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[57] ABSTRACT 

Amethod and apparatus for visualizing a multi-dimensional 
data set in Which the multi-dimensional data set is clustered 
into k clusters, With each cluster having a centroid. Then, 
either tWo distinct current centroids or three distinct non 
collinear current centroids are selected. A current 
2-dimensional cluster projection is generated based on the 
selected current centroids. In the case When tWo distinct 
current centroids are selected, tWo distinct target centroids 
are selected, With at least one of the tWo target centroids 
being different from the tWo current centroids. In the case 
When three distinct current centroids are selected, three 
distinct non-collinear target centroids are selected, With at 
least one of the three target centroids being different from 
the three current centroids. An intermediate 2-dimensional 
cluster projection is generated based on a set of interpolated 
centroids, With each interpolated centroid corresponding to 
a current centroid and to a target centroid associated With the 
current centroid. Each interpolated centroid is interpolated 
between the corresponding current centroid and the target 
centroid associated With the current centroid. Alternatively, 
the intermediate 2-dimensional cluster projection is gener 
ated based on an interpolated 2-dimensional nonlinear clus 
ter projection that is based on the selected current centroids 
and the selected target centroids. 

40 Claims, 14 Drawing Sheets 
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METHOD AND APPARATUS FOR CLUSTER 
EXPLORATION AND VISUALIZATION 

BACKGROUND OF THE INVENTION 

1. Field of the Invention 

The present invention relates to the ?eld of computing. 
More particularly, the present invention relates to a method 
and an apparatus for performing dynamic exploratory visual 
data analysis. 

2. Description of the Related Art 
Clustering, the grouping together of similar data points in 

a data set, is a Widely used procedure for statistically 
analyZing data. Practical applications of clustering include 
unsupervised classi?cation and taxonomy generation, 
nearest-neighbor searching, scienti?c discovery, vector 
quantization, text analysis and navigation, data reduction 
and summariZation, supermarket database analysis, 
customer/market segmentation, and time series analysis. 

One of the more popular techniques for clustering data in 
a data set is by using the k-means algorithm Which generates 
a minimum variance grouping of data by minimiZing the 
sum of squared Euclidean distances from cluster centroids. 
The popularity of the k-means algorithm is based on its ease 
of interpretation, simplicity of implementation, scalability, 
speed of convergence, paralleliZability, adaptability to 
sparse data, and ease of out-of-core implementation. Varia 
tions of the k-means algorithm exist for numerical, categori 
cal and mixed attributes. Variations of the k-means algo 
rithm also exist for similarity measures other than a 
Euclidean distance. 

Statistical and computational issues associated With the 
k-means algorithm have received considerable attention. 
The same cannot be said, hoWever, for another key ingre 
dient for multidimensional data analysis: visualiZation, or 
the exploratory data analysis based on dynamic computer 
graphics. 

Conventional exploratory data analysis techniques use 
unsupervised dimensionality reduction methods for process 
ing multidimensional data sets. Examples of popular con 
ventional unsupervised dimensionality reduction methods 
used for projecting high-dimensional data to feWer dimen 
sions for visualiZation include truncated singular value 
decomposition, projection pursuit, Sammon mapping, multi 
dimensional scaling and a nonlinear projection method 
based on Kohonen’s topology preserving maps. 

Truncated singular value decomposition is a global, linear 
projection methodology that is closely related to principal 
component analysis (PCA). Projection pursuit combines 
both global and local properties of multi-dimensional data 
sets to ?nd useful and interesting projections. For example, 
see J. Friedman et al., A projection pursuit algorithm for 
exploratory data analysis, IEEE Transactions on Computers, 
C-23, pp. 881—890, 1994; P. Huber, Projection pursuit (With 
discussion), Annals of Statistics, 13, pp. 435—525, 1985; and 
D. Cook et al., Grand tour and projection pursuit, Journal of 
Computational and Graphical Statistics, 4(3), pp. 155—172, 
1995 . 

Sammon mapping and multi-dimensional scaling are each 
nonlinear projection methods used for projecting multi 
dimensional data to feWer dimensions. For details regarding 
Sammon mapping, see, J. W. Sammon, Anonlinear mapping 
algorithm for data struction analysis, IEEE Transactions on 
Computers, Vol. 18, pp. 491—509, 1969. For details regard 
ing multi-dimensional scaling, see J. B. Kruskal, Nonmetric 
multidimensional scaling: A numerical method, 
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2 
Psychometrika, Vol. 29. pp. 115—129, 1964, and J. B. 
Kruskal, Multidimensional scaling and other method for 
discovering structure, Statistical Methods for Digital 
Computers, K. Enslein et al. editors, Wiley, pp 296—339, 
1977. 

The basic idea for Sammon mapping and multi 
dimensional scaling is to minimiZe the mean-squared dif 
ference betWeen interpoint distances in the original space 
and interpoint distances in the projected space. The nonlin 
ear mappings produced by Sammon’s method and multi 
dimensional scaling are dif?cult to interpret and are gener 
ally computationally expensive. 
A recently proposed a nonlinear projection method for 

visualiZing high-dimensional data as a tWo-dimensional 
image uses Kohonen’s topology preserving maps. See, for 
example, M. A. Kraaijveld et al., A nonlinear projection 
method based on Kohonen’s topology preserving maps, 
IEEE Transactions on Neural NetWorks, Vol 6(3), pp. 
548—55 9, 1995. For background regarding Kohonen’s topol 
ogy preserving maps, see T. Kohonen, Self Organization and 
Associative Memory, Springer-Verlag, 1989. This approach 
generates only a 2-dimensional projection and not a set of 
projections, so it does not appear possible to construct 
guided tours based on this approach method. 
What is needed is a Way to visualiZe a multi-dimensional 

data set in relation to clusters that have been produced by the 
k-means algorithm. What is also needed is a Way to visually 
understand the proximity relationship betWeen the cluster 
centroids of a data set. 

SUMMARY OF THE INVENTION 

The present invention provides a Way to visualiZe a 
multi-dimensional data set in relation to clusters that have 
been produced by the k-means algorithm and a Way to 
visually understand the proximity relationship betWeen the 
cluster centroids of the data set. 

The advantages of the present invention are provided by 
a method for visualiZing a multi-dimensional data set in 
Which the multi-dimensional data set is clustered into k 
clusters, With each cluster having a centroid. Then, either 
tWo distinct current centroids or three distinct non-collinear 
current centroids are selected. A current 2-dimensional clus 
ter projection is generated based on the selected current 
centroids. In the case When tWo distinct current centroids are 
selected, tWo distinct target centroids are selected, With at 
least one of the tWo target centroids being different from the 
tWo current centroids. In the case When three distinct current 
centroids are selected, three distinct non-collinear target 
centroids are selected, With at least one of the three target 
centroids being different from the three current centroids. 

According to one aspect of the invention, each current 
centroid is associated With a target centroid, and an inter 
mediate 2-dimensional cluster projection is repeatedly gen 
erated based on a set of interpolated centroids, With each 
interpolated centroid corresponding to a current centroid and 
to the target centroid associated With the current centroid. 
When the intermediate 2-dimensional cluster projection is 
repeatedly generated, each interpolated centroid is interpo 
lated betWeen the corresponding current centroid and the 
associated target centroid based on a value of an interpola 
tion parameter that is preferably monotonically increased, 
thereby generating a holistic image of the multi-dimensional 
data set With respect to the current centroids and the target 
centroids. 

To generate a visual tour of the data set based on inter 
polated centroids, the selected target centroids are rede?ned 
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to be new current centroids. In the case when two new 
current centroids are de?ned from the selected target 
centroids, two distinct new target centroids are selected such 
that at least one of the two distinct new target centroids is 
different from the two new current centroids. In the case 
when three distinct non-collinear new current centroids are 
de?ned from the selected target centroids, three distinct 
non-collinear new target centroids are selected such that at 
least one of the three distinct non-collinear new target 
centroids is different from the three distinct non-collinear 
new current centroids. Each new current centroid is associ 
ated with a new target centroid, and an intermediate 
2-dirnensional cluster projection is generated based on a set 
of new interpolated centroids. As before, each interpolated 
centroid of the new set of interpolated centroids corresponds 
to a new current centroid and to the associated new target 

centroid, and each new interpolated centroid is interpolated 
between the corresponding new current centroid and the 
associated new target centroid. 

The steps of de?ning new current centroids, selecting new 
target centroids, associating each new current centroid with 
a new target centroid, and generating the intermediate 
2-dirnensional cluster projection are performed repeatedly, 
thereby generating the visual tour and providing a holistic 
image of the rnulti-dirnensional data set with respect to each 
set of current centroids and the target centroids associated 
with a set of current centroids. 

An average least-squares reconstruction error is calcu 
lated for at least one 2-dirnensional cluster projection. 
Likewise, an average least-squares reconstruction error is 
calculated based on a truncated singular value decornposi 
tion of the data set. Each calculated average least-square 
reconstruction error is then compared to the calculated 
average least-square construction error and displayed. 

According to another aspect of the invention, the step of 
generating the intermediate 2-dirnensional cluster projection 
generates an interpolated 2-dirnensional cluster projection 
based on the selected current centroids, the selected target 
centroids and an interpolation parameter. The intermediate 
2-dirnensional cluster projection is repeatedly generated 
based on different values of the interpolation pararneter. 
Preferably, the value of the interpolation parameter is rnono 
tonically increased, thereby generating a holistic image of 
the rnulti-dirnensional data set with respect to the current 
centroids and the target centroids that follows, for example, 
a geodesic path between the current centroids and the target 
centroids associated with the current centroids. 

To generate a visual tour of the data set for interpolated 
2-dirnensional cluster projections, the selected target cen 
troids are rede?ned to be new current centroids. In the case 
when two new current centroids are de?ned from the 
selected target centroids, two distinct new target centroids 
are selected such that at least one of the two distinct new 
target centroids is different from the two new current cen 
troids. In the case when three distinct non-collinear new 
current centroids are de?ned from the selected target 
centroids, three distinct non-collinear new target centroids 
are selected such that at least one of the three distinct 
non-collinear new target centroids is different from the three 
distinct non-collinear new current centroids. An intermedi 
ate 2-dirnensional cluster projection is generated based on a 
set of new current and target centroids. 

For this aspect of the invention, the steps of de?ning new 
current centroids, selecting new target centroids, and gen 
erating the intermediate 2-dirnensional cluster projection are 
performed repeatedly, thereby generating the visual tour and 

10 

15 

20 

25 

30 

35 

40 

45 

55 

60 

65 

4 
providing a holistic image of the rnulti-dirnensional data set 
with respect to each set of current centroids and the target 
centroids. 

BRIEF DESCRIPTION OF THE DRAWING 

The present invention is illustrated by way of example 
and is not limited as illustrated in the accompanying ?gures 
in which like reference numerals indicate sirnilar elements 
and in which: 

FIG. 1 shows an exemplary 2-dirnensional linear cluster 
projection obtained by partitioning Fisher’s Iris data set; 

FIG. 2 shows a 2-dirnensional linear cluster projection for 
an arti?cial test data set having n=1500 data points and p=50 
dirnensions; 

FIG. 3 shows a 2-dirnensional nonlinear cluster projection 
obtained by partitioning Fisher’s Iris data set; 

FIG. 4 shows “taboo” regions for data points for the 
2-dirnensional nonlinear cluster projection of FIG. 3; 

FIG. 5(a) shows 2-dirnensional nonlinear cluster projec 
tions for spheres Sp(Ca,r) and Sp(Cb,r); 

FIG. 5(b) shows 2-dirnensional nonlinear cluster projec 
tions for points lying inside of balls Bp(Ca,r) and Bp(Cb,r); 

FIG. 6 shows a 2-dirnensional nonlinear cluster projection 
obtained by clustering the data points contained in the upper 
cluster shown in FIG. 3 into 2 clusters; 

FIG. 7 shows a 2-dirnensional nonlinear cluster projection 
of a binary insurance data set; 

FIG. 8 shows a 2-dirnensional nonlinear cluster projection 
of the arti?cial data set used in FIG. 3 clustered into 5 
clusters; 

FIG. 9 shows a complete 2-dirnension al example for a 
general p-dirnensional case of a nonlinear projection; 

FIG. 10(a) shows EL(k+1), EN(k), and Es(k) for the 
Ionosphere data set plotted as a function of k; 

FIG. 10(b)) shows EL(k+1), EN(k), and ES(k) for the 
Ionosphere data set having data that is centered by subtract 
ing the mean and plotted as a function of k; 

FIG. 11 shows the average least-square errors of the 
k-rneans algorithm and a nonlinear cluster-guided tour as a 
function of the number of iterations (or steps) of the k-rneans 
algorithm of the Ionosphere with the number of clusters 
equal to 5; and 

FIG. 12 shows a program storage device having a storage 
area that stores a program embodying the cluster exploration 
and visualiZation technique of the present invention. 

DETAILED DESCRIPTION 

The present invention provides a way to visualiZe a 
rnulti-dirnensional data set in relation to clusters that have 
been produced by the k-rneans algorithm. The present inven 
tion also provides a way to visually understand the proXirn 
ity relationship between the cluster centroids of the data set. 
To illustrate the present invention, consider a set of n data 

points i=1” each taking values in a p-dirnensional 
Euclidean space RP, with p23. Let X=(X1, . . . , Xp) and 
Y=(Y1, . . . , Yp) denote two points in RP. The dot product 
of X and Y is denoted as 

P (1) 
X0)’ = Z xuyu. 

14:1 
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The Euclidean norm of X is5 

WHXTX- (2) 

The Euclidean distance betWeen X and Y is 

01206 YHW-W- (3) 

Assume that the data set has been partitioned into k 
clusters using the k-means algorithm, and let {Cj}]-=1k denote 
the respective centroids of the clusters. Each centroid is 
simply an average of all the data points contained in a 
cluster. 

A2-dimensional linear cluster projection can be obtained 
by projecting the data set i=1” onto the unique tWo-plane 
in RP determined for any three distinct and non-collinear 
cluster centroids Ca, Cb and CC in {Cj}]-=1k. Mathematically, 
the tWo-plane form by Ca, Cb and CC is simply the linear 
subspace 

MC.” Cb: CJESPaMCtrCw CC-CQCRP- (4) 

Let K1 and K2 constitute an orthonormal basis of L(Ca, 
Cb,CC). A 2-dimensional linear cluster projection can be 
computed by projecting the data set {Xi}i=1” onto the 
orthonormal basis {K1,K2}. Given k cluster centroids, there 
are at most (3k) unique 2-dimensional linear cluster projec 
tions. Each linear cluster projection alloWs the multi 
dimensional data set to be visualiZed in relation to a triplet 
of cluster centroids. 
An eXemplary algorithm for computing a 2-dimensional 

linear cluster projection is given by the folloWing 
pseudocode: 

TWo-dimensional linear cluster projections of data set 
{Xi}i=1” are a continuous transformation of the data. 
Consequently, tWo points that are close in RP Will remain 
close in the linear subspace L(Ca,Cb,CC). TWo points that are 
close in L(Ca,Cb,CC), hoWever, may not necessarily be close 
in RP. 

FIG. 1 shoWs an eXemplary 2-dimensional linear cluster 
projection 10 obtained by partitioning Fisher’s Iris data set 
into 3 clusters. Fisher’s Iris data set is disclosed by C. J. 
MerZ et al., UCI repository of machine learning databases, 
University of California, Department of Information and 
Computer Science, Irvine, Calif., and incorporated by ref 
erence herein. Additionally, Fisher’s Iris data set is available 
on the Internet at http://WWW.ics.uci.edu./~mlearn/ 
MLRespository.html. The Iris data includes n=150 data 
points and p=4 dimensions. Clusters generated using the 
k-means algorithm are separated by (p—1)-dimensional 
hyperplanes. FIG. 1 is enhanced by also projecting the 
three-dimensional hyperplanes 11, 12 and 13 separating the 
three cluster centroids onto the tWo-plane L(Ca,Cb,CC). 
As another eXample of a 2-dimensional linear cluster 

projection, an arti?cial test data set having n=1500 data 
points and p=50 dimensions, With ?ve of the dimensions 
being noise dimensions. The arti?cial data Was generated 
using clusgen.c, Which is available at http:// 
aleXia.lis.uiuc.edu/~dubin/, and Which is based on an algo 
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6 
rithm disclosed by G. Milligan, An algorithm for creating 
arti?cial test clusters, Psychometrika, 50(1):123—127, 1985, 
and incorporated by reference herein. The data set Was 
partitioned into k=5 clusters. FIG. 2 shoWs a 2-dimensional 
linear cluster projection 20 of the ?ve clusters 21—25. The 
linear cluster projection of FIG. 2 is but one of the (35) 
possible projections for the arti?cial test data set. 
A 2-dimensional nonlinear cluster projection can be com 

puted by computing the Euclidean distance of each data 
point X, 1 ii; n, to each of the tWo distinct cluster centroids 
in Ca and Cb in {Cj}]-=1k. Given k cluster centroids, there are 
at most (2k) unique 2-dimensional nonlinear cluster projec 
tions. Each nonlinear cluster projection alloWs the multi 
dimensional data set to be visualiZed in relation to a pair of 
cluster centroids. 
An eXemplary algorithm for computing a 2-dimensional 

nonlinear cluster projection is given by the folloWing psue 
docode: 

FIG. 3 shoWs a 2-dimensional nonlinear cluster projection 
30 obtained by partitioning Fisher’s Iris data set into tWo 
clusters having centroids Ca and Cb. Unlike linear cluster 
projections, nonlinear cluster projections are not a projection 
of the data onto a tWo-plane. To aid in interpreting FIG. 3, 
nonlinear cluster projections have the folloWing properties: 

1. For any tWo points X and Y in RP, the Euclidean 
distance betWeen X and Y is d2(X,Y)§0. Thus, nonlinear 
cluster projections are contained entirely in the positive 
quadrant. Furthermore, the y-coordinate of Ca and the 
X-coordinate of Cb are the same, namely the distance d2(Ca, 
Cb) betWeen Ca and Cb. See, for example, the locations of 
centroids Ca and Cb in FIG. 3. 

Let X be a point in RP. It folloWs from the triangle 
inequality that 

The inequalities of Eq. (5) imply that no point can ever 
appear in any of the folloWing regions: 

The “taboo” regions are indicated in FIG. 4 by regions 41. 
2. Similar to linear cluster projections, tWo points that are 

close in RP Will remain close in a nonlinear cluster projec 
tion. Further, tWo points that are close in the nonlinear 
cluster projection, hoWever, may not necessarily be close in 
RF. 

3. Consider a sphere Sp(C,r) in RP de?ned as 
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and a ball B(C,r) in RP de?ned as 

Points lying on the sphere Sp(Ca,r) (or Sp(Cb,r)) having a 
center Cu (or Cb) and a radius r appear on a line that is 
parallel to and at a distance r from the y-axis (or x-axis) in 
a nonlinear cluster projection of the sphere. FIG. 5(a) shoWs 
2-dimensional nonlinear cluster projections 51 and 52 for 
spheres Sp(Ca,r) and Sp(Cb,r), respectively. It folloWs that 
points lying inside the ball Bp(Ca,r) (or Bp(Cb,r)) having a 
center Cu (or Cb) and a radius r appear inside a cone in the 
nonlinear cluster projections. FIG. 5(b) shoWs 
2-dimensional nonlinear cluster projections 53 and 54 for 
points lying inside of balls Bp(Ca,r) and Bp(Cb,r) respec 
tively. Points lying on a line connecting tWo centroids in RP 
Will appear on the line connecting the tWo centroids in RP. 

Using the properties for interpreting 2-dimensional non 
linear cluster projections discussed so far, it can be seen 
from FIG. 3 that Fisher’s Iris data set may consist of tWo 
ball-like structures having centroids Ca and Cb, respectively. 
Further clustering all data points contained only in the 
cluster of centroid Cb into 2 clusters and performing a 
2-dimensional nonlinear cluster projection of the cluster of 
centroid Cb, it can be seen that the cluster of centroid Cb may 
be composed of tWo ball-like structures. FIG. 6 shoWs a 
2-dimensional nonlinear cluster projection 60 obtained by 
clustering the data points contained in the cluster of centroid 
Cb of FIG. 3 into 2 clusters. This interpretation is, in fact, the 
correct interpretation for Fisher’s Iris data set. See, for 
example, FIG. 6.11 of R. O. Duda et al., Pattern Classi? 
cation and Scene Analysis, Wiley, 1973. 

4. If there are no points around a centroid in a 
2-dimensional nonlinear cluster projection, then the centroid 
does not provide a good representation for any single data 
point in the cluster that the centroid represents. To illustrate 
this, consider p-dimensional binary data. Each data point in 
a p-dimensional binary data set coincides With a vertex of 
the p-dimensional hypercube for the data set. Each cluster 
centroid is simply an average of the data points contained in 
the cluster, so cluster centroids can generally take on frac 
tional values. Consequently, cluster centroids for binary data 
reside inside the hypercube and not on the vertices of the 
hypercube among the data points. This concept is shoWn in 
FIG. 7 Which is a 2-dimensional nonlinear cluster projection 
70 for a binary insurance data set having n=13743 data 
points and p=56 dimensions is clustered into tWo clusters. 
Centroids Ca and Cb do not reside among the data points for 
their respective clusters. The binary insurance data for this 
example Was obtained from a real, but anonymous, insur 
ance company. 

As another example, the arti?cial test data used earlier 
Was partitioned into 5 clusters. FIG. 8 shoWs one of the (25) 
possible 2-dimensional nonlinear cluster projections 80. 
Comparing FIG. 8 With FIG. 2, it can be seen that the 
respective cluster centroids 81—85 are not necessarily a good 
representation of the data points contained in each corre 
sponding clusters. This effect is caused by noise dimensions 
Within the arti?cial test data. 

To visualiZe a multi-dimensional data set i=1” that has 
been partitioned into k clusters using the k-means algorithm 
in relation to the cluster centroids {Cl-bk, instead of just in 
relation to a triplet or a pair of cluster centroids, the present 
invention uses concepts of a grand tour and of a guided tour 
to create an illusion of motion by moving smoothly from one 
projection to the next using interpolation. For background 
regarding grand tours, see, for example, D. Asimov, The 
grand tour: A tool for vieWing multidimensional data, SIAM 
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Journal on Scienti?c and Statistical Computing, 6(1), pp. 
128—143, 1985; D. Asimov et al., Grand tour methods: an 
outline, Proceedings of the 17th Symposium on Interface of 
Computer Science and Statistics, 1985; and A. Buja et al., 
Dynamic projections in high-dimensional visualiZation: 
Theory and computational methods, Journal of Computa 
tional and Graphical Statistics, 1998. For background 
regarding guided tours, see for example, D. Cook et al., 
Grand tour and projection pursuit, Journal of Computational 
and Graphical Statistics, 4(3), pp. 155—172, 1995; and C. 
Hurley et al., AnalyZing high-dimensional data With motion 
graphics, SIAM Journal of Scienti?c and Statistical 
Computing, 11(6), pp. 1193—1211, 1990. 

Previously, (3k) 2-dimensional linear cluster projections 
and (J) 2-dimensional nonlinear cluster projections Were 
computed for the multi-dimensional data set {Xi}i=1”. Each 
2-dimensional linear and each nonlinear cluster projection is 
like a “photograph”. An illusion of motion is created by 
moving smoothly from one projection to the next using 
interpolation. As many as four dimensions may be conveyed 
at a time by the motion, that is, tWo dimensions correspond 
ing to the projection and tWo (or less) dimensions corre 
sponding to the velocity of the projection. A smooth path 
through a 2-dimensional linear projection is referred to 
herein as a linear cluster-guided tour. Similarly, a nonlinear 
cluster projection is referred to herein as a nonlinear cluster 
guided tour. In contrast, cluster-guided tour provide a 
dynamic, more global perspective on the data set. 
The basic idea behind a linear cluster-guided tour is 

simple: Select a target 2-dimensional linear cluster projec 
tion at random from (J) possible projections, move 
smoothly from the current projection to the target projection, 
and continue. To illustrate this, let LC=L(Ca,Cb,CC) and 
LtEL(Cd,Ce,Cf) respectively denote a current tWo-plane and 
a target tWo-plane. According to the invention, a geodesic 
interpolation path is used for moving betWeen the current 
and the target planes. Such a geodesic interpolation path is 
simply a rotation in the (at most) 4-dimensional linear 
subspace containing both the current and the target tWo 
planes. 

The basic idea behind a nonlinear cluster-guided tour is 
essentially the same as that for a linear cluster-guided tour. 
That is, select a target 2-dimensional nonlinear cluster 
projection at random from (J) possible projections, move 
smoothly from the current projection to the target projection, 
and continue. The present invention provides tWo techniques 
for providing a nonlinear cluster-guided tour based on 
interpolating centroids and based on interpolating projec 
tions. 

To illustrate a nonlinear cluster-guided tour based on 
interpolating centroids, consider a current projection that is 
determined by cluster centroids Ca and Cb, and a target 
projection that is determined by cluster centroids CC and Cd. 
A pair of interpolated “centroids” are de?ned as 

or as 

C1(r)=rCd+(1-r)C,, C2(r)=rCC+(1-r)Cb, (10) 

Where t is the interpolation parameter and is de?ned as 
0§t§ 1. In Eq. (9), as t moves from 0 to 1, the interpolated 
centroid C1(t) moves from Cu to CC along the straight line 
joining Cu to CC. Similarly, the interpolated centroid C2(t) 
moves from Cb to C d along the straight line joining Cb to C d. 
In Eq. (10), as t moves from 0 to 1, the interpolated centroid 
C1(t) moves from Cu to Cd along the straight line joining Ca 


















