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(57) ABSTRACT 

A computer assisted method for generating a representation 
of a three dimensional structure of a molecule is described. 
The invention recursively ?lters an a priori vector of struc 
tural parameters, representative of the three dimensional 
structure of the molecule, based upon experimental obser 
vations relating to the structural parameters. The invention 
produces a re?ned vector of structural parameters and an 
associated covariance matrix indicating the accuracy of the 
vector. The invention includes a set of non-linear functions 
Which implement a model relating the observations to the 
vector of structural parameters. The recursive steps of the 
method include a prediction step and an update step. During 
the prediction step, the non-linear model is analyzed by 
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METHOD FOR GENERATING A REFINED 
STRUCTURAL MODEL OF A MOLECULE 

RELATED APPLICATIONS 

This application is a divisional application of US. Ser. 
No. 08/872,608, ?led Jun. 10, 1997 now US. Pat. No. 
6,125,235. 

FEDERALLY SPONSORED RESEARCH 

This invention Was made With government support under 
Grant Number 2R44GM53363-02 aWarded by National 
Institute of Health, National Institute of General Medical 
Sciences. The government has certain rights in the inven 
tion. 

The US. Government has a paid-up license in this inven 
tion and the right in limited circumstances to require the 
patent oWner to license others on reasonable terms as 
provided for by the terms of Grant Number 2R44GM53363 
02 aWarded by National Institute of Health, National Insti 
tute of General Medical Sciences. 

BACKGROUND OF THE INVENTION 

The present invention relates to methods for determining 
and re?ning three dimensional structures of molecules, and 
more particularly a method for determining and re?ning 
three dimensional structures of molecules by non-linear 
recursive ?ltering of chemical information and structural 
observations. 

Accurate knoWledge of the three dimensional structure of 
macro-molecules is essential for modeling their biological 
functions and, thus, for structure-based drug design. Nuclear 
Magnetic Resonance (hereinafter referred to as NMR) tech 
nology makes it possible to measure quantitative character 
istics of macro-molecules in solution. At the same time, this 
poses neW challenges for the problem of converting the 
NMR data into a three dimensional structure. It is Well 
understood that the NMR data, for example, Nuclear Over 
hauser Effect (hereinafter referred to as NOE) intensities 
have a complicated nonlinear structure arising from 
multiple-spin-effect, Which is also knoWn as the spin diffu 
sion problem. Simpli?cation of that information by attempt 
ing to un-couple spins leads to loss of accuracy. Direct 
re?nement of the three dimensional structure by the NOE 
intensities poses, hoWever, signi?cant computational dif? 
culties for large molecules, even Within the current limit on 
the siZe of molecules accessible by NMR experiments. Also, 
the complexity of the measurement model is aggravated by 
various de?ciencies in data such as experimental noise, 
uncertainties in the assignments of proton resonances and 
uncertainties in relaxation parameters and contributions 
from dynamical effects. 

Traditionally, the problem of obtaining three dimensional 
structures from pre-processed experimental NMR data is 
divided into the distinct steps of determination and re?ne 
ment. During determination, an initial family of structures is 
generated that approximately satisfy covalent and experi 
mental restraints. Each member of the structural family is 
then re?ned against the experimental data to increase the 
?nal accuracy. This conceptual division is convenient due to 
the multiple-minima nature of a global functional represen 
tation of the optimiZation target for the entire structure. 
Historically, the algorithmic methods used during the deter 
mination step Were distinct from the methods used during 
the re?nement step. HoWever, the dividing line can be 
blurred if algorithms are able to systematically handle the 
multiple-minima problem. 
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2 
In NMR applications, the method of structure optimiZa 

tion is substantially de?ned by hoW the NMR data is treated. 
A signi?cant effort in determination and re?nement tech 
niques of the NMR structures is aimed at utiliZing more 
complete information from experimental NOE intensities. 
The results can be split into indirect and direct approaches. 
The indirect approach offers better interpretation of NOE 
intensities in terms of distances rather than the simplest 
classi?cation of distances attributed to strong, medium and 
Weak NOE peaks. The indirect approach is usually used at 
both determination and re?nement stages. Various methods 
offer Ways to smooth distances by triangle bound inequali 
ties or by more accurate, but computationally intensive, 
tetrangle inequalities. In the indirect approach, relaxation 
matrix calculations are also used to account for all magne 
tiZation transfers, also knoWn as spin diffusion, resulting in 
more accurate distance representations. The target distances 
can be iteratively modi?ed manually or automatically to 
match observed and calculated tWo dimensional NOE inten 
sities. Another approach is based on the back-transformation 
of the matrix of intensities to obtain the relaxation matrix 
and hence, the cross-relaxation rates. In practice the experi 
mental NOE matrix is incompletely knoWn due to overlap 
and missing assignments. This problem can be circumvented 
by iterative construction of a “hybrid” NOE matrix com 
prised of experimental and calculated intensities. Aproblem 
With indirect methods is the approximate nature of the 
distance “measurements” Which do not account properly for 
spin diffusion effects. 
The direct approach directly incorporates NOE intensities 

as experimental constraints in poWerful restrained dynamics 
simulations. This approach does not require the complete 
NOE matrix and provides signi?cant improvement in accu 
racy due to direct accounting for spin diffusion effects. The 
main problem With the direct approach is that computing the 
gradient of the experimental potential, ie the gradient of 
each NOE intensity is very computationally intensive and 
needs to be done for each member of the structural family 
generated during the determination step, and for each time 
step in the restrained dynamics simulation. 
Modern estimation techniques such as Kalman ?lters can 

be considered as alternative and supplementary to traditional 
global optimiZation techniques used for structural determi 
nation and re?nement. The Double-Iterated Kalman Filter 
(hereinafter referred to as DIKF) Was implemented to gen 
erate a protein structure from distances derived from NOE 
data, With geometrical restraints being interpreted as addi 
tional data. This approach enables both structure determi 
nation and a de?nitive estimate of its uncertainty and thus 
provides signi?cant additional knoWledge and insight on 
those regions of the protein Which correspond to non-unique 
conformations. 
Kalman ?lter techniques provide important neW features 

for interpreting the quality of a determined molecular struc 
ture. HoWever, since the Kalman ?lter is an optimal, recur 
sive ?lter based on the lineariZation of measurement non 
linearities, a signi?cant amount of information is lost When 
the ?lter is applied to complicated, nonlinear structures such 
as NOE intensities. In addition, large matrix data structures 
are required Whose straightforWard manipulation severely 
limit the computational ef?ciency of these techniques When 
applied to large macro-molecules. Consequently, Kalman 
?lters, including the DIKF, do not signi?cantly improve the 
ef?ciency of determination and re?nement algorithms of 
prior art systems, in terms of solving the multiple-minima 
problem. 

There is a need for an improved method of determining 
and re?ning a three dimensional molecular structure, Which 
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utilizes non-linear processing techniques to solve the 
multiple-minima problem and Which is computationally 
ef?cient. 

It is therefore an object of the invention to provide an 
improved method of determining and re?ning a three dimen 
sional molecular structure, Which utiliZes non-linear pro 
cessing techniques to solve the multiple-minima problem in 
a computationally efficient manner. 

Other objects and advantages of the present invention Will 
become apparent upon consideration of the appended draW 
ings and description thereof. 

SUMMARY OF THE INVENTION 

The foregoing and other objects are achieved by the 
invention Which in one aspect comprises a computer assisted 
method for generating a representation of the three dimen 
sional structure of a molecule. The representation is embod 
ied in an n dimensional vector X=(X1, X2, . . . Xn)T, Where 
n is an integer, and Xi is a structural parameter, for all i from 
1 to n. The set of structural parameters X1 through X” may 
include, but is not limited to, one or more of the folloWing 
classes of structural parameters, or a combination thereof: 
(1) three dimensional Cartesian coordinates (i.e., X, y and Z) 
for each of the N atoms; (2) three dimensional coordinates 
for each of the N atoms expressed in other suitable coordi 
nate systems, for example, internal coordinate space or 
dihedral angle space; (3) order parameters; (4) B-factors; 
and, (5) any other parameters that describe features of a 
molecular structure. The invention also generates a covari 
ance matrix PX Which represents the statistical uncertainty of 
the generated vector of structural parameters. 

The user of the invention provides as input a set, or sets, 
of observed data for the particular molecule under consid 
eration. This observed data may consist of, but is not limited 
to, one or more of the folloWing classes, or combinations 
thereof: (1) experimental NMR data, including COSY 
(Correlated Spectroscopy) data and NOESY (Nuclear Over 
hauser Effect Spectroscopy) data, also knoWn as NOE 
intensities; (2) experimental X-ray crystallography measure 
ments; (3) covalent information from molecular topology/ 
parameter data bases, e.g., bond lengths, bond angles, dihe 
dral angles; (4) interatomic distance measurements or 
estimates of such distances, derived from experimental data, 
homology considerations, or other source; and, (5) any other 
class of data that is relatable to structural characteristics of 
the molecule. In the most general case, the observed data 
input to the invention is signi?ed by Yk) jobs, With associated 
noise 11k) 1-. The k index corresponds to different sets of 
observations as a function of time, for times k=1 through K. 
The j index corresponds to each component of the one or 
more classes of observed data identi?ed above, for all 
components j=1 through J. Although the number of compo 
nents J may depend on the time index k, such dependency 
is omitted for simplicity and Without loss of generality. In 
most applications of the invention for molecular structure 
determination, only one time set Will be available, and hence 
the input observed data Will be a single vector composed of 
components from one or more of the classes identi?ed 
above, Y1) jobs for all components j=1 through J. In cases 
Where time sequenced measurements are available, the input 
observed data Will be a matrix, Yk) jobs, for all k=1 to K and 
for all j=1 to J. In this more general case, the invention 
employs a propagation model to step from one time state k 
to the next. 

The invention utiliZes an analytical model g(X), Which 
relates the observed data, Y, to the structural parameters, X. 
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4 
Thus, YC“lC(X)=g(X), Where YC“lC(X) is the set of 
theoretical, i.e., modeled, observed data, as compared to the 
actual observed data Yk) jobs. The analytical model, g(X), 
Which consists of mathematical expressions that relate each 
component of each class of observed data to one or more of 
the structural parameters X, may include, but is not limited 
to: (1) NMR measurements, i.e., NOE intensities, in terms of 
interatomic distances and the atomic coordinates; (2) X-ray 
crystallography measurements in terms of the atomic coor 
dinates; (3) bond or non-bond distances betWeen tWo atoms 
in terms of atomic coordinates; (4) bond angles and dihedral 
angles in terms of atomic coordinates; and, (5) mathematical 
relationships for any other class of observed data in terms of 
the appropriate structural parameters. The speci?c nature of 
the analytical model relating the observed data Y to the 
structural parameters X does not matter to the invention, as 
long as such a relationship exists and can be reduced to 
algorithmic form. In one aspect, for ease of use, the inven 
tion contains the analytic models for categories 1 through 4 
above. In another aspect, the invention provides the means 
for the user to specify the analytic model algorithm relating 
arbitrary observed data to the corresponding structural 
parameters. 

The user provides an initial state of the vector of structural 
parameters, X. The invention uses this initial state to start the 
nonlinear recursive ?lter (hereinafter referred to as NRF), 
Which recursively processes each observed data element Yk) 
jobs from the k”1 observation set, for all j=1 to J. For each 

obs observed data element Yk) ] , the NRF recursive step 
consists of a prediction step, folloWed by an update step. 
Outputs of the prediction step are denoted With a A 
superscript, for example X, and outputs of the update step 
are denoted With a * superscript, for example X*, When it is 
necessary to distinguish betWeen the tWo. During the pre 
diction step for the j”1 element, the invention uses the vector 
of structural parameters, X*[k, j-l], and the associated 
covariance PX*[k, j-l], from the previous (j—1)’h element 
processing, and the analytic model, g(X), to compute neW 
calculated observed data, Ykk jC“lC(X*[k, j—1]), and associ 
ated covariances Py[k, j]and PXY[k, The update step then 
computes the difference betWeen Yk) jC“lC(X[k, (Where 
X[k, j]=X*[k, j-l] is the trivial structural parameter vector 
prediction step) and Yk) jobs and uses the difference in 
conjunction With the covariance information PY[k, and 
lam/[lg to generate a neW vector of structural parameters 
X*[k, j], and associated covariance, PX*[k, In this manner, 
the non-linearities contained in the analytic model are iso 
lated in the prediction step, Where they can be handled 
accurately and ef?ciently. The ?ltering process continues 
recursively for all elements of the observed data from j=1 to 
J, and if there are time varying observations, from k=1 to K. 
At the completion of the recursive ?ltering, the ?nal gen 
erated vector of structural parameters, X*[K, J], represents 
the best estimate of the three dimensional structure of the 
molecule consistent With the input observed data, Y, asso 
ciated uncertainties, 11, and the analytic model, 
The covariance-based formulation of the NRF is an 

important aspect of the invention. First, the covariance, PX* 
provides a direct estimate of the uncertainty in the generated 
structural parameters. Second, it provides the memory 
mechanism from one recursive step to the next in the NRF. 
More generally, this memory mechanism enables the ability 
to restart, or further re?ne, a given molecular structure in 
response to neW observed data Without Wasting the effort 
expended during the initial re?nement. 
The mathematical operations required for processing the 

covariance matrices in the NRF increase as the number of 
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structural parameters for the molecule increase. One aspect 
of the invention called the Re?nement Wave (hereinafter 
referred to as RW), takes advantage of the sparse nature of 
the covariance matrix, and manages the NRF processing in 
order that the mathematical operations and required com 
puter memory do not become prohibitive for large molecule 
applications. To accomplish this, the invention operates on 
only a small fragment, the active fragment, of the covariance 
matrix at any one point during NRF processing. The RW 
utiliZes a multi-level criterion to identify and select the 
appropriate active fragment of the covariance matrix for 
processing at each step of the NRF recursion. In one 
embodiment of the invention, a ?rst level criterion can 
exclude portions of the covariance matrix corresponding to 
those pairs of atoms Which cannot be closer than a speci?ed 
cutoff (e.g., 10 A), given the initial structure and its a priori 
uncertainties. A second level criterion can identify non 
essential covariances from the magnitudes of correlations 
evidenced in the mutual covariance PXY, and excludes all 
loW magnitude elements from subsequent mathematical 
operations. Additional levels in the criterion can manage 
active/passive memory exchanges. 

These aspects of the RW element of the invention enable 
an important asymptotic property, in that the computational 
time scales as n, Where n is the number of structural 
parameters, as opposed to n2 or greater for most prior art 
methods. In addition, since the RW only requires a relatively 
small portion of the covariance matrix in active memory at 
one point during the processing, the invention can be 
applied, in principle, to a molecule of any siZe using only 
moderate computer memory and speed resources. 

BRIEF DESCRIPTION OF DRAWINGS 

The foregoing and other objects of this invention, the 
various features thereof, as Well as the invention itself, may 
be more fully understood from the folloWing description, 
When read together With the accompanying draWings in 
Which: 

FIG. 1 shoWs exemplary steps of a computer 
implemented method of generating a representation of the 
three dimensional structure of a molecule; 

FIG. 2 shoWs exemplary substeps of non-linear recursive 
?ltering step of FIG. 1; 

FIG. 3. shoWs a four atom, tWo dimensional example of 
the prior art resolution of a multiple local minima problem; 

FIG. 4 shoWs a four atom, tWo dimensional example of 
the invention resolution of a multiple local minima problem; 

FIG. 5 shoWs a representation of the three dimensional 
structure of a molecule partially through the re?nement 
Wave processing; 

FIG. 6 shoWs a representation of the three dimensional 
structure of a molecule completely through the re?nement 
Wave processing. 

DETAILED DESCRIPTION OF THE 
INVENTION 

The present invention is a computer system for generating 
a representation of the three dimensional structure of a 
molecule. An embodiment of the invention is shoWn in FIG. 
1. In that ?gure, a user operates a programmed digital 
computer 100 Which initiates and controls operation of the 
invention, via user interface 102. The invention also 
includes a vector initialiZation module 104 Which establishes 
and initialiZes the vector of structural parameters, an ana 
lytical model 106, a non-linear recursive ?lter 108 which 
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6 
receives a set of observed parameters 109 and the vector of 
structural parameters to produce a re?ned representation of 
a molecule 110, and an analysis and display module 112 to 
analyZe and display the re?ned representation of the three 
dimensional structure of a molecule. 
The detailed substeps necessary to implement the non 

linear recursive ?lter 108 are shoWn in FIG. 2. As described 
more completely beloW, the prediction betWeen-time-points 
substep 120 receives the most recent vector of structural 
parameters, either the initial vector or the vector generated 
from the previous iteration of the recursive ?lter and its 
corresponding covariance matrix, and models the time evo 
lution of the vector of structural parameters. The prediction 
betWeen-measurements substep 122 receives the time 
evolved vector of structural parameters and its 
corresponding covariance matrix, and produces a prediction, 
X[k, j], of the next state of the vector of structural param 
eters and its corresponding covariance matrix, FX[k, j], a 
prediction, Yk) jC“lC(X[k, of the next state of the analytical 
model, and the corresponding covariance matrix PY[k, j], 
and a covariance matrix lam/[lg corresponding to a corre 
lation of X[k, and Yk) j-calc. The linear combination substep 
124 receives the output of the prediction-betWeen 
measurements substep 122 along With observed parameters 
Yk) jobs and the statistical variance Em _ of the observation 
noise 1] for the j”1 observed parameter at time instant k, and 
generates a neW state of the vector of structural parameters 
X*[k, and the corresponding covariance matrix PX*[k, j], 
based upon a linear combination of the inputs. 

The objective of one embodiment of the invention is to 
generate X*, an optimal estimate of the vector of structural 
parameters X, Which matches the observed parameters Yobs 
in the best Way, given conditions such as the analytical 
model of Yobs, Ycalc, and the observation noise, 1]. In other 
embodiments of the invention, the optimal estimate of the 
vector of structural parameters may also depend upon an 
analytical model of the time evolution of the vector X. The 
vector of structural parameters X includes a set of structural 
parameters X, for all i from one to n, Where n is an integer. 
Each of the structural parameters Xi contributes to de?ning 
the three dimensional structure of the molecule. In one form 
of the invention, the structural parameters Xi represent the 
Cartesian coordinates of the constituent atoms of the mol 
ecule. Each of the observed parameters Yk) jobs (Where Yk) 
91” represents the j”1 parameter observed at time k) can be 
expressed as a function of the structural parameters of tWo 
or more atoms, thus forming a model, YC“lC(X)=g(X). For 
example, in the form of the invention for Which the vector 
of structural parameters X represents the Cartesian coordi 
nates of all of the atoms of the molecule, a particular 
observed parameter Yk) jobs may be the distance betWeen tWo 
atoms, measured using any one of several existing tech 
niques. If the Cartesian coordinates (x1, y1, Z1) of a ?rst atom 
are represented by the components X1, X2 and X3 of the 
vector X, respectively, and the Cartesian coordinates (x2, y2, 
Z2) of a second atom are represented by the components X4, 
X5 and X6 of the vector X, respectively, then the calculated 
distance betWeen the atoms expressed as a non-linear func 
tion of the elements of X (i.e., YC“lC(X)=g(X)) is: 

(1) 

In this example, the invention generates an optimal set of 
elements X1, X2, X3, X4, X5 and X6, Which minimiZes the 
difference betWeen the measured distance and the calculated 
distance. 
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There are many established approaches to resolving such 
an optimization problem. A standard approach is to seek to 
minimize a cost function J(X) With respect to X: 

(2) 

Where h(X) represents a priori knowledge of chemical 
information regarding the molecule, interpreted as 
constraints, restraints, or energy terms to be minimiZed, and 
the variables Wi are Weighting coefficients that convolve a 
set of experimental and chemical data into a scalar cost 
function. 

The challenges of the problem as formulated reside in the 
high dimensionality of atomistic models and in the highly 
non-linear nature of the functions forming the models. In 
large macro-molecules, the number of elements in the vector 
X can reach tens of thousands and more. These challenges 
not only impede the implementation of regular optimiZation 
methods, but they usually make them ineffective. For 
example, Well-knoWn optimiZation techniques, like the con 
jugate gradient method or the PoWell doWnhill method, 
provide only local solutions, since the re?nement process 
terminates in the nearest local minimum. To alloW for a 
broader exploration of the conformational space in Nuclear 
Magnetic Resonance (hereinafter referred to as NMR) 
re?nement, molecular dynamics With chemical h(X) and 
experimental |\YObS—YC“lC(X)|\ potentials provides a physi 
cally meaningful search trajectory that also asymptotically 
minimiZes Simulated Annealing (hereinafter referred 
to as SA) is a standard method used to escape local minima 
by using high temperatures and sloW cooling schedules. (see 
Clore, G. M., et al., Journal of Molecular Biology, 1986. 
191: p. 523, and Nilges, M., G. M. Clore, and A. M. 
Gronenborn, FEBS Letters, 1988. 229 p. 317.) 

Recursive ?ltering offers a conceptually different Way of 
?nding the global minimum, i.e., the optimal vector X*. The 
cost function J(X) is not a general function of n variables; it 
is the result of convolving a large amount of geometrical and 
experimental data into a scalar. This convolution produces a 
complex multiple local minima function, While the model 
for each individual term is usually a simple non-linear 
function With advantageous analytical properties (eg 
convexity). For example, bond lengths (as shoWn in the 
example above) and Nuclear Overhauser Effect (hereinafter 
referred to as NOE) distances are modeled by non-linear 
functions of coordinates attributed to tWo atoms. Also, NOE 
intensities are functions of the inter-proton distances Within 
a spherical cutoff of 4 A around the interacting proton pair. 
The foregoing information suggests that processing each 
elementary function separately Will lead to a simpler, more 
ef?cient solution. Recursive ?ltering enables a search tra 
jectory in the “informational space”, i.e. for a given time k, 
for each observation Yk) jobs, for all j from 1 to J, Where J is 
an integer representing the total number of observation 
parameters gathered at time k. This entails a recursive 
update of the structure after processing each observation 
such as experimental measurements, geometric constraints, 
and van der Waals forces. 

The theoretical roots of recursive ?ltering are in the 
Kalman ?lter approach, Which originated With Kalman and 
others in the 1960’s. (see Kalman, R. D., Journal ofBasic 
Engineering (ASME). 1960. 82D: p. 35, and JaZWinsky, A. 
H., Stochastic Processes and Filtering Theory. 1970, NeW 
York: Academic Press.) The Kalman ?lter is an optimal, 
recursive ?lter for linear systems With Gaussian uncertain 
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8 
ties. The Kalman ?lter recursively improves a set of param 
eters compatible With measurement data, given the obser 
vation model and statistical characteristics of the 
measurement noise. The set of structural parameters is 
characteriZed by a multidimensional Gaussian distribution 
(i.e., a Gaussian hyper-ellipsoid) Where the vector of math 
ematical expectations de?nes the average structure and the 
covariance matrix characteriZes associated uncertainties and 
defmies an ensemble of structures. In linear ?ltering prob 
lems there is no multiple local minima problem, so the 
Kalman ?lter Will provide the optimal estimate of X and the 
measure of its quality. But in non-linear problems, such as 
NIR structure determination and re?nement, this procedure 
Will be divergent in general. 

The Extended Kalman Filter (hereinafter referred to as 
EKF) Was developed to avoid divergence in non-linear 
applications. EKF performs adaptive lineariZation of non 
linearities in the vicinity of the current estimate. More 
sophisticated versions of the EKF, such as the Double 
Iterated Kalman ?lter (hereinafter referred to as DIKF) 
entail re-iteration in computing the sensitivity matrices for 
each single observation and, re-starting the entire ?ltering 
process from the re?ned estimates and initial a priori uncer 
tainties. The application of the DIKF for structure determi 
nation and re?nement (see Pachter, R., R. B. Altman, and O. 
JardetZky, Journal of Magnetic Resonance, 1990. 90; 
Pachter, R., R. B. Altman, and O. JardetZky, Journal of 
Magnetic Resonance, 1990. 89; Koehl, P., J. F. Lefevre, and 
O. JardetZky, Journal of Molecular Biology, 1992. 223: p. 
299—315; Del?ni, D., C. Nicolini, and E. A. Carrara, Journal 
of Computational Chemistry, 1996. 17: p. 74—86.) as Well as 
applications in the aerospace ?eld indicate that linear or 
lineariZed recursion may result in incorrect changes to the 
estimates in the case When the re?nement problem acquires 
signi?cant multiple local minima structure, due to the non 
linearity of the measurements. In this case, global optimi 
Zation might be a better solution. Indeed, studies (see 
Del?ni. D., C. Nicolini. and E. A. Carrara, Journal of 
Computational Chemistry, 1996. 17: p. 74—86.) demonstrate 
that a parallel version of the DIKF, Which processes all 
measurements at once, i.e., global least-squares 
optimiZation, performs better in some problems than 
sequential DIKF, Which processes measurements recur 
sively. In order to make the best use of recursion, it is 
necessary to retain as much as possible the non-linear 
character of the observations at each step. 
The non-linear recursive ?ltering approach consists of 

extending the vector of parameters X at each k”1 time 
moment and at each jth measurement during recursive 
?ltering, i.e., 

This forms the linear observation model: 

The non-linear recursive ?lter (hereinafter referred to as 
NRF) includes a prediction step and an update step at each 
single observation. These steps are realiZed recursively to 
process each single observation. Gaussian, Zero mean obser 
vation noise 11k) 1, With variance Em’ I, gives the problem a 
statistical nature. At the prediction step, betWeen tWo mea 
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surements signi?ed by indices j-1 and j and observed at time 
instant k, the NRF treats observation non-linearities through 
statistical analysis, for each block of the vector X2, as 
de?ned by the following ?ve equations: 

(7) 

(Xlk 11)] (9) 

The notation X[k, represents a prediction of the estimate 
of the vector X at time instant k, given measurements up to 
the index j-1, i.e., a prediction of the estimate of the vector 
X at the instant the measurement j is taken, but before the 
information from measurement j is processed. Equation (5) 
indicates that the prediction of the next state of the vector X 
is simply the previous state of X. Equation (6) indicates that 
the prediction of the covariance matrix associated With the 
predicted vector X[k, is the same as the covariance matrix 
associated With the vector X*[k, j-1], Which folloWs from 
the fact that X[k, equals X*[k, j-1], as asserted in equation 
(5). Equation (7) indicates that the prediction of the next 
state of the analytical model Yk) jC“lC=g(Xk) is the statistical 
expected value, expressed by the notation E[ ], of the 
analytical model operating on the vector X, assuming the 
statistical characteristics of the vector X up to the moment 
When the (j—1)’h measurement Was processed. Equation (8) 
indicates that the prediction of the next state of the variance 
associated With the analytical model is the mathematical 
covariance matrix operation, expressed by the notation Cov[ 
], performed on the analytical model operating on the vector 
X, assuming the statistical characteristics of the vector X up 
to the moment When the (j-1 )‘h measurement Was pro 
cessed. Equation (9) de?nes a covariance matrix relating to 
product terms of the vector X and the analytical model, 
assuming the statistical characteristics of the vector X up to 
the moment When the (j—1)’h measurement Was processed. 
The three covariance matrices PX, PY and PXY are the 
corresponding blocks (X, Y and XY) of the covariance 
matrix for the extended vector X2. 

At the update step, the NRF re?nes the prediction of X by 
the j”1 observation at the k”1 time moment: 

(10) 

(11) 

Y0‘? Dink, flat/[k1 J']- (12) 

The NRF has additional equations in the general case When 
the measurements are collected at different time moments k, 
Where k=1, 2, . . . , K, and the state vector X evolves betWeen 

the k”1 and (l<+1)?1 moments according to the non-linear 
dynamical stochastic equation: 
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Where fk( ) is an n-dimensional vector-function, and Q is an 
m-dimensional Gaussian random vector With the Zero mean 
and an associated covariance matrix E<g Which formaliZes the 
statistical character of the molecular motion. Note that in 
general, the vector-function fk( ) can be time-varying, as 
indicated by the subscript k. For simplicity, and Without loss 
of generality, the subscript k is hereinafter omitted. The 
prediction equations betWeen the time moments k and k+1 
are de?ned similarly to the prediction equations (7) and (8): 

(14) 

(15) 

Equation (14) indicates that the prediction for the evolution 
of the state vector X to the next time moment is the statistical 
expected value of the analytical model f( ) operating on the 
vector X. Equation (15) indicates that the prediction of the 
next state of the covariance matrix associated With the 
analytical model f( ) is the mathematical covariance matrix 
operation performed on the analytical model f( ) operating 
on the vector X. Note that both in equation (14) and in 
equation (15), the statistical characteristics of the vector X 
correspond to the moment When all J measurements at the 
kth time instant Were processed (this is signi?ed by the 
notation [k, Also, the notation [k+1, 1] symboliZes the 
fact that the predicted state vector at the time k+1 corre 
sponds to the event before processing the ?rst measurement 
of the data set at time k+1. 

Equations (5) through (15) comprise the NRF. Equations 
(5) through (9) comprise the prediction portion of the NRF 
betWeen tWo measurements, While equations (10) through 
(12) comprise the update portion of the NRF. In the general 
case of a dynamic time evolution model for the vector X 
de?ed by equation (13), the prediction portion of the NRF 
also includes equations (14) and (15) to propagate the state 
vector X betWeen tWo time instants. With k=1 and j =1, the 
initial conditions are provided for the NRF as: 

Where X0 and P0 describe the initial (a priori) structure and 
its uncertainty, respectively. In one form of the invention, X0 
is produced from a topology database, although those skilled 
in the art Will recogniZe that an initial state vector may be 
produced from parameter databases, molecular primary 
structure databases, distance geometry calculations, simu 
lated annealing calculations, restricted molecular dynamics 
calculations, amino acid sequence/primary structure 
databases, amino acid helical location data, and combina 
tions thereof. 
The NRF as described by equations (5) through (15) is 

optimal, in the class of Gaussian approximations, and 
simple, compared With prior art non-linear ?lters in the 
space of X. The invention’s effectiveness and ef?ciency 
derives from the fact that the non-linearities are isolated in 
the prediction step Where the expectation and covariance 
operations and can be performed analytically due to the 
relatively simple non-linear structure of the physical mea 
surements considered. 
The vector-matrix structure of the NRF is explicitly 

de?ned by equations (10), (11), and (12), and only the 
physical measurement functions gk) need to be speci?ed 
in order to perform the statistical operations of the ?rst four 
NRF equations. One form of the invention is based on an 
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atomistic model in Which the positions of the N atoms 
comprising the molecule are de?ned by an n-dimensional 
vector, Where n=3N, of Cartesian coordinates. The model gk) 

for each bond betWeen tWo atoms, bond angle, and 
dihedral angle is a simple non-linear function attributed, 
correspondingly, to 2, 3, and 4 atoms. By contrast, the model 
gk) corresponding to each NOE intensity observation is 
considerably more complex, especially When spin diffusion 
effects are taken into account. 

The invention uses the standard formalism for calculating 
the volume of an NOE intensity cross-peak betWeen spins i 
and j, IZ-J-C, from the atomic coordinates by means of the 
relaxation matrix R: 

Where "cm is the mixing time. The dependence of the relax 
ation matrix R on the distances betWeen protons is described 
in several sources. (see Yip, P. and D. Case, Journal of 
Magnetic Resonance, 1989. 83: p. 643, Yip, P. and D. Case, 
Computational Aspects of the Study of Biological Macro 
molecules by NMR Spectroscopy. 1991, NeW York: Plenum 
Press, and Brunger, A. T., X-PLOR (vers 3.1), A System for 
X-ray Crystallography and NMR. 1992, NeW Haven and 
London: Yale University Press.) 

According to accepted practice in the art, the invention 
uses a distance cutoff of 4.5 A and performs relaxation 
matrix calculations for each pair of spins i and j, Where i and 
j are arbitrary indexing integers. 

The non-linear nature of the NRF is stipulated by the 
degree of non-linearity kept in the statistical operations. If 
second and third order Taylor approximations are used to 
describe the non-linearities of the model Yk) j-calc, the calcu 
lations represented by equations (5), (6), (7), (8), and (9) are 
reduced to simply computing the second-order statistics of 
quadratic and cubic functions With a Gaussian argument. For 
geometrical measurements and van der Waals forces, these 
calculations are very simple due to the dependence of each 
component of the model Yk) j-calc=gk) on only a very 
limited number of structural parameters. 

In the case of NOEs, hoWever, the number of spins 
contributing to the diffusion effect can reach a feW doZen for 
long mixing times. In this case the realiZation of the matrix 
exponential of equation (16), its derivatives, and the statis 
tics of equations (10), (11) and (12) pose computational 
problems. The invention utiliZes an ef?cient procedure to 
mitigate these dif?culties. First, the invention computes 
second order derivatives of each NOE observation With 
respect to Cartesian coordinates using the generaliZed for 
mula of Yip and Case (see Yip, P. and D. Case, Computa 
tional Aspects of the Study of Biological Macromolecules by 
NMR Spectroscopy. 1991, NeW York: Plenum Press.). Next, 
the invention selects only the essential derivatives for the 
statistical analysis of equations (10), (11) and (12). FolloW 
ing common prior art practice for the re?nement of struc 
tures With large initial uncertainties, the invention uses a 
tWo-spin approximation of each NOE for the ?rst feW cycles 
of the NRF. 
From a physical standpoint, the NRF offers a conceptually 

neW method for sampling the conformational space by the 
gradual exclusion of those conformations that are improb 
able due to the covalent geometry and experimental data. 
Mathematically, this means that the re?nement process in 
n-dimensional conformational space is vieWed not as a 
process of searching for a single global minimum represent 
ing the true structure, but as the process of recursive 
transformation of a large a priori n-dimensional, statistical 
ellipsoid into a small a posterior ellipsoid or set of ellipsoids, 
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representing a statistical set of structures. Recursion helps 
alleviate the multiple-local-minima problem by gradually 
narroWing the search area around the global minimum and, 
thus, preventing the NRF from looking for a solution among 
already improbable local minima. The highly non-linear 
nature of the NRF signi?cantly reduces the probability of 
excluding the global minimum itself from further search, an 
error that is quite possible With prior art methods such as the 
DIKF. 
The performance advantage of the NRF derives from the 

fact that the non-linear recursion requires, in principle only 
one vector function evaluation. The non-linear function for 
each measurement is computed only once, Which is equiva 
lent to one function evaluation of the cost function of 
equation This is especially important for cases Where the 
prediction of the measurement is computationally 
expensive, like in the case of direct re?nement from NOE 
intensities. In practice, hoWever, the NRF may require a feW 
additional recursions, since it still remains a Gaussian 
approximation of the a posteriori density of probabilities, 
i.e., p(X|Y). Seven to ten cycles are usually sufficient to start 
structure determination and re?nement from a nearly ran 
dom initial vector X0, Whereas one recursion normally 
suf?ces for initial uncertainties of 2—3 By contrast, the SA 
method normally requires thousands of function evaluations. 
The performance advantage of the invention is mainly 
attributed to the covariance matrix corresponding to the 
vector of structural parameters. The importance of the 
covariance matrix is tWo-fold. First, the covariance matrix 
provides the memory mechanism necessary for a recursive 
?lter, Which in turn overcomes the multiple-minima prob 
lem. Second, the covariance matrix provides a measure of 
re?nement quality in terms of uncertainty ellipsoids repre 
senting a statistical set of candidate structures. In other 
Words, the information on correlation links betWeen struc 
tural parameters enables local-minima-escape trajectories, 
and provides a tool for assessing the accuracy of the result 
ing structures. 

In other forms of the invention, the recursive processing 
described herein may be replaced or supplemented by batch 
processing, Wherein tWo or more physical observations may 
be processed simultaneously. Batch processing may include 
tradeoffs With respect to computational ef?ciency, but can 
provide similar computational results. For some sets of 
physical observations, batch processing may provide advan 
tages over recursive processing. 
The simple, tWo dimensional example shoWn in FIG. 3 

and FIG. 4 illustrates the concepts embodied in the inven 
tion. In FIG. 3, the tWo dimensional Cartesian coordinates of 
the atoms labeled A1, A2 and A3 are knoWn While the 
corresponding coordinates of atom. A4 are to be estimated 
from the three observed distances d184, dza4 and d384, 
Where dxay represents the distance from atom x to atom y. 
The cost function of equation (2), Written as the difference 
betWeen observed and calculated distances, has tWo minima. 
Contours of constant normaliZed cost function, knoWn as R 
factors to those skilled in the art, are shoWn on FIG. 3 and 
FIG. 4. The initial guess for atom A4 is given quite close to 
the local minimum, but far aWay from the global minimum. 
FIG. 3 demonstrates that the PoWell doWnhill method 
quickly terminates in the local minimum, improving the 
R-factor from 0.12 to 0.09. Simulated annealing, Which may 
be modeled as the motion of a heavy ball, coupled to 
?uctuating (heat bath) and dissipating (heat sink) energy 
terms (for information on Langevin dynamics see Allen, M. 
P. and D. J. Tildesley, Computer Simulations of Liquids. 
1987, Oxford: Clarendon Press), is capable of escaping the 
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local minimum and ?nds the global minimum after a suf? 
ciently long simulation, for example, 200 integration steps. 
FIG. 4 demonstrates that the NRF ?nds the global minimum 
after tWo cycles. In the example of FIG. 4, the Gaussian 
ellipsoids for the second cycle are shadoWed. The NRF is 
initiated With an a priori ellipsoid that does not contain the 
global minimum. After processing the distance d184, the 
NRF evaluates an elongated ellipsoid Which is turned toWard 
the global minimum. After processing the distance d384, 
and then distance d284, the NRF securely excludes the local 
minimum from further search. The second cycle starts from 
a smaller a priori ellipsoid. The NRF again processes the 
distances in the sequence d184, d384, and d284, and evalu 
ates three neW ellipsoids. The last and smallest ellipsoid 
contains the true position of the atom A4. While the shape 
and siZe of the ellipsoid provide a statistical measure of the 
accuracy of the estimate that accounts for noise in observing 
the distances. The ef?ciency advantage provided by the 
invention is demonstrated by the fact that the NRF requires 
only tWo evaluations of the cost function J(X) and its 
derivatives to isolate the global minimum, While SA requires 
200 such evaluations. In this example, the initial ellipsoid 
chosen did not contain the true position of the atom A4. Such 
a choice is likely to occur if the structural information used 
to produce the initial structural vector lacked accuracy. 
HoWever, if the initial ellipsoid had included the true posi 
tion of A4, in most cases only one cycle of the NRF Would 
have been necessary in FIG. 4. Consequently, the perfor 
mance of the invention is improved as the initial vector X0 
is made more accurate. 

The NRF performs mathematical operations on a covari 
ance matrix of siZe n><n, representative of a n-dimensional 
hyper-ellipsoid. For large macromolecules, the number of 
structural parameters n, may be so large that conventional 
softWare routines for implementing such mathematical 
operations cannot practically be used. The invention uses a 
technique called a re?nement Wave (hereinafter referred to 
as RW) to process such large molecules. The folloWing 
example, shoWn in FIG. 5 and FIG. 6, illustrates the RW 
principle on a hexapeptide (ARG-PRO-ASP-PHE-CYX 
LEU) With 250 synthetic NOE intensities. 

The RW starts at the upper left-hand corner of the 
molecule as it is vieWed in FIG. 5, and proceeds “doWn 
Ward” to process neW observed parameters and geometrical 
restraints. FIG. 5 represents an intermediate stage in the RW 
technique When only part of the data has been processed. 
The upper part of the hexapeptide is already re?ned, and 
further processing of all remaining NOE intensities, the 
result of Which is shoWn in FIG. 6, does not provide further 
improvement to the portion of the molecule already re?ned 
at the intermediate stage shoWn in FIG. 5. The ellipsoids 
shoWn in FIG. 5 and FIG. 6 represent a set of structures 
compatible With the noisy data. The structure representing 
the true positions of the atoms falls Within the space de?ned 
by the ellipsoids. 

The mechanism of the RW is based on recursive improve 
ment and transmission of measurement information through 
the uncertainty ellipsoids. In terms of the covariance matrix 
operations, this means that during the processing of each 
single observation, the invention operates on only a small 
fragment of the covariance matrix. One embodiment of the 
invention employs a tWo level criterion to identify and select 
the active fragments of the covariance matrix, although 
those skilled in the art Will recogniZe that other embodi 
ments of the invention may incorporate multiple level cri 
teria. 

In the tWo level criterion embodiment of the invention, the 
?rst level of the criterion excludes portions of the covariance 
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matrix corresponding to those pairs of atoms Which cannot 
be closer than 10 A, given the initial structure and its a priori 
uncertainties. The second level of the criterion is statistical 
and is based on analysis of the mutual covariance vector PXY 
Which establishes correlations betWeen the vector of struc 
tural parameters X and the current observation model com 
ponent Ycalc. Evaluation of PXY according to the NRF 
equations (10), (11), and (12) is a simple vector operation. 
The main computational dif?culty lies in performing the 
outside vector product PXYPXYT Which requires approxi 
mately n2 multiplications. The invention drastically reduces 
the computational requirements of this outside vector prod 
uct by excluding all non-essential covariances and exploit 
ing the resulting sparse nature of the covariance matrix. The 
invention identi?es the non-essential covariances by com 
puting the correlation coef?cients for the covariance com 
ponents of the vector PXY, sorting the correlation coef?cients 
in three groups labeled 1) high correlation, 2) medium 
correlation and 3) loW correlation, and then excluding mul 
tiplications for small/small and small/medium pairs. 

Since RW involves only a region of the molecule roughly 
5 A to 10 A in radius during any on-going re?nement, the 
invention excludes from the active memory information 
relating to regions not effected by the RW. Consequently, the 
invention can handle molecules of any siZe, in principle, 
using only moderate memory and speed resources. The RW 
element of the invention has an important asymptotic prop 
erty: the RW computation cost scales as n, Where n is the 
number of structural parameters. If the cost of one step of the 
RW is S, limited by the active region, and neW Nme atoms 
are covered by the Wave, then the cost of re?ning the entire 
molecule is S-(n/3Nme). 
The present embodiments are therefore to be considered 

in all respects as illustrative and not restrictive, the scope of 
the invention being indicated by the appended claims rather 
than by the foregoing description, and all changes Which 
come Within the meaning and band of equivalency of the 
claims are therefore intended to be embraced therein. 
What is claimed is: 
1. A computer-assisted method for generating a represen 

tation of the three dimensional structure of a molecule, said 
representation being an n-dimensional vector of structural 
parameters X[q, r]=(X1[q, r], X2[q, r], . . . Xn[q, r])T, at an 
associated pair of index integers q and r, n being an integer, 
Xl-[q, r] being a structural parameter, said X[q, r] having a 
statistical uncertainty, and a covariance matrix Px[q, r] 
representative of said statistical uncertainty of said vector of 
structural parameters, comprising the steps of: 

A. providing m sets of observed data, m being an integer, 
each of said sets of observed data including a plurality 
of observed data elements, each of said observed data 
elements being relatable to at least one of said struc 
tural parameters and having an associated observation 
noise; 

B. providing a ?rst analytical model gq) ,(X[q, r]), Where 
gq) r(X[q, r]) de?nes one or more mathematical expres 
sions representative of the relationship of each 
observed data element to one or more of said structural 

parameters Xl-[q, r], and gq) ,(X[q, r]) is representative 
of an analytical vector Yq) ,C“lC(X[q, r]); 

C. generating an updated estimate of said structural 
parameters having an updated statistical uncertainty, 
and generating a corresponding updated covariance, 
representative of said updated statistical uncertainty of 
said updated structural parameters, by ?ltering said 
observed data elements With a non-linear batch ?lter 
simultaneously processing said data elements as a 
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group, utilizing said ?rst analytical model g q) ,(X[q, r]), 
said updated estimate of said structural parameters 
being representative of the three dimensional structure 
of said molecule. 

2. A method according to claim 1, Wherein said step of 
generating an updated estimate of said structural parameters 
further includes the substeps of: 

i. providing one of said observed data elements, 
ii. generating a predicted vector from an updated vector of 

a next previous recursion step; 
iii. generating said analytical vector from said predicted 

vector and generating covariances associated With said 
analytical vector and said predicted vector; 

iv. evaluating a difference betWeen said observed data 
element and at least one element of said analytical 
vector, and generating an updated vector of structural 
parameters and associated updated covariance as a 
function of said difference and said associated covari 
ances. 

3. A method according to claim 2, Wherein said method 
further includes the step of excluding a plurality of elements 
of said covariances, prior to said difference evaluating 
substep, including: 

i. excluding a plurality of elements of said covariance 
matrix PX[q, r], said plurality of elements being repre 
sentative of pairs of atoms having a center-to-center 
spacing of at least d, d being a predetermined distance; 

ii. generating a correlation coef?cient for each component 
of a matrix PXY[q, r], each component of said matrix 
PXY[q, r] corresponding to a cross term betWeen said 
analytical vector and said predicted vector; 

iii. sorting said correlation coef?cients into a plurality of 
categories, said categories being representative of a 
correlation range; and, 

iv. excluding at least one pairing of said categories from 
subsequent matrix operations With PXY[q, r] matrix. 

4. A method accordingoto claim 3, Wherein said predeter 
mined distance d is 10 A, and said plurality of categories 
de?nes a high correlation category, a medium correlation 
category and a loW correlation category, and said excluding 
substep excludes loW/loW category pairings and loW/ 
medium category pairings. 

5. A method according to claim 2, Wherein said math 
ematical expressions of said ?rst analytical model include 
non-linear expressions to generate said predicted vector, 
Whereby said non-linear expressions are isolated from said 
updated vector generating substep and said updated covari 
ance generating substep. 

6. A method according to claim 2, Wherein said function 
in substep (iv) is linear. 

7. A method according to claim 1, Wherein said method 
further includes the step of providing an initial estimate of 
said structural parameters, X0, and generating a correspond 
ing initial covariance, PX. 

8. A method according to claim 7, Wherein said initial 
estimate X0 of said vector X[q, r] is determined from a 
source of coarse structural information, said source being 
selected from the group consisting of topology databases, 
parameter databases, molecular primary structure databases, 
distance geometry calculations, simulated annealing 
calculations, restrained molecular dynamics calculations, 
amino acid sequence/primary structure databases, amino 
acid helical location data, and combinations thereof. 

9. A method according to claim 1, Wherein said method 
further includes YObS=(Y1)1ObS, YLZObS, . . YZJObS, 
Yzgobs, . . . YK J01”), representative of each of said sets of 
observed data, an element of Which set is represented as Yk) 
jobs, k being an index integer representing different points in 
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time, for all k=1 to K, K being an integer representative of 
the number of sets of contemporaneous observed data 
elements, j being an index integer corresponding to the j”1 
observed data element, for all j=1 to J, J being an integer 
representative of the number of observed data elements in 
each contemporaneous data set. 

10. A method according to claim 1, Wherein said method 
further includes the step of providing a second analytical 
model f(X[q, r], <Q[q]), <@[q] being a multi-dimensional, 
Gaussian random vector representative of process noise 
Which forces a dynamic time evolution of said vector of 
structural parameters X[q, r], Where f(X[q, r], de?nes 
one or more mathematical expressions, said expressions 
being collectively representative of the time evolution of 
said vector of structural parameters X[q, r], Where X[k+1, 
r]=f(X[k, r], <Q[k]), X[k+1, r] being said vector of structural 
parameters at a time point k+1, X[k, r] being said vector of 
structural parameters at a time point k, and (@[k] being said 
random vector at time point k. 

11. A method according to claim 1, Wherein X[q, r] is 
representative of a predicted vector, X*[q, r] is representa 
tive of an updated vector, Where q and r are index integers, 
and said predicted vector X[k, is generated from an 
updated vector X*[k, j-1] of a next previous recursion step 
When j#1, from said second analytical model f(X*[k-1, J], 
<Q[k—1]) of a next previous recursion step When j=1 and k#1, 
and from said initial estimate of the structural parameters X0 
When j=1 and k=1. 

12. Amethod according to claim 1, Wherein said molecule 
includes N atoms, and said vector of structural parameters 
X[q, r] includes a representation of the position of each of 
said N atoms With respect to a reference Cartesian coordi 
nate system. 

13. A method according to claim 12, Wherein said integer 
n is 3N. 

14. A method according to claim 1, Wherein said sets of 
observed data are selected from the group consisting of 
covalent bond lengths, covalent bond angles, dihedral 
angles, inter-proton distances, and combinations thereof. 

15. A method according to claim 1, Wherein said sets of 
observed data are inter-proton distances, and said inter 
proton distances are represented by NOE intensities, said 
NOE intensities being used directly in said step of generat 
ing an updated estimate of said structural parameters. 

16. A method according to claim 1, Wherein said sets of 
observed data are inter-proton distances, and said inter 
proton distances are represented by values calculated from 
NOE intensities. 

17. A method according to claim 1, Wherein said step of 
generating an updated estimate of said structural parameters 
further includes the substeps of generating a predicted vector 
X[k, j], generating a predicted vector Yk) jC“lC(X[li, and 
generating covariances PX[k, j], PY[k, and PXY[k, j], 
betWeen a ?rst measurement signi?ed by index j-1 and a 
second measurement signi?ed by index j, both measure 
ments being observed at time instant k, said substeps being 
expressed by: 

Where E[ ] is an expected value operator, and Where Cov[ 
] is a covariance matrix operator. 
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18. A method according to claim 1, wherein said substeps 
of generating an updated vector and associated updated 
covariance are expressed by: 

19. A computer-assisted method for generating a repre 
sentation of the three dimensional structure of a molecule, 15 
said representation being an n-dimensional vector of struc 
tural parameters r]=(X1[q> 1]’ X2[q> I], ' ' ' r])Ta 
at an associated pair of index integers q and r, n being an 
integer, Xl-[q, r] being a structural parameter, said X[q, r] 
having a statistical uncertainty, and a covariance matrix 
PX[q, r] representative of said statistical uncertainty of said 
vector of structural parameters, said molecule consisting of 
N atoms, N being an integer, comprising the steps of: 

A. providing m sets of observed data, YObS=(Y11ObS, 
YLZObS, . . . Yllobs, Yzgobs, . . . YK J01”), m being an 
integer, an element of Which set is represented as Yk 
jobs, k being an index integer representing different 
points in time, for all k=1 to K, K being an integer 
representative of the number of sets of contemporane 
ous observed data elements, j being an index integer 
corresponding to the j”1 observed data element, for all 
j=1 to J, J being an integer representative of the number 
of observed data elements in each contemporaneous 
data set, each of said observed data elements Yk) jobs 
being relatable to at least one of said structural param 
eters Xl-[q, r], and having an associated observation 
noise 11k) 1, 

B. providing a ?rst analytical model gq) ,(X[q, r]), Where 
g q) r(X[q, r]) de?nes one or more mathematical expres 
sions representative of the relationship of each 
observed data element Yk) jobs, to one or more of said 
structural parameters Xl-[q, r], and gq) ,(X[q, r]) is 
representative of a vector Yq) rC“lC(X[q, r ; 

C. providing a second analytical model f(X[q, r], <Q[q]), 
<@[q] being a multi-dimensional, Gaussian random vec 
tor representative of process noise Which forces a 
dynamic time evolution of said vector of structural 
parameters X[q, r], Where f(X[q, r], de?nes one or 
more mathematical expressions, said expressions being 
collectively representative of the time evolution of said 
vector of structural parameters X[q, r], Where X[k+1, 
r]=f(X[k, r], <Q[k]), X[k+1, r] being said vector of 
structural parameters at a time point k+1, X[k, r] being 
said vector of structural parameters at a time point k, 
and (@[k] being said random vector at time point k; 

D. providing an initial estimate of said structural param 
eters X0, and generating a corresponding initial 
covariance, PXO; 

E. generating an updated estimate of said structural 
parameters X[q, r], and corresponding updated covari 
ance PX[q, r], representative of the statistical uncer 
tainty of said updated structural parameters, by non 
linear ?ltering of each of said observed data elements 
Yk) jobs With a non-linear batch ?lter, simultaneously 
processing said data elements as a group, utiliZing a 
predicted vector X[q, r] and generating an updated 
vector X*[q, r], Where q and r are index integers, and 
including: 
i. providing said observed data element Yk) jobs, 

20 

35 
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ii. generating a predicted vector X[k, from an updated 

vector X*[k, j—1] of a next previous recursion step 
When j#1, and from said second analytical model 
f(X*[k-1, J], <Q[k—1]) of a next previous recursion 
step When j=1 and k#1, and from said initial estimate 
of the structural parameters X0 When j=1 and k=1; 

iii. generating a predicted vector Yk) jC“lC(X[k, and 
covariances lfx[k, j], PY[k, and pXY[k, j], corre 
sponding to X[k, and Y6“ C(X[k, 

iv. evaluating a difference betWeen Yk) jC“lC()A([k, and 
Yk) J-Obi, and using said difference and said covari 
ances PX[k, j], PY[k, and PXY[k, to generate an 
updated vector of structural parameters X*[k, and 
associated covariance PX*[k, j]; 

F. repeating step for all j=1 through J and for all k=1 
through K, to obtain X*[K, J], Whereby X*[K, J] is 
representative of the three dimensional structure of said 
molecule. 

20. Amethod according to claim 19, Wherein said method 
further includes the step of excluding a plurality of elements 
of said covariances, prior to said difference evaluating 
substep, including the folloWing substeps: 

i. excluding a plurality of elements of said covariance 
matrix PX[q, r], said plurality of elements being repre 
sentative of pairs of atoms having a center-to-center 
spacing of at least 10 A; 

ii. generating a correlation coef?cient for each component 
of said matrix PXY[q, r]; 

iii. sorting said correlation coef?cients into a plurality of 
categories, said categories being representative of a 
correlation range; and, 

iv. excluding at least one pairing of said categories from 
subsequent matrix operations With PXY[q, r] matrix. 

21. A method accordingoto claim 20, Wherein said prede 
termined distance d is 10 A, and said plurality of categories 
de?nes a high correlation category, a medium correlation 
category and a loW correlation category, and said excluding 
substep excludes loW/loW category pairings and loW/ 
medium category pairings. 

22. A method according to claim 19, Wherein said integer 
n is 3N. 

23. A method according to claim 19, Wherein said initial 
estimate X0 of said vector X[q, r] is determined from a 
source of coarse structural information, said source being 
selected from the group consisting of topology databases, 
parameter databases, molecular primary structure databases, 
distance geometry calculations, simulated annealing 
calculations, restrained molecular dynamics calculations, 
amino acid sequence/primary structure databases, amino 
acid helical location data, and combinations thereof. 

24. A method according to claim 19, Wherein said sets of 
observed data are selected from the group consisting of 
covalent bond lengths, covalent bond angles, dihedral 
angles, inter-proton distances, and combinations thereof. 

25. A method according to claim 19, Wherein said sets of 
observed data are inter-proton distances, and said inter 
proton distances are represented by NOE intensities,. said 
NOE intensities being used directly in said step of generat 
ing an updated estimate of said structural parameters X[q, r]. 

26. A method according to claim 19, Wherein said sets of 
observed data are inter-proton distances, and said inter 
proton distances are represented by values calculated from 
NOE intensities . 

27. A method according to claim 19, Wherein generating 
a predicted vector X[k, j], generating a predicted vector Yk 

jC“lC()A([k, and generating covariances EX[k, j], l3,,[k, and lam/[lg j], betWeen a ?rst measurement signi?ed by index 
j—1 and a second measurement signi?ed by index j, both 
measurements being observed at time instant k, are 
expressed by: 
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and, 

Where E[ ] is an expected value operator, and Where Cov[ 
] is a covariance matrix operator. 

28. A method according to claim 19, Wherein said evalu 
ating substep 19. E. iv. is expressed by: 

29. A computer system for generating a representation of 
the three dimensional structure of a molecule, said repre 
sentation being an n-dimensional vector of structural param 
eters X[q, r]=(X1[q, r], X2[q, r], . . . Xn[q, r])T, at an 
associated pair of index integers q and r, n being an integer, 
Xl-[q, r] being a structural parameter, said X[q, r] having a 
statistical uncertainty, and a covariance matrix PX[q, r] 
representative of said statistical uncertainty of said vector of 
structural parameters, said molecule consisting of N atoms, 
N being an integer, comprising: 

A. means for providing m sets of observed data, Yobs= 

(Ylfbs, Yljbs, . . .Ymobs, Yuobs, . . .YKfbS), m 
being an integer, an element of Which set is represented 
as Yk) jobs, k being an index integer representing dif 
ferent points in time, for all k=1 to K, K being an 
integer representative of the number of sets of contem 
poraneous observed data elements, j being an index 
integer corresponding to the jth observed data element, 
for all j=1 to J, J being an integer representative of the 
number of observed data elements in each contempo 
raneous data set, each of said observed data elements 
Yk jobs being relatable to at least one of said structural 
parameters Xl-[q, r], and having an associated observa 
tion noise 11k) 1, 

B. means for providing a ?rst analytical model gq) ,(X[q, 
r]), Where g q) r(X[q, r]) de?nes one or more mathemati 
cal expressions representative of the relationship of 
each observed data element Yk) jobs to one or more of 
said structural parameters Xl-[q, r], and gq) ,(X[q, r]) is 
representative of a vector Yq) rC“lC(X[q, r]); 

C. means for providing a second analytical model f(X[q, 
r], <Q[q]), <@[q] being a multi-dimensional, Gaussian 
random vector representative of process noise, Where 
f(X[q, r], de?nes one or more mathematical 
expressions, said expressions being collectively repre 
sentative of the time evolution of said vector of struc 
tural parameters X[q, r], Where X[k+1, r]=f(X[k, r], 
<Q[k]), X[k+1, r] being said vector of structural param 
eters at a time point k+1, X[k, r] being said vector of 
structural parameters at a time point k, and (@[k] being 
said random vector at time point k; 

D. means for providing an initial estimate of said struc 
tural parameters X0, and generating a corresponding 
initial covariance, PXO; 
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E. means for generating an updated estimate of said 

structural parameters X[q, r], and corresponding 
updated covariance PX[q, r], representative of the sta 
tistical uncertainty of said updated structural 
parameters, by non-linear ?ltering of each of said 
observed data elements Yk) jobs With a non-linear batch 
?lter, simultaneously processing said data elements as 
a group, utiliZing a predicted vector X[q, r] and gen 
erating an updated vector X*[q, r], Where q and r are 
index integers, and further including: 
i. mleans for providing said observed data element Yk) 

J a 

ii. means for generating a predicted vector X[k, from 
an updated vector X*[k, j—1] of a next previous 
recursion step When j#1, and from said second 
analytical model f(X*[k-1, J], <Q([k—1]) of a next 
previous recursion step When j=1 and k#1, and from 
said initial estimate of the structural parameters X0 
When j=1 and k=1; 

iii. means for generating a predicted vector YAC“lC()A([k, 
and covariances PX[k, j], PY[k, and PXY[k, j], 

corresponding to X[k, and Yk) jC“lC()A([k, 
iv. means for evaluating a difference betWeen Yk) 

jC“lC()A([k, and Yk) If“, and using said difference 
and said covariances PX[k, j], PY[k, and PXY[k, to generate an updated vector of structural param 

eters X*[k, and associated covariance PX*[k, j]; 
F. means operative to perform said updated estimate 

generating means for all j=1 through J and for all k=1 
through K, to obtain X*[K,J], Whereby X*[K, J] is 
representative of the three dimensional structure of said 
molecule. 

30. A system according to claim 29, Wherein said system 
further includes means for excluding a plurality of elements 
of said covariances, prior to said difference evaluating 
means, comprising: 

i. means for excluding a plurality of elements of said 
covariance matrix PX[q, r], said plurality of elements 
being representative of pairs of atoms having a center 
to-center spacing of at least 10 A; 

ii. means for generating a correlation coef?cient for each 
component of said matrix PXY[q, r]; 

iii. means for sorting said correlation coef?cients into a 
plurality of categories, said categories being represen 
tative of a correlation range; and, 

iv. means for excluding at least one pairing of said 
categories from subsequent matrix operations With PXY 
[q, r] matrix. 

31. A system accordingoto claim 30, Wherein said prede 
termined distance d is 10 A, and said plurality of categories 
de?nes a high correlation category, a medium correlation 
category and a loW correlation category, and said excluding 
means excludes loW/loW category pairings and loW/medium 
category pairings. 

32. A system according to claim 29, Wherein said integer 
n is 3N. 

33. A system according to claim 29, Wherein said initial 
estimate X0 of said vector X[q, r] is determined from a 
source of coarse structural information, said source being 
selected from the group consisting of topology databases, 
parameter databases, molecular primary structure databases, 
distance geometry calculations, simulated annealing 
calculations, restrained molecular dynamics calculations, 
amino acid sequence/primary structure databases, amino 
acid helical location data, and combinations thereof. 

34. A system according to claim 29, Wherein said sets of 
observed data are selected from the group consisting of 
covalent bond lengths, covalent bond angles, dihedral 
angles, inter-proton distances, and combinations thereof. 
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35. A system according to claim 29, wherein said sets of 
observed data are inter-proton distances, and said inter 
proton distances are represented by NOE intensities, said 
NOE intensities being used directly by said means for 
generating an updated estimate of said structural parameters 
X[q, r]. 

36. A system according to claim 29, Wherein said sets of 
observed data are inter-proton distances, and said inter 
proton distances are represented by values calculated from 
NOE intensities. 

37. A system according to claim 29, Wherein said means 
for generating a predicted vector )A([k, j], means for gener 
ating a predicted vector YC“lC()A([k, and means for gen 
erating covariances EX[k, j], EY[k, and PY[k, j], betWeen a 
?rst measurement signi?ed by indeX j-l and a second 
measurement signi?ed by indeX j, both measurements being 
observed at time instant k, are expressed by: 

and, 
5 

Where E[ ] is an eXpected value operator, and Where Cov[ 
] is a covariance matriX operator. 

10 38. A system according to claim 29, Wherein said evalu 
ating means 29. E. iv. is expressed by: 

15 

and, 
20 
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