor element 1449 of FIG . 14a will pass the prior cs state 1449 
skipped indicating the digit moduli me is not part of the 35 indicated by the cs state of row 1486 in FIGS . 14a and 14b 
product series expansion for the mixed radix constant a ; respectively . In the example of FIG . 14b , because the final 
( a ; = < aj , a2 , ... , a5 > ) of column 1478. This is important for comparison state cs 1451 of FIG . 14a is equal to “ less than ” 
purpose of comparison in comparator 1440 , since the mixed- as indicated in row 1487 , the input word Y4 at START 1481 
radix converter circuit 1410 also skips the digit modulus m4 is detected to be a valid positive value that can be corrected 
during mixed - radix conversion . 40 as provided in Eq . ( 53 ) using the methods indicated by 

During each stage of processing of the pipelined com- flowcharts of FIG . 10 and FIG . 12 and using the novel 
parator 1440 , a mixed radix digit is generated by the apparatus of FIG . 14a . 
mixed - radix circuit 1410 and is transmitted to the compara- Single Signed Digit EDAC 
tor pipeline 1440 for purpose of performing the comparison The methods and apparatus of the present invention for 
step of 1215 of FIG . 12. For high - speed designs , mixed- 45 error detection and correction of signed values , developed 
radix comparison is generally performed least significant formally and described using equations ( 37 ) through ( 54 ) , 
digit first , since mixed - radix conversion generates digits are disclosed herein in the form of a preferred embodiment 
having a weighted significance that is generated least sig- and by means of example . However , many other embodi 
nificant digit first ; however , this is not a limitation of the ments are possible , and this is clear to those skilled in the art 
present design . 50 of error detection and correction circuits . 

In one preferred embodiment , logic for comparing num- A novel and unique improvement to the unsigned value , 
bers least significant digit first is required in comparator single - digit EDAC pipeline 1400 of FIG . 14a is a “ signed ” 
1440. For example , if the comparison between a mixed- value single - digit EDAC unit 1600 of FIG . 16a . The EDAC 
radix digit generated by converter 1410 and mixed - radix 1600 of FIG . 16 is unique as it includes an enhanced 
digit of constant M / 2 is equal , the prior state Sin 1521 of the 55 comparator unit 1640 and furthermore includes a negative 
comparison is passed by comparator element 1523 to the value range correction circuit 1660. The EDAC 1600 also 
next comparison output stage S 1524 as shown in FIG . 150 . includes a mixed - radix converter circuit 1610 and a digit 
Therefore , during initial processing at STAGE - 1 , the starting re - combination unit 1630 ; these units are substantially the 
comparator state is set to “ equal ” 1441 to ensure comparison same or like those units discussed for the EDAC 1400 of 
works in all cases . 60 FIG . 14 and therefore detailed operation of these units will 

The pipelined comparator 1440 includes a plurality of not be re - explained . 
comparator elements , such as comparator element 1442 and The operation of the signed EDAC 1600 of FIG . 16a is 
element 1450 of FIG . 14a . The operation of a comparator that a trial digit set Y , derived from a signed complement - M ' 
element is described in more detail using comparator ele- representation Y ' is input at pipeline stage START 1607 via 
ment symbol 1523 and typical comparator equations 1526 , 65 input port 1606. At pipeline STAGE - 6 1627 , and six pipeline 
1527 , 1528 by means of example in FIG . 150. In one stage - cycles later , an error flag result 1668 indicates if the 
preferred embodiment , comparator element 1523 supports input value Y ; is recoverable , and if so , the RRNS digit value 
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in register 1665 is the corrected digit for the digit in error , shows the results of the dual comparison 1692 , 1693 , in row 
which is designated as R4 1665 by means of example in the 1690 corresponding to S + 1659 and S- 1648 of the com 
circuit diagram of FIG . 16a . In other words , the EDAC parator unit 1640 of FIG . 160. By means of example , the 
circuit 1600 of FIG . 16a is shown for the correction of the positive compare status 1692 reflects that the value Y ; 
R4 - d4 digit by means of example ; other EDACs that correct 5 exceeds the positive range constant a = M / 2 , so that the value 
other RRNS digits di can be readily constructed and Y ; is not a legal positive value ; moreover , the negative 
designed by those skilled in the art of RNS modular circuit compare status 1693 reflects that the value Y ; exceeds the 
design and by referring to the details of FIG . 16a for negative range constant b ; = - M / 2 , and this indicates that the 
example reference . value Y ; lies in the legal negative value range as depicted by 

The enhanced comparator pipeline 1640 of the EDAC 10 the number line of FIG . 9e . 
1600 of FIG . 16a includes a comparator pipeline for detec- Because the trial value Y ; of row 1684 is determined to be 
tion of both the positive case and the negative case of a legal negative value in the example of FIG . 16b , a 
conditional Equation ( 54 ) . A negative range constant asso- correction constant C4 1683 is added to the recombination 
ciated to the number range of Y ;, as provided by Equation result R4 1694 and the summation returned as a result R4 
( 51 ) , is stored as a series of mixed - radix constants b , 1642 15 1695. As shown in FIG . 16b , the final base extended result 
through bz 1646 and represents the value of the complement for the digit d = R4 is 5 + 71 = 76 , which is the original value 
of M / 2 - M / 2 ) . A positive range constant associated to the for digit d4 encoded with the decimal value -12345678910 as 
number range of Yi , as provided by Equation ( 50 ) , is stored shown enclosed in dotted lines 1697 . 
as a series of mixed - radix digit values a , 1652 through as Signed Word EDAC Unit 
1656 representing the value of M / 2 . The mixed - radix digits 20 An EDAC unit which accepts an entire RRNS word Y ' , 
are generated by encoding a range value in the RRNS and tests each trial digit set Y ;, and corrects the word if it is 
number system of range Y ; and converting the RRNS value in error by no more than one RRNS digit , can be assembled 
into an associated mixed - radix number of the same range Y ;. using a plurality of single digit signed EDAC units , like the 
This is a formal way of saying the mixed - radix digits are signed value EDAC 1600 of FIG . 16a . In FIG . 17 , a “ signed 
formed from a distinct mixed - radix number system with a 25 word EDAC ” unit 620c comprises of a plurality of single 
distinct skipped radix . digit , signed EDAC units 1715 , 1720 , 1725 , 1730 , 1735 , 
At STAGE - 5 1626 of the enhanced comparators 1640 , 1740. A digit selector circuit 1780a corrects any one RRNS 

and for each value processed by the EDAC 1600 , a final digit in error by substituting the base extended digit from the 
determination is stored in negative result error code S - 1648 valid trial digit set Y ; for the digit in error in the input word 
and positive result error code S + 1659. When the negative 30 Y ' 1745 and outputs a corrected version of Y ' at output bus 
result flag error code S , indicates a legal negative value , 1781. An error detection and correction code 1782 may be 
( and the positive error flag S + 1659 simultaneously indicates generated to specify the outcome of each arithmetic result Y ' 
an invalid positive value ) , the correction circuit 1660 is 1781 after passing through the EDAC 620c . 
activated and the value of the recombination digit , R4 1638 Details of an example digit selector circuit 1780a of FIG . 
in the case of the example of FIG . 16a , is modified by adding 35 17 is shown depicted as digit selector unit 1780b of FIG . 18 . 
a correction constant C4 using modular adder 1664 as Based upon the outcome of each single digit EDAC unit of 
required in the conditional of Equation ( 54 ) and for the FIG . 17 , the base extended ( skipped ) digit d , generated from 
derivation of each C ; provided in Equation ( 52 ) . the trial digit set Y ; is replaced into the output word Y ' 1870 
When the positive result error flag S + 1659 indicates a if its error status ( es ; ) code indicates the digit is in error , such 

valid positive value , ( and in some embodiments the negative 40 as error code es , 1833 and digit d , 1832. Otherwise , if the 
error result flag S - is tested for an invalid negative value for es ; code does not indicate an error , the original , delayed 
the same operand Y , ) the modular adder 1664 adds the value value of each digit R , 1831 from the input word Y ' 1820 is 
of zero to the recombination digit value R4 1638 before passed by each associated digit selector , such as digit 
storing the base extended result in register R4 1665. In some selector 1834 , which is controlled by error code es , 1833 via 
embodiments , an error function look - up table or logic f ( x ) 45 selector control signal 1835. In some embodiments , all base 
circuit 1666 implements the decision to apply a negative extended results di , such as digit d , 1832 through digit do 
correction constant using correction circuit 1660 or not and 1852 , are selected to the output 1870 when the original value 
implements error signals indicating whether the result was Y ' 1820 is not in error . 
valid 1668 or not , and if valid , the sign valid flag 1667 In order to design different outcomes for the output Y ' 
indicates the sign of the correctable operand Y ; in some 50 upon each different error case , and in order that all cases of 
embodiments . error detection and potential error correction be discerned , 
An example error detection and calculation processing an error function 1855 is typically present within the signed 

cycle for the single digit , signed EDAC unit 1600 is illus- word EDAC 620c and may be part of the digit selector unit 
trated using the data table of FIG . 166. A condensed expla- 1780b by means of example . The error function 1855 may 
nation of the error correction cycle is illustrated in the dotted 55 consist of a look - up table or dedicated logic to implement a 
lines 1697 of FIG . 166. The table of FIG . 16b is expanded logic function like the error logic table shown in FIG . 19 . 
by adding a column for the negative range ( -R = -M / 2 ) The logic function of the table in FIG . 19 accepts all error 
mixed - radix digits b? 1680 and the negative comparison code status es , 1900 through es 1905 from each single digit 
status column 1679 and the correction constant C4 1683 EDAC unit of FIG . 17 by means of example , and outputs a 
applied at STAGE 5 row 1690. The test input value Y4 is the 60 corresponding error code 1930 . 
negative of the test value for the positive example above , In the row 1935 of the table of FIG . 19 , each es , error code 
and is equal to -12345678910 , and is represented using indicates that each single digit EDAC of FIG . 17 detects a 
RRNS digits of row 1684 , and is represented using a valid positive value for each trial Y ; since the value “ 1 ” 
complement - M ' RRNS representation of FIG . 9b . indicates a positive value is detected according to the error 
As mixed - radix conversion proceeds , the d4 digit recom- 65 code legend 1965. Therefore , according to the error code 

bination proceeds as indicated in column R4 1682 , and table condition column 1925 indicates the error code output 1930 
rows 1685 through row 1691 of FIG . 166. The example will indicate the code for “ no error " detected in the input 
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word Y ' 1701 of FIG . 17. In the row 1940 of the table of FIG . last digit is converted , at which point the conversion 
19 , only the es4 column 1903 indicates a valid ( positive ) Y4 branches to its own path 2037 , since the second to last digit 
has been detected ; in this case , the error condition 1925 of the main branch is skipped , and only the last digit is 
indicates a single RRNS digit in error contained in Y ' input converted by the mixed radix branch 2037. This last step is 
1701 has been corrected at the output Y ' 1781 of FIG . 17 , 5 unique and is not repeated by another mixed - radix conver 
and an error code 1930 transmitted via error result code 1782 sion branch , so this must be supported in a high - speed 
of FIG . 17 indicates a corresponding , distinct error code in pipelined design . 
row 1940 of FIG . 19 . In sharing arithmetic operations among mixed - radix con 

Similar cases indicating the correction of a negative input version data flows indicated by FIG . 20 , the same can be 
value Y ' is also present in rows 1945 , 1950 of the table of 10 demonstrated for the flow of comparison data as well as digit 
FIG . 19. In the case of detection of a negative value Yi , the recombination data for the trial digit sets Yi . For example , 
corresponding es , error codes indicate a value of two ( 2 ) as data flow for a primary digit recombination unit for the 
indicated in the es error code legend 1965. If only one Y ; entire word Y ' is illustrated by the data flow 2010 in FIG . 20 . 
indicates it is a valid negative value , and all other Y , indicate It can be shown that the digit recombination of the second 
an invalid number range ( es = 0 ) , the case of row 1950 is 15 to last digit d ( p - 1 ) shares a significant portion of the data flow 
detected , and a digit in error is detected and corrected within of the digit recombination for the last digit dy . However , as 
a value Y ' that is encoded with a negative RRNS value . The the end of digit recombination for digit d ( p - 1 ) nears , the data 
case that there is no Y ; that lies in a legal range is indicated flow for the recombination of the d ( p - 1 ) digit is re - directed to 
when all es codes are zero , as shown in row 1955 of the table the flow of branch 2036 since the data flows diverge because 
of FIG . 19. In this case an un - corrected error is detected , 20 of the difference in digit moduli reflecting differences in the 
which means two or more digits are in error . When the es underlying number system recombination equations . 
error codes result in a condition which results in a logic FIG . 21 illustrates a preferred embodiment of a signed 
dispute , such an example shown in row 1960 , an un- word EDAC unit 1702b using methods and apparatus of the 
corrected error condition is also detected , as this may present invention and utilizing the data flow and processing 
indicate a fault of the EDAC itself . 25 over - lap of mixed - radix conversion , skipped digit recombi 

In order that the digit selector 1780b be modified so that nation and RRNS word comparison , required by each single 
an original delayed value of Y ' output from delay line 1710 digit EDAC 1702a of FIG . 17 and for each trial digit set Y , 
be output when no error condition exists ( i.e. , all es codes as illustrated in FIG . 20 . 
indicate a legal range value of the same sign ) the logic The EDAC 1702b of FIG . 21 shows the main portion of 
condition as shown in rows 1935 , 1945 of the table of FIG . 30 the logic of a signed - word , pipelined EDAC which replaces 
19 may be used to gate the digit selectors such that the the need for a plurality of single digit EDACs 1702a of FIG . 
original delayed Y ' is output . While this minor detail is not 17. In a preferred embodiment , a digit selector circuit , such 
shown in FIG . 18 , it is a preferred embodiment so that errors as digit selector 1780a of FIG . 17 and digit selector 1780b 
generated within recombination units of single digit EDACs of FIG . 18 , is connected to the output 2190 of the EDAC 
are not passed , and thus errors generated from the EDAC 35 17025 of FIG . 21 to form a complete and flexible error 
unit itself are dramatically reduced . correction circuit capable of discerning all error conditions 

The signed word EDAC 620c of FIG . 17 is similar in as illustrated in FIG . 19 , and capable of gating specific 
function to the EDAC unit 620a of FIG . 6a and may be used output values for specific error cases ( ea . , output zero for 
to perform continuous error detection and correction of un - recoverable error ) but is not shown in the FIG . 21 
arithmetic in matrix multiplication and other high - speed , 40 because of clarity and space restrictions . 
pipelined applications using RNS arithmetic . This includes In FIG . 21 , an input RRNS word Y ' 2100 is distributed to 
RNS arithmetic applications in cryptography , high - speed a number of processing elements , including the first stage of 
matrix operations , and other RNS arithmetic applications , processing elements of a primary mixed - radix converter 
and includes applications involving error processing of data with full digit recombination unit 2140 , and a secondary 
transmission and data storage encoded in an RRNS format . 45 mixed - radix converter 2110 which also comprises a single 

Streamlined Signed Word EDAC digit EDAC , which furthermore includes a single digit 
The signed word EDAC 620c of FIG . 17 is a new and recombination circuit 2115 and a signed word comparator 

novel embodiment of the present invention . Alternative unit 2130. The data flow of the primary mixed - radix con 
embodiments often - times seek to minimize resources or verter ( with full digit recombination and word compare ) is 
increase efficiency or speed . One alternate and preferred 50 comprised of circuitry sections 2140 , 2160 , 2175 , 2185 . 
embodiment for a signed word EDAC unit of the present Each secondary mixed - radix data flow , as illustrated in 
invention that increases efficiency and decreases latency is FIG . 20 as data flows 2025 , 2035 , 2037 , 2045 , are shown in 
disclosed and is inspired by observing the amount of overlap FIG . 21 as secondary mixed - radix converters 2110 , 2150 , 
of operations when mixed - radix conversion is applied to 2165 , 2180 of FIG . 21 by means of example . Each second 
each digit set combination Y ;. 55 ary mixed - radix converter , such as mixed - radix converter 

Consider the block diagram of FIG . 20 which illustrates 2110 , supports a single digit EDAC function by including a 
a primary flow of mixed - radix conversion 2005 comprising digit recombination circuit 2115 and a data word comparator 
all RRNS digits of Y ' . Upon inspection it can be observed 2130. Each secondary EDAC data flow of FIG . 21 is also 
many of the reduced Y ; mixed - radix conversions can be coupled to a negative range digit correction circuit , such as 
derived in part from a main mixed - radix flow 2005. For 60 range correction circuits 2120 , 2155. Also , in FIG . 21 each 
example , the digit combination Y , which skips the last digit single digit EDAC function produces a base extended digit 
d , can derive it's mixed - radix digits from the main mixed- D , and an associated error code es , as shown in the word 
radix conversion path 2005 by ignoring the last mixed - radix EDAC output register 2190 . 
digit converted . Unique to the connections for each single digit EDAC of 

Like - wise , other digit sets , such as digit set Y ( p - 1 ) can 65 FIG . 21 is that hardware in - efficiency present in the word 
derive a significant portion of its mixed - radix digits from the EDAC 620c of FIG . 17 is eliminated by taking advantage of 
main mixed - radix conversion path 2005 up to the second to over - lapping operations . For example , the single digit 
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EDAC with outputs D. 2195 and es , 2196 share much of the 2284 , the legal negative representation for Y ' is placed into 
same processing performed in section 2140 as the single error by changing the de digit from the value 76 to the 
digit EDAC with outputs D2 2193 and es , 2194. This improper value 23 by means of example . Each trial digit set 
over - lapping of processing stages is progressively more Y ; is listed in rows 2285 through row 2290. Magnitudes for 
efficient for digits of increasing index because more of the 5 each trial digit set Y ; is provided in column 2260 and the 
mixed - radix processing of the primary data path is shared same range constants used in the example of FIG . 22a are and not duplicated . provided in the table in columns 2270 , 2275. All numbers The first digit d , EDAC processing is an exception as it listed in the angle brackets < > are mixed - radix digits requires circuitry for a full single digit EDAC , since there is representing the column value in a distinct mixed - radix no common , over - lapping mixed - radix conversion . As the 10 number format . primary mixed - radix proceeds , more over - lapping opera Upon analysis of the values in the table of FIG . 22b , it is tions may be performed . The last two remaining EDACs seen that the magnitude of the trial digit set Y4 is greater than with outputs D5 2197 and D. 2195 swap position as being 
the last digit converted from the last section 2185 of the its associated negative range constant ~ R4 2275 since the 
primary mixed - radix converter . The digit recombination and 15 mixed - radix magnitude < 86 , 121 , 12 , * , 80 , 148 > is greater 
word compare functions for each single digit EDAC func than the mixed - radix range constant < 0 , 64 , 65 , * , 70 , 148 > . 
tion of FIG . 21 also share over - lapping logic in a like manner The magnitude is greater than the negative range constant 
as the mixed - radix conversion and receive their shared ~ R ; because the second most significant digit of the magni 
operations from the primary recombination and comparator tude is equal to eighty ( = 80 ) but the second most significant 
pipelines present in the primary data flow of circuit sections 20 digit of the negative range constant is equal to seventy ( = 70 ) ; 
2140 , 2160 , 2175 , 2185 . the second most significant mixed - radix digit specifies 
FIG . 22a and FIG . 22b help clarify the explanation of the which mixed - radix word is greater in this case since the most 

operation of the signed - word EDAC 1702b of FIG . 21 by significant digit of both numbers is = 148 . 
illustrating a correction of a positive value in error in FIG . No other trial digit set Y ; of the table of FIG . 22b has a 
22a , and by illustrating a correction of a negative value in 25 magnitude that is either greater than its associated negative 
error in FIG . 22b by means of example . range constant ~ Ri in table column 2275 or lesser than its 
FIG . 22a illustrates an example calculation for an EDAC associated positive range constant M / 2 in column 2270 . 

1702b which accepts a signed value represented in a Therefore , the action of the signed word EDAC 1702b is to 
complement - M ' representation . The table of FIG . 22a illus- indicate via its output word 2190 which specific trial digit set 
trates each trial digit set Y ; in a derived RRNS format , and 30 Y ; is valid , and what the sign of the valid trial digit set is , and 
lists each trial digit set magnitude , and provides a means to which digit is in error ( the skipped digit ) , and further 
show a comparison of the trial digit magnitude versus each provides a based extended digit d ; to replace the digit in 
associated range value , M / 2 and ~ R ;. In the table of FIG . 22a error , which is d4 in this example . FIG . 19 illustrates a 
each magnitude and constant are listed in mixed - radix typical logic table indicating how each possible combination 
number format which illustrates actual data values for RNS 35 of meaningful error codes ( es ; ) correspond to each EDAC 
and mixed - radix digits that are processed by the EDAC operation result of column 1925 , 1930 by means of example . 
1702b circuit of FIG . 21 . Because a single trial digit set Y4 is detected as a value in 

After analysis of the table of FIG . 22a , it is observed that a legal range as indicated by the number line of FIG . 9e , and 
the trial digit set Y4 of row 2238 has a magnitude that is less furthermore , because Y4 is detected as a negative legal 
than the magnitude of the positive range value , M / 2 . This is 40 value , the trial digit set Y4 is first base extended to recover 
observed by noting the value of the mixed - radix number the skipped digit d4 as performed in the case of the positive 
< 39 , 6 , 118 , * , 58 > is less than < 0 , 64 , 65 , * , 68 > , since the value Y4 of example FIG . 22a and according to step 1235 of 
latter value has a most significant digit = 68 and the former the flowchart of FIG . 12 ; next a correction constant C ; is 
has a most significant digit = 58 . In this case , since the trial added to the base extended result as described by step 1245 
value is detected as positive , and no other trial digit set Y ; 45 of the flowchart of FIG . 12. The example values of the 
is a valid value in a valid number range , the trial digit set Y4 calculation just described is shown enclosed in dotted lines 
is base extended to recover the skipped digit de which is 2295. Note that correction constants C ; are RRNS values 
known to be in error in the original input value Y ' as shown where only one digit is non - zero ; therefore , it is customary 
in row 2234. This result is summarized in the enclosed to refer to the correction constant C ; as a word or digit 
dotted line 2241 of FIG . 22a . 50 constant depending on context . 

Note that while the value of the positive number range is Further note that negative range constants ~ R ; of column 
always M / 2 , its mixed - radix representation differs for each 2275 of the table of FIG . 22b are not only represented in a 
trial digit set Yi , as shown in each row of the range constant distinct number system , but that the magnitudes are differ 
M / 2 column 2220 of FIG . 22a . The reason for this difference ent , i.e. they are distinct values as well . This is a result of the 
in each row of the column 2220 is that the same value M / 2 55 fact that the value for each ~ R , is equal to the difference 
is represented differently in each distinct number system , M - M / 2 , and it is recognized that each M , is different 
each distinct number system distinguished by its associated according to Equation ( 31 ) . Likewise , each correction con 
range , Frange ( Y ) . The range of a reduced RRNS number stant C ; is formally represented in a distinct RRNS repre 
system Y ; is itself distinct and is a direct consequence of the sentation as shown in the column 2280 and each correction 
under - lying RRNS moduli set Y ; range M ; as expressed in 60 constant C ; represents a different distinct value since the 
Equation ( 31 ) value MP - M , changes for each digit system Yi . 
FIG . 22b illustrates an example error detection and cor- Error Correction of More than One Digit 

rection calculation for an EDAC 1702b of FIG . 21 which It is noted that the techniques and method of the present 
accepts a negative value in error . In row 2283 a proper invention as disclosed may be extended to EDAC systems 
RRNS representation for a negative value Y ' equal to the 65 correcting more than a single digit in error . Intuitively , the 
decimal value -12345678910 is shown in RRNS digit col- single digit methods and apparatus disclosed herein are 
umns d , 2250 through do 2255 by means of example . In row modified to allow trial digits sets to skip more than one digit , 
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thereby dramatically increasing the number of trial digit sets possible that are within the scope of this invention . In 
to test . In this case , each trial digit set Y , skips more than one addition , the various features , elements , and embodiments 
digit . described herein may be claimed or combined in any com 

To understand how the ranges M , of each Y are affected bination or arrangement . 
by an EDAC correcting two digits , the relation for the trial 5 
digit range is modified as , What is claimed is : 

1. A method for performing error correction of an arith 
metic result in a residue number format , the arithmetic result 

( 58 ) having one or more digits in error , the method comprising : 
m ; * m ; generating a plurality of trial digit sets , each of the 

plurality of trial digit sets excluding one or more digits 
of the arithmetic result and comprising a test value in Therefore , each trial digit set notation Yi , includes two a distinct number system ; indexes , i and j , for which 1sisp , 1sjsp , and ixj . 

In the example herein , to enable correction of two digits comparing each of the plurality of trial digit sets to a 
out of four non - redundant digits in Y ' , four redundant digits positive range value , the positive range value encoded 
are required for a total of p = 8 digits . The total number of in a plurality of distinct number systems ; 
distinct sets Yij of six ( 6 ) digits is therefore given by , comparing each of the plurality of trial digit sets to an 

associated distinct negative range value , each associ 
ated distinct negative range value having a distinct 

( 59 ) negative number range and encoded in a distinct num 
ber system ; and 

base extending one or more excluded digits associated 
with at least one of the plurality of trial digit sets to 

Other schemes are available for decreasing the number of 25 generate one or more base extended digits when the at 
trial sets Yij , such as creating a smaller number of digit least one of the plurality of trial digit sets is less than 
“ sub - groups ” for example , but come at the cost of increased the positive range value or when the at least one of the 
redundant digits or other tradeoffs and are not explained plurality of trial digit sets is greater than the associated 
herein . Experts familiar with the design and optimization of distinct negative range value ; 
testing combinations in the context of error correction , and 30 applying a correction constant to the one or more base 
using the material presented herein , can effectively extend extended digits when the at least one of the plurality of 
the techniques and apparatus for an EDAC supporting single trial digit sets is greater than the associated distinct 
digit error correction to an EDAC supporting multiple error negative range value thereby creating one or more 
correction . corrected base extended digits ; 

Error Detection and Correction of Fixed - Point Arithmetic 35 wherein a corrected arithmetic result comprises the arith 
Error detection of fixed - point arithmetic of the format metic result excluding the one or more digits in error 

described in FIG . 7b and explained in detail in U.S. Pat . No. and including the one or more corrected base extended 
9,081,608 , requires the extended machine word Y ; which is digits . 
normally large enough to hold an intermediate product , Y 2. The method of claim 1 , wherein the one or more 
to be further extended by one or more digits required to 40 corrected base extended digits are adjusted by a correction 
perform a desired level of error detection and correction . value when the at least one of the plurality of trial digit sets 

For example , the TPU of FIG . 7a supports a machine is greater than the associated distinct negative range value . 
word 770 with parameters 772 shown in FIG . 7b and 3. The method of claim 1 , further comprising detecting an 
supports an RNS machine word of 8 digits , each digit being error when the at least one of the plurality of trial digit sets 
18 - bits wide . The non - redundant range of the operand is 4 45 is neither less than the positive range value nor greater than 
digits ( f = 2 , w = 2 ) , and a total word for product summation is the associated distinct negative range value . 
8 words ( p = 8 ) . 4. A method for performing error correction of an arith 

In order that the dot products produced using the 8 - digit metic result in a residue number format , the arithmetic result 
machine word 770 support detecting and correcting a single having one or more digits in error , the method comprising : 
digit in error , two additional redundant digits are extended to 50 generating a plurality of trial digit sets , each of the 
the machine word 770 resulting in a 10 - digit machine word plurality of trial digit sets comprising a test value and 
( p = 10 ) not shown . In practice , the value of the additional excluding one or more digits of the arithmetic result ; 
redundant moduli must be greater than the existing moduli comparing the test value to a positive number range and 
of FIG . 7c , so some re - arrangement of moduli is required to selecting the test value when the test value is in the 
keep all digit moduli within 18 bits wide . positive number range ; 

Provided that two additional digits ( ea . , two additional comparing the test value to a negative number range and 
digit matrix multipliers 642 ) are extended to the machine selecting the test value when the test value is in the 
word 770 of the TPU of FIG . 6b , product summations can negative number range ; 
be error corrected using EDAC units 620b through 621b of base extending one or more excluded digits associated 
FIG . 6b , and EDAC units 620a through 621a of FIG . 6a . with the selected test value , thereby creating one or 

It is noted the addition of two additional digit matrix more base extended digits ; and 
multipliers increases TPU circuit resources by approxi- applying a correction constant to the one or more base 
mately 20 % , which is less than the 300 % resources required extended digits when the selected test value is in the 
using the triplication scheme of FIG . 1 . negative number range ; 

While various embodiments of the invention have been 65 wherein a corrected arithmetic result comprises the test 
described , it will be apparent to those of ordinary skill in the value excluding the one or more digits in error and 
art that many more embodiments and implementations are including the one or more base extended digits . 
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5. The method of claim 4 , wherein the test value is in an recovering the one or more excluded digits of each of the 
invalid number range when the test value is greater than the one or more fully converted trial digit sets thereby 
positive number range and less than the negative number creating one or more corrected digit candidates for each 
range . of the one or more fully converted trial digit sets ; and 

6. The method of claim 5 , further comprising detecting the 
one or more digits in error when at least one of the one or selecting one or more corrected digit candidates associ 
more test values are in the invalid number range . ated with the one or more fully converted trial digit sets 

7. A method for performing error correction of a residue when the one or more fully converted trial digit sets is 
number value having one or more digits in error , the method within a legal number range , thereby creating one or 
comprising : more selected digit candidates ; 

excluding one or more digits from the residue number generating a corrected value comprising the residue num 
value thereby creating a first trial digit set ; ber value and a digit value of the one or more selected 

converting one or more excluded digits of the residue digit candidates . 
number value to a mixed radix format , thereby creating 8. The method of claim 7 , wherein the one or more a first partially converted residue number value ; 

excluding one or more digits of the first partially con 15 selected digit candidates have the same modulus as the one 
verted residue number value , thereby creating a par or more digits in error . 
tially converted second trial digit set ; 9. The method of claim 7 , wherein the one or more fully 

converting one or more excluded digits of the second trial converted trial digit sets are within the legal number range 
digit set to a mixed radix format , thereby creating a when the one or more fully converted trail digit sets are 
second partially converted residue number value ; 20 either less than a positive range value or greater than a 

excluding one or more digits of the second partially negative range value . 
converted residue number value , thereby creating a 
partially converted third trial digit set ; 10. The method of claim 9 , wherein determining whether 

converting each of the trial digit sets to a mixed radix the one or more fully converted trial digit sets are within the 
format , thereby creating one or more fully converted 25 legal number range occurs via a comparison of the one or 
trial digit sets having one or more excluded digits more fully converted trial digit sets in mixed radix format . 
associated therewith ; 


