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METHOD AND APPARATUS FOR 
PROCESSING SIGNALS FOR RANGING 

APPLICATIONS 

This application is a Continuation-in-Part of PCT appli 
cation PCT/BE02/00136, ?led Aug. 7, 2002, Which appli 
cation(s) are incorporated herein by reference. 

FIELD OF THE INVENTION 

The present invention is related to a method and apparatus 
for receiving and processing signals, essentially signals of 
the spread spectrum type, such as are used in the Global 
Positioning System (GPS). 

STATE OF THE ART 

Today, satellite based positioning systems are Widely in 
use. Most knoWn are the Global Positioning System (GPS) 
developed by the United States Government or the Global 
Navigation Satellite System (GLONASS) developed by the 
Russian Government. The primary purpose of these systems 
is to provide position, velocity and time to any user on or 
near the Earth’s surface. The user determines his position in 
space and time by measuring his range to at least 4 satellites 
Whose position and time are accurately determined, the 
range being de?ned as the distance betWeen the user and a 
satellite. 
The GPS satellites transmit signals on tWo carrier fre 

quencies called L1 at 1575.42 MHZ and L2 at 1227.6 MHZ. 
The carriers are modulated by pseudo-random (PRN) 
spreading codes that are unique to each satellite, and by a 
navigation message. All satellites transmit at the same 
frequencies. The separation betWeen the satellites is possible 
because all the PRN codes are chosen to be orthogonal. 

The L1 carrier is modulated by the so-called coarse/ 
acquisition code (“C/A-code”) and the precision code (“P 
code”). The C/A-code has a chipping rate of 1.023 MHZ and 
a length of 1 ms, thus it contains 1023 chips (the term “chip” 
is used for the code symbols). The same 1023 chips are 
repeated every millisecond. The P-code has a chipping rate 
of 10.23 MHZ and a length of 1 Week. The same pattern is 
thus repeated every Week. The L2 carrier is modulated only 
by the P-code. The signal bandWidth at L1 and L2 is limited 
in the satellite to the main lobe of the P-code spectrum, i.e. 
20.46 MHZ. 

In addition to the PRN code modulation, each of the 
carriers is also modulated by a 50-HZ navigation message, 
conveying all the necessary parameters to compute the 
satellite position and time. 

Signal tracking involves synchronising local replicas of 
the carrier and PRN codes of the satellite to be tracked With 
the incoming carrier and PRN codes from that satellite. This 
means that the receiver must have the ability to generate the 
PRN codes of all the satellites. Signal tracking is achieved 
by continuously modifying the phase and frequency of the 
carrier replica and delaying or advancing the code replica in 
order to maintain them locked on the incoming signal. 
Carrier tracking is accomplished in a phase lock loop (PLL), 
While code tracking is performed by a delay lock loop 
(DLL). By de?nition, When synchronisation is achieved, the 
phase of the carrier replica is the same as the incoming 
carrier phase, and the delay that had to be applied to the code 
replica is the same as that of the incoming code. 

The range measurement by a GPS receiver is based on the 
measurement of that delay, Which is a direct measure of the 
signal travel time from the satellite to the receiver. By 
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2 
multiplying the delay by the speed of light, the receiver 
computes its range to the satellite. 

Several error sources in?uence the accuracy of the satel 
lite range measurement. One of the most cumbersome of 
them is the multipath error. Multipath is a special type of 
interference Where the received signal is composed of the 
desired line-of-sight signal, and one or more constituents 
Which have traversed slightly different paths due to re?ec 
tions on surfaces or objects in the antenna surroundings. 
Multipath signals arrive at the receiver With a different delay, 
phase and poWer than the line-of-sight signal. 
The ranging error due to multipath depends on the delay, 

phase and poWer of the multipath signal With respect to the 
line-of-sight signal, and on the type of signal processing the 
receiver uses. Several digital processing techniques have 
been devised to reduce the effect of multipath on the ranging 
measurements. 

HoWever, a common draWback of the available multipath 
mitigation methods is that they are not able to reduce 
multipath having a short delay. Even for the most recent 
multipath error mitigation techniques, multipath arriving at 
the receiver With a delay of less than around 20 m affect the 
range measurement as if no mitigation technique Were used 
at all. This is a serious limitation of the current techniques 
because in real life situations, most of the multipath signals 
are of short delay type. 
Document US. Pat. No. 5,390,207 is related to a receiver 

for pseudorandom noise encoded signals. The operation of 
the device is based on narroWing the early-late spacing, to a 
fraction of a PRN code chip time, in order to mitigate 
multipath errors. The use of early-late correlators is a knoWn 
technique for locking onto an incoming PRN code, and the 
early-late spacing, ie the time spacing betWeen early and 
late versions of the local PRN code is an important param 
eter When it comes to multipath error mitigation. The exact 
de?nition of this term is given in the next paragraph. 
Document US. Pat. No. 5,734,674 is equally related to a 

receiver for PRN encoded signals; the receiver described in 
this document has the capability of dynamically adjusting 
the early-late spacing betWeen correlation signals. 
Document US. Pat. No. 5,809,064 is related to improve 

ments to the same type of receiver as described in US. Pat. 
No. 5,734,674, and equally based on dynamically adjusting 
early-late spacing. 

All techniques related to adjusting and essentially reduc 
ing the early-late spacing are linked to a modi?cation of the 
DLL discriminator. A general name for these techniques is 
‘narroW spacing’, as opposed to techniques Wherein no 
multipath error mitigation takes place (‘Wide spacing’ tech 
niques). It is found that prior art ‘narroW spacing’ techniques 
reduce the maximum range error With a factor 10 compared 
to ‘Wide spacing’ techniques. HoWever, an important mul 
tipath error remains for a Wide range of multipath delays. 
Document US. Pat. No. 5,414,729 is related to a receiver 

for PRN encoded signals, Wherein a plurality of correlation 
signals are fed to a parameter estimator, from Which the 
delay, amplitude and phase parameters of the direct path 
signal, as Well as any multipath signals, may be estimated. 
This estimation hoWever takes place by solving a system of 
equations, for example through a least-squares calculation, 
Which requires complex and expensive hardWare and soft 
Ware capabilities. 
Document US. Pat. No. 5,953,367 is related to a receiver 

for PRN encoded signals, comprising a plurality of DLL 
correlators provided in each of the receiver’s multiple pro 
cessing channels. These correlators are combined in such a 
Way as to build a DLL discriminator Which is not affected by 
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most of the multipath errors. This improves the tracking in 
the presence of multipath, but requires a signi?cant modi 
?cation of the DLL architecture, in comparison to Wide 
spacing and narroW spacing DLL’s. 
Document U.S. Pat. No. 5,901,183 is related to a receiver 

for PRN encoded signals, Wherein both the receiver DLL 
code and PLL carrier loops include a loop component that 
senses an error in its main loop caused by the presence of a 
multipath signal. A compound correlator loop is formed of 
a primary correlator and a secondary correlator that senses 
and corrects for multipath induced tracking error of the 
primary correlator. 

Document U.S. Pat. No. 5,781,152 is related to a method 
Wherein four pseudo random code replicas are used, namely 
a ?rst set of early and late codes, With a ?rst early-late 
spacing 2 d, and a second set With a second early-late 
spacing 2 kd. The multipath error is estimated from an 
extrapolation on the basis of correlation values measured 
With these tWo sets of codes. 

Document U.S. Pat. No. 5,966,403 is related to a method 
and apparatus for minimiZing the residual multipath distor 
tion signal present in a received signal, by using a non 
uniform Weighting function for said estimation/minimiza 
tion. 

An overvieW of the capabilities and limitations of prior art 
methods is given in FIG. 1. The graph shoWs the range error 
envelope for three different signal processing techniques. 
Each envelope represents the maximum and minimum range 
error as a function of the multipath signal delay, for a given 
signal-to-multipath poWer ratio; in this case this ratio is 
equal to 4. The curve 100 refers to ‘Wide spacing’ tech 
niques, i.e. techniques Wherein no multipath mitigation is 
employed. The curve 101 is valid for the ‘narroW spacing’ 
techniques referred to above, While the curve 102 corre 
sponds to the techniques described earlier as representing 
the closest prior art. It is clear that no prior art technique is 
capable of reducing multipath errors at the loWest multipath 
delays ((L20 m). 

AIMS OF THE INVENTION 

The present invention aims to provide a method and a 
device for receiving and processing signals of the spread 
spectrum type, alloWing a reduction of multipath errors in 
the loWest range of multipath delays, said reduction being in 
comparison to the closest prior art. 

The present invention further aims to propose a method 
and device Which are technically straightforward and inex 
pensive compared to existing methods and devices. 

SUMMARY OF THE INVENTION 

The present invention is related to a method for process 
ing at least one signal sent by a transmitter, said signal 
preferably being used for measuring the range, i.e. the 
distance betWeen said transmitter and a receiver, said signal 
comprising a carrier signal modulated by a pseudo random 
noise (PRN) code, said method comprising the steps of: 
mixing said signal With a replica of the carrier signal, to 

acquire a baseband signal, representing said PRN code, 
multiplying said baseband signal respectively With M+N+1 
PRN code replica’s (P_M, . . . , P+N), said replica’s being 
shifted in time With respect to each other, the value 
M+N+1 being at least equal to four, one of said replica’s 
being the punctual replica PO, 

4 
calculating the M+N+1 correlation values (I_M, . . . , I+N) of 

said baseband signal With respect to each of said M+N+1 
PRN code replica’s, 

calculating from said M+N+1 correlation values (I_M, . . . , 

5 I+N), an estimate of the multipath error, said calculation 
being based on a prede?ned formula, equating said mul 
tipath error to a prede?ned function of said M+N+1 
correlation values (I_M, . . . , I+N), Wherein said prede?ned 

formula is a linear combination of said M+N+1 correla 
tion values (I_M, . . . , I+N), each of said values being 

normaliZed by the correlation value IO of said punctual 
replica PO. 
According to the preferred embodiment, the method of 

the invention comprises the steps of: 
5 mixing said signal With a replica of the carrier signal, to 

acquire a baseband signal, representing said PRN code, 
multiplying said baseband signal respectively With three 

equally spaced replica’s (PO, P_l, PH) of said PRN code, 
namely an early (P_l), punctual (PO) and late (PH) replica, 
With a given early-late spacing (d), 

multiplying said baseband signal With at least one additional 
replica of said PRN code, said additional replica being 
shifted in time relative to said early, late and punctual 
replica’s, so that in total M+N+1 code replica’s are used, 
M+N+1 being at least equal to four, 

calculating the M+N+1 correlation values (I_M, . . . , I+N) of 

said baseband signal With respect to each of the M+N+1 
PRN code replica’s, 

locking the punctual code (PO) to the baseband signal by 
keeping the tWo correlation values (I_l, In) betWeen said 
baseband signal and said early and late replica’s (P_l, PH) 
equal to each other, 

calculating the range by multiplying the delay of the punc 
tual code (PO) by the speed of light, 

calculating from said M+N+1 correlation values (I_M, . . . , 

I+N), an estimate of the multipath error, said calculation 
being based on said prede?ned formula, 

?ltering said estimate of the multipath error and subtracting 
said estimate of the multipath error from said calculated 
range, yielding a corrected range value. 
In the method of the invention, said linear combination 

preferably has of the folloWing form: 

20 

30 

45 
l 1; 

MP: 11; 
E d 

i; 1- ' M...N M2 

50 . . 

Where1n MP represents the multipath error, d represents the 
early-late spacing, IO represents the correlation value of said 
punctual replica, I_M, . . . , I+N represent the correlation 

values, (xi represent M+N+1 ?xed values. 
Preferably, every one of said M+N+1 replica’s is shifted 

over the same time delay With respect to the next and/or 
previous replica. 

Further according to a preferred embodiment, said (xi 
values are calculated according to the method comprising 

60 the steps of: 
simulating, for a ?xed signal-to-multipath amplitude ratio 
and for different multipath delays: the multipath range 
error and M+N+1 correlation values, 

using said simulated range errors and correlation values to 
obtain a system of equations, each equation equating the 
simulated multipath range error to a linear combination of 
the M+N+1 correlation values, 

55 
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obtaining said (xi values by solving said system of equations. 
In this method, all except tWo of said (xi values may be set 

to zero. 

According to a further preferred embodiment, said (xi 
values are calculated according to the method comprising 
the steps of: 
for a given signal-to-multipath SMR and for a given number 
D of multipath delays, calculating the range error, for 
multipath in phase With a simulated line-of-sight signal 
and for multipath 180° out of phase With said simulated 
line-of-sight signal, thereby obtaining a vector y compris 
ing 2D range error values, 

calculating, for each of the 2D range errors, the M+N+l 
correlation values, and normalizing said correlation val 
ues by the correlation value IO of said punctual replica PO, 
to obtain a (2D><(M+N+l)) matrix C, 

calculating the (xi values by solving the system of equations: 
y:C~0t., Wherein 0t is a vector comprising the M+N+l (xi 
values. 

The vector 0t may be overdetermined by said system of 
equations in Which case said vector 0t is obtained by an 
optimization technique. 

According to a particular embodiment, tWo replica’s are 
used in the estimation of the multipath error, and the 
early-late spacing d is 1/15 of a chip length, and the second 
replica P+2 is 1/15 of a chip length later than said punctual 
replica PO, and said multipath error estimation MP is calcu 
lated as: 

The invention is equally related to a receiver for ranging 
applications, said receiver comprising a plurality of channels 
for detecting and locking onto a plurality of PRN encoded 
signals, each channel comprising: 
a delay line, comprising M+N+l taps, M+N+l being at least 

four, for obtaining M+N+l PRN codes, one of Which is a 
punctual code PO, one a ?rst early code P-l, and one a late 
code P+l, With an early-late spacing d betWeen the early 
and late code, 

M+N+l mixers and M+N+l accumulators to calculate 
M+N+l correlation values (I_M, . . . , I+N), 

a multipath estimator module to calculate a multipath error 
estimate MP, according to a prede?ned formula, said 
formula being a linear combination of said M+N+l cor 
relation values (I_M, . . . , I+N), each of said values being 

normalized by the correlation value IO of said punctual 
replica PO, 

a loW pass ?lter. 

In a receiver according to the invention, said formula 
preferably has the form: 

Wherein MP represents the multipath error, d represents the 
early-late spacing, IO represents the correlation value of said 
punctual replica, I_M, . . . , I+N represent the correlation 

values, (xi represent M+N+l ?xed values. 
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6 
In a receiver according to the invention, said (xi values are 

preferably calculated according to the method comprising 
the steps of: 

simulating, for a ?xed signal-to-multipath amplitude ratio 
and for different multipath delays: the multipath range 
error and M+N+l correlation values, 

using said simulated range errors and correlation values to 
obtain a system of equations, each equation equating the 
simulated multipath range error to a linear combination of 
the M+N+l correlation values, 

obtaining said (xi values by solving said system of equations. 
In this method, all except tWo of said (xi values may be set 

to zero. 

According to a further preferred embodiment of the 
receiver of the invention, said (xi values are calculated 
according to the method comprising the steps of: 
for a given signal-to-multipath SMR and for a given number 
D of multipath delays, calculating the range error, for 
multipath in phase With a simulated line-of-sight signal 
and for multipath 180° out of phase With said simulated 
line-of-sight signal, thereby obtaining a vector y compris 
ing 2D range error values, 

calculating, for each of the 2D range errors, the M+N+l 
correlation values, and normalizing said correlation val 
ues by the correlation value IO of said punctual replica PO, 
to obtain a (2D><(M+N+l)) matrix C, 

calculating the (xi values by solving the system of equations: 
y:C~0t., Wherein 0t is a vector comprising the M+N+l (xi 
values. 

The vector 0t may be overdetermined by said system of 
equations, in Which case said vector 0t is obtained by an 
optimization technique. 

According to a preferred embodiment of the receiver of 
the invention, tWo replica’s are used in the estimation of the 
multipath error, and the early-late spacing d is 1/15 of a chip 
length, and the second replica P+2 is 1/15 of a chip length later 
than said punctual replica PO, and said multipath error 
estimation MP is calculated as: 

In a receiver according to the invention, said multipath 
estimator module may comprise softWare means for calcu 
lating the multipath error estimate on the basis of a pre 
de?ned formula. 

Altematively, in a receiver according to the invention, 
said multipath estimator module may comprise hardWare 
means for calculating the multipath error estimate on the 
basis of a prede?ned formula. 

The invention is equally related to a method for estimat 
ing a ranging error due to multipath in a receiver, said 
receiver comprising: 
a delay line, comprising M+N+l taps, M+N+l being at least 

four, for obtaining M+N+l PRN codes, one of Which is a 
punctual code PO, one an early code P_l, and one a late 
code P+l, With an early-late spacing d betWeen the early 
and late code, 

M+N+l mixers and accumulators to calculate M+N+l cor 
relation values (I_M, . . . , I+N), 

a multipath estimator module to calculate a multipath error 
estimate MP, according to the formula: 
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wherein MP represents the multipath error, d represents the 
early-late spacing, IO represents the correlation value of said 
punctual replica, I_M, . . . , I+N represent the correlation 

values, (xi represent M+N+1 ?xed values, said method com 
prising the steps of: 
simulating, for a ?xed signal-to-multipath amplitude ratio 

and for different multipath delays: the multipath range 
error and M+N+1 correlation values, 

using said simulated range errors and correlation values to 
obtain a system of equations, each equation equating the 
simulated multipath range error to a linear combination of 
the M+N+1 correlation values, 

obtaining said (xi values by solving said system of equations. 
In this method, all except tWo of said (xi values may be set 

to Zero. 

According to a further embodiment, said method com 
prises the steps of: 
for a given signal-to-multipath SMR and for a given number 
D of multipath delays, calculating the range error, for 
multipath in phase With a simulated line-of-sight signal 
and for multipath 1800 out of phase With said simulated 
line-of-sight signal, thereby obtaining a vector y compris 
ing 2D range error values, 

calculating, for each of the 2D range errors, the M+N+1 
correlation values, and normalizing said correlation val 
ues by the correlation value IO of said punctual replica PO, 
to obtain a (2D><(M+N+1)) matrix C, 

calculating the (xi values by solving the system of equations: 
y:C~0t., Wherein 0t is a vector comprising the M+N+1 (xi 
values. 

SHORT DESCRIPTION OF THE DRAWINGS 

FIG. 1 illustrates the ranging error envelopes for prior 
signal processing techniques. 

FIG. 2 illustrates the signal processing in a receiver for a 
ranging application according to the prior art. 

FIGS. 3a and 3b illustrate the effect of multipath errors on 
the tracking point in devices of the prior art. 

FIG. 4 illustrates the general concept of the method and 
device of the invention. 

FIG. 5 illustrates the optimiZation techique used to obtain 
the coef?cients (xi. 

FIGS. 6a and 6b illustrate the principle of the multipath 
estimator module. 

FIG. 7 represents a preferred embodiment of the inven 
tion. 

FIG. 8 compares the invention to the prior art in terms of 
ranging error envelope. 

FIG. 9 represents real test data proving the better perfor 
mance of receiver of the invention. 

DETAILED DESCRIPTION OF THE 
INVENTION 

A typical implementation of the signal processing tech 
nique according to the prior art for ranging applications is 
represented in FIG. 2. The incoming signal 1 is ?rst mixed 
With a local replica of the carrier, produced by the carrier 
generator 2, in order to bring the signal to baseband. The 
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frequency and phase of the local carrier are controlled by a 
PLL (not shoWn). The baseband signal essentially represents 
the PRN code, modulated by the 50 HZ navigation signal. 
The delay lock loop is represented by the group of 

elements 4. As knoWn in the art, an acquisition step is ?rst 
performed in order to acquire a ‘coarse’ match betWeen the 
incoming signal and a local version of the PRN code. After 
that, the local code needs to be locked onto the incoming 
signal. The present invention is related to this locking step. 

Referring again to FIG. 2, the local PRN code is generated 
in the code generator 3 at a rate Which is continuously 
controlled by the DLL discriminator and ?lter 10. The code 
enters a delay line 5 Where three different code replicas are 
generated: PO is the punctual code replica, Which has to be 
kept aligned With the incoming code. P_l is the early replica, 
Which is advanced by a fraction of a chip With respect to PO, 
and P+1 is the late replica, delayed by a fraction of a chip 
With respect to P0. The delay betWeen any tWo adjacent taps 
in the delay line is the inverse of the frequency of the delay 
line clock 6, and is traditionally referred to as “d/2” in units 
of code chips. 

For the GPS C/A-code, the code chip duration is close to 
1 us, and the chip length close to 293 m. The delay betWeen 
the early and late taps is an important design parameter, 
Which is referred to as the early-late spacing, and noted ‘d’. 
Many receivers use a so-called “Wide spacing” of d:1 code 
chip. The spacing is said to be narroW if d is loWer than 1 
chip. 

Returning to FIG. 2, the multipliers 7 folloWed by the 
accumulators 8 compute the correlation betWeen the base 
band signals at the output of the carrier mixer 9 and each of 
the local code versions. The resulting three correlations IO, 
I_l and I+1 are represented in FIG. 311 as a function of the 
delay misalignment A's betWeen the incoming code and the 
local punctual code (PO). FIG. 3a corresponds to the case 
Where no multipath signals are present. When AI is positive, 
the local punctual code is late With respect to the incoming 
code, and the early correlation (I_1) is higher than the late 
correlation (In) The opposite occurs When AI is negative. 
As can be expected, the correlation betWeen the punctual 
and the incoming code (IO) reaches its peak When they are 
aligned, i.e. When A'FO. 
The role of the DLL 4 is to keep the punctual code PO 

aligned With the incoming code. It is apparent from the FIG. 
311 that this is achieved if the tWo side correlations I_l and 
I+1 are equal. Therefore, the DLL is designed such that it 
adapts the frequency of the local code in such a Way that the 
equality I_l:I+1 is veri?ed. As long as the DLL succeeds in 
doing that, the punctual code PO is locked on the incoming 
signal. 

This implementation gives the correct tracking point in 
absence of multipath. HoWever, When multipath is present, 
the correlations represented in FIG. 311 do not apply any 
more. The I0, I_ 1 and I+1 correlation values are the sum of the 
correlation of the local code With the incoming line-of-sight 
signal and of the correlation of the local code With the 
incoming multipath signal. The result is that the correlation 
pro?le is distorted. FIG. 3b illustrates the distortion of the 
correlation functions in the case of the presence of one 
multipath signal having a delay of 60 m, and a fourth of the 
poWer of the direct signal, and being in phase With the 
incoming signal. 

It can be seen that the tracking point, de?ned by the 
equality I+l:I_l, is no longer positioned at A'FO. This means 
that the DLL is not able to correctly align the punctual code 
and the incoming code. There is a tracking error, Which in 
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FIG. 3b is around 0.1 chips, or 30 meters. This tracking error 
directly translates into an equivalent range error. 

The early-late spacing has a large in?uence on the sen 
sitivity of the DLL to multipath signals. For example, the 
envelope noted “Narrow spacing” (curve 101) in FIG. 1 
corresponds to a spacing of d:0.1 chips. The amplitude of 
the horiZontal parts of the error envelope 101 in FIG. 1 is 
proportional to d. 

The state-of-the-art techniques to reduce the range errors 
caused by multipath rely on a modi?cation of the DLL so 
that the deviation of the tracking point With respect to the 
APO condition is kept as small as possible in presence of 
multipath. As discussed above, many prior art techniques are 
based on a reduction and/or a dynamic adjustment of early 
late spacing d, in order to mitigate multipath errors. Others 
employ elaborate calculation techniques. 

The present invention uses a different approach, based on 
a knoWn fact, namely that the signal amplitude measurement 
(or equivalently the carrier-to-noise ratio measurement) 
reported by a receiver is highly correlated With the range 
error caused by multipath. This is disclosed in the document 
“Multipath Mitigation, Bene?ts from Using the Signal-to 
Noise Ratio”, J. M. SleeWaegen, Proceedings of the ION 
GPS-97 Meeting, pp. 531*540, 1997. One of the key prop 
erties of the signal amplitude measurement is that it is most 
sensitive to short multipath delays. The present invention 
makes use of this property to derive a multipath error 
estimator that is operating even for short multipath delays. 

In the invention, a conventional narroW spacing DLL is 
used for the tracking, i.e. a DLL With a loW early-late 
spacing, for example d:1/1s of a chip length. Tracking is thus 
performed in the classic Way, i.e. by keeping the early and 
late correlation values equal to each other (see FIG. 3b). At 
least one additional correlation value is calculated, based on 
at least one additional replica of the PRN code, shifted in 
time With respect to the punctual, early and late versions. 
The multipath errors are estimated a posteriori by an inde 
pendent multipath estimator module, on the basis of a 
prede?ned formula, comprising at least the correlation value 
betWeen the incoming signal and said at least one additional 
PRN code replica. The method of the invention yields a 
minimum impact on the tracking process, and alloWs to 
easily turn on or off the multipath estimation process, 
Without modifying the tracking process. 

FIG. 4 illustrates the method of the invention, and shoWs 
equally the characteristic building blocks that need to be 
present in a receiver according to the invention. In the 
conventional implementation shoWn in FIG. 2, the correla 
tion peak is measured at three different points, by providing 
an early, late and punctual version of the code. In the 
proposed invention, the correlation peak is measured With 
respect to the same three versions of the code, and in 
addition to at least one more version, shifted in time With 
respect to the ?rst three. 

According to the general case presented in FIG. 4, 
M+N+1 correlation values are computed, namely M early 
versions (P_M, . . . , P_l), one punctual version (PO), and N 

late versions (PH, . . . , P+N). This is done by using a delay 
line 20 having M+N+1 taps, commanded by a delay line 
clock 21 and generating M+N+1 versions of the local code. 
The delay betWeen the taps is still noted d/2, and the delay 
betWeen tap i and tap 0 is id/2 (iI-M, . . . , +N). 
As in the prior art receiver, a carrier generator 2 and code 

generator 3 are used, and a plurality of mixers 7 and 
accumulators 8. All these elements in themselves are iden 
tical to the ones used in the prior art receivers. For the 
tracking, a conventional DLL discriminator and ?lter 10 is 
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10 
used, to perform tracking in the classic Way, namely based 
on one early (P_l), one punctual (PO) and one late PRN 
version (PH). Independently, all the M+N+1 correlation 
values (I_M, . . . , I+N) are fed into the multipath estimator 

module 23 at each calculation of the range. This module 
derives M+N+1 independent estimates of the signal ampli 
tude by scaling each of the M+N+1 correlation values by 
1/(1-lild/2), i:(—M, . . . ,N). When multipath is present, each 
of these signal amplitude estimates exhibits an error Which 
is highly correlated With the range error, although it is 
different for each estimate. The invention lies in taking 
advantage of these differences to build a multipath range 
error estimator. More speci?cally, it Will be shoWn that an 
appropriate linear combination of the M+N+1 signal ampli 
tude estimates, normalized by the punctual correlation value 
IO closely matches the ranging error due to multipath. In 
other Words, the range error due to multipath may be closely 
approximated by the folloWing formula: 

This estimation of the multipath error MP is characteristic to 
the invention. The coef?cients (xi are constant. They are 
computed only once, during the design of the receiver. After 
the calculation according to the prede?ned formula, the 
noise on the estimation (MP) is ?ltered out by a loW pass 
?lter 24. The result is then subtracted from the range derived 
from the early-late tracking by the DLL, resulting in largely 
removing the multipath error from the range measurement. 

This prede?ned formula alloWs a very fast estimation of 
the multipath error, compared to existing techniques, in 
particular compared to the technique presented in Us. Pat. 
No. 5,414,729 Wherein the multipath error is found at each 
ranging step, by solving a system of equations. In the 
method of the invention, no estimation is made of multipath 
parameters such as delay, phase and amplitude. Only the 
multipath error itself is estimated. 
The coef?cients (xi are obtained by a calculation described 

in hereafter. Multipath range errors and M+N+1 correlation 
values are simulated for a prede?ned signal-to-multipath 
amplitude ratio (SMR), and for different values of multipath 
delays. Formulas to perform this computation are Well 
documented, for instance in the document “Multipath Miti 
gation, Bene?ts from Using the Signal-to-Noise Ratio”, J. 
M. SleeWaegen, Proceedings of the ION GPS-97 Meeting, 
pp. 531*540, 1997. This simulation can be easily performed 
using a knoWn calculation softWare such as Matlab. 
The (xi’s are found by equating the ‘knoWn’ simulated 

multipath range error (expressed in code chips) to a linear 
combination of the normalized correlation values. The coef 
?cients (xi then become unknoWns in a system of equations. 
It is also possible to set one or more (xi’s to Zero, thereby 
excluding the corresponding correlation(s) from the linear 
combination. At least tWo (xi values hoWever must not be put 
to Zero. 

According to the preferred embodiment, the (xi coeffi 
cients are computed using the folloWing method: The mul 
tipath error pro?le is simulated for one particular value of 
the signal-to-multipath amplitude ratio (SMR), for example 
10, and for the Worst case conditions Where multipath is in 
phase With the direct signal, and 180 degrees out of phase. 

To cover the Whole range of multipath delays, it is 
suf?cient to sample the multipath pro?le at a given number 
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of D points linearly equally spaced at multipath delays 
between for example 0 and 1.2 chips. When D:50, this 
yields 100 samples of the multipath pro?le: 50 for the 
in-phase case, and 50 for the out-of-phase case. This is 
shown in FIG. 5: curve 25 is de?ned by the samples 26. 

Let y be the vector of 100 multipath error samples. For all 
the corresponding 100 multipath conditions, the correlation 
values at taps i (i:—M..N) are computed, and normaliZed by 
the factor 1/IO/(1—|i|d/2). This yields M+N+1 vectors of 100 
normaliZed correlation values, noted cj (j:1..M+N+1). Let 
C:[cl c2 . . . cM+N+l] be the matrix [l00><(M+N+l)] of 
correlation samples. 

The (xi coefficients are chosen to best ?t the vector of 
multipath estimates 

MP = 

j: ...N 

to the vector of multipath samples y. 

In other Words, the coef?cients (xi are the solution of the 
system C(Fy. As 0t is overdeterrnined by this set of equa 
tions, given that N+M+1 is normally smaller than 100, the 
solution is obtained by an optimiZation technique, preferably 
a least-squares optimiZation. By removing one or more 
columns from the C matrix, it is possible to exclude one or 
more correlations from the linear combination, or equiva 
lently to set the corresponding (xi coef?cient to Zero. 

The curve 27 in the FIG. 5 represents an example of the 
vector MP after least-squares ?tting to the multipath samples 
of curve 25. The residual error is shoWn as curve 28. This is 
the remaining error after application of the invention. In the 
above description, the values of M and N and the dimension 
of the vector y can be chosen. The larger these values, the 
more accurate Will be the curve ?t. 

The optimisation of the (xi coe?icients has been performed 
for a particular value of the SMR, e. g. 10. The invention lies 
in the ?nding that computing (xi for other values of SMR 
yields very similar values. In other Words, the (xi coe?icients 
dilfer little for a Wide-range of SMR. This is essential to the 
invention as it is impossible to predict the SMR Without 
concrete knowledge of the re?ecting obstacles. 

For instance, taking the example of MIO, N:3 and d:1/15, 
the ot coef?cients are shoWn in the folloWing table for 
different values of the SMR ranging from 10 to 100. It is 
assumed that this range of SMR is the most prevailing in a 
real-life multipath environment: 

SMR O10 O11 O12 013 

100.0000 0.0207 —0.6541 0.6618 —0.0283 
77.4264 0.0196 —0.6523 0.6606 —0.0280 
59.9484 0.0182 —0.6498 0.6591 —0.0275 
46.4159 0.0164 —0.6466 0.6571 —0.0269 
35.9381 0.0140 —0.6423 0.6544 —0.0261 
27.8256 0.0110 —0.6367 0.6507 —0.0249 
21.5443 0.0069 —0.6292 0.6456 —0.0233 
16.6810 0.0017 —0.6191 0.6386 —0.0211 
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-continued 

SMR O10 O11 O12 O13 

12.9155 —0.0054 —O.6042 0.6264 —0.0168 
10.0000 —0.0147 —0.5836 0.6089 —0.0104 

The table shoWs that the absolute variation of the (xi’s over 
the selected SMR range is small. 

To be speci?c, the folloWing linear combination is 
obtained for MIO, N:3, d:1/1s, and based on a SMR of 10: 

1+2 1 1+3 1 
0.60 __-0.01_— 

+ 910 1-d 10 1-3d/2 10 1-d/2 

The case of MIO is equivalent With the situation Wherein 
M:1 and 0L1 is set to Zero. In a receiver of the invention, 
there Will alWays be at least one early correlator, one late 
correlator and one punctual correlator (and at least one 
additional correlator), so that M and N are at least equal to 
one, When indicating the number of physical early and late 
correlators in the receiver. The fact that one or more of the 
(xi values may be set to Zero hoWever alloWs in the calcu 
lation of the range error, to disregard one or more correlation 
values, in this case I_l, so that MIO for the purpose of 
calculating MP. 

FIGS. 6a and 6b compare the ranging error due to 
multipath and the estimation of it from the above formula, 
as a function of the multipath delay, for tWo different 
multipath signal amplitudes: 10 and 100 respectively. In 
FIGS. 6a and 6b, the upper curve corresponds to a multipath 
component arriving in-phase With the line-of-sight compo 
nent, the loWer curve correspond to a 1800 phase shift. It is 
apparent that the multipath estimate (curves 30) given by the 
linear combination given above for MIO and N:3, closely 
matches the range error (curves 31), even for very short 
multipath delays. The curves 32 shoW the residual range 
error. The (xi coef?cients in the above formula have been 
optimised to best approximate the error from multipath 
having an SMR of 10 (case of FIG. 6a). HoWever, the same 
set of coefficients provides a pretty good approximation of 
the error for other multipath amplitudes (see FIG. 6b, 
signal-to-multipath amplitude ratio:100). 
We can therefore summariZe the inventive effect of the 

invention as folloWs: 

the calculation of the (xi coef?cients is insensitive to the 
SMR value chosen for this calculation. In other Words, 
Whether the calculation is based on a SMR of 10 or 100, 
the (xi values do not change much. 

With a given set of a (xi values, calculated on the basis of a 
particular SMR (eg 10), it is possible to estimate mul 
tipath errors of a Wide range of multipath signals, i.e. 
signals having a Wide range of the SMR. 

This alloWs to conclude that the (xi values can be calculated 
once during the design of the receiver, based on one SMR 
value, Within the realistic range. An acceptable estimation of 
range errors due to multipath of different SMR, Will be 
possible using this ONE ?xed formula. 
The invention is equally related to a receiver, comprising 

a multipath estimator Which calculates the range error based 
on the linear combination With ?xed (xi values as disclosed 
above. 
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The design parameters that have to be optimised in the 
design of the receiver are the number of correlators and (xi 
coef?cients, M+N+l. They result from a trade-off betWeen 
receiver complexity, accuracy of the multipath error estima 
tion, and noise on the estimation. Generally speaking, using 
more correlators (needing to increase the number of taps of 
the delay line) results in being able to better estimate the 
multipath error, at the expense of receiver complexity, and 
noise. 

As a result, a receiver according to the invention comprises 
a plurality of channels, each channel being able to detect and 
lock onto a different PRN encoded signal (from a different 
satellite). Each channel comprises the elements shoWn in 
FIG. 4: a carrier generator 2, carrier signal mixer 9, delay 
line 20 and delay line clock 21, local code generator 3, the 
mixers 7 and accumulators 8 for all PRN versions 
P_M, . . . , P+N, as Well as a DLL discriminator and ?lter 10, 

designed for ‘narroW spacing’ type tracking (d<l chip). The 
discriminator and ?lter may be softWare based applications, 
producing command signals to be used as inputs for the local 
PRN code generator 3. Areceiver according to the invention 
is characterised by the presence of the multipath estimator 
module 23 and the loW pass ?lter 24, Wherein the multipath 
estimator is a means for estimating the multipath ranging 
error on the basis of a linear combination With prede?ned 
?xed (xi coe?icients. It is to be understood that these coef 
?cients are preferably obtained during the design of the 
receiver by the calculation described above. HoWever, small 
deviations from the optimiZed values of (xi Will still yield 
good results. This multipath estimator module can be a 
softWare application, that performs the action of calculating 
the estimated multipath error on the basis of the correlation 
values (I_M, . . . , I+N) and the above formula. The estimator 

may equally be performed in hardWare, such as a semicon 
ductor chip. Also the ?lter 24 may be a softWare application 
or a hardWare application. 

The invention is equally related to the method per se, 
already described, of calculating the (xi-values on the basis 
of a simulated signal. 

DESCRIPTION OF A PREFERRED 
EMBODIMENT OF THE INVENTION 

Simulations have shoWn that a good compromise betWeen 
accuracy of the multipath error estimation and noise on the 
estimation can be achieved by using only one additional 
correlator, at position +2 in the delay line (MIl, N:2), i.e. 
based on a version of the PRN code that is delayed over a 
time equal to d With respect to the punctual version. The 
preferred design is represented in FIG. 6. The components 
printed in bold are the additional components With respect to 
the conventional receiver. The multipath estimator 23 of 
FIG. 7 computes the folloWing function of its inputs: 

MP: -0.42-[1- __ 
0 

The coef?cient —0.42 is the result of the optimisation of the 
(xi parameters described above so that the resulting multipath 
estimation best ?ts the actual multipath error in the least 
squares sense, for a SMR of 10. In the preferred design, the 
parameter d is set to 1/is. The values (X_l and 0t+l have been 
set to Zero in the calculation to obtain the above formula. 
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14 
The estimation is then fed to a loW pass ?lter 24. In the 

preferred design, the loW pass ?lter has a noise equivalent 
bandWidth B” of 0.1 to 1 Hz. 

FIG. 8 presents a comparison betWeen the multipath 
envelopes obtained using a conventional DLL With a narroW 
spacing of d:1/1s chips (curve 101), the techniques repre 
senting the closest prior art (curve 102) and the proposed 
neW technique (curve 103). The curves are relative to a 
signal-to-multipath amplitude ratio of 10. It can be seen that 
the proposed technique yields the best results for multipath 
delays shorter than about 20 m. Although the existing 
techniques perform better for medium to large multipath 
delays, the neW technique yields better results in real life 
situations because most of the multipath signals fall in the 
short delay region. 

Also, contrary to prior art techniques, the multipath 
estimation is ?ltered independently from the range measure 
ment in the loW-pass ?lter 24, alloWing to use a loW noise 
equivalent bandWidth B”, and hence to keep the noise on the 
estimate loW. This makes sense because multipath errors 
typically only contain very loW frequency components. As 
an illustration, it can be demonstrated that the standard 
deviation of the noise on the preferred multipath error 
estimator is given by: 

Where KCI293 m for the GPS C/A-code. As an example, OM], 
is only 0.1 m for d:1/1s, Bn:0.l HZ and a nominal C/NO of 
45 dB-HZ. 

Finally, some real measurement results are shoWn in FIG. 
9, Which is shoWing pieces of real multipath signals 
observed during a one-day long experiment. The curve 40 
shoWs the error affecting the narroW correlator tracking, and 
the estimation through the method of the invention, is shoWn 
by curve 41. The corrected measurement is shoWn by curve 
42. Curve 43 shoWs the corrected measurement from a 
receiver using the strobe correlator technique disclosed in 
Us. Pat. 593,367. Curve 43 is draWn underneath curve 42, 
but should actually be superimposed onto curve 42. The 
present Way of draWing the curves alloWs to compare the 
shape of curves 42 and 43. From this comparison, it is 
apparent that the curve 42 (invention method) deviates much 
less from the horiZontal than curve 43. This means that the 
average range error is smaller using the invention method. 
FIG. 9 illustrates a typical case Where long-period multipath 
occurs, Which are often associated With short delays. This is 
exactly the case Wherein the present invention delivers 
improved results. 
A complete analysis of the 24-hour data demonstrated that 

the method of the invention achieved a reduction of the 
multipath error by 20% With respect to the narroW-correlator 
technique, and 5% With respect to the strobe correlator. 

The invention claimed is: 
1. A method for processing at least one signal sent by a 

transmitter, said signal preferably being used for measuring 
the range, ie the distance betWeen said transmitter and a 
receiver, said signal comprising a carrier signal modulated 
by a pseudo random noise (PRN) code, said method com 
prising the steps of: 

mixing said signal With a replica of the carrier signal, to 
acquire a baseband signal, said baseband signal repre 
senting said PRN code, 
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multiplying said baseband signal respectively With 
M+N+l PRN code replicas (P_M, . . . , P+N), comprising 

one punctual replica (PO), M early replicas, and N late 
replicas, said replicas being shifted in time With respect 
to each other, the value M+N+l being at least equal to 
four, 

calculating the M+N+l correlation values (I_M, . . . , LN) 

of said baseband signal With respect to each of said 
M+N+l PRN code replicas, 

calculating from said M+N+l correlation values 
(I_M, . . . , LN), an estimate of the multipath error, said 

calculation being based on a prede?ned formula, said 
formula equating said multipath error to a prede?ned 
linear combination of said M+N+l correlation values 
(I_M, . . . , LN), each of said values being normaliZed 

by the correlation value 10 of said punctual replica PO. 
2. Amethod according to claim 1, comprising the steps of: 
mixing said signal With a replica of the carrier signal, to 

acquire a baseband signal, representing said PRN code, 
multiplying said baseband signal respectively With three 

equally spaced replicas (PO, P_l, PH) of said PRN code, 
namely an early (P_1), punctual (PO) and late (PH) 
replica, With a given early-late spacing (d), 

multiplying said baseband signal With at least one addi 
tional replica of said PRN code, said additional replica 
being shifted in time relative to said early, late and 
punctual replicas, so that in total M+N+l code replicas 
are used, M+N+l being at least equal to four, 

calculating the M+N+l correlation values (I_M, . . . , LN) 

of said baseband signal With respect to each of the 
M+N+lPRN code replicas, 

locking the punctual code (PO) to the baseband signal by 
keeping the tWo correlation values (l_l, 1+1) betWeen 
said baseband signal and said early and late replicas 
(P_ 1, PH) equal to each other, 

calculating the range by multiplying the delay of the 
punctual code (PO) by the speed of light, 

calculating from said M+N+l correlation values 
(I_M, . . . , LN), an estimate of the multipath error, said 

calculation being based on said prede?ned formula, 
?ltering said estimate of the multipath error and subtract 

ing said estimate of the multipath error from said 
calculated range, yielding a corrected range value. 

3. A method according to claim 1, Wherein said linear 
combination is of the folloWing form: 

1 1; 
MP: 11;—— 

Wherein MP represents the multipath error, d represents the 
early-late spacing, 10 represents the correlation value of said 
punctual replica, I_M, . . . , I+N represent the correlation 

values, (xi represent M+N+l ?xed values. 
4. A method according to claim 3, Wherein every one of 

said M+N+l replicas is shifted over the same time delay 
With respect to the next and/or previous replica. 

5. The method according to claim 3, Wherein said (xi 
values are calculated according to the method comprising 
the steps of: 

simulating, for a ?xed signal-to-multipath amplitude ratio 
and for different multipath delays, the multipath range 
error and M+N+l correlation values, 

using said simulated range errors and correlation values to 
obtain a system of equations, each equation equating 
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the simulated multipath range error to a linear combi 
nation of the M+N+l correlation values, 

obtaining said (xi values by solving said system of equa 
tions. 

5 6. The method according to claim 5, Wherein all except 
tWo of said (xi values may be set to Zero. 

7. The method according to claim 6, Wherein said (xi 
values are calculated according to the method comprising 
the steps of: 

for a given signal-to-multipath amplitude ratio SMR and 
for a given number D at multipath delays, calculating 
the range error, for multipath in phase With a simulated 
line-of-sight signal and for multipath 180° out of phase 
With said simulated line-of-sight signal, thereby obtain 
ing a vector y comprising 2D range error values, 

calculating, for each of the 2D range errors, the M+N+l 
correlation values, and normalizing said correlation 
values by the correlation value 10 a of said punctual 
replica PO, to obtain a (2D><(M+N+l)) matrix C, 

calculating the (xi values by solving the system of equa 
tions y:C~0t, Wherein 0t is a vector comprising the 
M+N+l (x1 values. 

8. The method according to claim 7, Wherein the vector 0t 
is overdetermined by said system of equations and Wherein 
said vector 0t is obtained by an optimiZation technique. 

9. A method according to claim 3, Wherein tWo replicas 
are used in the estimation of the multipath error by setting 
(X_l and an, by setting (X_l and 0t+l equal to Zero, and 
Wherein the early-late spacing (d) is 1/15 of a chip length, and 
Wherein the second replica (P+2) is 1/15 of a chip length later 
than said punctual replica (PO), and Wherein said multipath 
error estimation (MP) is calculated as: 

15 

20 

25 

30 

35 MP=—0.42-[1———] 0 

10. A receiver for ranging applications, said receiver 
comprising a plurality of channels for detecting and locking 
onto a plurality of PRN encoded signals, each channel 
comprising: 

a delay line, comprising M+N+l taps, M+N+l being at 
least four, for obtaining M+N+l PRN codes, one of 
Which is a punctual code PO, one a ?rst early code P-l, 
and one a late code P+l, With an early-late spacing d 
betWeen the early and late code, 

M+N+l mixers and M+N+l accumulators to calculate 
M+N+l correlation values (I_M, . . . , LN), 

a multipath estimator module arranged to receive said 
M+N+l correlation values, and to calculate a multipath 
error estimate MP, according to a prede?ned linear 
combination of said M+N+l correlation values 
(I_M, . . . , LN), each of said values being normaliZed 

by the correlation value 10 of said punctual replica PO, 
a loW pass ?lter arranged to receive the multipath esti 

mation produced by the multipath estimator module. 
11. The receiver according to claim 10, Wherein said 

formula has the form: 

[:eM... 
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Wherein MP represents the multipath error, d represents the 
early-late spacing, 10 represents the correlation value of said 
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punctual replica, I_M, . . . , I+N represent the correlation 

values, (xi represent M+N+l ?xed values. 
12. The receiver according to claim 11, Wherein said (xi 

values are calculated by 
simulating the multipath range error and M+N+l corre 

lation values, for a ?xed signal-to-multipath amplitude 
ratio and for different multipath delays 

using said simulated range errors and correlation values to 
obtain a system of equations, each equation equating 
the simulated multipath range error to a linear combi 
nation of the M+N+l correlation values, 

obtaining said (xi values by solving said system of equa 
tions. 

13. The receiver according to claim 12, Wherein said (xi 
values are calculated by: 

for a given signal-to-multipath amplitude ratio SMR and 
for a given number D of multipath delays, calculating 
the range error, for multipath in phase With a simulated 
line-of-sight signal and for multipath 180° out of phase 
With said simulated line-of-sight signal, thereby obtain 
ing a vector y comprising 2D range error values, 

calculating, for each of the 2D range errors, the M+N+l 
correlation values, and normalizing said correlation 
values by the correlation value 10 of said punctual 
replica PO, to obtain a (2D><(M+N+l)) matrix C, 

calculating the (xi values by solving the system olf equa 
tions y:C~0t, Wherein 0t is a vector comprising the 
M+N+l (xi values. 

14. The receiver according to claim 13, Wherein the vector 
0t is overdetermined by said system of equations and 
Wherein said vector 0t is obtained by an optimization tech 
nique. 

15. The receiver according to claim 11, Wherein tWo 
replicas are used in the estimation of the multipath error by 
setting 0L1 and 0t+ 1, by setting 0L1 and 0t+l equal to zero, and 
Wherein the early-late spacing (d) is 1/15 of a chip length, and 
Wherein the second replica (PO) is 1/15 of a chip length later 
than said punctual replica (PO), and Wherein said multipath 
error estimation (MP) is calculated as 

16. The receiver according to claim 10, Wherein said 
multipath estimator module comprises software means for 
calculating the multipath error estimate on the basis of a 
prede?ned formula. 

17. The receiver according to claim 10, Wherein said 
multipath estimator module comprises hardWare means for 
calculating the multipath error estimate on the basis of a 
prede?ned formula. 

18 
18. A method for estimating a ranging error due to 

multipath in a receiver, the method comprising: 
providing a receiver including: 

a delay line, comprising M+N+l taps, M+N+l being at 
least four, for obtaining M+N+l PRN codes, one of 
Which is a punctual code PO, one an early code P_l, and 
one a late code PH, With an early-late spacing d 
betWeen the early and late code, 

M+N+l mixers and accumulators to calculate M+N+l 
correlation values (I_M, . . . , LN), 

a multipath estimator module to calculate a multipath 
error estimate (MP), according to the formula 

MP 1 I‘ 

_ (LEW N l 2 

20 Wherein MP represents the multipath error, d represents 
the early-late spacing, IO represents the correlation 
value of said punctual replica, I_M, . . . , l3O Nrepresent 
the correlation values, (xi represent M+N+l ?xed val 
ues; 

simulating the multipath range error and M+N+l corre 
lation values the multipath range error and M+N+l 
correlation values, for a ?xed signal-to-multipath 
amplitude ratio and for di?ferent multipath delays, 

using said simulated range errors and correlation values to 
obtain a system of equations, each equation equating 
the simulated multipath range error to a linear combi 
nation of the M+N+l correlation values, 

obtaining said (xi values by solving said system of equa 
35 tions. 

19. The method according to claim 18 comprising the 
steps of: 

for a given signal-to-multipath SMR and for a given 
number D of multipath delays, calculating the range 
error, for multipath in phase With a simulated line-of 
sight signal and for multipath 180° out of phase With 
said simulated line-of-sight signal, thereby obtaining a 
vector y comprising 2D range error values, 

40 

calculating, for each of the 2D range errors, the M+N+l 
correlation values, and normalizing said correlation 
values by the correlation value IO of said punctual 
replica PO, to obtain a (2D><(M+N+l)) matrix C, 

calculating the (xi values by solving the system of equa 
tions y:C~0t, Wherein 0t is a vector comprising the 

50 M+N+l (xi values. 


