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PLURAL CHANNEL ERROR CORRECTING 
APPARATUS AND METHODS 

Matter enclosed in heavy brackets [ ] appears in the 
original patent but forms no part of this reissue speci?ca 
tion; matter printed in italics indicates the additions made 
by reissue. 

REFERENCE TO OTHER [PATENTS] PA 
TENT DOCUMENTS 
This is a continuation-in-part of Ser. No. 306,975, 

?led Nov. 15, i972, now abandoned. 
I-linz, Jr. U.S. Pat. No. 3,639,900 shows using pointers 

for error correction purposes and a readback system 
which may employ the present invention. 
DOCUMENTS INCORPORATED BY REFERENCE ‘ 

U.S. Pat. No. 3, 508, I94 shows construction of a modulo 
two adder usable in the present invention. 

BACKGROUND OF THE INVENTION 

This invention relates to an error correction system 
for a multichannel parallel information handling system 
and, more particularly, to plural channel error correc 
tion using signal quality pointers and correcting signals 
from fewer than such plurality of channels without such 
quality pointers. 

In data handling systems, information is encoded for 
error detection and correction purposes by adding re 
dundant bits to the data message in such a way that the 
total message can be decoded with an economical appa 
ratus to faithfully supply the original information even 
when plural first errors occur in such message. Parallel 
data arrangements, that is, arrangements where the 
information is contained in parallel bytes arranged 
within a block of data, are used in computers and are 
well known, especially in multichannel recording appa~ 
ratus. U.S. Pat. No. 3,629,824, ?led Feb. I2, 1970, dis 
closes encoding and decoding apparatus in which the 
redundant or check bits are associated with the data in 
a cross-byte or cross-track direction. This patent sets 
forth a code capable of correcting one or more errors 
within one byte of data having a given number of bits. 
The data is divided into a plurality of ?xed-sized signal 
sets each consisting of k bytes of data (each byte having 
b bits), plus two check bytes, each of b bits. The de 
coder recovers the data without error when not more 
than a single byte of the received message is in error no 
matter how many bits may be in error in the single byte. 
Co‘pending U.S. application, Ser. No. 99,490, ?led Dec. 
18, 1970, and now U.S. Pat. No. 3,697,948, utilizes the 
above-identi?ed code, but extends the capabilities 
thereof by combining therewith pointer signals which 
extend the error correcting capability of the arrange 
ment to two bytes in error regardless of the number of 
bits in error in each byte. These systems require two 
channels for the two additional check bytes needed for 
error correction, respectively. As the density of the 
infonnation along the tracks or channels has increased, 
a faster, more reliable, simpler, but powerful, error 
correcting scheme is required which utilizes only one 
additional track for check bits. 

In one-half inch magnetic tape systems, it is highly 
desirable that tape be readable in both directions of 
transport. Usually, the tape is recorded only when 
transported in a ?rst direction, arbitrarily de?ned as 
forward. A tape recorder should read in the forward 
and backward directions. when this fact is coupled with 
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2 
error detection and correction requirements, it is appar 
ent that error codes should be operable for both direc 
tions of data transfer. Since the bit sequences are unalike 
in such transfers, many error detection and correction 
schemes require the data be accumulated before per 
forming the error functions. For controlling costs and 
enhancing data throughput, it is desirable to perform 
error encoding and syndrome generation during read 
back on a serial basis-that is, perform calculations 
concurrently with data transfer rather than wait for all 
data transfers to be completed. 

SUMMARY OF THE INVENTION 

Accordingly, it is a main. object of the present inven 
tion to provide error correcting systems and methods in 
which information signals are encoded in the cross 
track (vertical) direction as well as the track-length 
(horizontal) direction and decoded so that the error 
correction is selectively applied along a selected track 
or channel. 

It is another object of the present invention to pro 
vide plural channel error correction which requires 
only one channel for check bits in a parallel multichan 
nel information system. 

It is a further object of the present invention to pro 
vide error correction which utilizes a minimum redun 
dancy to obtain correction of signals from plural tracks 
in error with signal quality pointers and at least one 
such track in error without such signal quality pointers. 

It is a main feature to provide orthogonally symmetri 
cal error detection and correction. Another feature is to 
employ plural independent error codes with interaction 
means simultaneously using both code redundancies to 
effect one error correction action with a capability 
equal to the sum of the error correction code individual 
capabilities. 

Brie?y, the invention contemplates error correcting 
apparatus for simultaneously correcting plural channels 
in error in a parallel channel information system 
wherein the information signals are encoded for error 
correction purposes in a cross channel (byte or vertical) 
direction as well as in the channel or horizontal direc 
tion. The encoded information signals are decoded so as 
to provide error correction in the channel direction in 
any single channel in error or in a number of channels in 
error which are indicated as being in error. Error cor 
rection apparatus is constructed in accordance with a 
matrix for both vertical and horizontal directions hav 
ing a selected orthogonal symmetry. This symmetry is 
chosen to enable check bit generation along one dimen 
sion and correction along an orthogonal dimension. 
The foregoing and other objects, features, and advan 

tages of the invention will be apparent from the follow 
ing more particular description of the preferred embodi 
ment of the invention, as illustrated in the accompany 
ing drawing. 

BRIEF DESCRIPTION OF THE DRAWING 

FIG. 1 is a schematic representation showing eight 
data channels or tracks and a parity track, such as found 
on one-half inch tape. 
FIG. 2 is a schematic topological representation of 

the data format on the tracks in the system showing the 
check bits along the vertical or cross-track direction 
and the vertical parity bits on the separate independent 
track or channel. 
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FIG. 3 is a schematic representation of the layout of 
the bytes of data in the cross-track direction for a 9 
track tape system. 
FIG. 4 shows the parity check matrix H for encoding 

of the data in the cross-track direction. 
FIG. 5 is a schematic representation of the 9-track 

system showing the data arranged in the longitudinal or 
track-length direction. 

FIG. 6 shows the parity check matrix H for decoding 
and error correction in the track-length direction. 

FIG. 7 is a block diagram of the encoder. 
FIG. 8 is a schematic representation showing the shift 

register mechanization for the encoding of the informa 
tion. 
FIG. 9 is a schematic diagram of the byte parity gen 

erator shown in block form in FIG. 7. 
FIG. 10 is a schematic block diagram of the decoder 

and error corrector. 
FIG. 11 is a schematic block diagram showing a feed 

back shift register for decoding. 
FIG. 11a is a schematic block diagram showing the 

T7 multiplier of FIG. 11 and the T7 matrix indicating the 
various connections of the multiplier. 
FIG. 12 is a schematic block diagram showing the 

shift register SR3 for decoding. 
FIG. 13 is a schematic block diagram showing the 

details of the N indicator shown in FIG. 10. 
FIG. 14 is a diagram showing the layout of the FIGS. 

14a, 14b, and 14c which form the error track parameters 
generator. 
FIG. 14a is a schematic block diagram showing the 

details of the generation of the I indicators. 
FIG. 14b is a schematic block diagram showing the i 

parameter as a binary number. 
FIG. 14c is a schematic block diagram showing the 

generation of the j-i indicators. 
FIG. 15 is a schematic diagram showing the error 

pattern generator of FIG. 10. 
FIG. 15a is a schematic block diagram of the M3 

multiplier and the M3 matrix indicating the connections 
of the multiplier. 
FIG. 16 is a schematic block diagram of the ring 

counter shown in block form in FIG. 10. 
FIG. 17 is a schematic block diagram of the code 

pointer generator shown in block form in FIG. 10. 
FIG. 18 is a schematic block diagram showing the 

error corrector block of FIG. 10 in more detail. 

GENERAL THEORY 

In operation, information in the system is fed in paral 
lel form to an error correction residue encoder wherein 
check and parity bits are sequentially generated for 
information signal sets referred to as bytes. These parity 
and check bit signals are supplied with the information 
signals such that the information signals can be error 
corrected. The present invention, via its orthogonal 
symmetry, enables calculation of check bits and syn 
dromes using signals grouped in a so-called vertical 
direction and employs signals derived from such calcu 
lated signals to correct signals aligned in an orthogonal 
or so-called horizontal dimension. The invention also 
permits so-called backward error correction capability. 
The standard way of recording binary data on one 

half inch tapes is a 9-track format diagrammatically 
shown in FIG. 1. One of the tracks P or track 8 is re 
served to record “parity" over the other eight tracks, 
one parity bit for one byte recorded with one bit in each 
of the eight tracks. Such parity bit is known as the verti 
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4 
cal redundancy check (VRC) bit as set forth in U.S. 
Pats. Nos. 3,508,194, 3,508,195, and 3,508,196. Each 
byte consisting of eight information bits and the parity 
bit is simultaneously recorded with one bit in each of 
the nine tracks and is read back and reassembled as 
bytes in accordance with Floros U.S. Pat. No. Re. 
25,527. This data format has evolved over many years 
of wide use of magnetic record tapes. To correct one 
track in error, the so-called CRC system referred to 
above points to the track in error to enable error correc 
tion based on parity. This system only allowed correc 
tion of one track in one block of recorded signals. The 
present invention enables correction of all tracks pro 
vided no more than two tracks are in error at a given 
instant. Modifications of the invention may alter the 
number of correctable tracks in error. 

In designing new products, compatibility with the 
existing recorded tapes is one of the prime consider 
ations in order that the tapes recorded on different ma 
chines can be freely interchanged. Bit density in the 
direction of motion of the tape in much greater than 
track density. Because of self-clocking aspects in repro 
ducing recorded signals, one error-causing phenome 
non results in the following signals in the same track to 
be in error, referred to as a burst of errors. Such errors 
are mainly caused by defects in the magnetic media and 
separation of tape from transducer resulting in a loss of 
synchronization or skew information in the readback 
circuits. The erroneous tracks are often indicated by 
loss of signals in the read ampli?ers or change in phase 
between a clocking signal and the readback signal. This 
invention enables correction of these types of errors 
simultaneously occurring in plural channels. 

In the invention, the error correcting signal set topol 
ogy for recorded or transmitted code words is in the 
geometric or time form of a block or rectangle concep 
tually with two orthogonal sides having check and 
parity bits, as shown in FIG. 2. The byte vectors are 
enumerated from C, the check byte, through B7, the 
first data byte. The track vectors are enumerated 2.0 
through P. Those bits represented by the small rectan 
gles, lying within the heavy line box, form an orthogo 
nally symmetrical signal set portion; while track vector 
P lies outside such portion, but is used therewith to 
enable multiple track corrections with optimal redun 
dancy. The orthogonally symmetrical portion enables 
interrelationship of check byte C with any data bit 01 . 
. . 77 by calculations performed on a byte serial basis 
(Bl . . . B7 or B7. . . B1), on a track serial basis (Z0. . . 

Z7 or Z7 . . . Zn), or simultaneously; i.e., in the latter, all 
data bits are buffered and an array calculator ascertains 
byte C. In applying the principle of orthogonal symme 
try to error correction apparatus and method in a pre 
ferred mode, the orthogonal symmetrical redundancy 
or check byte C is generated in a byte serial calculation, 
the error syndromes on a byte serial basis, and the error 
pattern on a track basis. The error pattern calculation 
may include consideration of the parity check portion 
P. 
The track correction is obtained by correcting the 

clusters of errors along the tracks in error. It is well 
known that the error correcting codes for symbols from 
GF(2b)—b is a positive integer and GF means Galois 
Field-the Galois Field of 2b elements, can be used for 
corrections of clusters of b-adjacent binary symbols. In 
the b-adjacent codes, each check symbol in GF(2b) is 
replaced by b binary check digits; and each information 
symbol in GF(2b), likewise, is replaced by b binary 
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information digits. In such known systems, the encod 
ing and decoding operations are performed on these bit 
clusters of b binary digits; thus obtaining b-adjacent 
correction corresponding to the correction of a symbol 
in GF(2b). Applying such error detecting and correct 
ing systems to multitrack digital recorders requires the 
selection of bit clusters along the respective tracks. This 
arrangement is selected because of the above-mentioned 
error mode in such recorders. As a result, all data sig 
nals in one group of signals being error detected and 
corrected must be accumulated and stored before any 
error control activity is initiated. 

Because of orthogonal symmetry, this invention 
avoids this restriction of symbols in GF(2") being in 
such track-oriented clusters of b binary digits of infor 
mation or check bits. Accordingly, the code words are 
not describable in terms of the symbols in GF(2b). An 
advantage of avoiding symbols from GF(2") is that 
binary check bits are no longer required to be track 
clustered for representation of the check symbols in 
GF(2b). Instead, each binary check bit is independently 
placed in the message. This property is advantageously 
used in the present invention to mix the binary check 
digits and the information digits in correctable orthogo 
nally symmetrical clusters. Mixing the information and 
check bits as described also allows enhanced error cor 
rection in a tape system which is compatible with 
above-mentioned existing tape systems. More speci? 
cally, in a preferred form of the invention, double-track 
correction is provided wherein only one separate track 
is reserved solely for check bits rather than two tracks, 
as required in the known prior art using the Galois Field 
approach. A single track correction may be provided 
when the parity track is dispensed with; and a single 
track pointer locates the track in error, i.e., there are but 
eight tracks used rather than nine. The disclosed appa 
ratus is directly usable for such an operation by continu 
ously activating the later-described j=8 signal from 
FIG. 14c and always making the parity vector P=0. 
This action makes the parity track 8 appear to always be 
in error; hence, with one of the data tracks 0-7 being in 
error, the apparatus corrects that single track in the 
same manner that track i is corrected for the later 
described correction of two tracks in error, one of 
which is the parity track 8. 

It will be appreciated by those skilled in the art that 
this invention can be applied to diverse information 
signal handling systems of varying capacities. The in 
vention will, therefore, be described in terms of the 
known 9-track magnetic tape recording system, such as 
taught by Hinz, Jr., supra. 
The present invention employs orthogonal symmetry 

in check bit residue generation and utilization for en 
abling generation of such check bits by sequentially 
analyzing each byte of data, one bit to a channel, and 
then correcting several bits along each channel using 
the byte-generated residue. To accomplish this end, the 
underlying parity check matrices for the byte-oriented 
or vertical residue generation establish an identical 
data-bit-to-check-bit relationship as that established 
when the check bits are calculated either in the horizon 
tal or track direction. The identicalness required in such 
data-bit-to-check-bit relationship is described later with 
joint reference to FIGS. 4 and 6. Such identicalness 
requires an orthogonally symmetrical operation, both in 
error check bit generation and utilization apparatus. 
The term orthogonal symmetry pertains to the infor 

mation and check bits independent of the vertical parity 
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6 
bits. As will become apparent, such orthogonal symme 
try enables the check bits generated based upon the byte 
information signals Bl . . . B7 to correct along the track 
vectors Z0. . . Z7 (independent of parity for one track 
and with parity for two tracks; i.e., one of the tracks in 
error is parity track 8 indicated by the later-described 
j=8 signal). This feature arises from relating the gener 
ated check bits to the information bits by using the 
following two equations as a basis for generating and 
using the check bits, respectively. For correct informa 
tion and check bits: 

In the above two equations, B’s are the information 
bytes across tracks 0-7; C is the check bit byte across 
tracks 0—7; Z’s are the signals along tracks 0-7, respec~ 
tively, within a given signal set, viz, in track 0, bit 0, of 
B1 . . . B7, C, etc.; and the T’s are matrix multipliers 
selected to accomplish such orthogonal symmetry and 
as set forth later. 
The above two equations show that the serial matrix 

multiplication and modulo 2’s summation of the terms 
equal the modulo 2 sums of matrix multiplication using 
the same matrices but multiplying with the information 
signals and single check bit signal value along the indi 
cated tracks. With this equality, check byte C is gener 
ated based upon the bytes Bu. . . B7; while error correc 
tion is achievable along the tracks Z0. . . Z7. 

In a best mode, the number of bytes B0. . . B7, plus C, 
equals the number of bits along each track Zn . . . Z7 
contained in such bytes. This yields a square array—in 
9-track tape, an 8X8 bit array exhibiting the above 
de?ned orthogonal symmetry (see FIG. 2). The follow 
ing discussion is directed at a particular application of 
the invention using parity bits in the ninth track P, no 
limitation thereto intended. Instead of parity, a cycli 
cally generated parity bit ?eld may be used. For error 
correction, the parity and check bit ?elds are interre 
lated in a novel manner as later described. 

In a preferred and best mode form, the code words of 
the code of the present invention, mathematically, have 
rectangular or block format of vertical dimension n; and 
horizontal dimension n;, where m is greater than n; as 
seen in FIG. 2. m and n; are expressed in information 
bits, not geometric distances. Dimension n1 is across the 
plurality of channels. Therefore, according to the in 
vention, a group of data-representing signals in a multi 
channel signal transfer system has a length in number of 
data bits along each and every channel less than the 
number of channels and greater than one. Usually, a 
number of data-representing signals greater than the 
number of channels is transferred in a given signal trans 
fer operation. Accordingly, each such signal transfer 
consists of a plurality of such lengths of data bits and 
associated check bits are hereinafter described. 
Remembering the orthogonal symmetry concept and 

that an additional channel is used for an ancillary parity 
check field, such m and n2 dimensions readily adapt as a 
format in multichannel record tapes. To obtain the opti 
mal orthogonal symmetry in channels Z0 . . . Z7, with 
but one additional parity track, n1 is one greater than m. 
If it is desired to provide additional error locating 
power, additional parity channels may be added, for 
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example, using a Hamming code, to increase the correc 
tion power of the present invention. However, for opti 
mum utilization of redundancy, n1 is one greater than 
n;. Also, the inventive orthogonal symmetry for error 
correction codes may be applied without additional 
parity or other coding, but obtaining a lesser correcting 
power, unless additional orthogonally symmetrical re 
dundancy is added. 
The check bits are orthogonally located in the mes 

sage block rectangle (nothing to do with the orthogonal 
symmetry referred to above). In 9-track tape, the parity 
track is along the center of the tape; hence, the vertical 
check bits are central of dimension n1, splitting the m 
extending check bits into two portions on the tape, as at 
P. From an error detection and correction view, within 
the concepts of the broader aspects of the independent 
placement of check hits, the arrangements are identical. 
The check bits along the shorter horizontal dimension 
n; are parity check bits over the coordinate lines along 
the n; dimension, corresponding to present-day parity 
track. In existing tape systems, the vertical redundancy 
check (V RC) or vertical parity bits are on a separate 
tape track called the parity track P (track 8). The re 
maining check bits along dimension m are based upon 
information bits in selected positions along the tracks or 
channels, as later set forth. For two-track correction, 
the redundancy or number of check bits is minimized 
when n; is the largest for a given m, i.e., n2=n| —l. 
This arrangement is the most square data ?eld, hence, 
based on geometry, the fewest number of check bits per 
data bit. One system for the special case of m =9 for the 
standard 9-track one-half inch tape application will be 
discussed. Other arrangements may be employed, as 
will be set forth. The code for other values of n can be 
constructed in a similar manner. 
The data format for a preferred form of the code of 

the present invention, herein identi?ed as an optimal 
rectangular code (ORG), for 9-track tapes is diagram 
matically shown in FIG. 3. Each independent error 
correcting signal set has seven bytes of information 
respectively and arbitrarily denoted by B1, B2, B3, B4, 
B5, B6, and B7. The reverse order of bytes may be used, 
and the check byte C may be placed anywhere in the 
signal set, as will be elaborated upon later. C denotes an 
orthogonally symmetrical cross-track check byte com 
puted from serially presented information bytes B1 . . . 
B7. As used in the underlying mathematics, each of the 
information bytes, individually denoted by B1(i=1—7) 
and the check byte C, are S-digit column vectors (verti 
cal multibit elements in matrix arithmetic): 

83(0) 
8.0) 

am) 
and 

cm) 
a 1) 

C(7) 

wherein B,(0) is bit 0 of byte 8; and C(11) is bit 0 of byte 
C, etc. The vector P is the conventional VRC (vertical 
redundance check) represented similarly by an S-digit 
column vector in which bit component P(0) is the even 

50 

55 

65 

parity bit of the byte C and the component even P(i) is 
the parity bit of byte B5 i=1, 2 . . . 7. 

P(U)=C(0)QC(I) - t ' @CU) (l-E) 

and 

P(i)=Bi(0)9B:(1) - - ~ 6351(7) (2-5) 

For odd parity: 

r<m=¢<mecmsa . . - ocm 0-0) 

and 

P(i)=Bi(0)G9Br(1)G3 - a ' 93(7) (2-5) 

For odd parity: 

v'ti)=cw>ocme . - . ecm <14» 

and 

i€>=mmeamme . - . ow) (2-0» 

for 

i=1,2 . . . 7 

where $ den0te§__ modulo lsum; P(0), P(i) is the mod 
ulo 2 sum; and P(0) and P(i) is the complement of the 
modulo 2 sum. 
The check byte C is computed from the information 

bytes B1, B2, . . . B7 using the following matrix equation: 

C=TB|$T2Bz$T3B3$ . . . (ET-'87 (3a) 

where T is the companion matrix of an irreducible bi 
nary polynominal g(x) of degree 8 and Ti represents the 
im power of the matrix T. Let g(x) be given by: 

;(;)=ga+g,x+g=x'+ .. . g1x"+g.x' (3b) 

where: 

80=Bs=1 

and g1 is either zero or one for i: 1, 2, . . . 7. 
The generalized companion matrix T of the polyno 

mial g(x) degree 8 is de?ned as: 

(441) 
0000000,;0 
100000031 
mooooogz 

T = 00100009 
00010009 
000010035 
0000010,“ 
000000187 

The check byte C can be ‘generated by means of a feed 
back shift register, Exclusive-OR circuit array, pro 
grammed machine (preferably microcoded), and the 
like. A shift register implementation is described as the 
most economical for a given data rate. For lower data 
rates, a programmed machine is more economical, 
while for higher data rates, Exclusive-OR circuit arrays 
may be required. The above equations de?ne the rules 
for encoding the message. These rules can be speci?ed 
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by the conventional means of a parity check matrix H. 
For this purpose, we characterize the matrices 'I‘r in 
terms of the elememts of the Galois Field GF(25). 

Let a. be the element of the GF(2B) representing the 
residue class (x) modulo g(x)—an a occurs for each 
column of matrix T in (4a). Referring to (3a), g(x) is 
made equal to zero. To obtain reside classes, modulo 
g(x), the most significant term ggx8 is made equal to the 
sum of the other terms. In any calculation, when term 
glixa appears, the other terms are substituted for such 
most signi?cant term. In practice, such action is accom 
plished in a linear feedback shift register and the like. 
Multiplication in GF(23) is de?ned by the polynomial 
multiplication of the residue classes modulo g(x). 
Hence, the element a" for any i represents the residue 
class (x') modulo g(x). Therefore, any element a‘ can be 
expressed as an S-digit column vector of the binary 
coefficients of the polynomial x" modulo g(x). For exam 
ple, for g(x)=l+x3+x4+x5+x3, the ai‘s are respec 
tively represented by the column vectors as described 
below and relate to the matrices T as shown in FIGS. 4 
and 6. 

Matrices for an error correction apparatus consist of 
a column vectors; T°=a0 . . . a7; Tl=al . . . (18, etc. 

(FIGS. 4 and 6). Hence, a set of a. column vectors is 
selected to constitute the matrices To. . . T" for estab 
lishing error code generating and error detecting and 
correcting apparatus. For orthogonal symmetry, the a 
column vectors are established as later described with 
respect to FIGS. 4 and 6. In one preferred apparatus, 
there are 15 unique a column vectors corresponding to 
an 8-bit redundancy or check byte. In this particular 
apparatus, the column vectors a0 . . . a7 have but one 

term equal to l, i.e., t1I has a l in the i''' position, corre 
sponding to the check bit position as follows: 

1“ 0‘ '0' 0 
o 1 o 0 
o o 1 o 
o 0 o 1 

a0 — o a‘ = o a2 — o a3 — 0 

o o 0 o 
o 0 o o 

_o_ L0_ b0_ _0_ 
'0‘ '0“ '0‘ '0“ 
o 0 o 0 
0 0 0 o 
0 0 0 o 

a‘ = 1 a5 = 0 a6 = 0 a7 = o 
o 1 o o 
o o 1 o 

_o_ _o_ _o_ L1_ 

where the 0, 1 columns represent a column vector. Each 
bit has its own equation; otherwise, simultaneous equa 
tions rather than separate equations. 
For one code exhibiting orthogonal symmetry, as 

later explained, one set of a3 . . . a17 is: 

an : 

20 

25 

35 

45 

50 

55 

60 

65 

continued 

'1' [1‘ 1 o 
1 . 1 1 1 

o 1 1 1 
1 1 o 1 

c‘12.; I all = 0 “14 = 0 alS __ 0 
o o 1 0 
1 o o 1 

-I- h“ o o 

.0- -1 
o o 
1 0 
1 o 

cll6 2 l “I7 = 0 = a0 
0 0 ‘ 

o o 

_l- -9; 

The selected a column vectors constituting the matri 
ces T are: 

hence, yielding eight unique matrices as shown in 
FIGS. 4 and 6. The column vectors a15 and a16 are not 
used. 
The above-selected column vectors a". . . a14 place 

check byte C as byte 0 in the error correcting signal set, 
see FIG. 3; and the relationship between the data bytes 
B; . . . B7, C and a column vectors as shown in FIGS. 

4 and 6. Any T‘ can replace T0 in the ?rst byte position, 
each selection altering the mathematical placement of 
check byte C with respect to the data bytes and also 
altering the participation of a given data bit in the check 
byte redundancy. The illustrated check byte C place 
ment is effected by selecting the first or leftmost a col 
umn vector of T"=T°, where n is the cycle length of 
g(x). To place check byte C in second position (byte B1 
position), such ?rst a column vector in 'I‘"-1 is (1"‘1 
yielding the following T matrices: 

a6] 

In general, to put check byte C (?rst) in 1~vie position 
“k"(k=0—7), the matrix T "-k is selected as the ?rst ma 
trix while maintaining orthogonal symmetry. In a se 
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quence of error correcting signal sets, the byte C place 
ment may process. 
The above a-column-vector-to-matrix-T relation 

ships yield a separate and independent EXCLUSIVE 
OR equation for each of the eight check bits in check 
byte C. Such selection reduces hardware complexity, 
hence, is desirable from a cost view. Such separate and 
independent equations are not necessary. Check byte C 
can be associated with the data bits by other than the 
identity matrix 14; this selection may result in interac 
tion between the check bits yielding simultaneous inter 
dependent equations rather than independent equations 
for each check bit. That is, a given check bit equation 
may include a second check bit along with a set of data 
bits in its EXCLUSIVE-OR equation. 
An example of such an arrangement using oil. . . (116 

set forth above is: 

Matrix a’s Byte 

T2 = atl . . a9 C 

T3 = a3. . u'" l 
T4 = a4. . all 2 
r5 = a5. . all 3 
T6 = a". .a“ 4 
T7 = a7. . a“ 5 
Ta = r18 . .al5 6 
T9 = a9 an’ 7 

Since at8 and a9 column vectors have more than a single 
“1”, interaction among the check bits results. The math 
ematical placement of check byte C can be altered as 
previously alluded to. Orthogonal symmetry is main 
tainable. For all of the above matrices, the column vec 
tors or field elements a‘ are a cyclic subgroup with 
cycle length n where 8§|1<28 and n is the exponent of 
g(x) (n: 15 in the illustrated preferred apparatus). Using 
the above notation, the companion matrix T for any 
matrix as set forth in (4) can be written as: 

T=[ala2a3. . . as] (s) 

In (4a), a is the leftmost column vector, u’ the one to 
the immediate right, etc., and a3 is the rightmost column 
vector. Any 8-digit column vector: 

wherein (0) . . . (7) correspond to bits from g0. . . g1, 

respectively. This column vector represents the residue 
class {B(0)+B(l)x+ . . . +B(7)x7}modulo g(x) and 
hence is an element of GF(23). It can be shown that the 
matrix multiplication TB corresponds to the multiplica 
tion of the field elements a and B. In particular: 

T ai:ai+l (6,) 

Using equations (5) and (6a), we can write: 

T2=T[ala2. . . as] (6b) 

r-[Tu'Ta2. . . Taa]=[uza3 . . . a") (be) 

and in general for any positive integer i: 

0 
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Ti=laiai+l _ _ ‘(Ii-+7] (7) 

If cycle length n of a cyclic subgroup is the exponent of 
the polynomial g(x), then T" is the identity matrix 14, 
also written as To. “d” is the degree of such identity 
matrix. One property of such an exponent n is that it is 
the least positive number for which: 

One parity check matrix H can be constructed using 
equations (1), (2), (3a), and (7) and as presented in FIG. 
4 

It will be appreciated that a‘ for any i is an 8-digit 
binary column vector. All the other blank spaces in the 
H matrix are 0's. The upper row represents the parity 
relation (EXCLUSIVE-OR equation) between parity 
vector P and bytes C, B1-B1, each “1” signifying terms 
in the parity equations. The parity 14 matrix on the 
right-hand portion of the upper row shows' that each 
parity bit in the P vector is parity on the bytes C, 
B; . . . B1, respectively. In the lower row, the box under 
byte C is the identity matrix 14 showing the relationship 
between check byte C with bytes B1 . . . B1. Under B1 is 
matrix T‘, B: is T2, etc. Element'a9 under B2 is a“ 
under 8, shifted (multiplied) by T) one place in a linear 
feedback shift register. Later, numerical examples will 
more fully illustrate T". . . T". One arbitrary relation 
ship of C—B-, to tape signals is shown in FIG. 3. The 
actual binary values of check byte C are determined by 
EXCLUSIVE-OR relationship of Iii-B1 and T‘—T’. 

ERROR CORRECTION CAPABILITY 

Before showing identicalness (orthogonal symmetry) 
between the matrices of FIGS. 4 and 6, error modes and 
data manipulations for error control are discussed. 
The most common errors in tapes are burst errors in 

a given track. A burst error affects every track byte in 
a ?xed bit position i where i is the lowest number of the 
track in error, 0-7. The parity track P is not included in 
the matrix multiplication. The respective collections of 
eight bits, C(i), B1(i), . . . B7(i), in such tracks are de 
noted by Z,-, such as Z0, Z1, Z2, Z3, Z4, Z5, Z6, Z7, 
shown in FIG. 6. The 8-bit row or horizontal vector Z, 
is located in track i and hence consists of the bits C(i), 
B1(i), B26), . . . B7(i) of the bytes C, 8|, 3;, . . . B7, 
respectively. In order to facilitate error correction for 
burst errors along the horizontal or track direction, the 
parity check error correcting equations are expressed in 
terms of the Z,- and P horizontal vectors rather than as 
vertical vectors used in the residue calculation. This can 
be done he rearranging the columns (C-B7) of the parity 
check matrix of FIG. 4 to correspond to the Z; vectors 
(track vectors) shown in FIG. 6. Such a partitioned 
matrix corresponding to a vector Z; has the form: 

where I8 is the identity matrix degree 8. The parity 
check equations written from the H matrix of FIG. 6 
are: 
































