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neural network computation. A tensor instruction specifies a tensor
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an ouput tensor. The system stores a decimal position associated

with a plurality of values of a tensor. The system performs the ten-
sor computation of a tensor instruction to determine a plurality of
values of the output tensor. The system collects statistics describing
the plurality of values of the ouput tensor and determines a decimal
position for the plurality of values based on the collected statistics.
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DYNAMIC MANAGEMENT OF NUMERICAL REPRESENTATION IN A
DISTRIBUTED MATRIX PROCESSOR ARCHITECTURE

CROSS-REFERENCE TO RELATED APPLICATION

[0000] This application claims the benefit of priority to U.S. Nonprovisional Patent
Application No. 15/143,293 filed 29 April 2016 entitled “DYNAMIC MANAGEMENT OF
NUMERICAL REPRESENTATION IN A DISTRIBUTED MATRIX PROCESSOR
ARCHITECTURE”, which is incorporated herein by reference in its entirety.

BACKGROUND
[0001] This invention generally relates to performing computations using a matrix processor
architecture and more specifically to dynamically managing numerical representation of
values of a tensor, for example, in a distributed matrix processor architecture used for
implementing artificial neural networks.
[0002] Distributed and single processor architectures are used for efficient processing of
computations, for example, matrix computations. A distributed processor architecture may
be used for implementing artificial neural networks. Artificial neural networks are used to
solve tasks that are difficult to solve using traditional computational models. For example, an
artificial neural network can be trained to perform pattern recognition tasks that would be
extremely difficult to implement using other traditional programming paradigms. Several
tasks performed using distributed processor architectures such as artificial neural networks
require tensor (or matrix) computations. In order to maintain a high level of precision when
performing tensor computations, conventional architectures use floating point number
representations for storing values of the tensors. These techniques for representing and

performing operations using floating point numbers require significant hardware resources.

SUMMARY
[0003] An embodiment of the invention includes a computer system comprising one or more
processors for performing neural network computations and a storage medium for storing
instructions for execution by the one or more processors. The system receives a sequence of
tensor instructions for execution. The system may perform multiple iterations that execute
the sequence of tensor instructions. A tensor instruction specifies a tensor computation

associated with a neural network computation. The tensor computation receives one or more
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input tensors and determines an output tensor representing the result of the tensor
computation. Each tensor comprises a plurality of values stored as numbers. The system
stores a decimal position associated with the plurality of values of each tensor. The system
determines a plurality of values of the output tensor by performing the tensor computation
specified in the tensor instruction. The system collects statistics describing an aggregate
measure of sizes of values of the plurality of values of the output tensor and determines a new
value of the decimal position for the plurality of values based on the collected statistics. The
system stores the new value of the decimal position in association with the output tensor, for
example, for processing subsequent iterations of the sequence of tensor instructions.

[0004] Another embodiment of the invention comprises computer readable storage medium
that stores instructions for executing a sequence of tensor instructions. A tensor instruction is
identified from the sequence of instructions. The tensor instruction specifies a tensor
computation receiving one or more input tensors and determining an output tensor. For each
tensor, a decimal position associated with a plurality of values of the input tensor is stored. A
plurality of values of the output tensor is determined by performing the tensor computation
specified in the tensor instruction. Statistics describing an aggregate measure of sizes of
values of the plurality of values of the output tensor are collected. A new value of the
decimal position is determined for the plurality of values of the output tensor based on the
collected statistics. The new value of the decimal position associated with the output tensor is
stored, and may be used while executing subsequent iterations of the sequence of tensor
instructions.

[0005] The features and advantages described in this summary and the following detailed
description are not all-inclusive. Many additional features and advantages will be apparent to

one of ordinary skill in the art in view of the drawings, specification, and claims hereof.

BRIEF DESCRIPTION OF THE DRAWINGS
[0006] FIG. (Figure) 1 illustrates a processing unit for executing instructions that process
input tensors to generate output tensors, in accordance with an embodiment.
[0007] FIG. 2 shows various components of the processing unit configured to execute tensor
instructions, in accordance with an embodiment.
[0008] FIG. 3 illustrates an artificial neural network system, in accordance with an
embodiment.
[0009] FIG. 4 is an example neural network illustrating the various operations related to an

artificial neural network, according to an embodiment.
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[0010] FIG. 5 is a system architecture diagram illustrating various modules comprising
instructions processed by a processing unit, in accordance with the embodiment.

[0011] FIGs. 6A-6B shows an example of data stored for a tensor, in accordance with the
embodiment.

[0012] FIG. 7 is a flowchart illustrating details of the process used for managing decimal
positions for values of tensors while executing tensor instructions, in accordance with the
embodiment.

[0013] FIG. 8 illustrates various steps performed by the processing unit to determine the
decimal position associated with an output tensor, according to an embodiment.

[0014] FIG. 9 illustrates the steps performed by the processing unit to determine the decimal
position associated with an output tensor, according to another embodiment.

[0015] FIG. 10 shows a distributed architecture for performing tensor computations,
according to an embodiment.

[0016] FIG. 11 illustrates the steps performed by processing units in a parallel/distributed
architecture to determine the decimal position associated with a tensor, according to an
embodiment.

[0017] FIG. 12 is a block diagram illustrating components of an example machine able to
read instructions from a machine-readable medium and execute them in a processor (or
controller).

[0018] A detailed description of one or more embodiments of the invention is provided
below along with accompanying figures that illustrate the embodiments. The invention is
described in connection with such embodiments, but the invention is not limited to any
embodiment. The scope of the invention is limited only by the claims and the invention
encompasses numerous alternatives, modifications and equivalents. Numerous specific
details are set forth in the following description in order to provide an understanding of the
invention. These details are provided for the purpose of example and the invention may be

practiced according to the claims without some or all of these specific details.

DETAILED DESCRIPTION
OVERVIEW OF SYSTEM ENVIRONMENT

[0019] FIG. 1 illustrates a processing unit for executing instructions that process input
tensors to generate output tensors, in accordance with an embodiment. A tensor is also

referred to herein as a matrix. A tensor may be single dimensional (for example, n x 1 tensor
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or a vector), two dimensional (for example, m x n tensor), or multi-dimensional (for example,
a four dimensional tensor with dimensions m x n x r x p). A tensor typically comprises a
plurality of values, but may also represent a single value (for example, a scalar value
represented as a 1 x 1 tensor.) FIG. 1 and the other figures use like reference numerals to
identify like elements. A letter after a reference numeral, such as “130a,” indicates that the
text refers specifically to the element having that particular reference numeral. A reference
numeral in the text without a following letter, such as “130,” refers to any or all of the
elements in the figures bearing that reference numeral (e.g. “130” in the text refers to
reference numerals “130a” and/or “130n” in the figures).

[0020] The processing unit 100 receives and stores a sequence of tensor instructions 125.
The sequence of instructions 125 comprises one or more tensor instructions, for example,
130a, 130b, 130c, and 130d. The processing unit 100 executes the tensor instructions 130
from the sequence 125 in a particular order, for example, the order in which the tensor
instructions 130 are specified, subject to special instructions that may cause the order of
execution to change. Each tensor instruction 130 specifies a tensor computation, for
example, multiplication of tensors, addition of tensors, multiplication of a tensor by a scalar,
and so on.

[0021] A tensor instruction specifies one or more input tensors that are received as input and
processed by the tensor instructions. A tensor instruction specifies one or more output
tensors for storing the results of the tensor computation performed on the input tensors. For
example, a tensor instruction “A = B * C” specifies tensors B and C as input tensors, the
operator “*” as the tensor computation to be performed on the input tensors B and C, and
tensor A as the output tensor for storing the results.

[0022] As shown in FIG. 1, the input tensors and the output tensors are stored in memory 110
associated with the processing unit 100. The memory may be implemented on an integrated
circuit of the processing unit 100 or may be implemented as one or more integrated circuits
that are separate from the integrated circuit of the processing unit 100. A processing unit 100
may be referred to as an electronic processor or one or more electronic processors.

[0023] FIG. 2 shows various components of the processing unit configured to execute tensor
instructions, in accordance with an embodiment. Processing unit 100 includes register 210a,
register 210b, instruction register 220, intermediate register 230, control unit 240, logic unit
250, and cache 260. In some embodiments, processing unit 100 is a specialized processor
developed to implement an artificial neural network. The processing unit 100 may be a

graphics processing unit (GPU) or a central processing unit (CPU). Instruction register 220
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may be loaded with a specialized processor instruction to update an artificial neural network.
For example, a processor instruction to perform at least a portion of a forward propagation of
the artificial neural network is loaded into instruction register 220. Control unit 240 controls
and directs the flow of instructions and data in processing unit 100. For example, control unit
240 loads instructions to be processed in instruction register 220 and directs flow of data to
components to perform the instruction loaded in instruction register 220. Control unit 240
may include decoders and multiplexors.

[0024] Cache 260 includes memory storage that can store instructions and data for processing
unit 100. For example, obtaining data from a memory external to processing unit 100 may
take a relatively long time and cache 260 is a smaller, faster memory which stores copies of
data processed, to be processed, or likely processed by processing unit 100 from main
memory locations. Cache 260 may include a plurality of cache hierarchies.

[0025] Register 210a and register 210b are registers that can store data used for performing
an operation. For example, register 210a and register 210b are faster storages than cache 260
and may be loaded with data from cache 260 for performing an operation. In one example,
an instruction loaded in instruction register 220 may identify register 210a and/or register
210b as including content to be utilized in performing the operation of the instruction.
Registers 210a and 210b may be included in a set of a plurality of general purpose registers
of processing unit 100. The size (e.g., number of bits able to be stored) of register 210a and
register 210b may be different or same in various different embodiments. In some
embodiments, register 210a and register 210b are configured to be able to store two
dimensional data (e.g., matrix) and/or other single or multi-dimensional data.

[0026] Logic unit 250 performs calculations and operations. For example, logic unit 250
performs a mathematical operation specified by an instruction loaded in instruction register
220. A result of a logic unit 250 is stored in intermediate register 230. For example, a
multiplication operation result of multiplying data in register 210a with data in register 210b
performed by logic unit 250 is stored in intermediate register 230. In some embodiments, a
size of intermediate register 230 is larger than a size of register 210a or a size of register
210b. For example, a number of bits that can be stored in intermediate register 230 is larger
than the number of bits that can be stored in either register 210a or register 210b to retain
intermediate data precision as a result of the operation performed by logic unit 250. In one
example, register 210a and register 210b are both 16 bits in size and intermediate register 230
is double (e.g., 32 bits) in size to accommodate the maximum number of bits potentially

required to represent a resulting product of multiplying two 16 bit numbers together. The
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different registers shown in FIG. 2 may be of all the same size or of one or more different
sizes.

[0027] The contents of processing unit 100 shown in FIG. 2 have been simplified to illustrate
the example. Although single instances of many of the components shown in FIG. 1 have
been shown to simplify the diagram, additional instances of any of the components shown in
FIG. 1 may exist in processing unit 100. For example, processing unit 100 may include a
plurality of processor cores each with its own set of different types of registers, control unit,
logic unit and cache. Some components used in processing units are not shown in FIG. 2.
For example, common processor components such as buses and other data communication
components may exist. The components shown in FIG. 1 may be made of transistors, logic
gates, multiplexors, storage cells, etc. In some embodiments, processing unit 100 is a virtual

processor emulated in software.
ARTIFICIAL NEURAL NETWORKS

[0028] FIG. 3 is a flowchart illustrating an embodiment of a process for updating a state of an
artificial neural network. In some embodiments, the process of FIG. 3 is at least in part
implemented on processing unit 100 of FIG. 1. The artificial neural network may be utilized
to perform tasks such as classification, noise reduction, prediction, etc.

[0029] The processing units 100 receive 310, node characteristics and network characteristics
of the artificial neural network. In artificial neural networks, nodes are connected together to
form a network. The nodes of the neural network may represent input, intermediate, and
output data and may be organized as input nodes, hidden nodes, and output nodes. The nodes
may also be grouped together in various hierarchy levels. A node characteristic may
represent data such as a pixel and other data processed using the neural network. The node
characteristics values may be any values or parameters associated with a node of the neural
network. Each node has an input and an output.

[0030] Each connection between the nodes (e.g., network characteristics) may be represented
by a weight (e.g., numerical parameter determined in a training/learning process). In some
embodiments, the connection between two nodes is a network characteristic. The weight of
the connection may represent the strength of the connection. In some embodiments, a node
of one hierarchy grouping level may only connect to one or more nodes in an adjacent

hierarchy grouping level. In some embodiments, network characteristics include the weights
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of the connection between nodes of the neural network. The network characteristics may be
any values or parameters associated with connections of nodes of the neural network.

[0031] In some embodiments, receiving the node characteristics and weight characteristics
includes receiving activation values (e.g., node characteristics) and weights (e.g., network
characteristics) for the neural network. In some embodiments, receiving the node
characteristics and network characteristics includes determining the node characteristics and
network characteristics. In some embodiments, the received node characteristics are input
values of the neural network. In some embodiments, the node characteristics and network
characteristics are provided as one or more matrices or tensors. For example, a first matrix of
node characteristics and a second matrix of network characteristics are received. The matrices
may specify the nodes in each node level and the connections between the nodes with its
associated weight value for the neural network.

[0032] The processing units 100 perform 320 forward propagation of the neural network. In
some embodiments, performing forward propagation includes updating activation values of
nodes of the neural network. For example for each activation value to be updated, a weighted
sum of connected previous level activation nodes is determined and applied to a function
(e.g., non-linear sigmoid function) to determine the updated activation value.

[0033] FIG. 4 is an example neural network illustrating the various operations related to an
artificial neural network, according to an embodiment. In the example neural network shown
in FIG. 4, the first hierarchy layer grouping of nodes, Lo nodes, includes nodes 411, 412, 413,
414, and 415. The second hierarchy layer grouping of nodes, L1 nodes, includes nodes 421,
422, and 423. The third hierarchy layer grouping of nodes, L2 nodes, includes node 431. The
connections between the nodes are associated with weights (i.e., W1 — W12) as shown. In
one example, in 310, activation values of Lo nodes and all weights shown (i.e., W1 —W12)
are received. In some embodiments, performing forward propagation includes determining
activation values for L; nodes and then utilizing the L; activation values to determine the
activation value for the L, node. Activation values for each successive level of nodes are
updated sequentially.

[0034] For example to perform forward propagation and update the activation value of node
421, a weighted sum of activation values of connected lower level Lo nodes is determined
(e.g., Lonodes 411, 412, and 413 are connected to node 421). In some embodiments, each of
the activation values is multiplied by its corresponding weight value (e.g., connection to node
411 corresponds to W1, connection to node 412 corresponds to W2, and connection to node

413 corresponds to W3) before being added together. The weighted sum may be referred to
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as the pre-activation value. In order to determine the updated activation value (e.g., updated
activation value of node 421), the pre-activation value is applied to a function (e.g., non-
linear sigmoid function) to determine the updated activation value. The updated activation
values for nodes 422 and 423 may be similarly determined. Although only three levels of
nodes have been shown, additional or fewer levels may exist in other embodiments.

[0035] Returning to FIG. 3, in some embodiments, performing the forward propagation
includes performing tensor operations. For example, a first tensor of node values for the
nodes in each node level and a second tensor of weight values of the connections between the
nodes may be multiplied together to obtain a resulting matrix that represents the pre-
activation values.

[0036] At 330, network characteristics of the neural network are updated, if applicable. For
example, the weights utilized to perform forward propagation may be modified to improve
the artificial neural network. In various embodiments, weights of the neural network are
periodically and/or dynamically updated (e.g., weights of the neural network are updated
until the stopping criteria have been met). In some embodiments, backpropagation (e.g.,
backward propagation of errors) is utilized with an optimization method such as gradient
descent to update the network characteristics.

[0037] After network characteristics are updated (e.g., after backpropagation is performed),
forward propagation is performed again using the updated weights and it is determined
whether a stopping criterion has been met, if applicable. In some embodiments, determining
whether the stopping criterion has been met includes comparing an output of the forward
propagation (e.g., activation value(s) determined during forward propagation) with an
expected output (e.g., expected activation value(s)).

[0038] If it is determined that the stopping criteria have not been met, backpropagation may
be performed again. The cycle of performing backpropagation, forward propagation using the
resulting weights of backpropagation, and testing for stopping criteria may be repeated until
the stopping criteria have been met. If it is determined that the stopping criteria have been
met, the process of FIG. 3 ends. Techniques for updating an artificial neural network using a
flexible point representation are disclosed in U.S. Patent Application 14/597,091, filed on

January 14, 2015, which is incorporated by reference herein in its entirety.
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SYSTEM ARCHITECTURE FOR MANAGING DECIMAL POSITION OF A TENSOR

[0039] FIG. 5 is a system architecture diagram illustrating various modules comprising
instructions processed by a processing unit, in accordance with the embodiment. These
modules store instructions that are executed by the processing unit 100. These instructions
may be stored in a memory of the processing unit 100, in a memory in an integrated circuit
coupled to the processing unit 100, or any other configuration that allows the processing unit
to access instructions and execute them. The processing unit 100 includes an instruction
processing module 510, a tensor computation module 520, a tensor statistics module 530, an
tensor decimal position determination module 540, a tensor data store 545, and a tensor
statistics store 555. Other embodiments may include fewer, more, or different modules.
Functionality indicated herein as being performed by a module may be performed by other
modules than those indicated herein.

[0040] The instruction processing module 510 receives a sequence of tensor instructions and
processes them. Each tensor instruction processed by the instruction processing module 510
specifies one or more of: a tensor computation, one or more input tensors, and one or more
output tensors for storing the result of the tensor computation. In an embodiment, the
instruction processing module 510 stores the tensor instructions in a cache for fast access.
The instruction processing module 510 may process the sequence of instructions repeatedly
for an artificial neural network computation. In an embodiment, the sequence of instructions
stored in a cache of the instruction processing module 510 is pushed out of the cache to allow
the cache to store other data processed by the instruction processing module 510.
Accordingly, the instruction processing module 510 may receive the sequence of instructions
for each new iteration if the sequence of instructions gets pushed out of the cache while
processing the previous iteration.

[0041] The tensor computation module 520 performs tensor computations specified in the
tensor instructions. Examples of tensor computations performed by the tensor computation
module 520 include matrix multiplication of tensors, dot product of tensors, multiplication of
tensors, addition of tensors, multiplication of a tensor by a scalar, activation functions
(sigmoid, rectification) and reductions (sum along an axis), convolution, maximum,
minimum, logarithm, sine, cosine, tangent, and so on. The tensor data store 545 stores
tensors processed by the tensor instructions. A tensor stored in the tensor data store 545
typically comprises a plurality of values, but may also represent a scalar. The tensor data

store 545 may also stores a value representing the decimal position for the plurality of values
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of the tensor. In an embodiment, the tensor data store 545 stores multiple decimal positions,
each decimal position for a subset of values of the tensor, as illustrated in FIG. 6B.

[0042] The tensor statistics module 530 collects statistics describing values of a tensor. The
tensor statistics module 530 determines a metric based on the collected statistics, for
example, a maximum absolute value for the plurality of values of a tensor. In other
embodiments, the tensor statistics module 530 may determine different metrics based on the
statistics, for example, a median of the plurality of values, an average of absolute values of
the plurality of values, and so on.

[0043] The tensor statistics module 530 determines metric values for each iteration of
execution of a tensor instruction and stores the metric values for past iterations in the tensor
statistics store 555. In an embodiment, the tensor statistics store 555 is a queue structure
configured to store metric values corresponding to a tensor for the past N iterations of
execution of a tensor instruction. The value N is a predetermined constant value that may be
configurable. The queue data structure deletes the metric value corresponding to the oldest
execution of the instruction when a new metric value is added to the queue data structure and
the queue already stores N values. In various embodiments, the tensor statistics store 555
may be represented as a list, an array, a tree or any other data structure configured to store a
plurality of values.

[0044] The tensor decimal position determination module 540 determines the value of the
decimal position for an output tensor obtained by executing a tensor instruction. The tensor
decimal position determination module 540 determines the decimal position based on the
statistics collected by the tensor statistics module 530. Various embodiments of processes for
determining decimal positions for tensors are illustrated in FIGs. 7, 8, 9, 11 but are not
limited to these processes.

[0045] FIGs. 6A-6B shows an example of data stored for a tensor, in accordance with the
embodiment. The example tensor 610 shown in FIG. 6 is stored in the tensor data store 545.
The example illustrated in FIG. 6 shows a two-dimensional tensor of size 8 x 8. However,
the representation applies to other sizes of tensors, for example, an M x N tensor where M
and N are any positive integers. Furthermore, the representation shown in FIG. 6 applies to
tensors having other dimensions, for example, one-dimensional tensors, three-dimensional
tensors, or four-dimensional tensors.

[0046] As shown in FIG. 6, each value of the tensor 610 is represented as a 16 bit number
620. However, in other embodiments, the values of the tensors may be represented using

more or fewer bits. Furthermore, as shown in FIG. 6A, the tensor 610 is associated with a
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decimal position 630. In an embodiment, the decimal position 630 is stored in a variable
configured to modify the stored value of the decimal position. The decimal position 630
represents the decimal position of a plurality of values of the tensor 610.

[0047] The plurality of values associated with the decimal position 630 may be a subset of
the values of the tensor 610 or all values of the tensor 610. The example illustrated in FIG.
6A shows that the decimal position 630 is associated with all values of the tensor 610a.
However, the example shown in FIG. 6B shows a decimal position value 630a associated
with one subset of the tensor 610b and another decimal position value 630b associated with
another subset of the values of the tensor 610b. The processing unit 100 may adjust the
decimal positions 630a and 630b independent of each other. Accordingly, a tensor 630b may
comprise multiple subsets of values, each subset of values having a different decimal point

value 630.
OVERALL PROCESS

[0048] FIGs. 7, 8, 9, and 11 illustrate various processes for execution of tensor instructions.
The steps indicated in each figure may be performed in an order different from that indicated
in the corresponding figure. For example, certain steps may be performed in parallel.
Furthermore, the steps may be performed by different modules than those indicated herein.
[0049] FIG. 7 is a flowchart illustrating details of the process used for managing decimal
positions for values of tensors while executing tensor instructions, in accordance with the
embodiment. The processing unit 100 receives 700 a sequence of tensor instructions. The
processing unit 100 executes the received sequence of tensor instructions by performing the
following steps.

[0050] The instruction processing module 510 identifies 720 an instruction from the
sequence for execution. The identified tensor instruction specifies one or more of: a tensor
computation, one or more input tensors, and one or more output tensors for storing the result
of the tensor computation. The instruction processing module 510 receives 720 one or more
input tensors for the tensor computation specified in the identified tensor instruction. The
tensor computation module 520 performs 730 the tensor computation specified in the tensor
instruction. The processing unit 100 stores representations of the input tensors and output
tensors in the tensor data store 545.

[0051] The tensor statistics module 530 collects 740 statistics describing the values of each

output tensor. The tensor decimal position determination module 540 determines 750 a new
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value of the decimal position for each output tensor based on the statistics collected for the
output tensor. This new value is for a subsequent iteration executing the sequence of tensor
instructions. In an embodiment, the tensor decimal position determination module 540
determines 750 the new value of the decimal position by performing the following steps. The
tensor decimal position determination module 540 receives a previous value of the decimal
position for the plurality of values of the output tensor, such that the previous value was
determined prior to performing the tensor computation (for example, based on certain
initialization procedure or based on a previous iteration that executes the sequence of tensor
instructions.) The tensor decimal position determination module 540 determines whether to
adjust the received value of the decimal position for the output tensor based on the collected
statistics. The tensor decimal position determination module 540 adjusts the received
decimal position based on the determination. The tensor decimal position determination
module 540 provides the adjusted value of the decimal position as the determined value of
the decimal position for the plurality of values of the output tensor. The determined value is
used for subsequent iterations executing the sequence of tensor instructions.

[0052] Details of the step determining 750 the decimal position are further described in FIG.
8. In an embodiment, the tensor decimal position determination module 540 determines 750
the decimal position for an output tensor based on an aggregate measure of the sizes of the
values of the output tensor. For example, the tensor decimal position determination module
540 determines 750 the decimal position for the output tensor based on a maximum absolute
value of an output tensor. In other embodiments, the tensor decimal position determination
module 540 determines 750 the decimal position for the output tensor based on other
aggregate operations computed over the plurality of the values of the tensor, for example, a
median value, an average of absolute values, and so on.

[0053] In an embodiment, the tensor decimal position determination module 540 selects a
decimal position that provides the highest precision for the plurality of values of the tensor
without causing a overflow during a subsequent execution of the tensor instruction. For
example, assume that an example value of the metric representing the aggregate measure is
8.0. This example value may be represented as any one of the following binary
representations: 00001000. (decimal position 0), 0001000.0 (decimal position 1), 000100.00
(decimal position 2), or 01000.000 (decimal position 3). In this example, the tensor decimal
position determination module 540 selects the representation 01000.000 that has a decimal

position value of 3 since that provides the highest precision without causing an overflow.
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[0054] The tensor data store 545 stores data values of the input tensors as well as output
tensors for the tensor instructions. A tensor stored in the tensor data store 545 comprises a
plurality of numbers (representing data values) and a decimal position corresponding to the
plurality of numbers. The processing unit 100 processes 760 the values of each tensor in
accordance with the decimal position associated with the tensor. Accordingly, the processing
unit 100 determines a value of an element of the tensor based on the number corresponding to
the element and the decimal position of the tensor.

[0055] In an embodiment, the processing unit 100 performs the steps shown in FIG. 7
repeatedly, each iteration corresponding to a new input received by the sequence of
instructions. In an embodiment, the repeated execution of the sequence of instructions
corresponds to a neural network computation. However, other embodiments may use the
process illustrated in FIG. 7 for other applications, for example, for machine learning, image
processing, sensor data analysis, and so on.

[0056] In an embodiment, if the processing unit 100 is updating the tensors infrequently (for
example, the tensors are updated less frequently than every iteration), the tensor decimal
position determination module 540 uses a smaller set of metric values representing the most
recent values to determine the measure of variance. For example, the tensor decimal position
determination module 540 may use only the 2 most recent values.

[0057] In an embodiment, if the tensor decimal position determination module 540
encounters an overflow during the execution of the tensor instruction, the tensor decimal
position determination module 540 decreases the decimal position value by a small value, for
example, one. The tensor decimal position determination module 540 clears the data
structure storing the metric values (e.g., maximum absolute values) of previous iterations.
The tensor decimal position determination module 540 reinitializes the data structure storing
the metric values with a metric value that is larger than the result value that caused the

overflow, for example, a value that is twice the result value that caused the overflow.
TENSOR DECIMAL POSITION BASED ON STATISTICS COLLECTED IN PAST ITERATIONS

[0058] FIG. 8 illustrates steps performed by the processing unit to determine the decimal
position associated with an output tensor, according to an embodiment. FIG. 8 shows the
steps performed by the processing unit 100 to determine 750 a value of the decimal position
for each output tensor as described in FIG. 7. The processing unit 100 repeats the execution

of the steps of FIG. 7, for example, for an artificial neural network computation.

13



WO 2017/189186 PCT/US2017/025816

[0059] The tensor statistics module 530 determines 810 a metric value M representing an
aggregate value based on the plurality of values of an output tensor. The aggregate value
may be one of, a maximum of absolute values, a median of absolute values, an average of
absolute values of the plurality of values, and so on.

[0060] The tensor statistics module 530 adds 820 the determined metric value M to a tensor
statistics store 555. The tensor statistics store 555 comprises a data structure storing metric
values determined for the output tensor during previous executions of the identified tensor
instruction. In an embodiment, the tensor statistics store 555 stores the metric values for
previous iterations as a queue data structure. However, other embodiments can store the
metric values of previous iterations as other data structures, for example, an array, a list, a
tree data structure, or a heap data structure.

[0061] In an embodiment, the tensor statistics store 555 maintains a moving window of
metric values for a fixed number of past iterations, for example, N iterations. After the
instruction processing module 510 has executed N iterations, the tensor statistics store 555
deletes a metric value corresponding to an old iteration when a metric value for a new
iteration is added. In an embodiment, the tensor statistics store 555 deletes the metric value
corresponding to the oldest iteration that was executed.

[0062] The tensor statistics module 530 determines a measure of variance of the metric
values stored in the tensor statistics store 555. For example, the tensor decimal position
determination module 540 determines a standard deviation S of the metric values stored in
the tensor statistics store 555. In other embodiments, the tensor statistics store 555 may
determine other statistical measures representing variance of the plurality of metric values.
[0063] The tensor decimal position determination module 540 determines a cutoff value C as
a function of the metric value M of the current iteration and the measure of variance of the
plurality of metric values stored in the tensor statistics store 555. In an embodiment, the
tensor decimal position determination module 540 determines the cutoff value C to be a sum
of the metric value M and a product of the standard deviation S with a predetermined
constant. Accordingly, the tensor decimal position determination module 540 determines the
cutoff value Cas C=M + k * S + ¢, where k and ¢ are predetermined constant values, for
example, k=3. The tensor decimal position determination module 540 determines the
decimal position for the output tensor based on the cutoff value C. In an embodiment, the
tensor decimal position determination module 540 selects a value that provides the highest
precision without causing an overflow during subsequent executions of the tensor instruction,

for example, in a subsequent iteration executing the received sequence of instructions.
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[0064] The process illustrated in FIGs. 7 and 8 determines a decimal position value in a
given iteration such that the decimal position is used in subsequent iterations. Accordingly,
the decimal position is selected so as to avoid overflows or underflows during subsequent
executions of the instruction. In some embodiments, if the value representing a measure of
variance is determined to be zero, the tensor decimal position determination module 540 adds

a small constant value to the measure of variance.
DETERMINING INITIAL VALUE OF TENSOR DECIMAL POSITION

[0065] FIG. 9 illustrates the steps performed by the processing unit to determine the decimal
position associated with an output tensor, according to another embodiment. The steps
illustrated in FIG. 9 are performed in conjunction with the process illustrated in FIG. 7 to
determine the initial values of the decimal positions for the output tensors associated with
various tensor instructions.

[0066] The tensor decimal position determination module 540 initializes the decimal position
values for output tensors for various instructions based on a previous execution of the
sequence of instructions, if such information is available. However, if no information based
on previous executions is available, the tensor decimal position determination module 540
initializes the decimal position values to a predetermined value that is configurable.

[0067] The tensor decimal position determination module 540 determines 910 whether an
overflow occurs (or an underflow occurs or an underutilization occurs as explained below)
while performing the tensor computation of the instruction to determine the plurality of
values of the output tensor. If the tensor decimal position determination module 540
determines 910 that an overflow (or underflow or underutilization) occurs while performing
the tensor computation, tensor decimal position determination module 540 adjusts the
decimal position of the plurality of values for the output tensor by a predetermined value N,
for example, where N=16 bits.

[0068] As an example, a tensor instruction performs tensor additions. Assume that the tensor
addition requires addition of two numbers: decimal 7.875 (represented as binary 0111.1110)
and decimal 0.5 (represented as binary 0000.1000). Both binary numbers 0111.1110 and
0000.1000 are represented using eight bits and a decimal position 4 indicating that the
decimal is after the fourth bit, counting from the least significant bit (starting from right).
Performing the addition 0111.1110 4+ 0000.1000 causes an overflow since the result of

addition is 1000.0110, which in two's complement represents decimal -7.625.
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[0069] If the tensor decimal position determination module 540 detects that an overflow
occurs while executing a tensor instruction, the tensor decimal position determination module
540 moves the decimal position for the output tensor for the tensor instruction to the right by
N bits. The processing unit 100 executes the sequence of instructions again and during the
next execution of the instruction, the tensor decimal position determination module 540
checks if an overflow occurs again during execution of the tensor instruction. If the tensor
decimal position determination module 540 detects an overflow again, the tensor decimal
position determination module 540 again moves the decimal position for the output tensor for
the tensor instruction to the right by N bits. This process is repeated until the tensor decimal
position determination module 540 does not detect an overflow during an execution of the
tensor instruction. Subsequently, the tensor decimal position determination module 540
determines the decimal position for the output tensor for the tensor instruction by executing
the process illustrated in FIG. 8.

[0070] In the above example, the addition of the binary numbers 0111.1110 and 0000.1000 is
repeated to obtain the result and the decimal position for the result is moved by N=4 bits to
the right, i.e., to the decimal position zero. Accordingly, the result of the addition is
00001000., which is decimal 8.0. Although the result has less precision since four least
significant bits are removed from the result (while four most significant bits are added), the
result is computed without causing an overflow.

[0071] Similarly, if the tensor decimal position determination module 540 detects that an
underflow occurs while executing a tensor instruction, the tensor decimal position
determination module 540 moves the decimal position for the output tensor for the tensor
instruction to the left by N bits. The tensor decimal position determination module 540 may
detect the underflow by verifying if all the bits of the result of an operation are zero, for
example, if 00000000. is the result value. The processing unit 100 executes the sequence of
instructions again and during the next execution of the instruction, the tensor decimal position
determination module 540 checks if an underflow occurs during the next execution of the
tensor instruction. If the tensor decimal position determination module 540 detects an
underflow again, the tensor decimal position determination module 540 moves the decimal
position for the output tensor for the tensor instruction to the left by N bits. This process is
repeated until the tensor decimal position determination module 540 does not detect an
overflow during an execution of the tensor instruction. Subsequently, the tensor decimal
position determination module 540 determines the decimal position for the output tensor for

the tensor instruction by executing the process illustrated in FIG. 8.
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[0072] In an embodiment, the tensor decimal position determination module 540 detects an
underutilization while executing a tensor instruction. The tensor decimal position
determination module 540 detects an underutilization in a value if the number of leading
zeroes in the value is greater than a threshold. For example, if the tensor decimal position
determination module 540 detects that the value has more than 4 leading zeroes, the tensor
decimal position determination module 540 may detect an underutilization. The tensor
decimal position determination module 540 detects an underutilization in a plurality of values
if all the values of the plurality have more than the threshold number of leading zeroes. For
example, the tensor decimal position determination module 540 detects an underutilization in
a tensor all the values of the tensor have more than the threshold number of leading zeroes.
The tensor decimal position determination module 540 detects an underutilization in a tensor
if the available bits for storing values of the tensor are not being effectively utilized for
storing the values and the tensor decimal position determination module 540 can modify the
decimal position value to allow the values to be represented using a higher precision. If the
tensor decimal position determination module 540 detects an underutilization, the decimal
position determination module 540 moves the decimal position for the output tensor to the
left by M, where M is determined based on the number of leading zeroes determined to occur
in the values of the tensor. For example, if the tensor decimal position determination module
540 determines that the values of the tensor have Q leading zeroes, the tensor decimal
position determination module 540 may shift the decimal position left by Q bits (or by Q-m
bits where m is a small constant value).

[0073] FIG. 10 shows a parallel/distributed architecture for performing tensor computations,
according to an embodiment. The parallel/distributed architecture 1000 comprises a plurality
of processing units 1020 and a host device 1010 connected via a network 1050. The network
1050 may be a customized network designed for the parallel/distributed architecture 1000
that allows the host device 1010 to communicate with the processing units 1020 and the
processing units 1020 to communicate with each other.

[0074] FIG. 10 shows four processing units 1020a, 1020b, 1020c, and 1020d. However a
parallel/distributed architecture 1000 may include more or fewer processing units. Typically,
a parallel/distributed architecture 1000 includes a large number of processing units 1020, for
example, several hundred processing units 1020. The host device 1010 may perform
coordination between the various processing units 1020. For example, the host device may

transmit a sequence of tensor instructions for execution to each processing unit 1020.
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[0075] In an embodiment, various tensors are distributed across the various processing units
1020. Accordingly, various processing units 1020 may perform tensor computations on
various parts of a tensor in parallel. A tensor may be distributed such that each processing
unit includes a set of rows of the tensor, or a set of columns of the tensor, or a block of each
tensor. Each processing unit 1020 determines a portion of an output tensor (or result tensor)
obtained by executing a tensor instruction. If a processing unit does not store the appropriate
portions of various input tensors required to perform a tensor computation, the processing
unit interacts with other processing units 1020 to receive the required portions of the input
tensors to perform the required computation. In an embodiment, each processing unit 1020
includes a local tensor statistics module 1040 and the host device 1010 includes a global
tensor statistics module 1030.

[0076] FIG. 11 illustrates the steps performed by processing units in a parallel/distributed
architecture to determine the decimal position associated with a tensor, according to an
embodiment. The local tensor statistics module 1040 of processing unit 1020 determines
1110 the required statistics based on the portion of a tensor allocated to the processing unit
1020. The processing unit 1020 transmits 1120 the determined value of local statistics to the
host device 1010. The host device 1010 receives 1130 the local statistics values received
from the various processing units 1020. The host device 1010 combines the local statistics
value received from the various processing units 1020 to determine 1140 the global statistics
for the tensor.

[0077] In an embodiment, the host device maintains a data structure, for example, a queue
data structure for storing global statistics describing a tensor across various iterations of
execution of the sequence of tensor instructions. The host device 1010 saves the determined
global statistics value for the current iteration in the data structure and optionally deletes a
corresponding global statistics value corresponding to the oldest iteration stored in the data
structure.

[0078] The host device 1010 determines 1150, a decimal position for the tensor based on the
global statistics over a past set of iterations. The host device 1010 transmits 1160 the decimal
position value back to the various processing units 1020. The processing units 1020 store the
decimal position for the tensor and process 1170 the values of the tensor based on the stored
decimal position, for example, while processing remaining tensor instructions that use the

tensor or for processing the next iteration of the sequence of tensor instructions.
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APPLICATIONS

[0079] Examples of tensor computations performed based on techniques described herein
include deep learning applications, for example, recognizing characteristics of objects in an
image. An image is represented as a tensor and tensor computations are performed on the
image using techniques disclosed herein. For example, techniques disclosed herein are used
in medical image analysis to detect presence of diseases in images of patients, monitoring
progression of a disease in a patient based on processing of images taken at various intervals
of time, and measuring efficacy of a treatment by analyzing images of a patient undergoing a
treatment.

[0080] Other example of use of tensor computations using techniques disclosed herein
includes image analysis and object classification for accurately measuring and characterizing
crops, for example, for determining a dose of fertilizer to be delivered to a plant. Tensor
computations based on techniques disclosed herein are used for analyzing tensors
representing sensor data including temperature, soil conditions, and humidity for predictive
weather analysis for allowing farmers to maximize yield based on predicted weather
conditions.

[0081] Techniques disclosed herein are further used for processing tensors representing
sensor data for guiding autonomous vehicles. These applications perform road sign
recognition, obstacle avoidance, and other computations based on the tensor data. Other
applications of tensor computations based on disclosed techniques analyze seismic and
environmental data, for example, for oil exploration and analysis of real-time data received

from sensors at drilling sites, pipelines, and refineries.
COMPUTING MACHINE ARCHITECTURE

[0082] FIG. 12 is a block diagram illustrating components of an example machine able to
read instructions from a machine-readable medium and execute them in a processor (or
controller). Specifically, FIG. 12 shows a diagrammatic representation of a machine in the
example form of a computer system 1200 within which instructions 1224 (e.g., software) for
causing the machine to perform any one or more of the methodologies discussed herein may
be executed. In alternative embodiments, the machine operates as a standalone device or may
be connected (e.g., networked) to other machines. In a networked deployment, the machine
may operate in the capacity of a server machine or a client machine in a server-client network

environment, or as a peer machine in a peer-to-peer (or distributed) network environment.
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[0083] The machine may be a server computer, a client computer, a personal computer (PC),
a tablet PC, a set-top box (STB), a personal digital assistant (PDA), a cellular telephone, a
smartphone, a web appliance, a network router, switch or bridge, or any machine capable of
executing instructions 1224 (sequential or otherwise) that specify actions to be taken by that
machine. Further, while only a single machine is illustrated, the term “machine” shall also be
taken to include any collection of machines that individually or jointly execute instructions
1224 to perform any one or more of the methodologies discussed herein.

[0084] The example computer system 1200 includes a processor 1202 (e.g., a central
processing unit (CPU), a graphics processing unit (GPU), a digital signal processor (DSP),
one or more application specific integrated circuits (ASICs), one or more radio-frequency
integrated circuits (RFICs), or any combination of these), a main memory 1204, and a static
memory 1206, which are configured to communicate with each other via a bus 1208. The
computer system 1200 may further include graphics display unit 1210 (e.g., a plasma display
panel (PDP), a liquid crystal display (LCD), a projector, or a cathode ray tube (CRT)). The
computer system 1200 may also include alphanumeric input device 1212 (e.g., a keyboard), a
cursor control device 1214 (e.g., a mouse, a trackball, a joystick, a motion sensor, or other
pointing instrument), a storage unit 1216, a signal generation device 1218 (e.g., a speaker),
and a network interface device 1220, which also are configured to communicate via the bus
1208.

[0085] The storage unit 1216 includes a machine-readable medium 1222 on which is stored
instructions 1224 (e.g., software) embodying any one or more of the methodologies or
functions described herein. The instructions 1224 (e.g., software) may also reside,
completely or at least partially, within the main memory 1204 or within the processor 1202
(e.g., within a processor’s cache memory) during execution thereof by the computer system
1200, the main memory 1204 and the processor 1202 also constituting machine-readable
media. The instructions 1224 (e.g., software) may be transmitted or received over a network
1226 via the network interface device 1220.

[0086] While machine-readable medium 1222 is shown in an example embodiment to be a
single medium, the term “machine-readable medium” should be taken to include a single
medium or multiple media (e.g., a centralized or distributed database, or associated caches
and servers) able to store instructions (e.g., instructions 1224). The term “machine-readable
medium” shall also be taken to include any medium that is capable of storing instructions
(e.g., instructions 1224) for execution by the machine and that cause the machine to perform

any one or more of the methodologies disclosed herein. The term “machine-readable
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medium” includes, but not be limited to, data repositories in the form of solid-state memories,

optical media, and magnetic media.
ADDITIONAL CONFIGURATION CONSIDERATIONS

[0087] Throughout this specification, plural instances may implement components,
operations, or structures described as a single instance. Although individual operations of
one or more methods are illustrated and described as separate operations, one or more of the
individual operations may be performed concurrently, and nothing requires that the
operations be performed in the order illustrated. Structures and functionality presented as
separate components in example configurations may be implemented as a combined structure
or component. Similarly, structures and functionality presented as a single component may
be implemented as separate components. These and other variations, modifications,
additions, and improvements fall within the scope of the subject matter herein.

[0088] Certain embodiments are described herein as including logic or a number of
components, modules, or mechanisms. Modules may constitute either software modules
(e.g., code embodied on a machine-readable medium or in a transmission signal) or hardware
modules. A hardware module is tangible unit capable of performing certain operations and
may be configured or arranged in a certain manner. In example embodiments, one or more
computer systems (e.g., a standalone, client or server computer system) or one or more
hardware modules of a computer system (e.g., a processor or a group of processors) may be
configured by software (e.g., an application or application portion) as a hardware module that
operates to perform certain operations as described herein.

[0089] In various embodiments, a hardware module may be implemented mechanically or
electronically. For example, a hardware module may comprise dedicated circuitry or logic
that is configurable (e.g., a field programmable gate array (FPGA)) or an application-specific
integrated circuit (ASIC) to perform certain operations. A hardware module may also
comprise programmable logic or circuitry (e.g., as encompassed within a general-purpose
processor or other programmable processor) that is temporarily configured by software to
perform certain operations. It will be appreciated that the decision to implement a hardware
module mechanically, in dedicated and permanently configured circuitry, or in temporarily
configured circuitry (e.g., configured by software) may be driven by cost and time

considerations.
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[0090] The various operations of example methods described herein may be performed, at
least partially, by one or more processors that are temporarily configured (e.g., by software)
or permanently configured to perform the relevant operations. Whether temporarily or
permanently configured, such processors may constitute processor-implemented modules that
operate to perform one or more operations or functions. The modules referred to herein may,
in some example embodiments, comprise processor-implemented modules.

[0091] The one or more processors may also operate to support performance of the relevant
operations in a “cloud computing” environment or as a “software as a service” (SaaS). For
example, at least some of the operations may be performed by a group of computers (as
examples of machines including processors), these operations being accessible via a network
(e.g., the Internet) and via one or more appropriate interfaces (e.g., application program
interfaces (APIs).

[0092] The performance of certain of the operations may be distributed among the one or
more processors, not only residing within a single machine, but deployed across a number of
machines. In some example embodiments, the one or more processors or processor-
implemented modules may be located in a single geographic location (e.g., within a home
environment, an office environment, or a server farm). In other example embodiments, the
one or more processors or processor-implemented modules may be distributed across a
number of geographic locations.

[0093] Some portions of this specification are presented in terms of algorithms or symbolic
representations of operations on data stored as bits or binary digital signals within a machine
memory (e.g., a computer memory). These algorithms or symbolic representations are
examples of techniques used by those of ordinary skill in the data processing arts to convey
the substance of their work to others skilled in the art. As used herein, an “algorithm” is a
self-consistent sequence of operations or similar processing leading to a desired result. In
this context, algorithms and operations involve physical manipulation of physical quantities.
Typically, but not necessarily, such quantities may take the form of electrical, magnetic, or
optical signals capable of being stored, accessed, transferred, combined, compared, or
otherwise manipulated by a machine. It is convenient at times, principally for reasons of

2%

common usage, to refer to such signals using words such as “data,” “content,” “bits,”
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“values,” “elements,” “symbols,” “characters,” “terms,” “numbers,” “numerals,” or the like.

These words, however, are merely convenient labels and are to be associated with appropriate

physical quantities.
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[0094] Unless specifically stated otherwise, discussions herein using words such as

2% 2% 2%

“processing,” “computing,” “calculating,” “determining,” “presenting,” “displaying,” or the
like may refer to actions or processes of a machine (e.g., a computer) that manipulates or
transforms data represented as physical (e.g., electronic, magnetic, or optical) quantities
within one or more memories (e.g., volatile memory, non-volatile memory, or a combination
thereof), registers, or other machine components that receive, store, transmit, or display
information.

[0095] As used herein any reference to “one embodiment” or “an embodiment” means that a
particular element, feature, structure, or characteristic described in connection with the
embodiment is included in at least one embodiment. The appearances of the phrase “in one
embodiment” in various places in the specification are not necessarily all referring to the
same embodiment.

[0096] Some embodiments may be described using the expression “coupled” and
“connected” along with their derivatives. For example, some embodiments may be described
using the term “coupled” to indicate that two or more elements are in direct physical or
electrical contact. The term “coupled,” however, may also mean that two or more elements
are not in direct contact with each other, but yet still co-operate or interact with each other.

The embodiments are not limited in this context.

2% 2% ¢ 2% ¢

[0097] As used herein, the terms “comprises,” “comprising,” “includes,” “including,” “has,”
“having” or any other variation thereof, are intended to cover a non-exclusive inclusion. For
example, a process, method, article, or apparatus that comprises a list of elements is not
necessarily limited to only those elements but may include other elements not expressly listed
or inherent to such process, method, article, or apparatus. Further, unless expressly stated to
the contrary, “or” refers to an inclusive or and not to an exclusive or. For example, a
condition A or B is satisfied by any one of the following: A is true (or present) and B is false
(or not present), A is false (or not present) and B is true (or present), and both A and B are
true (or present).

[0098] In addition, use of the “a” or “an” are employed to describe elements and components
of the embodiments herein. This is done merely for convenience and to give a general sense
of the invention. This description should be read to include one or at least one and the
singular also includes the plural unless it is obvious that it is meant otherwise.

[0099] While particular embodiments and applications have been illustrated and described, it

is to be understood that the disclosed embodiments are not limited to the precise construction

and components disclosed herein. Various modifications, changes and variations, which will
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be apparent to those skilled in the art, may be made in the arrangement, operation and details
of the method and apparatus disclosed herein without departing from the spirit and scope

defined in the appended claims.
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CLAIMS:

1. A computer system comprising:
one or more processors for performing a neural network computation; and
a non-transitory computer readable storage medium storing instructions for executing
a neural network computation by the one or more processors, the neural
network computation specified as a sequence of tensor instructions, the
instructions when executed by the one or more processors cause the one or
more processors to:
identify a tensor instruction from the sequence of tensor instructions, the
tensor instruction specifying a tensor computation associated with the
neural network computation, the tensor computation receiving one or
more input tensors and determining an output tensor representing a
result of the tensor computation;
receive one or more input tensors for the identified tensor instruction, each
input tensor comprising a plurality of values, each value stored as a
number in a memory associated with the one or more processors;
for each of the one or more input tensors, receive a decimal position associated

with the plurality of values of the input tensor;

determine a value of the decimal position for the plurality of values of the

output tensor;

determine a plurality of values of the output tensor by performing the tensor

computation specified in the identified tensor instruction; and

collect statistics describing an aggregate measure of sizes of values of the
plurality of values of the output tensor for determining a subsequent
value of the decimal position for the plurality of values of the output
tensor.
2. The computer system of claim 1, wherein determining the subsequent value of
the decimal position for the plurality of values of the output tensor causes the one or more

processors to:

receive a value of the decimal position for the plurality of values of the output tensor,

the value determined prior to performing the tensor computation;
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determine whether to adjust the received value of the decimal position for the output

tensor based on the collected statistics;

responsive to determining to adjust, adjusting the received value of the decimal
position; and
providing the adjusted value of the decimal position as the determined value of the

decimal position for the plurality of values of the output tensor.

3. The computer system of claim 2, wherein determining whether to adjust a

value of the decimal position causes the one or more processors to:

detect, an occurrence of one of: an underflow, an underutilization, or an overflow

while determining the plurality of values of the output tensor; and

responsive to detecting the occurrence of the underflow, the underutilization, or the
overflow, adjust the decimal position for the plurality of values of the output
tensor by a predetermined value.
4. The computer system of claim 3, wherein determining whether to adjust a
value of the decimal position causes the one or more processors to:
detect an occurrence of an overflow while determining the plurality of values of the
output tensor; and

responsive to detecting the occurrence of the overflow, move the decimal position for
the plurality of values of the output tensor to the right by a predetermined

value.

5. The computer system of claim 3, wherein determining whether to adjust a

value of the decimal position causes the one or more processors to:

detect an occurrence of an underflow while determining the plurality of values of the

output tensor; and

responsive to detecting the occurrence of the underflow, move the decimal position
for the plurality of values of the output tensor to the left by a predetermined

value.

6. The computer system of claim 3, wherein determining whether to adjust a

value of the decimal position causes the one or more processors to:

detect an occurrence of an underutilization while determining the plurality of values

of the output tensor, wherein detecting the occurrence of underutilization of a

26



WO 2017/189186 PCT/US2017/025816

value comprises checking if the value has more than a threshold number of

leading zeroes; and

responsive to detecting the occurrence of the underutilization, move the decimal
position for the plurality of values of the output tensor to the left by a

predetermined value.

7. The computer system of claim 1, wherein the collected statistics represents a
maximum of the absolute values of the plurality of values.

8. The computer system of claim 1, wherein collecting statistics comprises:

storing in a data structure, a plurality of metric values determined over a plurality of
iterations of executions of the sequence of tensor instructions, each metric
value indicating a measure of the size of values of the tensor in an iteration,
each iteration representing an execution of the sequence of instructions;

determining a metric representing variance of the plurality of metric values; and

wherein the decimal position for the output tensor is determined based on the variance
of the plurality of metric values.

0. A non-transitory computer readable storage medium storing instruction for

executing a sequence of tensor instructions, the instructions for:

identifying, by one or more processors, a tensor instruction from the sequence of
tensor instructions, the tensor instruction specifying a tensor computation
associated with the neural network computation, the tensor computation
receiving one or more input tensors and determining an output tensor
representing a result of the tensor computation,;

receiving, by the one or more processors, one or more input tensors for the identified
tensor instruction, each input tensor comprising a plurality of values, each
value stored as a number in a memory associated with the one or more
processors;

for each of the one or more input tensors, receiving a decimal position associated with
the plurality of values of the input tensor;

determining a value of the decimal position for the plurality of values of the output
tensor;

determining a plurality of values of the output tensor by performing the tensor

computation specified in the identified tensor instruction;
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collecting statistics describing an aggregate measure of sizes of values of the plurality
of values of the output tensor for determining a subsequent value of the

decimal position for the plurality of values of the output tensor.

10. The non-transitory computer readable storage medium of claim 9, wherein the
sequence of instructions performing tensor computations are executed repeatedly for
performing a neural network computation.

11. The non-transitory computer readable storage medium of claim 9, wherein
determining the subsequent value of the decimal position for the plurality of values of the

output tensor comprises:

receiving a value of the decimal position for the plurality of values of the output

tensor, the value determined prior to performing the tensor computation;

determining whether to adjust the received value of the decimal position for the

output tensor based on the collected statistics;

responsive to determining to adjust, adjusting the received value of the decimal

position; and

providing the adjusted value of the decimal position as the determined value of the

decimal position for the plurality of values of the output tensor.
12. The non-transitory computer readable storage medium of claim 11, wherein
determining whether to adjust a value of the decimal position comprises, repeating one or
more times:
detecting, an occurrence of one of: an underflow, an underutilization, or an overflow
while determining the plurality of values of the output tensor; and

responsive to detecting the occurrence of the underflow, the underutilization, or the
overflow, adjusting the decimal position for the plurality of values of the
output tensor by a predetermined value.

13. The non-transitory computer readable storage medium of claim 11, wherein
determining whether to adjust a value of the decimal position comprises, repeating one or

more times:

detecting an occurrence of an overflow while determining the plurality of values of

the output tensor; and
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responsive to detecting the occurrence of the overflow, moving the decimal position
for the plurality of values of the output tensor to the right by a predetermined

value.

14. The non-transitory computer readable storage medium of claim 11, wherein
determining whether to adjust a value of the decimal position comprises, repeating one or

more times:

detecting an occurrence of an underflow while determining the plurality of values of

the output tensor; and

responsive to detecting the occurrence of the underflow, moving the decimal position
for the plurality of values of the output tensor to the left by a predetermined

value.

15. The non-transitory computer readable storage medium of claim 11, wherein
determining whether to adjust a value of the decimal position comprises, repeating one or

more times:

detecting an occurrence of an underutilization while determining the plurality of
values of the output tensor, wherein detecting the occurrence of
underutilization of a value comprises checking if the value has more than a

threshold number of leading zeroes; and

responsive to detecting the occurrence of the underutilization, move the decimal
position for the plurality of values of the output tensor to the left by a

predetermined value.

16. The non-transitory computer readable storage medium of claim 9, wherein
determining the value of the decimal position for the plurality of values of the output tensor
comprises determining whether one or more of the plurality of values of the output tensor for
the instruction are likely to perform one of:

exceeding a threshold value responsive to a subsequent execution of the instruction,

or

reducing below a threshold value responsive to subsequent execution of the

instruction.

17.  The non-transitory computer readable storage medium of claim 9, wherein the
plurality of values of the output tensor is a first plurality of values and the output tensor

further comprises a second plurality of values, further storing instructions for:
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collecting statistics describing an aggregate measure of sizes of values of the second

plurality of values of the output tensor; and

determining a second value representing the decimal position for the second plurality
of values of the output tensor based on the aggregate measure of sizes of

values of the second plurality of values.

18.  The non-transitory computer readable storage medium of claim 9, wherein the
collected statistics represents a maximum of the absolute values of the plurality of values.

19. The non-transitory computer readable storage medium of claim 9, wherein
performing the computation associated with the instruction is performed by a plurality of
processing units, each processing unit associated with a portion of the tensor, wherein
collecting statistics comprises:

determining, by each of the plurality of processing units, a metric representing sizes

of the values of the portion of the tensor associated with the processing unit;
and

sending, by each of the plurality of processing units, the metric to a host device.

20. The non-transitory computer readable storage medium of claim 19, wherein
collecting statistics further comprises:

receiving, by the host device, from each of the plurality of processing units, the metric

representing sizes of the values of the portion of the tensor associated with the
processing unit;

determining, by the host device, a metric value describing the size of the values of the

tensor by aggregating the metric values received from the plurality of
processing units;

determining, by the host device, a value representing the decimal position for the

tensor based on the metric value describing the size of the values of the tensor;
and

sending, by the host device, to each of the plurality of processing units, the value

representing the decimal position for the tensor.

21. The non-transitory computer readable storage medium of claim 19, further
comprising:

adding the metric value describing the size of the values of the tensor to a data

structure representing a plurality of metric values, each metric value

associated with a previous execution of the instruction.
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22. The non-transitory computer readable storage medium of claim 19, wherein
collecting statistics comprises:

storing in a data structure, a plurality of metric values determined over a plurality of
iterations of executions of the sequence of tensor instructions, each metric
value indicating a measure of the size of values of the tensor in an iteration,
each iteration representing an execution of the sequence of instructions;

determining a metric representing variance of the plurality of metric values; and

wherein the decimal position for the output tensor is determined based on the variance
of the plurality of metric values.

23. A method for executing a sequence of instructions performing tensor

computations, the method comprising:

identifying, by one or more processors, a tensor instruction from the sequence of
tensor instructions, the tensor instruction specifying a tensor computation
associated with the neural network computation, the tensor computation
receiving one or more input tensors and determining an output tensor
representing a result of the tensor computation,;

receiving, by the one or more processors, one or more input tensors for the identified
tensor instruction, each input tensor comprising a plurality of values, each
value stored as a number in a memory associated with the one or more
processors;

for each of the one or more input tensors, receiving a decimal position associated with
the plurality of values of the tensor;

determining a value of the decimal position for the plurality of values of the output
tensor;

determining a plurality of values of the output tensor by performing the tensor

computation specified in the instruction;

collecting statistics describing an aggregate measure of sizes of values of the plurality
of values of the output tensor for determining a subsequent value of the

decimal position for the plurality of values of the output tensor.

24, The method of claim 23, wherein determining the subsequent value of the

decimal position for the plurality of values of the output tensor comprises:

receiving a value of the decimal position for the plurality of values of the output

tensor, the value determined prior to performing the tensor computation;
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determining whether to adjust the received value of the decimal position for the

output tensor based on the collected statistics;

responsive to determining to adjust, adjusting the received value of the decimal
position; and
providing the adjusted value of the decimal position as the determined value of the

decimal position for the plurality of values of the output tensor.

25. The method of claim 24, wherein determining whether to adjust a value of the

decimal position comprises, repeating one or more times:

detecting, while determining the plurality of values of the output tensor, an occurrence

of one of: an underflow, an underutilization, or an overflow; and

responsive to detecting the occurrence of the underflow, the underutilization, or the
overflow, adjusting the decimal position for the plurality of values of the

output tensor by a predetermined value.

26. The method of claim 23, wherein collecting statistics comprises:

storing a plurality of metric values, each metric value indicating a measure of the size
of values of the tensor in an iteration, each iteration representing an execution
of the sequence of instructions;

determining a metric representing variance of the plurality of metric values; and

wherein determining whether to adjust a value of the decimal position for the output

tensor is further based on the variance of the plurality of metric values.
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