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BANDWIDTH MISMATCH ESTIMATION FOR
TIME INTERLEAVED ADCS

TECHNICAL FIELD

[0001] The invention relates generally to analog-to-digital
converters (ADCs) and, more particularly, to time-inter-
leaved (TT) ADCs.

BACKGROUND

[0002] Referring to FIG. 1 of the drawings, the reference
numeral 100 generally designates a conventional analog-to-
digital converter (ADC). ADC 100 generally comprises a
track-and-hold (T/H) circuit 102 and a sub-ADC 104 so that,
in operation, the ADC 100 can sample an analog input signal
X(t) at a plurality of sampling instants and convert the
sampled signal into a digital signal Y[n]. As is shown in FIG.
1, though, the T/H circuit 104 generally comprises switches
and capacitors, which causes the T/H circuit 102 to function
as a filter (typically a single pole filter).

[0003] Turning to FIG. 2, a model 200 of the ADC 100 is
shown. In model 200, the filter aspects of the ADC 100 are
represented by filter 202, while the remainder of the function-
ality of the ADC 100 is represented by ideal ADC 204. Filter
202 has a transfer function in the time-domain ofh (1), which
can, in turn, be represented in the frequency-domain as:

gqE" (65)]
1 +Ii(i)’

wa

Hy(w) =

where g, is the gain of ADC 100, At,, is the time delay relative
to a reference, and w,, is the cutoff frequency (bandwidth).
This model 200 can be useful when determining mismatches
for time-interleaved (TI) ADCs.

[0004] In FIG. 3A, an example of a TI ADC 300 can be
seen. TI ADC 300 generally comprises ADCs 100-0 to 100-
(M-1) (where each of ADCs 100-0 to 100-(M-1) generally
has the same structure as ADC 100 from FIG. 1) that are
clocked by divider 302 so that the outputs from ADCs 100-0
to 100-(M-1) can be multiplexed by multiplexer 304 to pro-
duce digital signal Y[n]. Yet, when building TT ADC 300,
ADCs 100-0 to 100-(M-1) are not identical to each other;
there are slight structural and operational variations. These
slight variations result in Direct Current (DC) offset mis-
matches, timing skew, gain mismatches, and bandwidth mis-
matches between ADCs 100-0 to 100-(M-1).

[0005] Of the different types of mismatches listed, band-
width mismatches are the weakest, and, to date, have largely
been ignored, but, in order to build a high accuracy (generally
greater than 6 bits), high speed (generally greater than 1 GS/s)
TI ADCs, bandwidth mismatches between interleaved ADC
branches need to be corrected. Looking to TT ADC 300, the
output spectrum when the input signal is a tone with fre-
quency o™ can be represented as follows:

M-1 2)

M-1
Y(e¥) = Z[% Z Ha(w*)e’i%a]é(w —w, — %)
a=0

k=0
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Assuming a 2-way TI ADC (M=2), which generally repre-
sents the upper-bound or worst-case for bandwidth mismatch,
equation (2) can be reduced to:

Ve = (W)x(@“) + (w) xeen, O
with a Spurious-Free Dynamic Range (SFDR) of
SFDR= 2010g10(w) @
Ho(wo) — Hy(wo)

The SFDR for an M-way interleaved T1 ADC, therefore, can
then be determined to be:

A[0]

SFDR = mkax(zologlo(m]]

®

where

M-1 ) ©)
AWI= Y Hlwoe 10
a=0

Now, equation (1) can be applied to TI ADC 300 for the
purposes of simulation so

1 1 (@)
Hy(wg) = ——, for Ts > 7, = —,
1 + it g Wy

where T is the period of clock signal CLK. Such a simulation
yields that variations in bandwidth mismatches are dependent
on gain mismatches and timing skews and that (with high
accuracy, high speed TI ADCs) bandwidth mismatch can
significantly affect performance. An example of a simulation
of the effect bandwidth mismatch can be seen in FIG. 3B for
different gain and skew compensations. Thus, to achieve the
desired SFDR (i.e., greater than 70 dB) for a TT ADC, the
bandwidths of ADCs within the TTADC should be matched to
be within 0.1% to 0.25%.

[0006] To date, however, no estimation algorithm or circuit
exists to blindly determine bandwidth mismatches. The two
most relevant conventional circuits, though, are described in
the following: Satarzadeh et al., “Bandwidth Mismatch Cor-
rection for a Two-Channel Time-Interleaved A/D Converter,”
Proceedings of 2007 IEEE International Symposium on Cir-
cuits and Systems, 2007; and Tsai et al., “Bandwidth Mis-
match and Its Correction in Time-Interleaved Analog-to-
Digital Converters,” IEEE Transactions on Circuits and
Systems Il: Express Briefs, Vol. 53, No. 10, pp. 1133-1137,
Oct. 23, 2006. Neither of these circuits, though, adequately
addresses blind bandwidth mismatch estimation, indicating a
need for an apparatus and/or method to determine and com-
pensate for bandwidth mismatches.

SUMMARY

[0007] A preferred embodiment of the present invention,
accordingly, provides an apparatus. The apparatus comprises
a plurality of analog-to-digital converter (ADC) branches,
wherein each ADC branch receives an analog input signal,
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and wherein each ADC branch has an autocorrelation
sequence that is estimated by an autocorrelation estimator,
and wherein each ADC branch has an ADC that includes: a
track-and-hold (T/H) circuit that receives the analog input
signal and that has filter characteristics, wherein the filter
characteristics are adjustable; and a sub-ADC that is coupled
to the T/H circuit; a multiplexer that is coupled to each of the
ADC branches; and a mismatch estimation circuit that is
coupled to each T/H circuit and that receives an output signal
from each ADC branch, wherein the mismatch estimation
circuit adjusts the filter characteristics for each T/H circuit to
determine a desired range for a cost function over a plurality
of samples of the analog input signal.

[0008] In accordance with a preferred embodiment of the
present invention, each ADC branch includes an amplifier
that is coupled to its corresponding ADC.

[0009] In accordance with a preferred embodiment of the
present invention, the mismatch estimation circuit adjusts the
gain for each amplifier to determine the desired range for the
cost function over the plurality of samples of the analog input
signal.

[0010] In accordance with a preferred embodiment of the
present invention, the cost function (V) is:

Z IMTs]

t

= Roo[IM T5],

wherein R, denotes the estimate for the autocorrelation
sequence for the a” ADC branch, M denotes the number of
ADC branches, and T is a sampling clock period.

[0011] In accordance with a preferred embodiment of the
present invention, the apparatus further comprises a divider
that receives a clock signal and that is coupled to each ADC
branch.

[0012] In accordance with a preferred embodiment of the
present invention, each ADC branch further comprises an
adjustable delay element that is coupled to each ADC, to the
divider, and to the mismatch estimation circuit, wherein the
mismatch estimation circuit adjusts each delay element to
compensate for timing skews.

[0013] In accordance with a preferred embodiment of the
present invention, the cost function (V) is:

RooIM T5] :
RoolfMTy]

[{MTs]

Req
-3
i\ Rl MTy]

wherein R, denotes the estimate for the autocorrelation
sequence for the a” ADC branch, M denotes the number of
ADC branches, fis an arbitrary delay, and T is a sampling
clock period.

[0014] In accordance with a preferred embodiment of the
present invention, an apparatus is provided. The apparatus
comprises a plurality of ADC branches, wherein each ADC
branch receives an analog input signal, and wherein each
ADC branch has an autocorrelation sequence that is esti-
mated by an autocorrelation estimator, and wherein each
ADC branch has an ADC that includes: a T/H circuit that
receives the analog input signal and that has filter character-
istics, wherein the filter characteristics are adjustable; and a
sub-ADC that is coupled to the T/H circuit; a multiplexer that

Apr. 7,2011

is coupled to each of the ADC branches; a mismatch estima-
tion circuit that is coupled to each T/H circuit and that
receives an output signal from each ADC branch, wherein the
mismatch estimation circuit has a computer program embod-
ied thereon that includes: computer code for squaring an error
between the estimate for the autocorrelation sequence of a
first ADC branch of the plurality of ADC branches and the
estimates for the autocorrelation sequences for the remainder
of'the ADC branches as a cost function; and computer code
for adjusting each of the T/H circuits to compensate for band-
width mismatches.

[0015] In accordance with a preferred embodiment of the
present invention, each ADC branch further comprises a
Direct Current (DC) offset circuit that is coupled to its corre-
sponding ADC.

[0016] In accordance with a preferred embodiment of the
present invention, a method for bandwidth matching a plural-
ity of ADC branches in a time-interleaved (TI) ADC is pro-
vided. The method comprises sampling an analog input signal
at a plurality of sampling instants by the plurality of ADC
branches; calculating an autocorrelation sequence for each
ADC branch, wherein each ADC branch includes an T/H
circuit; calculating a cost function to determine bandwidth
mismatches for the plurality of ADC branches, wherein the
cost function is a function of the autocorrelation sequences of
the plurality of ADC branches; and adjusting at least one of
the T/H circuits from the plurality of ADC branches based at
least in part on the cost function to substantially bandwidth
match the plurality of ADC branches.

[0017] In accordance with a preferred embodiment of the
present invention, each autocorrelation sequence estimate is

Ll
Z MkMT, + alx[(k — DMT, + a
k:O

RaalIMT,]

for the a” ADC branch, wherein M denotes the number of
ADC branches and T is a sampling clock period.

[0018] In accordance with a preferred embodiment of the
present invention, the cost function (V) is a distance metric
defined on the sequences R_,_[IMT] and Ryo[IMT].

[0019] In accordance with a preferred embodiment of the
present invention, the cost function (V) is a distance metric
defined on the sequences

RealIMTs]
— and
RealfMTs]

RoolIMT5]
Roolf MTs1

for an arbitrary delay f.

[0020] The foregoing has outlined rather broadly the fea-
tures and technical advantages of the present invention in
order that the detailed description of the invention that fol-
lows may be better understood. Additional features and
advantages of the invention will be described hereinafter
which form the subject of the claims of the invention. It
should be appreciated by those skilled in the art that the
conception and the specific embodiment disclosed may be
readily utilized as a basis for modifying or designing other
structures for carrying out the same purposes of the present
invention. It should also be realized by those skilled in the art
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that such equivalent constructions do not depart from the
spirit and scope of the invention as set forth in the appended
claims.

BRIEF DESCRIPTION OF THE DRAWINGS

[0021] For a more complete understanding of the present
invention, and the advantages thereof, reference is now made
to the following descriptions taken in conjunction with the
accompanying drawings, in which:

[0022] FIG.11isacircuitdiagram of a conventional analog-
to-digital converter (ADC);

[0023] FIG. 2 is a block diagram of a model of the ADC of
FIG. 1;
[0024] FIG. 3A is a circuit diagram of a convention time-

interleaved (TT) ADC using the ADC of FIG. 1;

[0025] FIG. 3B is an example of a simulation showing the
effect of bandwidth mismatch on the Spurious-Free Dynamic
Range (SFDR) of a TTADC;

[0026] FIG. 4 is a circuit diagram of a TT ADC in accor-
dance with a preferred embodiment of the present invention;
[0027] FIG. 5 is a circuit diagram of the autocorrelation
estimator of the TT ADC of FIG. 4; and

[0028] FIGS. 6A through 6D are graphs depicting the
operation of the TI ADC of FIG. 4.

DETAILED DESCRIPTION

[0029] Refer now to the drawings wherein depicted ele-
ments are, for the sake of clarity, not necessarily shown to
scale and wherein like or similar elements are designated by
the same reference numeral through the several views.
[0030] Referring to FIG. 4 of the drawings, the reference
numeral 400 generally designates a time-interleaved (T]) ana-
log-to-digital converter (ADC) in accordance with a preferred
embodiment of the present invention. ADC 400 generally
comprises ADC branches 406-0 to 406-(M-1), divider 402,
multiplexer or mux 408, and a mismatch estimation circuit
410. Each ADC branch 406-0 to 406-(M-1) also generally
comprises (respectively) ADC 412-0 to 412-(M-1), DC oft-
set circuit 414-0 to 414-(M-1), amplifier 416-0 to 416-(M-
1), adjustable delays element 404-0 to 404-(M-1), and auto-
correlation estimator 422-0 to 422-(M-1). Additionally, each
ADC 412-0to 412-(M-1) generally comprises (respectively)
a track-and-hold (T/H) circuit 418-0 to 418-(M-1) and a
sub-ADC 420-0 to 420-(M-1).

[0031] In operation, TI ADC 400 converts analog input
signal X(t)to a digital signal Y[n]. To accomplish this, divider
402 divides a clock signal CLK (with a frequency of F or
period of T) into M clock signals (each with a frequency of
F /M) that are staggered by delay elements 404-0 to 404-(M-
1) and provided to ADCs 412-0 to 412-(M-1). This allows
each of ADCs 412-0 to 412-(M-1) to convert the analog
signal X(t) to digital signals X,(k) to X, ; (k). The gain and
DC offset adjustments are applied to digital signals X, (k) to
X,,.1(k) by DC offset circuits 414-0 to 414-(M-1) and ampli-
fiers 416-0 to 416-(M-1) to generate digital signals Y[O] to
Y[M-1], which can then be multiplexed by mux 408 to gen-
erate a digital signal Y[N].

[0032] To generally ensure that signals Y[0] to Y[M-1] are
matched, mismatch estimation circuit 410 calculates and
compensates for gain mismatches, DC offset mismatches,
timing skews, and bandwidth mismatches. The mismatch
estimation circuit 410 is generally a digital signals processor
(DSP) or dedicated hardware, which determines the gain
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mismatches, DC offset mismatches, timing skews, and band-
width mismatches and which can provide adjustments for
gain, DC offset, timing skew, and bandwidth to amplifiers
402-0 to 402-(M-1), DC offset circuit 404-0 to 404-(M-1),
delays 408-0 to 408-(M-1), and T/H circuits 410-0 to 410-
(M-1), respectively.

[0033] In general communications systems, signals are
generally wide-sense stationary (WSS), which is primarily
due to the generally random nature of the transmitted signals.
Thus, input signal X(t) can generally be thought of as a WSS
signal. As a result, an autocorrelation sequence R, exists for
each of ADC branches 401-0 to 401-(M-1). This autocorre-
lation sequence R, , for branch “a” is generally a function of
the number of ADC branches (M) and the period T of clock
signal CLK, which can be represented as follows:

R ool IMT51=(Ryg ™R ) [IMT 5] ®)

Calculation of an estimate (f{aa) of autocorrelation sequence
R,, for each branch 406-0 to 406-(M-1) is performed by
autocorrelation estimators 422-0 to 422-(M-1), respectively,
which is discussed in greater detail below. If the bandwidths
of'the T/H circuits 410-0 to 410-(M-1) are matched exactly,
the autocorrelation sequences R, for each ADC branch out-
put Y[0] to Y[M-1] should be the equal. To ensure that the
bandwidths of the T/H circuits 410-0 to 410-(M-1), the mis-
match estimation circuit 410 receives estimations for auto-
correlation sequence R, for each ADC branch 401-0 to 401-
(M-1) from autocorrelation estimators 422-0 to 422-(M-1)
and computes a cost function based on these estimates R,
For this arrangement, the cost function is generally “bowl-
shaped” or has positive concavity at every point except at a
point where the bandwidths are matched (where the concavity
approximately equals zero). The expression for the autocor-
relation estimate is:

= )
Z kMT, + alx[(k — DMT, + ]
k:O

RaalIMT;]

wherein L is the number of products accumulated to estimate
the autocorrelation.

[0034] One cost function that can be employed is based on
normalization and, effectively, eliminates gain from the cal-
culation. This “normalization” cost function uses the squared
error between the estimated autocorrelation sequences R ,, of
the first ADC branch 406-0 and the estimated autocorrelation
sequences R, for the remaining ADC branches 406-1 to
406-(M-1) that quantifies the extent of the bandwidth mis-
match. In particular, the “normalization” cost function is rep-
resented as follows:

Vo Z[RWUMTSJ _
RaalfM T,

t

RoolimTs]1 Y’ (19

RoolfMT.]

> (Raa 1M T5)Roo [ fMT,)

t

— RoolIMTs1R [ fMT,] )

where f is an arbitrary delay. Therefore, the mismatch esti-
mation circuit 410 can search for a desired bandwidth match
by varying the filter characteristics (for example, resistance
and capacitance) of each of the T/H circuits 418-0 to 418-
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(M-1) and looking for a desired range or “minimum” for the
cost function of equation (10), essentially looking for the
point where the concavity of the cost function of equation
(10) is approximately zero.

[0035] Alternatively, a cost function that simultaneously
compensates for both gain and bandwidth may be employed.
In particular, this cost function can be represented as:

Z LIMTq]

t

= Roo[IM T3]

Here, the mismatch estimation circuit 410 can search for a
desired bandwidth match by varying the filter characteristics
of each of the T/H circuits 418-0 to 418-(M-1) and the gains
of amplifiers 416-0 to 416-(M-1) and looking for a desired
range or “minimum” for the cost function of equation (11),
essentially looking for the point where the concavity of the
cost function of equation (11) is approximately zero. Typi-
cally, convergence for equation (11) usually requires more
samples than equation (10) because there is increased com-
plexity, but bandwidth matching and gain matching for equa-
tion (11) would be greater than equation (10), improving
performance.

[0036] In the most general case, the cost function can be a
distance metric defined on either the estimated autocorrela-
tion sequences directly, or on the sequences generated when
all the elements of the autocorrelation sequences are divided
by the same element of each sequence. In the case of equation
(10), the division is performed using element f of the
sequence.

[0037] Turning now to FIG. 5, an example of the construc-
tion of autocorrelation estimators 422-0 to 422-(M-1) can be
seen and which is denoted by reference numeral 422. Auto-
correlation estimator 422 generally includes several branches
(“p” branches as shown). Each branch calculates an estima-
tion R . (for the a” ADC branch 412-a) of the autocorrelation
sequence for a sample (0 to pMTj), and each branch is gen-
erally comprised of a multiplier 506-0 to 506-p, an adder
508-0 to 508-p, and a delay element 504-0 to 504-p. Delay
elements 502-1 to 502-p are generally coupled in series with
one another so that samples X[kMT o~a] to X[(k-p)MTs-a]
are available for the branches. Each branch uses its multiplier
506-0 to 506-p to multiply its sample X[kMT ¢-a] to X[(k—
p)MTs—-a] with the current sample X[kMT ¢—a]. The output of
multiplier 506-0 to 506-p is then added to its previous sum
(from delay element 508-0 to 508-p) by adder 508-0 to 508-p.
Looking to branch “1” for example, multiplier 506-1 mul-
tiples sample X[kMT ~a] with sample X[(k-1)MT ¢-a], and
adder 508-1 adds the output of multiplier (X[kMT-a] X[ (k-
1)MT~a]) with the previous sum from adder 508-1 to gen-
erate the autocorrelation sequence estimate R_, [MT] for
branch “1.”

[0038] Referring now to FIGS. 6A through 6D, an example
of the operation of TI ADC 400 can be seen. In particular,
FIGS. 6A through 6D show the convergence for bandwidth,
timing skew, gain, and DC offset (respectively) substantially
simultaneously at about 600 data blocks (with a data block
sample size 2'® samples) for a three tone signal at 0.27F,,
0.35F, and -0.27F . Clearly, the TI ADC 400 now provides
a structure that allows for the construction of a high speed,
high resolution ADC that was previously unachievable.
[0039] Having thus described the present invention by ref-
erence to certain of its preferred embodiments, it is noted that
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the embodiments disclosed are illustrative rather than limit-
ing in nature and that a wide range of variations, modifica-
tions, changes, and substitutions are contemplated in the fore-
going disclosure and, in some instances, some features of the
present invention may be employed without a corresponding
use of the other features. Accordingly, it is appropriate that the
appended claims be construed broadly and in a manner con-
sistent with the scope of the invention.

1. An apparatus comprising:

a plurality of analog-to-digital converter (ADC) branches,
wherein each ADC branch receives an analog input sig-
nal, and wherein each ADC branch has an autocorrela-
tion sequence that is estimated by an autocorrelation
estimator, and wherein each ADC branch has an ADC
that includes:

a track-and-hold (T/H) circuit that receives the analog
input signal and that has filter characteristics, wherein
the filter characteristics are adjustable; and

a sub-ADC that is coupled to the T/H circuit;

a multiplexer that is coupled to each of the ADC branches;
and

a mismatch estimation circuit that is coupled to each T/H
circuit and that receives an output signal from each ADC
branch, wherein the mismatch estimation circuit adjusts
the filter characteristics for each T/H circuit to determine
a desired range for a cost function over a plurality of
samples of the analog input signal.

2. The apparatus of claim 1, wherein each ADC branch
includes an amplifier that is coupled to its corresponding
ADC.

3. The apparatus of claim 2, wherein the mismatch estima-
tion circuit adjusts the gain for each amplifier to determine the
desired range for the cost function over the plurality of
samples of the analog input signal.

4. The apparatus of claim 3, wherein the cost function (V)
is:

= Roo[IM T5]),

Z IMTs]

{

wherein R, denotes the autocorrelation sequence for the a”
ADC branch, M denotes the number of ADC branches, and T
is a sampling clock period.

5. The apparatus of claim 1, wherein the apparatus further
comprises a divider that receives a clock signal and that is
coupled to each ADC branch.

6. The apparatus of claim 4, wherein each ADC branch
further comprises an adjustable delay element that is coupled
to each ADC, to the divider, and to the mismatch estimation
circuit, wherein the mismatch estimation circuit adjusts each
delay element to compensate for timing skews.

7. The apparatus of claim 1, wherein the cost function (V)
is:

Roo[IMT5] :
RoolfMT,]

Vo Z[ Rag[IM Ty
A\ Reo fMT;]

wherein R, denotes the autocorrelation sequence for the a”
ADC branch, M denotes the number of ADC branches, fis an
arbitrary delay, and T is a sampling clock period.
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8. An apparatus comprising:

a plurality of ADC branches, wherein each ADC branch
receives an analog input signal, and wherein each ADC
branch has an autocorrelation sequence that is estimated
by an autocorrelation estimator, and wherein each ADC
branch has an ADC that includes:

a T/H circuit that receives the analog input signal and
that has filter characteristics, wherein the filter char-
acteristics are adjustable; and

a sub-ADC that is coupled to the T/H circuit;

a multiplexer that is coupled to each of the ADC branches;
and

a mismatch estimation circuit that is coupled to each T/H
circuit and that receives an output signal from each ADC
branch, wherein the mismatch estimation circuit has a
computer program embodied thereon that includes:
computer code for squaring an error between the esti-

mate for the autocorrelation sequence of a first ADC
branch of the plurality of ADC branches and the esti-
mates for the autocorrelation sequences for the
remainder of the ADC branches as a cost function;
and

computer code for adjusting each of the T/H circuits to
compensate for bandwidth mismatches.

9. The apparatus of claim 8, wherein each ADC branch
includes an amplifier that is coupled to its corresponding
ADC.

10. The apparatus of claim 1, wherein the apparatus further
comprises a divider that receives a clock signal and that is
coupled to each ADC branch.

11. The apparatus of claim 10, wherein each ADC branch
further comprises an adjustable delay element that is coupled
to each ADC, to the divider, and to the mismatch estimation
circuit, wherein the mismatch estimation circuit adjusts each
delay element to compensate for timing skews.

12. The apparatus of claim 8, wherein each ADC branch
further comprises a Direct Current (DC) offset circuit that is
coupled to its corresponding ADC.

13. A method for bandwidth matching a plurality of ADC
branches in a time-interleaved (TI) ADC, the method com-
prises:

sampling an analog input signal at a plurality of sampling
instants by the plurality of ADC branches;

calculating an autocorrelation sequence for each ADC
branch, wherein each ADC branch includes an T/H cir-
cuit;
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calculating a cost function to determine bandwidth mis-
matches for the plurality of ADC branches, wherein the
cost function is a function of the autocorrelation
sequences of the plurality of ADC branches; and
adjusting at least one of the T/H circuits from the plurality
of ADC branches based at least in part on the cost func-
tion to substantially bandwidth match the plurality of
ADC branches.
14. The method of claim 13, wherein each autocorrelation
sequence estimate is

1L1
RaalIMT,] —ZkaT +alx[(k —HMT, + a]
k=0

["

for the a” ADC branch, wherein M denotes the number of
ADC branches and T is a sampling clock period.

15. The method of claim 14, wherein the cost function (V)
is:

Z SIMTs] -

t

—Roo 1MTS]|

16. The method of claim 14, wherein the cost function (V)
is:

Roo[IMTs] :
RoolfMT]

UMTs]

Rea
G
i\ Rl M)

17. The method of claim 14, wherein the cost function (V)
is a distance metric defined on the sequences R, [IMT¢] and
Roo[IMT].

18. The method of claim 14, wherein the cost function (V)
is a distance metric defined on the sequences

RealIMTs] g RoolIMT5]
A an A >
Rogl fMTs] Roolf MT5s]

for an arbitrary delay f.
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