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METHOD FOR DETERMINING THE 
OPTICAL NONLINEARITY PROFILE OF A 

MATERIAL 

CLAIM OF PRIORITY 

This application claims the bene?t of US. Provisional 
Application No. 60/524,792, ?led Nov. 25, 2003 and US. 
Provisional Application No. 60/571 ,659, ?led May 15, 2004, 
both of Which are incorporated in their entireties by refer 
ence herein. 

BACKGROUND OF THE INVENTION 

1. Field of the Invention 
This invention relates generally to methods of determin 

ing the optical nonlinearity pro?le of a material. 
2. Description of the Related Art 
In thermal poling of silica, a silica Wafer is heated (e.g., 

to approximately 270 degrees Celsius) While an external 
voltage (e.g., approximately 5 kilovolts) is applied to the 
Wafer. This process induces a second-order nonlinear region 
under the anode electrode, and this nonlinear region does not 
decay upon cooling the Wafer to room temperature and 
removing the applied voltage. The depth pro?le of this 
induced nonlinear region is often non-uniform and can have 
a variety of functional forms. The depth pro?le is a key 
parameter for understanding the theory of poling, improving 
the strength and/or Width of the induced nonlinear region, 
and for the design of poled electro-optics devices. 

The Maker fringe technique, as described by P. D. Maker 
et al. in “Effects of dispersion and focusing on the produc 
tion of optical harmonics,” Physical Review Letters, Vol. 8, 
pp. 21-22 (1962), is a method for obtaining information 
regarding the nonlinearity pro?le of a material. It involves 
focusing a laser beam onto the material (e.g., an optically 
nonlinear Wafer) and measuring the generated second-har 
monic (SH) poWer as a function of the laser incidence angle 
(0). The dependence of the SH poWer on 0 is knoWn as the 
Maker fringe (MF) curve, and is proportional to the square 
of the Fourier transform magnitude of the nonlinearity 
pro?le d(Z). For thin ?lms under study, Z is in the direction 
perpendicular to the thin ?lm. Consequently, in principle, 
d(Z) is retrievable by inverting this Fourier transform. HoW 
ever, d(Z) cannot be retrieved Without the knoWledge of the 
phase of this Fourier transform, Which is not provided by the 
measurement of the MF curve. In the past, this limitation has 
been mitigated by assuming that d(Z) has a given shape (e. g., 
Gaussian) and using a ?tting process, but this approach fails 
to provide the actual nonlinearity pro?le d(Z). 

Recently, this problem Was solved by introducing a neW 
family of inverse Fourier Transform (IFT) techniques that 
involve measuring the MF curves of sandWich structures 
formed by mating tWo optically nonlinear samples. As a 
result of interference betWeen the samples, these MF curves 
contain the phase of the Fourier transform of the nonlinear 
ity pro?les, and the pro?les can be recovered uniquely. 
Examples of these IFT techniques are described in US. 
patent application Ser. No. 10/357,275, ?led Jan. 31, 2003, 
US. patent application Ser. No. 10/378,591, ?led Mar. 3, 
2003, and US. patent application Ser. No. 10/645,331, ?led 
Aug. 21, 2003. These IFT techniques are further described 
by A. OZcan, M. J. F. Digonnet, and G. S. Kino, “Inverse 
Fourier Transform technique to determine second-order 
optical nonlinearity spatial pro?les,” Applied Physics Let 
ters, Vol. 82, pp. 1362-1364 (2003) [OZcan I]; A. OZcan, M. 
J. F. Digonnet, and G. S. Kino, “Erratum: Inverse Fourier 
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2 
Transform technique to determine second-order optical non 
linearity spatial pro?les,” Applied Physics Letters, Vol. 83, 
p. 1679 (2003) [OZcan II]; A. OZcan, M. J. F. Digonnet, and 
G. S. Kino, “Improved technique to determine second-order 
optical nonlinearity pro?les using two different samples,” 
Applied Physics Letters, Vol. 84, No. 5, pp. 681-683 (Feb. 2, 
2004) [OZcan III]; A. OZcan, M. J. F. Digonnet, and G. S. 
Kino, “Simpli?ed inverse Fourier transform technique to 
measure optical nonlinearity pro?les using a reference 
sample,” Electronics Letters, Vol. 40, No. 9, pp. 551-552 
(Apr. 29, 2004) [OZcan IV]. 

SUMMARY OF THE INVENTION 

In certain embodiments, a method determines a nonlin 
earity pro?le of a material. The method comprises providing 
a magnitude of a Fourier transform of a measured nonlin 
earity pro?le measured from the material. The method 
further comprises providing an estimated phase term of the 
Fourier transform of the measured nonlinearity pro?le. The 
method further comprises multiplying the magnitude and the 
estimated phase term to generate an estimated Fourier 
transform. The method further comprises calculating an 
inverse Fourier transform of the estimated Fourier trans 
form. The method further comprises calculating a real 
component of the inverse Fourier transform to generate an 
estimated nonlinearity pro?le. 

In certain embodiments, a method improves the accuracy 
of a measured nonlinearity pro?le of a material. The method 
comprises providing the measured nonlinearity pro?le of the 
material in an operation (a). The method further comprises 
calculating a magnitude of a Fourier transform of the 
measured nonlinearity pro?le in an operation (b). The 
method further comprises providing an estimated phase term 
of the Fourier transform of the measured nonlinearity pro?le 
in an operation (c). The method further comprises multiply 
ing the magnitude and the estimated phase term to generate 
an estimated Fourier transform in an operation (d). The 
method further comprises calculating an inverse Fourier 
transform of the estimated Fourier transform in an operation 
(e). The method further comprises calculating a real com 
ponent of the inverse Fourier transform to generate an 
estimated nonlinearity pro?le in an operation (f). The 
method further comprises calculating a Fourier transform of 
the estimated nonlinearity pro?le in an operation (g). The 
method further comprises calculating a calculated phase 
term of the Fourier transform of the estimated nonlinearity 
pro?le in an operation (h). The method further comprises 
using the calculated phase term of operation (h) as the 
estimated phase term of operation (d) in an operation (i). The 
method further comprises iteratively repeating operations 
(d)-(i) until the estimated nonlinearity pro?le reaches con 
vergence. 

In certain embodiments, a computer-readable medium has 
instructions stored thereon Which cause a general-purpose 
computer to perform a method of determining a nonlinearity 
pro?le of a material. The method comprises estimating an 
estimated phase term of a Fourier transform of a measured 
nonlinearity pro?le measured from the material. The method 
further comprises multiplying a magnitude of the Fourier 
transform of a measured nonlinearity pro?le measured from 
the material and the estimated phase term to generate an 
estimated Fourier transform. The method further comprises 
calculating an inverse Fourier transform of the estimated 
Fourier transform. The method further comprises calculating 
a real component of the inverse Fourier transform to gen 
erate an estimated nonlinearity pro?le. 
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In certain embodiments, a computer system comprises 
means for estimating an estimated phase term of a Fourier 
transform of a measured nonlinearity pro?le measured from 
the material. The computer system further comprises means 
for multiplying a magnitude of the Fourier transform of a 
measured nonlinearity pro?le measured from the material 
and the estimated phase term to generate an estimated 
Fourier transform. The computer system further comprises 
means for calculating an inverse Fourier transform of the 
estimated Fourier transform. The computer system further 
comprises means for calculating a real component of the 
inverse Fourier transform to generate an estimated nonlin 
earity pro?le. 

BRIEF DESCRIPTION OF THE DRAWINGS 

FIG. 1 is a ?owchart of an exemplary embodiment of a 
method of determining a nonlinearity pro?le of a material. 

FIG. 2 is a ?owchart of a process of providing a magni 
tude of a Fourier transform of a measured nonlinearity 
pro?le in accordance with certain embodiments described 
herein. 

FIG. 3 is a ?owchart of another exemplary embodiment of 
a method of determining a nonlinearity pro?le of a material. 

FIG. 4 is a ?owchart of another exemplary embodiment of 
an iterative method of determining a nonlinearity pro?le of 
a material. 

FIG. 5 illustrates graphs of a number of exemplary 
standard nonlinearity pro?le shapes. 

FIG. 6 illustrates a graph of results from the application 
of an iterative method in accordance with embodiments 
described herein to an embedded Gaussian nonlinearity 
pro?le. 

FIG. 7 illustrates a graph of an exemplary nonlinearity 
pro?le with three peaks of comparable magnitude and 
graphs of corresponding calculated nonlinearity pro?les 
recovered using iterative methods in accordance with 
embodiments described herein. 

FIG. 8 illustrates a graph of the measured Maker fringe 
spectrum from a poled silica wafer and a graph of the 
calculated Maker fringe spectrum after post-processing of 
the nonlinearity pro?le. 

FIG. 9 illustrates a graph of the phase of the Fourier 
transform of the nonlinearity pro?le obtained from an itera 
tive method and a graph of the phase of the Fourier trans 
form of the nonlinearity pro?le obtained from the two 
sample IFT technique. 

FIG. 10 illustrates graphs of the nonlinearity pro?les 
obtained from an iterative method and from the two-sample 
IFT technique. 

FIG. 11A illustrates a plot of the nonlinearity pro?le of a 
poled silica wafer before applying the iterative method 
(solid line) and a plot of the nonlinearity pro?le after 
applying the iterative method (dashed line). 

FIG. 11B illustrates a plot of the measured Maker fringe 
spectrum of the poled silica wafer (closed circles), a plot of 
the theoretical Maker fringe spectrum (dashed line) before 
applying the iterative method, and a plot of the calculated 
Maker fringe spectrum (solid line) after applying the itera 
tive method. 

DETAILED DESCRIPTION OF THE 
PREFERRED EMBODIMENT 

Because of limitations inherent to the basic Maker fringe 
(MF) technique (e.g., the inability to measure the entire 
Fourier transform spectrum or errors introduced by the ?nite 
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4 
divergence of the laser beam), the recovered nonlinearity 
pro?le exhibits a certain amount of error. As described 
herein, a simple and fast post-processing technique can be 
applied to the recovered nonlinearity pro?le to correct some 
of these errors and improve the pro?le accuracy. This 
technique is broadly applicable to any Fourier transform 
technique that can retrieve the nonlinearity pro?le of a 
material. 

Certain embodiments described herein are advanta 
geously used to process the measured MF curve of an 
optically nonlinear sample to retrieve the second-order non 
linearity spatial pro?le d(Z) of the sample. In certain embodi 
ments, the second-order nonlinearity pro?le d(Z) is that of a 
thin-?lm material or a surface, and the spatial dimension Z 
is generally perpendicular to the thin-?lm material or the 
surface. Certain embodiments are particularly accurate when 
retrieving a second-order nonlinearity pro?le that exhibits 
one or two dominant peaks. Examples of materials for which 
certain embodiments of the methods described herein are 
useful include, but are not limited to, optically nonlinear 
?lms of crystalline or organic materials (e.g., hundreds of 
microns thick), and poled silica. 

Certain embodiments of the methods described herein 
utiliZe an algorithm described by J. R. Fienup in “Recon 
struction of an object from the modulus of its Fourier 
transform,” Optics Letters, Vol. 3, 27-29 (1978). This algo 
rithm (referred to as “the Fienup algorithm” herein) is an 
error-reduction algorithm that involves using a known (e. g., 
measured) Fourier transform magnitude of an unknown 
function g(t), together with known properties of this func 
tion (e.g., that it is a real function or a causal function), to 
correct an initial guess of g(t). In certain embodiments, this 
correction is done iteratively. 

Certain embodiments described herein are useful in com 
puter-implemented analysis of the nonlinearity pro?les of 
materials. The general purpose computers used for this 
purpose can take a wide variety of forms, including network 
servers, workstations, personal computers, mainframe com 
puters and the like. The code which con?gures the computer 
to perform the analysis is typically provided to the user on 
a computer-readable medium, such as a CD-ROM. The code 
may also be downloaded by a user from a network server 
which is part of a local-area network (LAN) or a wide-area 
network (WAN), such as the Internet. 
The general-purpose computer running the software will 

typically include one or more input devices, such as a 
mouse, trackball, touchpad, and/or keyboard, a display, and 
computer-readable memory media, such as random-access 
memory (RAM) integrated circuits and a hard-disk drive. It 
will be appreciated that one or more portions, or all of the 
code may be remote from the user and, for example, resident 
on a network resource, such as a LAN server, Internet server, 

network storage device, etc. In typical embodiments, the 
software receives as an input a variety of information 
concerning the material (e.g., structural information, dimen 
sions, previously-measured nonlinearity pro?les, previ 
ously-measured Maker-fringe spectra). 

FIG. 1 is a ?owchart of an exemplary embodiment of a 
method 100 of determining an optical nonlinearity pro?le of 
a material. The method 100 comprises providing a magni 
tude |DM(f)| of a Fourier transform DM(f) of a nonlinearity 
pro?le dM(Z) measured from the material in an operational 
block 110. As used herein, when used as a functional 
variable, Z denotes spatial dimension and f denotes spatial 
frequency. The method 100 further comprises providing an 
estimated phase term exp[jq)E(f)] of the Fourier transform 
DM(f) of the measured nonlinearity pro?le dM(Z) in an 
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operational block 120. The method 100 further comprises 
multiplying the magnitude |DM(f)| and the estimated phase 
term exp[j¢E(f)] to generate an estimated Fourier transform 
D'(f) in an operational block 130. The method 100 further 
comprises calculating an inverse Fourier transform of the 
estimated Fourier transform D'(f) in an operational block 
140. The method 100 further comprises calculating a real 
component of the inverse Fourier transform to generate an 
estimated nonlinearity pro?le d'(Z) in an operational block 
150. 

In certain embodiments, providing the magnitude |DM(f)| 
of the Fourier transform DM(f) in the operational block 110 
comprises measuring the MF spectrum of the sample. For 
example, in certain such embodiments, a single MF spec 
trum is measured from the material, and the measured MF 
spectrum then provides the magnitude |DM(f)| of the mea 
sured nonlinearity pro?le dM(Z). In other embodiments, a 
previously-measured MF spectrum is provided, thereby pro 
viding the magnitude |DM(f)|. 

In other embodiments, as shown by the ?owchart of FIG. 
2, the operation of providing the magnitude |DM(f)| of the 
Fourier transform DM(f) of the measured optical nonlinear 
ity pro?le dM(Z) comprises measuring the nonlinearity pro 
?le dM(Z) in an operational block 112. In certain embodi 
ments, the measured nonlinearity pro?le dM(Z) is measured 
by one of the IFT techniques described by U.S. patent 
application Ser. Nos. l0/357,275, l0/378,59l, or 10/645, 
331. Certain such IFT techniques utiliZe multiple MF curves 
which are measured from sandwiched structures which 
include the material to derive the measured nonlinearity 
pro?le of the material. Other techniques for measuring the 
measured nonlinearity pro?le dM(Z) are used in other 
embodiments. In an operational block 114, the magnitude 
|DM(f)| of the Fourier transform DM(f) of the measured 
nonlinearity pro?le dM(Z) is calculated. 

In certain embodiments, although the measurement of the 
MF curve of a single sample provides the magnitude |DM(f)| 
of the Fourier transform D M(f), the measurement of the MF 
curve does not provide the phase term exp[j¢(f)] of the 
Fourier transform DM(f). In certain embodiments, in the 
operational block 120, an estimated phase term exp[j¢E(f)] 
of the Fourier transform DM(f) is provided. In certain 
embodiments in which the method 100 is used iteratively, 
the choice of the initial estimated phase term exp[j¢E(f)] 
does not strongly impact the convergence of the method. 
Therefore, in certain such embodiments, the initial estimated 
phase term is selected to be exp[q)E(f)]:l. In certain other 
embodiments that utiliZe an IFT technique that provides a 
measured phase term exp[j¢M(f )] of the Fourier transform 
DM(f), the estimated phase term is selected to be the mea 
sured phase term exp[j¢M(f)]. 

In the operational block 130, the magnitude |DM(f)| and 
the estimated phase term exp[jq)E(f)] are multiplied together 
to generate an estimated Fourier transform. In certain 
embodiments, the estimated Fourier transform |DM(f)|exp 
[jq)E(f)] is a complex quantity which is calculated numeri 
cally. 

In the operational block 140, the inverse Fourier trans 
form of the estimated Fourier transform ID M(f)|exp[jq) E(f)] is 
calculated. In certain embodiments, in the operational block 
150, a real component of the inverse Fourier transform of the 
estimated Fourier transform is calculated to generate an 
estimated nonlinearity pro?le d'(Z). For example, in certain 
embodiments, when determining the nonlinearity pro?le of 
a poled silica sample, the estimated nonlinearity pro?le d'(Z) 
is a real and causal function. In certain such embodiments, 
the real component of the inverse Fourier transform is 
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6 
calculated by setting d'(Z):0 for Z<0, where 2:0 de?nes the 
edge of the poled silica sample, and the real portion of the 
inverse Fourier transform in the region Z>0 is used as the 
estimated nonlinearity pro?le d'(Z). 

FIG. 3 is a ?owchart of another exemplary embodiment of 
a method 200 of determining an optical nonlinearity pro?le 
for a material in accordance with embodiments described 
herein. The method 200 comprises the operational blocks 
110, 120, 130, 140, and 150, as described herein. The 
method 200 further comprises calculating a Fourier trans 
form D'(f) of the estimated nonlinearity pro?le d'(Z) in an 
operational block 210. The method 200 further comprises 
calculating a phase term exp[j¢c(f)] of the Fourier transform 
D'(f) of the estimated nonlinearity pro?le d'(Z) in an opera 
tional block 220. 

In certain embodiments, the Fourier transform D'(f) of the 
estimated nonlinearity pro?le d'(Z) is calculated numerically 
in the operational block 210. In certain embodiments, the 
calculated phase term exp[j¢c(f)] of this Fourier transform 
D'(f) of the estimated nonlinearity pro?le d'(Z) is calculated 
numerically in the operational block 220. 

FIG. 4 is a ?owchart of another exemplary embodiment of 
a method 300 of determining an optical nonlinearity pro?le 
of a material in accordance with embodiments described 
herein. The method 300 comprises the operational blocks 
110, 120, 130, 140, 150, 210, and 220, as described herein. 
The method 300 further comprises using the calculated 
phase term exp[j¢c(f)] as the estimated phase term exp[j¢E 
(f)] in the operational block 130 and repeating the opera 
tional blocks 130, 140, 150, 210, and 220. This repeat 
operation is denoted in FIG. 4 by the arrow 310. In certain 
such embodiments, the calculated phase term exp[j¢c(f)] 
provides a new estimate for the missing phase term of the 
nonlinearity pro?le of the material. The resulting estimated 
Fourier transform of the operational block 130 is the product 
of a measured magnitude ID M(f)| of the Fourier transform of 
the material and a calculated estimated phase term exp[j¢c 
(f)]. By repeating the operational blocks 130, 140, 150, 210, 
and 220, a second estimated nonlinearity pro?le and a 
second estimated phase term are generated. 

In certain embodiments, the operational blocks 130, 140, 
150, 210, 220 as shown in FIG. 4 are iteratively repeated a 
number of times. In certain such embodiments, the iterations 
are performed until the resulting estimated nonlinearity 
pro?le converges. Convergence is reached in certain 
embodiments when the average difference between the 
estimated nonlinearity pro?les obtained after two consecu 
tive iterations is less than a predetermined value (e.g., 1% of 
the estimated nonlinearity pro?le of the iteration). In other 
embodiments, the iterations are performed a predetermined 
number of times (e.g., 100 times) rather than determining the 
differences between successive iterations. After a number of 
iterations, certain embodiments yield an estimated phase 
term which is a more accurate estimate of the actual phase 
term of the Fourier transform of the actual nonlinearity 
pro?le of the material than is the initial estimated phase 
term. In addition, after a number of iterations, certain 
embodiments yield an estimated nonlinearity pro?le d'(Z) 
which is a more accurate estimate of the actual nonlinearity 
pro?le of the material than is the originally measured 
nonlinearity pro?le dM(Z). 

While convergence of the method 300 has not been 
proved rigorously, it has been found empirically to converge 
to the correct solution for a wide range of pro?le shapes. 
FIG. 5 illustrates graphs of a number of exemplary standard 
nonlinearity pro?le shapes (e.g., buried Gaussian 410, rect 
angular pro?le 420, exponential 430, etc.). These nonlinear 
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ity pro?le shapes have been successfully retrieved by meth 
ods in accordance With embodiments described herein. With 
each of these nonlinearity pro?le shapes, the method 300 
Works Well and recovers a nonlinearity pro?le that is close 
to the original nonlinearity pro?le. In fact, for the nonlin 
earity pro?le shapes of FIG. 5, the retrieved nonlinearity 
pro?les are indistinguishable from the original nonlinearity 
pro?les. In certain embodiments, the average error betWeen 
the recovered nonlinearity pro?le and the original nonlin 
earity pro?le is less than approximately 0.004%. In other 
embodiments (e.g., for the rectangular nonlinearity pro?le 
420), the average error betWeen the recovered nonlinearity 
pro?le and the original nonlinearity pro?le is less than 
approximately 0.008%. Such accuracies Were achieved after 
approximately 100 iterations, Which took a feW seconds on 
a 500-MHZ computer. The exemplary nonlinearity pro?les 
of FIG. 5 correspond generally to optical nonlinearity pro 
?les, either measured or predicted by various theoretical 
models, of optically nonlinear thin ?lms of glasses, poly 
mers, and crystals. In particular, rectangular optical nonlin 
earity pro?les are a common occurrence in optically non 
linear crystalline ?lms such as LiNbO3 and optically 
nonlinear organic materials. 

The problem of retrieving an optical nonlinearity pro?le 
of a material from the sole knowledge of the MF curve of the 
material is analogous to the recovery of a real one-dimen 
sional function from its Fourier transform magnitude alone. 
While generally, the Fourier transform magnitude is not 
su?icient to recover the function, in certain families of 
functions, the phase term of the Fourier transform can be 
recovered from the Fourier transform magnitude alone, and 
visa versa. In an exemplary family of “minimum-phase 
functions” (MPFs), each function is characterized by having 
a Z-transform With all its poles and Zeros on or inside the unit 
circle. As a result of this property, the phase of the Fourier 
transform and the logarithm of the Fourier transform mag 
nitude of an MPF are the Hilbert transforms of one another. 
Consequently, the phase of the Fourier transform of an MPF 
can be recovered from the Fourier transform magnitude, 
such that an MPF can be reconstructed from its Fourier 
transform magnitude alone. This reconstruction can be per 
formed by taking the Hilbert transform of the logarithm of 
the Fourier transform magnitude to obtain the phase of the 
Fourier transform, and then inverting the full (complex) 
Fourier transform to generate the MPF. HoWever, in certain 
circumstances, such a direct approach is not preferable due 
to difficulties in its implementation (e.g., due to phase 
unWrapping, as described by T. F. Quatieri, Jr. and A. V. 
Oppenheim, “Iterative techniques for minimum phase signal 
reconstruction from phase or magnitude,” IEEE Trans. 
AcousL, Speech, Signal Processing, Vol. 29, pp. 1187-1193 
(1981)). 

Iterative methods in accordance With certain embodi 
ments described herein advantageously converge to the MPF 
that has a Fourier transform magnitude equal to the mea 
sured Fourier transform magnitude |DM(f)|. This duality 
betWeen the MPFs and the iterative methods described 
herein is the reason behind the agreement betWeen the 
retrieved nonlinearity pro?les and the corresponding origi 
nal nonlinearity pro?les of FIG. 5. With the exception of the 
rectangular nonlinearity pro?le, all the nonlinearity pro?les 
in FIG. 5 are MPFs. Out of the in?nite family of Fourier 
transform phase functions that could be associated With the 
measured Fourier transform magnitude, certain embodi 
ments described herein advantageously converge to the 
Fourier transform phase function having the minimum 
phase, i.e., the MPF. This solution is unique. Thus, if it Was 
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8 
knoWn a priori that the nonlinearity pro?le to be recon 
structed Was an MPF, then the recovered nonlinearity pro?le 
provided by certain embodiments described herein Would be 
certain to be the correct nonlinearity pro?le. Conversely, if 
the nonlinearity pro?le is not an MPF, then convergence of 
certain embodiments may not provide the correct nonlinear 
ity pro?le. Since in general it is not knoWn a priori Whether 
the nonlinearity pro?le is an MPF or not, it is not certain that 
the recovered nonlinearity pro?le is correct. 

HoWever, in spite of this apparent limitation, computer 
simulations of certain embodiments described herein are 
observed to closely converge to the correct nonlinearity 
pro?le for a Wide range of pro?le shapes. In certain embodi 
ments, this close convergence is due at least in part to the 
fact that a large number of nonlinearity pro?les are either an 
MPF or an approximation of an MPF. 
A description of Why physical functions are likely to be 

MPFs starts by denoting an MPF by dml-n(n), Where n is an 
integer corresponding to sampled values of the function 
variable (e.g., distance Z into the material having its optical 
nonlinearity pro?le analyZed). Because physical MPFs are 
causal (although not all causal functions are MPFs), dml-n(n) 
is equal to Zero in at least half of the space variation (e.g., 
for n<0, as in the case for optical nonlinearity pro?les). The 
energy of a MPF is de?ned as: 

mil 

for m samples of the function dml-n(n), and satis?es the 
inequality: 

5 mil Equation (1) 
|dmjn<m|2 2 Z we)? 

n:0 H o 

for all possible values of m>0. In Equation (1), d(n) repre 
sents any of the functions that have the same Fourier 
transform magnitude as dmin(n). This property suggests that 
most of the energy of dml-n(n) is concentrated around n:0. 
Stated differently, a pro?le With either a single peak or a 
dominant peak Will be either an MPF or close to an MPF, 
and Will Work Well With the iterative embodiments described 
herein. 

Functions Without a dominant peak can also be MPFs, but 
because a large number of optical nonlinearity pro?les, 
including the most common ones, have a dominant peak, 
this sub-class of MPFs With dominant peaks is Worth inves 
tigating. For example, the criterion of having a dominant 
peak is satis?ed by each of the functions graphed in FIG. 5, 
Which are all MPFs, except for the rectangular pro?le. 
Although a rectangular pro?le is not truly an MPF, because 
it has a single peak, the rectangular pro?le is expected to be 
close to an MPF. Such a rectangular pro?le is actually close 
to being an MPF because almost all of the poles and Zeros 
of its Z-transform are on or inside the unit circle, and the 
remaining feW are just outside the unit circle. Therefore, 
certain embodiments of the iterative method described 
herein are successful in retrieving rectangular optical non 
linearity pro?les (e.g., With an average error of approxi 
mately 0.008%). 

In certain embodiments, a tWo-peak optical nonlinearity 
pro?le has a dominant peak and a secondary peak. As shoWn 
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in FIG. 5, a tWo-peak optical nonlinearity pro?le 440 has a 
dominant peak and a secondary peak smaller than the 
dominant peak (e.g., the secondary peak being approxi 
mately one-third as large as the dominant peak). Such a 
tWo-peak optical nonlinearity pro?le 440 is expected to be 
an MPF. Therefore, in certain embodiments, the average 
error in the retrieved optical nonlinearity pro?le is extremely 
loW (e.g., less than approximately 10_5%). The optical 
nonlinearity pro?le of poled silica, Which typically exhibits 
a sharp dominant peak just beloW the sample’s anodic 
surface, also satis?es the MPF criterion, thereby suggesting 
that embodiments of the iterative methods described herein 
Work Well for poled silica. 

The robustness of certain embodiments described herein 
is demonstrated by examining the accuracy of the iterative 
methods for a number of functions other than MPFs. For a 
?rst series of simulations, uniform random noise (e.g., 
approximately 14% peak-to-peak) Was added to the optical 
nonlinearity pro?les of FIG. 5. Such optical nonlinearity 
pro?les are no longer MPFs. The iterative method 300 of 
FIG. 4 Was then applied to each noisy pro?le, assuming an 
initial estimated phase term of exp[jq)E(f)]:1. In each case, 
the nonlinearity pro?le recovered after 100 iterations Was in 
excellent agreement With the original noisy nonlinearity 
pro?le, With an average error under approximately 1.4%. 
FIG. 6 illustrates graphs corresponding to such results from 
the application of an iterative method in accordance With 
embodiments described herein. FIG. 6 illustrates the exem 
plary noisy embedded Gaussian nonlinearity pro?le 510 
With uniform random noise of approximately 14% peak-to 
peak, With reference to the scale on the left axis. FIG. 6 also 
illustrates the difference 520 betWeen the original noisy 
nonlinearity pro?le 510 and the nonlinearity pro?le recov 
ered after 100 iterations, With reference to the scale on the 
right axis. Such results indicate that certain embodiments 
described herein Work Well even in the presence of noise. 
A second series of simulations Was used to investigate the 

iterative method on nonlinearity pro?les having several 
peaks of comparable magnitude. Because none of the peaks 
of such nonlinearity pro?les are dominant over the other 
peaks, such nonlinearity pro?les do not satisfy Equation (1) 
and are not MPFs. For an original nonlinearity pro?le With 
tWo peaks of comparable magnitude, the nonlinearity pro?le 
retrieved using certain embodiments described herein is only 
marginally degraded and is generally acceptable. For 
example, When the peaks in the tWo-peak nonlinearity 
pro?le 440 of FIG. 5 are given comparable heights, the 
recovered nonlinearity pro?le is still essentially indistin 
guishable from the original nonlinearity pro?le, and an 
average difference betWeen the original nonlinearity pro?le 
and the recovered nonlinearity pro?le of approximately 
0.1%. 

FIG. 7 illustrates a graph of an exemplary nonlinearity 
pro?le 610 With three peaks of comparable magnitude (solid 
line) and graphs of tWo corresponding calculated nonlinear 
ity pro?les (dash-dot line 620; dotted line 630) recovered 
using an iterative method under differing conditions in 
accordance With embodiments described herein. With three 
peaks of comparable magnitude, as graphed in FIG. 7, the 
recovered nonlinearity pro?le 620 after 100 iterations 
(shoWn by the dash-dot line) is not nearly as accurate as in 
the previous examples of FIGS. 5 and 6, but it still provides 
a usable estimate of the original nonlinearity pro?le 610 
(shoWn by the solid line). Such simulations demonstrate that 
certain embodiments described herein can be successfully 
applied to a Wide range of nonlinearity pro?les, including, 
but not limited to, MPFs. 
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10 
In certain embodiments, if the nonlinearity strength at the 

origin d(Z:0) is increased to a value much larger than the 
rest of the nonlinearity pro?le (e.g., d(Z:0):5~max{d(Z)}), 
the convergence improves substantially in terms of both 
accuracy and speed. Such improvement is expected because 
increasing the nonlinearity strength at the origin in this 
manner satis?es Equation (1) and the nonlinearity pro?le 
becomes an MPF, even if Equation (1) Was not satis?ed prior 
to this increase. For example, for the three-peaked nonlin 
earity pro?le 610 of FIG. 7, if d(Z:0) is increased to 
d(Z:0):10~max{d(Z)}, the neWly recovered nonlinearity 
pro?le 630 (shoWn by the dotted line) is signi?cantly closer 
to the original nonlinearity pro?le 610 (shoWn by the solid 
line) than Was the recovered nonlinearity pro?le 620 prior to 
the increase (shoWn by the dash-dot line). In certain embodi 
ments, increasing the nonlinearity strength at the origin 
opens the possibility of recovering any nonlinearity pro?le 
by depositing the material onto a stronger and very thin 
optically nonlinear material (e.g., LiNbO3). The thinness of 
the optically nonlinear material does not affect convergence, 
but it does make it easier to deposit the material and to 
measure its MF curve. 

There are tWo minor limitations to the iterative methods 
of certain embodiments described herein. A ?rst limitation is 
that the exact location (e. g., hoW deeply d(Z) is buried beloW 
the surface) of the nonlinearity pro?le Within the material is 
not recoverable. A second limitation is that the sign of the 
nonlinearity pro?le is not unequivocally determined. Con 
sequently, if d(Z) is a solution provided by an iterative 
method described herein for a given optically nonlinear 
sample, then all id(Z-ZO) functions are also solutions. HoW 
ever, in certain embodiments, these limitations are fairly 
inconsequential because it is signi?cantly more important to 
determine the shape of the nonlinearity pro?le than to 
determine the sign or exact location of the nonlinearity 
pro?le. Furthermore, the sign and the exact location of the 
nonlinearity pro?le can be determined by other methods 
(e.g., by using the reference-sample IFT technique). 
To illustrate the applicability of embodiments described 

herein, the iterative method Was applied to an optically 
nonlinear material, namely a Wafer of poled silica. A 25><25>< 
0.15 millimeter Wafer of fused silica (Infrasil) Was thermally 
poled in air at approximately 270 degrees Celsius and With 
an applied voltage of 4.8 kilovolts for 15 minutes. The MF 
spectrum (Which is proportional to the Fourier transform 
magnitude of the nonlinearity pro?le) Was measured from 
the Wafer, and is graphed in FIG. 8 as open circles. The 
iterative method 300 of FIG. 4 Was used, assuming an initial 
phase term of exp[j¢E(f)]:1 and using the measured MF 
spectrum as the measured Fourier transform magnitude of 
the nonlinearity pro?le, to recover a ?rst nonlinearity pro?le. 
The same Wafer Was also characterized by the tWo-sample 
IFT technique, Which provided a second, absolute nonlin 
earity pro?le. 

FIG. 9 illustrates a graph 710 of the phase of the Fourier 
transform of the nonlinearity pro?le obtained from the 
iterative method and a graph 720 of the phase of the Fourier 
transform of the nonlinearity pro?le obtained from the 
tWo-sample IFT technique. FIG. 10 illustrates a graph 810 of 
the nonlinearity pro?le obtained from the iterative post 
processing method (dotted line) using an initial estimated 
phase term of exp[jq)E(f)]:1, and a graph 820 of the non 
linearity pro?le obtained from the tWo-sample IFT technique 
(solid line). The tWo nonlinearity pro?les of FIG. 10 are in 
excellent agreement, With both nonlinearity pro?les exhib 
iting a sharp nonlinearity coef?cient peak With a magnitude 
of approximately d33:—1 picometer/volt (pm/V) just beloW 








