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QC-LDPC DECODER WITH 
LIST-SYNDROME DECODING 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

This application claims bene?t under 35 USC §l 19(e) of 
US. Provisional Application No. 60/952,747, ?led Jul. 30, 
2007, Which is hereby incorporated by reference herein in its 
entirety. 

BACKGROUND 

In general, the invention relates to data processing. In par 
ticular, the invention relates to data processing in quasi-cyclic 
loW density parity check (QC-LDPC) decoders. 

With the continuing demand for high-reliability transmis 
sion of information in digital communication and storage 
systems, and With the rapid increase in available computa 
tional poWer, various coding and decoding techniques have 
been investigated and applied to increase the ?delity of these 
systems. One such coding technique, loW-density parity 
check (LDPC) coding, Was ?rst proposed in the 1960s, but 
Was not used until the late 1990s When researchers began to 
investigate iterative coding and decoding techniques. 
LDPC codes form a class of linear block codes that are of 

particular interest due to their capability of approaching the 
Shannon limit for channel capacity. LDPC coding techniques 
are generally iterative in nature, and can be represented by 
many different types of parity check matrices. The structure 
of an LDPC code’s parity check matrix can be, for example, 
random, cyclic, or quasi-cyclic. LDPC codes de?ned by 
quasi-cyclic parity check matrices are particularly common 
and computationally e?icient. These codes are knoWn as 
quasi-cyclic loW density parity check (QC-LDPC) codes. 

The performance capability of a coding scheme, such as a 
LDPC coding scheme, is often described by the code’s per 
formance curve, Which is a plot of signal-to-noise ratios 
(SNR) vs. Bit Error Rate (BER) or Sector Error Rate (SER). 
The performance curve of LDPC codes generally consists of 
tWo regions: the Waterfall region and the error ?oor region 
(see FIG. 3). In the Waterfall region, the code’s BER or 
equivalently, SER, decreases rapidly With improvements in 
SNR. HoWever, in the high SNR operating region, the BER/ 
SER disadvantageously plateaus to an error ?oor, meaning 
that further improvements in channel condition Would not 
lead to loWer BER/SER. Although the error ?oors of Well 
designed LDPC codes are generally loW, they might not be 
acceptable for communication channels that must guarantee 
high degree of data reliability. 

SUMMARY 

Accordingly, a system and method for reducing the error 
?oor of LDPC codes, and QC-LDPC codes in particular, are 
disclosed. A decoder constructed in accordance With the prin 
ciples of the present invention may include a primary iterative 
decoding stage folloWed by additional processing stages. The 
additional processing stages may be implemented using any 
suitable type of decoding circuitry, logic, or softWare, and 
may be con?gured to decode codeWords that the iterative 
decoder failed to decode due to the existence of trapping sets. 
Trapping sets are sets of erroneous bits that result in feW 
unsatis?ed checks, and therefore cannot be iteratively 
decoded. 

The decoding circuitry may utiliZe a trapping set look-up 
table storing the syndrome pattern and error pattern of one 
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2 
trapping set member of each of several trapping set classes. 
The trapping set classes represented in the look-up table may 
have members that are commonly occurring trapping sets. For 
example, the stored trapping set classes may include those 
trapping sets that, of all possible trapping sets, are most likely 
to occur. 

The decoding circuitry may calculate the syndrome pattern 
c of a received codeWord that Was not successfully decoded 
by the iterative decoder. Using syndrome pattern c, the decod 
ing circuitry may search the look-up table for a responsible 
trapping set class. This trapping set class may be the class that 
is most likely responsible for the iterative decoder’s failure. 
The responsible trapping set class may be characterized by 
having a trapping set member, the most likely responsible 
trapping set, Whose syndrome pattern is equal to c. Thus, in 
one embodiment, the decoding circuitry may compare c to the 
syndrome patterns stored in the look-up table. Although the 
syndrome pattern of only one member of each trapping set 
class is stored in the look-up table, the syndrome patterns of 
the remaining members of the represented trapping set 
classes may be calculated and compared to c as Well. In one 
embodiment, applying quasi-cyclic shifts to the knoWn syn 
drome pattern of one member of a trapping set class can 
produce the syndrome patterns of the remaining members. 
The process of searching the look-up table for the responsible 
trapping set class may be simpli?ed by proving a look-up 
table indexed by syndrome Weight. 

If the responsible trapping set class is found in the look-up 
table, the decoding circuitry may retrieve the syndrome pat 
tern c' and error pattern b' that are stored in the look-up table 
in connection With the responsible trapping set class. The 
decoding circuitry may then calculate the error pattern b of 
the received codeWord based on its syndrome pattern c, and 
the syndrome pattern c' and error pattern b' obtained from the 
look-up table. In one embodiment Where syndrome patterns c 
and c' have a quasi-cyclic shift difference of A, applying a 
quasi-cyclic shift of magnitude A to b' can produce the desired 
error pattern b. 

With knoWledge of b, Which lists the locations of the erro 
neous bits in the received codeWord, the decoding circuitry 
can correct the erroneous bits of the received codeWord. For 
example, the decoder can then invert the erroneous bits and 
successfully correct the received codeWord. By successfully 
decoding received codeWords that are normally uncorrectable 
by iterative decoding, the decoder constructed in accordance 
With the present invention can advantageously loWer the error 
?oor. 

BRIEF DESCRIPTION OF THE DRAWINGS 

The above and other aspects and advantages of the inven 
tion Will be apparent upon consideration of the folloWing 
detailed description, taken in conjunction With the accompa 
nying draWings, in Which like reference characters refer to 
like parts throughout, and in Which: 

FIG. 1 is an illustrative block diagram of an error-correct 
ing communication/ storage system in accordance With one 
aspect of the invention; 

FIG. 2A is a mathematical vector model of an LDPC code 
With parity check matrix H; 

FIG. 2B is an illustrative parity check matrix H; 
FIG. 2C is a Tanner graph of the illustrative parity check 

matrix of FIG. 2B; 
FIG. 3 is a performance curve of an exemplary LDPC code; 
FIG. 4 is an illustrative trapping set; 
FIG. 5 an illustrative parity check matrix of a QC-LDPC 

code; 



US 8,127,209 B1 
3 

FIG. 6 is a high level block diagram of an error ?oor 
reducing decoding system in accordance With one aspect of 
the invention; 

FIG. 7 is an illustrative trapping set look-up table; 
FIG. 8 is a table illustrating the error ?oor loWering capac 

ity of the decoder in FIG. 6; 
FIG. 9A is a ?owchart illustrating the operation of a 

decoder in accordance With one aspect of the invention; 
FIG. 9B is a more detailed ?owchart illustrating trapping 

set selection in accordance With one aspect of the invention; 
FIG. 10 is a block diagram of an exemplary hard disk drive 

that can employ the disclosed technology; 
FIG. 11 is a block diagram of an exemplary digital versatile 

disc that can employ the disclosed technology; 
FIG. 12 is a block diagram of an exemplary cell phone that 

can employ the disclosed technology; 
FIG. 13 is a block diagram of an exemplary set top box that 

can employ the disclosed technology; and 
FIG. 14 is a block diagram of an exemplary media player 

that can employ the disclosed technology. 

DETAILED DESCRIPTION 

The disclosed technology is directed toWard systems and 
methods for QC-LDPC decoding that lead to advantageously 
loWered error ?oors. In applications or devices Where infor 
mation may be altered by interference signals or other phe 
nomena, error-correction codes, such as LDPC codes, can 
provide a measured Way to protect information against such 
interference. As used herein, “information” and “data” refer 
to any unit or aggregate of energy or signals that contain some 
meaning or usefulness. Encoding may generally refer to the 
process of generating data in a manner that facilitates subse 
quent detection and/or correction of errors in the data, While 
decoding may generally refer to the counterpart process of 
detecting and/or correcting the errors. The elements of a 
coding system that perform encoding and decoding are like 
Wise referred to as encoders and decoders, respectively. 

Referring to FIG. 1, there is shoWn an illustrative commu 
nication or data storage system 100 that utiliZes error-correc 
tion codes for achieving reliable communication or storage. 
User information 102 is encoded through encoder 104. User 
information 102, often referred to as the message information 
or a message vector, may be grouped into units of k symbols, 
Where each symbol may be binary, ternary, quaternary, or any 
other suitable type of data. HoWever, for simplicity, embodi 
ments of the present invention Will be described in terms of 
binary bits. In the process of encoding user information 102, 
different codes can be used by encoder 104 to achieve differ 
ent results. 
As shoWn in FIG. 1, encoder 104 may encode user infor 

mation 102 using a loW density parity check (LDPC) code. 
The result of encoding user information 102 is codeWord 106, 
also denoted as c. CodeWord 106 may be of a predetermined 
length, Which may be referred to as n. 

In one implementation, codeWord 106 is passed to a modu 
lator 108. Modulator 108 prepares codeWord 106 for trans 
mission on channel 110. Modulator 108 may use phase-shift 
keying, frequency-shift keying, quadrature amplitude modu 
lation, or any suitable modulation technique to modulate 
codeWord 106 into one or more information-carrying signals. 
Channel 110 may be an asymmetric or symmetric channel. 
Channel 110 may represent media through Which the infor 
mation-carrying signals travel. For example, channel 110 
may represent a Wired or Wireless medium in a communica 
tion system, or an electrical (e.g., RAM, ROM), magnetic 
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4 
(e.g., a hard disk), or optical (e.g., CD or DVD) storage 
medium in Which the information-carrying signals can be 
stored. 
Due to interference signals and other types of noise and 

phenomena, channel 110 may corrupt the Waveform trans 
mitted by modulator 108. Thus, the Waveform received by 
demodulator 112, received Waveform 111, may be different 
from the originally transmitted signal Waveform. Received 
Waveform 111 may be demodulated With demodulator 112. 
Demodulator 112 can demodulate received Waveform 111 
With ?lters, multiplication by periodic functions, or any suit 
able demodulation technique corresponding to the type of 
modulation used in modulator 108. The result of demodula 
tion is received codeWord 114, Which may contain errors due 
to channel corruption. 

Received codeWord 114 may then be processed by decoder 
116. Decoder 116 can be used to correct or detect errors in 
received codeWord 114. Decoder 116 may have tWo stages, 
Where one stage uses an iterative message-passing decoding 
algorithm and the other stage uses a list-syndrome based 
decoding algorithm. The iterative message-passing decoding 
algorithm may be, for example, an iterative belief propaga 
tion algorithm or a sum-product algorithm. When utiliZing 
such an iterative algorithm, decoder 116 may perform several 
iterations of the algorithm until the output of decoder 116 
converges to a valid codeWord. In some scenarios, the output 
of decoder 116 may fail to converge to a valid codeWord. 
Decoder failure may be caused by a variety of reasons, Which 
Will be discussed further beloW. Because the output of 
decoder 116 may never converge to a valid codeWord in 
certain situations, decoder 116 may be equipped With a maxi 
mum iteration limit, Which can be any suitable predetermined 
number. When decoder 116 reaches the maximum iteration 
limit, decoder 116 may automatically terminate operation 
and move on to the next received codeWord 114. HoWever, if 
the output of decoder 116 successfully converges to a valid 
codeWord, decoder 1 16 may then output decoded information 
118. 
The LDPC codes embodied by encoder 104 and decoder 

116 are conventionally represented by mathematical vector 
models. In particular, an LDPC code can be described by its 
parity check matrix H. Referring noW to FIG. 2A, there is 
shoWn a vector model 200 of an LDPC code relating parity 
check matrix 202, codeWord 204, and syndrome 206, Where 
codeWord 204 and syndrome 206 are vectors. Syndrome 206 
is equal to the null vector if and only if codeWord 204 is a valid 
codeWord. CodeWord 204 may be, for example, n-length 
codeWord 106 or n-length received codeWord 114 of FIG. 1. 
When codeWord 204 has length n and syndrome 206 has 
length r, parity check matrix 202 may have dimensions r><n. 
Syndrome length r may satisfy the inequality rZn-k and 
Where k is the length of the information being encoded (e. g., 
length of user information 102 of FIG. 1). 
An LDPC code may also be graphically represented as a 

Tanner graph, a bipartite graph shoWing the relationship 
betWeen a LDPC code’s codeWord bits and syndrome bits. 
The advantages of using a Tanner graph representation of a 
LDPC code include access to e?icient graph-based message 
passing algorithms for decoding. An exemplary 3x5 parity 
check matrix 210 is shoWn in FIG. 2B, and its corresponding 
Tanner graph 220 is shoWn in FIG. 2C. Parity check matrix 
210 may be used With ?ve-bit codeWords and may produce 
three-bit syndromes. Nodes 212-214 of Tanner graph 220 
correspond to eachbit of the three-bit syndromes produced by 
matrix 210, and are referred to as the Tanner graph’s check 
nodes. Nodes 215-219 correspond to the ?ve-bit codeWords 
that may be used With matrix 210, and are called the Tanner 
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graph’s bit nodes. The undirected edges connecting various 
check nodes With bit nodes correspond to the locations of the 
non-Zero entries of matrix 210. In other Words, parity check 
matrix 210 is the adjacency matrix of Tanner graph 220. For 
example, the 1 at the (1,2) location of matrix 210 indicates 
that there is an edge betWeen check node 212 and bit node 
216, While the 0 at the (1,3) location indicates that there is no 
edge betWeen check node 212 and bit node 217. 

The check nodes of a Tanner graph can eitherbe satis?ed or 
unsatis?ed, Where a satis?ed node has a binary value of 0 and 
an unsatis?ed node has a binary value of 1. A check node is 
satis?ed (i.e., equal to 0) if the values of the bit nodes con 
nected to the check node sum to an even number. In other 
Words, the value of each check node is equal to the sum 
modulo tWo of the values of the bit nodes to Which it is 
connected. For example, check node 212 of illustrative Tan 
ner graph 220 Would be satis?ed if the values of bit nodes 215 
and 216 Were both 1 or both 0. Furthermore, When a check 
node is unsatis?ed, at least one of the bit nodes connected to 
it is in error. Thus, the values of check nodes 212-214 (or 
equivalently, the value of the syndrome produced by matrix 
210) provide a parity check on each codeWord received by a 
LDPC decoder (i.e., decoder 116 of FIG. 1), thereby provid 
ing error correction capability to communication/ storage sys 
tem 100 of FIG. 1. 
As mentioned previously, the performance capability of 

LDPC codes, as described by a mapping of SNR vs. BER/ 
SER, generally comprises tWo regions of operation: the 
Waterfall region and the error ?oor region. FIG. 3 shoWs an 
exemplary LDPC performance curve 300 With Waterfall 
region 302 and error ?oor region 304. In error ?oor region 
304, the BER/SER of the LDPC code disadvantageously 
asymptotes to a loWer limit. Because the normal operating 
conditions for a communication/storage channel generally 
correspond to the error ?oor region 304, loWering error ?oor 
304 can improve the performance of the LDPC code. 

The asymptotic behavior of performance curve 300 in error 
?oor region 304 is at least partially due to the existence of 
trapping sets in LDPC codes. Referring back to the Tanner 
graph representation of LDPC codes, as described above in 
connection With FIG. 2C, trapping sets are subgraphs of the 
Tanner graph of a LDPC code that cause decoder failure. 
Trapping sets contain the erroneous bit nodes that remain 
uncorrected even after the maximum number of iterations (of 
a belief propagation algorithm, for example) is performed by 
a decoder, such as decoder 116 of FIG. 1. The number of such 
bit nodes may be small, because the iterative decoder typi 
cally fails for feW bits after performing the maximum number 
of iterations. Thus, the trapping set may include a small 
number of the total bit nodes in the Tanner graph for the 
LDPC code, along With the check nodes that are connected to 
the erroneous bits. 
An illustrative trapping set 400 is shoWn in FIG. 4. Trap 

ping set 400 comprises satis?ed check nodes 408-415, unsat 
is?ed check nodes 416-417, and uncorrected bit nodes 402 
407. Trapping set 400 is referred to as a (6,2) trapping set 
because there exists six erroneous bit nodes and tWo unsatis 
?ed check nodes. This nomenclature may be generaliZed to 
indicate trapping sets With v erroneous bit nodes and W unsat 
is?ed check nodes as a (v,W) trapping set. The number of 
unsatis?ed check nodes W is also called the syndrome Weight 
of the trapping set. 

Because trapping sets are largely responsible for the exist 
ence of error ?oors in LDPC codes, providing decoding meth 
ods that can correct errors caused by trapping sets is impera 
tive for loWering the error ?oor. Advantageously, trapping 
sets of one type of LDPC code, QC-LDPC codes, have special 
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6 
properties that may be used to e?iciently loWer the error ?oor. 
As mentioned previously, QC-LDPC codes are a commonly 
used type of LDPC codes. QC-LDPC codes are computation 
ally ef?cient, and are thus desirable for hardWare implemen 
tation of decoders. For example, LDPC encoder 104 and 
LDPC decoder 116 of FIG. 1 can preferentially employ a 
QC-LDPC code. QC-LDPC codes are characteriZed by parity 
check matrices that are quasi-cyclic. A quasi-cyclic matrix 
can be composed of a plurality of Z><Z circular sub-matrices 
knoWn as circulants. FIG. 5 shoWs an illustrative quasi-cyclic 
matrix 500 that may serve as the parity check matrix of a 
QC-LDPC code. Illustrative quasi-cyclic matrix 500 is com 
posed of tWenty-one 7><7 circulants (e.g., circulants 502 and 
506). Each dot 504 represents a 1 entry in matrix 500. The 
remaining (not shoWn) entries of matrix 500 are 0. Thus, 
matrix 500 is a sparse matrix. Each circulant is either an 
identity matrix, such as matrix 502, or a cyclic shift of the 
identity matrix, such as matrix 506. For example, each entry 
of matrix 506 is cyclically shifted tWo columns to the right 
from the identity matrix. 

Trapping sets of QC-LDPC codes can be advantageously 
represented in node index notation, Which uses vectors b and 
c to store the locations of uncorrected bits and unsatis?ed 
checks, respectively. For a (v,W) trapping set, b may be a 
v-length vector listing the vector indices of the uncorrected 
bits in a codeWord vector (e.g., received codeWord 114 of 
FIG. 1). For example, if the third bit in a received codeWord is 
the ?rst erroneous bit due to the trapping set, then the ?rst 
entry of b may be 2 (vector indices generally begin at 0). 
Similarly, vector c may be a W-length vector listing the vector 
indices of the unsatis?ed checks in a syndrome vector (e. g., 
syndrome 206 of FIG. 2). Notice that the entries of codeword 
vectors and syndrome vectors are generally binary if a binary 
code is used. HoWever, the elements of vectors b and c are 
index numbers and therefore generally not binary. Vectors b 
and c are referred to as the error pattern and syndrome pattern, 
respectively. 

In some scenarios, it may be advantageous to express the 
elements of b and c in terms of the roW and column indices of 
the parity check matrix of a QC-LDPC code. For example, 
With reference to matrix 500, the columns of matrix 500 are 
indexed by a “mother code index” xm and a “circulant index” 
xc. Mother code index xm indexes the number of circulants 
that compose the columns of matrix 500. Circulant index xc 
indexes the number of columns Within each circulant. Circu 
lant index xc restarts from 0 With each neW circulant. For 
example, in FIG. 5, both xm and xc can range from 0 and 6. 
Thus, each element ofb, b?] forj:{0, 1, 2, . . .v—1),ofa(v,W) 
trapping set associated With matrix 500 can be expressed by 
the folloWing equation: 

Where Z><Z is the circulant dimension of matrix 500, and xm [j] 
and xc?] are respectively the mother code index and the 
circulant index associated With erroneous bit node b[j]. The v 
mother code and circulant indices associated With the ele 
ments of b may be collectively referred to as vectors xm and 

xc. 
The indexing for the roWs of matrix 500 folloW an analo 

gous pattern. More speci?cally, mother code index ym indexes 
the number of circulants that compose the roWs of matrix 500, 
and circulant index yc indexes the number of roWs Within each 
circulant. Each element of c, c[i] for i:{0, 1, 2, . . . W-1 }, of 
the (v,W) trapping set is thus analogously expressed by the 
folloWing equation: 














