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SUSTAINING CHAOS BY USING BASIN 
BOUNDARY SADDLES 

This application has the priority of provisional applica 
tion Ser. No. 60/067,050 ?led Dec. 4, 1997. 

FIELD OF THE INVENTION 

In general, the present invention relates to a method and 
apparatus for sustaining chaos in a system. In particular, the 
present invention relates to a method and apparatus for 
preserving chaos in non-chaotic parameter regions by using 
the natural dynamics of the subject system to redirect ?oW 
toWards the chaotic region along unstable manifolds of basin 
boundary saddles, by utiliZing small, infrequent parameter 
perturbations. 

BACKGROUND OF THE INVENTION 

In many nonlinear systems, such as chaotic vibrations in 
structures or lasers, there exist regions in Which much of the 
energy is present Within a small range of frequencies. 
Typically, this occurs When the system is operating at or near 
resonance. Systems, such as aluminum Wings or combustion 
engines, Which operate at resonance, may fail due to repeti 
tive stress caused by driving such a system near resonance. 

Although numerous areas in science are noW knoWn to 

exhibit chaos as a natural occurrence, many situations Would 
bene?t from the inducement of chaos. In biology, the dis 
appearance of chaos may signal pathological phenomena. In 
mechanics, chaos could be induced in order to prevent 
resonance, such as With the aluminum Wings or combustion 
engines noted above. For example, in a system of coupled 
pendulums, one can excite chaotic motion of several modes 
to spread the energy over a Wide frequency range. In optics, 
material damage is caused by lasers having a peak intensity 
at a given temporal frequency, so chaos is desirable since it 
has broadband spectra. It has also been suggested that chaos 
occur for normal machine tool cutting, making chaos pres 
ervation a desired control for deeper than normal cutting. 
A conventional method maintains chaos in a regime 

Where only chaotic transients exist, based on accurate ana 
lytical knoWledge of the dynamical system, and requiring 
not only a priori phase space knoWledge of escape regions 
from chaos, but also of preiterates of these regions. Such 
conventional methods maintain chaos using time series 
Which require monitoring and adjusting the system prior to 
entering an escape region of the attractor by several iterates, 
an overly burdensome process. 

Moreover, for the How considered herein, preimages of 
sets in the escape regions cover much of the chaotic transient 
region, so monitoring all preimages, as done conventionally, 
Would be tedious. 

SUMMARY OF THE INVENTION 

It is therefore an object of the present invention to provide 
a method and apparatus for controlling and optimiZing the 
sustain of chaotic transients merely by examining behavior 
near a saddle. 

According to a preferred embodiment of the present 
invention, such a method for sustaining chaos includes 
monitoring output parameters of a system, de?ning a saddle 
region containing a basin saddle for the system, and redi 
recting the output parameters toWard a chaotic region When 
the output parameters enter the saddle region, by applying 
changes to input parameters of the system based on infor 
mation describing the chaotic region. 
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2 
According to another aspect of the present invention, a 

method for maintaining a stable state of a system includes 
monitoring an adjustable parameter of a system, obtaining 
information describing an unstable state of the system, and 
applying parameter perturbations to the system based on the 
obtained information describing the unstable state. The 
information describing the unstable state of the system may 
be the location of the unstable state. Obtaining the informa 
tion describing the unstable state of the system may include 
?nding a branch connecting a current, stable state of the 
system to the unstable state, and estimating the location of 
the unstable state based on the connecting branch. Applying 
parameter perturbations to the system based on the obtained 
information describing the unstable state may include imple 
menting a target procedure to direct the system from the 
stable state toWard the unstable state. Implementing a tar 
geting procedure may include varying the adjustable param 
eter. The method may further include using the location of 
the unstable state as a reference for control of the system by 
the application of parameter perturbations. The method may 
also include determining the parameter perturbations based 
on the location of the unstable state. Preferably, the stable 
state is observed, and the unstable state is unobservable. 

According to a further aspect of the invention, an appa 
ratus for sustaining chaos includes means for monitoring 
output parameters of a system, means for de?ning a saddle 
region containing a basin saddle for the system, and means 
for redirecting the output parameters toWard a chaotic region 
When the output parameters enter the saddle region. The 
latter means includes means for applying changes to input 
parameters of the system based on received information 
describing the chaotic region. 

According to yet another aspect of the invention, an 
apparatus for maintaining a stable state of a system includes 
means for monitoring an adjustable parameter of a system, 
means for obtaining information describing an unstable state 
of the system, and means for applying perturbations to the 
adjustable parameter based on the obtained information 
describing the unstable state. The information describing the 
unstable state of the system may be the location of the 
unstable state. The means for obtaining the information 
describing the unstable state of the system may include 
means for ?nding a branch connecting a current, stable state 
of the system to the unstable state, and means for estimating 
the location of the unstable state based on the connecting 
branch. The means for applying perturbations to the adjust 
able parameter based on the obtained information describing 
the unstable state may include means for implementing a 
target procedure to direct the system from the stable state 
toWard the unstable state. The apparatus may also include 
means for using the location of the unstable state as a 
reference for control of the system by the application of 
parameter perturbations. The apparatus may further include 
means for determining the parameter perturbations based on 
the location of the unstable state. The means for implement 
ing a targeting procedure may include means for varying the 
adjustable parameter. Preferably, the stable state is observed, 
and the unstable state is unobservable. 

These and other features and advantages of the invention 
Will be better understood upon consideration of the folloW 
ing detailed description of the preferred embodiments, as 
illustrated by the accompanying draWings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1(a) shoWs stable and unstable manifolds associated 
With basin boundary period-tWo saddle (SH, Sb) at 6=1.88. 
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FIG. 1(b) shows time series for log (u) at 6=1.88 illus 
trating a chaotic transient landing on a period-four attractor 
(every other iterate is shoWn). 

FIG. 2 shoWs a probability distribution of escape times as 
a function of distance from the saddle Sa for points inside the 
chaotic region to the right of Sa near the unstable manifold. 

FIG. 3 shoWs a sustained chaotic time series for log (u) 
and parameter ?uctuations used to sustain chaos. 

FIG. 4 shoWs a time series for log (u) and corresponding 
parameter ?uctuations used to sustain chaos based on moni 
toring region E in FIG. 1a. 

FIG. 5 shoWs a system having stable and unstable states, 
and an adjustable parameter P. 

FIG. 6 shoWs a connection betWeen the stable and 
unstable states of the system shoWn in FIG. 5. 

FIG. 7 shoWs a generaliZed n-dimensional system to 
Which the method of the present invention may be applied. 

FIG. 8 is a schematic of an embodiment according to the 
invention. 

DETAILED DESCRIPTION OF THE 
INVENTION 

This invention provides a framework in Which control 
may be used to spread the energy to a broadband by using 
small, infrequent perturbations to change the system to one 
in Which chaos prevails. The technique may be applied to 
any system Which Was chaotic over a range of values, but is 
noW resonant at a single frequency or over a feW frequen 
cies. 

The technique of the present invention makes use of 
quantities Which are measurable experimentally and thus can 
be applied to real data taken directly by time series. In 
particular, the present invention sustains chaos by using the 
dynamics of a governing saddle. 

The situation addressed by the present invention occurs 
When there are chaotic transients in the presence of another 
non-chaotic attractor. The method of the invention maintains 
chaos by using the natural dynamics of unstable states lying 
on the basin boundary separating a periodic attractor from 
chaotic transients, Which are referred to herein as basin 
saddles. Technically, there is only one attractor since chaos 
is a transient. HoWever, there is still a stable manifold Which 
separates the chaotic transient from the periodic attractor. 
According to the present invention, once system ?oW gets in 
a neighborhood of a basin saddle, small perturbations of an 
accessible system parameter may be used to redirect the ?oW 
toWards the chaotic transient region. This may be done by a 
targeting technique Which uses the lineariZation of the ?oW 
about the saddle. Aprobability distribution of escape times 
may be used to optimiZe chaos preservation by targeting 
regions having long chaotic transients, thus minimiZing the 
number of parameter ?uctuations. 

In the context of the present invention, “escape region” 
means a region such that if an iterate falls Within it, the 
subsequent iterates are rapidly draWn to an attractor. The 
same region is also commonly called a “loss region” in 
relevant technical ?elds. Instead of preventing escape to an 
attractor in advance, the approach of the present invention is 
to let the system enter a region containing a basin saddle and 
then redirect the ?oW back into the chaotic region, by using 
a targeting technique Which uses the natural dynamics 
around the saddle. This makes the parameter changes very 
infrequent and, in fact minimal. 
Abasic advantage of the present invention is that it uses 

a saddle that is generic to many types of nonlinear systems 
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4 
to sustain chaotic behavior, even though the chaotic behav 
ior itself is unstable. Another advantage is that a targeting 
algorithm can be made to target points Which have very long 
chaotic transients, thus minimiZing interventions by using 
adjustable parameters. Furthermore, by using a saddle as a 
reference point, frequency broadening may take place in the 
presence of parametric drift due to noise. 

There are tWo basic premises that make the inventive 
method especially simple. First, the system has a saddle 
having a one-dimensional unstable manifold, Which crosses 
a stable manifold of arbitrary dimension, causing a boundary 
crisis to occur, Which results in resonant periodic behavior as 
the only type of behavior. Secondly, the system has an 
accessible parameter to control the dynamics near the 
saddle. Thus, according to the present invention, the saddle 
may be used to control and optimiZe the sustain of chaotic 
transients. 
The present invention is applicable to all systems in Which 

it is advantageous to maintain chaos. Generally, consider the 
folloWing n-dimensional system 

dy 

Where y is an n-dimensional vector, F is an n-dimensional 
vector ?eld, 6 is an adjustable parameter, and t is a scalar 
representing time. The targeting method for sustaining chaos 
can be applied to the general system described above, but it 
is most easily exempli?ed as applied to a tWo-dimensional 
system modeling a driven CO2 laser, Where 

Where Q denotes the angular frequency of the laser output 
and 4) its phase, and u and Z denote (scaled) intensity and 
population inversion, respectively. The control parameter 6 
represents the amplitude of the drive, and e1, e2, and q) are 
?xed. At 6=6C=1.84, a crisis occurs betWeen a period-tWo 
saddle and a chaotic attractor. Just before 6 reaches 66, there 
exist tWo attractors, one periodic and one chaotic. The stable 
manifold of a period-tWo saddle lying on the basin boundary 
splits the local phase space about the saddle in the folloWing 
manner: orbits having initial conditions lying to the right of 
and near one saddle converge to the chaotic attractor. Orbits 
starting to the left converge to the period-tWo attractor. For 
6 slightly past 66, a horseshoe is created from the right; that 
is, the unstable manifold to the right of the stable manifold 
crosses the stable manifold (see FIG. 1(a) near Sa). Almost 
all points in the region near the saddle noW converge to a 
period-four orbit Which has period-doubled off the period 
tWo branch. FIG. 1(a) shoWs the manifold of phase space of 
the de?ning period-tWo basin saddle, labeled by SH and Sb. 
The crosses represent the period-four attractor. The chaotic 
transients lie near the unstable manifold. FIG. 1(b) shoWs a 
chaotic transient settling into a period-four attractor after the 
iterate enters the escape region to the left of the upper saddle 
(every other iterate is shoWn). 

For the inventive method of maintaining and optimiZing 
the length of chaotic transients, the regions near the basin 
saddles Which contain points of long chaotic transients are 
?rst identi?ed. The ?oW is redirected toWards these regions 
once it crosses the basin boundary of the attractor. 

In FIG. 2, a distribution of escape times for trajectories 
starting near Sa, close to and to the right of the unstable 
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manifold of Sa (that is, the side With chaotic transients) is 
shown. These points lie on a line segment, La near Sa as 
shoWn in FIG. 1. The horizontal axis represents equally 
spaced intervals on La. For the points in such an interval, the 
fraction of points having escape times in time intervals 
represented on the vertical axis are calculated. In other 
Words, given a time interval on the vertical axis and a space 
interval on the horiZontal axis, the intensity of the grey scale 
of the distribution indicates the fraction of points in that 
space interval having escape times in the chosen time 
interval. This data shoWs that there is a Wide distribution of 
points near the saddle Which escape very quickly to the 
attractor, as Well as points With very long escape times. The 
fraction of points having a given mean escape time has an 
exponential distribution. Moreover, since preimages of 
points in the escape regions essentially cover the chaotic 
transient region, applying perturbations to prevent the How 
from entering the escape regions, Which Would seem to be 
a logical approach to sustaining chaos, may actually kick the 
dynamics into faster escaping regions. Thus, the approach of 
the present invention, that is, to alloW the system to enter the 
basin saddle region and redirect system How back into the 
chaotic region, is more advantageous, although it may 
appear counterintuitive. 

The relations set forth at (1) above may be Written in 
generic form as: q)‘=F(t,q)). A poincare map of this How is 
obtained by sampling the system With the frequency of the 
drive, giving: 

X”+1=T(Xm5)=¢(1,0?m5) (2) 
Where 6 is the parameter adjusted to maintain chaos. The 
Jacobian of the map T, calculated at the unstable orbit is 
given by: 

A : 

Bxa 

An algorithm used according to the invention perturbs 6 
once an iterate of T2 enters a neighborhood of the period-tWo 
basin boundary basin saddle (Sa, Sb), Where Sa=T2(Sa), and 
Sb=T(Sa) T2 is lineariZed about both Su and Sb. Based on the 
lineariZation, a formula may be derived for the parameter 
perturbation that can be used to regenerate chaos. The same 
procedure must be applied for both Su and Sb (Which contain 
escape regions), even When the map considered is T2. 

In order to make practical use of basin saddle information, 
the region of interest is restricted to a local region, D106, of 
phase-space near a saddle, for example Sa shoWn in FIG. 1. 
The region to the left of Sa contained in D10C is called the 
basin escape region. A similar description holds for a local 
region near Sb. 

The stable manifold of the period-tWo saddles separates 
the region With transient chaos from the period-four attrac 
tor. Iterates are sent back to the opposite side of the stable 
manifold once they enter the basin escape region, preferably 
close to the unstable manifold of the saddle Where the 
natural dynamics Will send the iterates further into the 
chaotic region. By restricting the action of the dynamic to 
D106, the perturbations acting on a lineariZed system may be 
examined. 

To derive the formula for the parameter perturbation let 
En=xn—Sa and consider the map En+1=P(En,6)=T2(xn,6)—Sa 
(6), Which has ?xed point EF=0. This map is lineariZed about 
its ?xed point to obtain: 

Where A has been expressed in terms of left and right 
eigenvectors, and 
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for some 6 close to the operational parameter 60. 
A desired region is targeted near the saddle on the side 

With chaos, based on the distribution shoWn in FIG. 2, Where 
it is knoWn that there is a high probability of obtaining long 
chaotic transients. According to the premise by Which (3) 
Was derived, it is required that §m,=xm,—Sa, Where 
xmreLa?DloC is chosen as a target point. The value xmr is 
chosen such that it is contained in a region Where long 
chaotic transients emerge before the How escapes again. 
Equation (3) becomes: 

Emr=xmrxpgl7~ueufu+7~ses?l(En-5,18) 

Multiplying through in (4) by f5: 
(4) 

(M61 — in) ' £ (5) 
anzi (lrUg'fS 

Applying small changes in parameters given by (5) may lead 
to large changes in preimages of escape regions, but the 
saddle location varies only slightly. 
As an experimental example, the sustained chaotic time 

series for log (u) is shoWn in FIG. 3 along With the 
corresponding parameter perturbations. In this case, only 
?ve perturbations to 6 Were performed to maintain 500 
iterates of T2, that is, chaos Was sustained for 1000 iterates 
of T. The noise level Was 1% and the parameter perturba 
tions occuring in this case Were beloW 0.6. Certain regions 
Were targeted near the unstable manifold Which generate 
long chaotic transients. This is ef?cient since four of the ?ve 
perturbations necessary to maintain chaos Were larger than 
the mean chaotic transient time, Which Was found to be 
approximately 27 iterates. 
One of the main assumptions made using the method of 

the invention is that just before entering the basin escape 
region, the iterates must pass near either saddle Sa or Sb. 
HoWever, iterates contained in a region not local to the 
saddles, but nevertheless in an escape region, can be directed 
toWard D106, Which contains a basin saddle. A region (region 
E as shoWn in FIG. 1(a)) is chosen inside the chaotic 
transients and Which lies in the basin of the period-four 
attracting orbit. 
The idea is to redirect the iterates from such a region by 

targeting a certain region or point inside the chaotic regime 
by using, for example, the algorithm introduced above. For 
example, it has been found that the region near the upper 
saddle to the right (region F as shoWn in FIG. 1(a)) is 
accessible from region E, in only one iterate by small 
amplitude perturbations of the parameter. The reason is that 
the image under the How of a point in E lies inside F. If this 
Were not the case, several intermediate points Would have to 
be targeted before reaching region F. The phase-space sus 
tained chaotic time series is shoWn in FIG. 4. The changes 
in the parameter used for targeting from region E to region 
F are one order of magnitude smaller than the other param 
eter changes and are not seen clearly in FIG. 4. Several other 
escape regions such as region E are mapped by the How into 
one of the regions near the period-tWo saddle, so it is enough 
to apply parameter perturbations near the saddle. 

Referring to FIG. 5, a further example is shoWn in Which 
a system has a parameter P Which is adjustable, and an 
observed behavior. In the cross-hatched region R, the 
observed behavior is very complex, containing many fre 
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quencies and/or modes. Examples of such systems include 
combustion engines and ?uid-structure interactions in reso 
nance. After the parameter P passes a critical value of PC, the 
behavior that is observed is periodic, indicated by the solid 
line PS. It is in this parameter region that the system is 
operating, and it is desirable to remain in this region. 
HoWever, the goal is to get information about the unstable 
state, indicated by the dashed line U. Information about the 
unstable state may be used to apply parameter perturbations 
near the saddle. Thus, in addition to the behavior observed 
in FIG. 5, an unstable object exists, Which is not observable 
because it is unstable. The unstable state U is located as 
folloWs. 

FIG. 6 shoWs that the periodic state PS is connected to the 
unstable state U. By knoWing the form of the connecting 
branch B, Which is dictated by theory, one may estimate the 
location of the unstable state U to use as a reference for 
control. One then may implement a targeting procedure by 
varying the parameter P to get from point A of the observed 
periodic behavior PS to point B of the unobservable unstable 
behavior U. Once in the neighborhood of B, control may be 
implemented to stabiliZe that point, and discern the neces 
sary local information for application to the system to avoid 
resonance. 

The present invention has been described by Way of 
example and in terms of preferred embodiments. HoWever, 
it is to be understood that the present invention is not strictly 
limited to the disclosed embodiments. To the contrary, 
various modi?cations, as Well as similar arrangements, are 
included Within the spirit and scope of the present invention. 
The scope of the appended claims, therefore, should be 
accorded the broadest possible interpretation so as to encom 
pass all such modi?cations and similar arrangements. 

For example, the description may be generalized to 
include systems having any number of dimensions. Such an 
n-dimensional system is described With reference to FIG. 7. 

Crises typically occur When a saddle point has its unstable 
(W“) and stable (W5) manifold intersect, as shoWn in FIG. 
7. The success of the control technique used in the system 
depends on being able to model the control system as a map. 
Speci?cally, the delay betWeen the time When the system is 
monitored to When control is applied must be very small 
compared to the overall period. If the technique is attempted 
on fast systems relative to the control loop delay, such as 
electronics and optics systems, then the delay must be taken 
into account. Furthermore, the method of this example is 
restricted to one in Which the parameter change is on for a 
Whole drive period, Which forces the system to retain the 
history of the parameter changes to target in higher dimen 
sions. HoWever, alloWing the parameter delay as Well as its 
duration to be adjustable alloWs one to accomodate more 
than one unstable dimension. 

To see this, consider the steady state saddle of the 
n-dimensional system shoWn in FIG. 7: 

Where p is a parameter, and (Z,p)=(0,0) is the saddle point 
having unstable and stable dimensions greater than 1. Lin 
eariZing about the saddle yields 

Where A and B are the usual J acobian approximations using 
delay embedding. Let Td and TC denote the delay of actua 
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tion and parameter duration, respectively. For a given vector 
xO near the saddle, the map, M, is de?ned by 

Parameters are noW chosen so that a given point, xT, is 
targeted to lie in the unstable manifold Which generates the 
chaotic transient. Assuming A=S~A~S_1, Where S is com 
posed of right eigenvectors, ei, and S“1 of left eigenvectors, 
fi, i=1 . . . n, A diagonal, up to three stable eigendirections, 
and n-3 unstable directions are alloWed. To target xT, 
M(x0,TC,Td,p)=S~k is solved for (TC,Td,p,k), Where k=(0,0, 
0,l<4 . . . The elements ki are used to target xT on the 

unstable manifold. Since xT is in the unstable manifold, 

XT = 2 Bit‘ 
[:4 

Using the fact that 

S = Z/L'Ei?-I, 
[:1 

it is easy to shoW that 

k = _j f-. 

FIG. 8 shoWs a setup for practicing the invention, in 
Which the system under control is carbon dioxide laser 12. 
Laser diode 14 pumps laser 12, and is itself driven by 
adjustable drive 24. The magnitude of drive 24 corresponds 
to 6 is the above equations. The output of laser 12 is 
transduced by photodetector 16, and digitiZed by member 
18. The digitiZed output of laser 12 is fed to embedder/ 
recorder 20 Which may embed the output by any conven 
tional technique, or record the data for later processing. 
Output from digitiZer 18 also goes to comparator 22, Which 
determines the difference betWeen the output of laser 12 and 
a ?xed reference 26, this difference controls the magnitude 
of offset driver 28, Which adjusts the magnitude of input 24 
of laser diode 14, thereby adjusting the intensity of the 
pumping of laser 12. Although the schematic of FIG. 8 
shoWs as the system under control a carbon dioxide laser, 
one skilled in the art Will recogniZe that Within the scope of 
the invention one could as Well employ in its place any other 
potentially chaotic system, so long as the system has in its 
phase space a periodic attractor separated by a boundary 
from a region of chaotic transients. As one skilled in the art 
Will also recogniZe, there are innumerable such systems, a 
non-exhaustive list of Which includes machine the aircraft 
Wings and machine cutting tools mentioned above, metal 
fatigue, mechanical vibratory systems, and biological 
systems, most notably brain function. 
What is claimed is: 
1. A method for sustaining chaos, comprising: 
monitoring output parameters of a system; 
de?ning a saddle region containing a basin saddle for the 

system; and 
redirecting the output parameters toWard a chaotic region 
When the output parameters enter the saddle region, by 
applying changes to input parameters of the system 
based on information describing the chaotic region. 

2. A method for maintaining a stable state of a system, 
comprising: 
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monitoring an adjustable parameter of a system; 
obtaining information describing an unstable state of the 

system; and 
applying parameter perturbations to the system based on 

the obtained information describing the unstable state 
effective to direct the system aWay from the unstable 
state to a stable region. 

3. The method of claim 2, Wherein the information 
describing the unstable state of the system is the location of 
the unstable state. 

4. The method of claim 2, Wherein obtaining the infor 
mation describing the unstable state of the system includes: 

?nding a branch connecting a current, stable state of the 
system to the unstable state; and 

estimating the location of the unstable state based on the 
connecting branch. 

5. The method of claim 4, Wherein applying parameter 
perturbations to the system based on the obtained informa 
tion describing the unstable state includes implementing a 
target procedure to direct the system from the stable state 
toWard the unstable state. 

6. The method of claim 3, further including using the 
location of the unstable state as a reference for control of the 
system by the application of parameter perturbations. 

7. The method of claim 6, further including determining 
the parameter perturbations based on the location of the 
unstable state. 

8. The method of claim 5, Wherein implementing a 
targeting procedure includes varying the adjustable param 
eter. 

9. The method of claim 4, Wherein the stable state is 
observed, and the unstable state is unobservable. 

10. An apparatus for sustaining chaos, comprising: 
means for monitoring output parameters of a system; 
means for de?ning a saddle region containing a basin 

saddle for the system; and 
means for redirecting the output parameters toWard a 

chaotic region When the output parameters enter the 
saddle region, including means for applying changes to 
input parameters of the system based on received 
information describing the chaotic region. 

15 

25 

35 

10 
11. An apparatus for maintaining a stable state of a 

system, comprising: 
means for monitoring an adjustable parameter of a sys 

tem; 
means for obtaining information describing an unstable 

state of the system; and 

means for applying perturbations to the adjustable param 
eter based on the obtained information describing the 
unstable state, the means for applying perturbations 
being effective to direct the system aWay from the 
unstable state to a stable region. 

12. The apparatus of claim 11, Wherein the information 
describing the unstable state of the system is the location of 
the unstable state. 

13. The apparatus of claim 11, Wherein the means for 
obtaining the information describing the unstable state of the 
system includes: 
means for ?nding a branch connecting a current, stable 

state of the system to the unstable state; and 

means for estimating the location of the unstable state 
based on the connecting branch. 

14. The apparatus of claim 13, Wherein the means for 
applying perturbations to the adjustable parameter based on 
the obtained information describing the unstable state 
includes means for implementing a target procedure to direct 
the system from the stable state toWard the unstable state. 

15. The apparatus of claim 12, further including means for 
using the location of the unstable state as a reference for 
control of the system by the application of parameter per 
turbations. 

16. The apparatus of claim 15, further including means for 
determining the parameter perturbations based on the loca 
tion of the unstable state. 

17. The apparatus of claim 14, Wherein the means for 
implementing a targeting procedure includes means for 
varying the adjustable parameter. 

18. The apparatus of claim 13, Wherein the stable state is 
observed, and the unstable state is unobservable. 


