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[57] ABSTRACT 

A fuzzy logic controller is compiled into values in a look-up 
table such that the table may be used for adjusting a process 
dependent upon the state variables. The look-up table may 
be generated by use of a Mean of Maxima (MOM) technique 
for defuzzi?cation. Alternately, an approximate Height 
Method (HM) may be used to provide defuzzi?cation. The 
MOM and HM techniques alloW fuzzy logic control Without 
executing any rules in run-time. Afurther alternative uses an 
exact height method and minimizes the number of rules 
Which are executed in run time. 

12 Claims, 14 Drawing Sheets 
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COMPILATION OF RULE BASES FOR 
FUZZY LOGIC CONTROL 

This application is a Continuation of application Ser. No. 
07/775,873 ?led Oct. 15, 1991, noW abandoned. 

BACKGROUND OF THE INVENTION 

This invention relates to fuZZy logic control. 
The use of controllers for controlling various processes 

has become increasingly common. Such controllers may, for 
example, be used to control temperature and pressure so as 
to improve the performance of a chemical process. Control 
lers have been used to control Welding and for controlling 
numerous other operations and machines. 

Traditional controllers are developed based upon a math 
ematical model of the open-loop process to be controlled, 
folloWing classical control theory techniques. Typically tra 
ditional controllers require the use of rather accurate (and 
therefore) expensive sensors to monitor the output of the 
process. This precision is required by the control algorithm 
that has been synthesiZed from a model of the process. Such 
a traditional controller is shoWn in block diagram FIG. 1A 
and relies upon one or more actuators to respond to the 
output generated by the controller in order to maintain the 
process operating in a satisfactory manner. 
As shoWn by prior art block diagram FIG. 1B, fuZZy logic 

controllers have previously been used for the control of 
processes. Such fuZZy logic controllers (FLC) are knoWl 
edge based systems in Which the knoWledge of process 
operators or product engineers has been used to synthesiZe 
a closed loop controller for the process. Such FLCs are 
typically derived from a knoWledge acquisition process, but 
may be automatically synthesiZed from a self-organiZing 
control architecture. In either case, the result of the synthesis 
is a rule or knoWledge base rather than an algorithm. 
The KB consists of a set of fuZZy rules Which are used by an 
interpreter having a quanti?cation (or fuZZi?cation) stage, an 
inference engine (or fuZZy matcher), and a defuZZi?cation 
stage. 

The quanti?cation makes the input to the controller 
(generated by the sensor) dimensionally compatible With the 
left-hand side (LHS) of the rules. The inference engine 
matches the LHS of all the rules With the input, determines 
the partial degree of matching of each relevant rule, and 
aggregates the Weighted output of the relevant rules, gen 
erating a possibility distribution of values on the output 
space. The defuZZi?cation summariZes this distribution into 
a point Which is used by the actuator as the resulting control 
action. 

The sensors used by an FLC may be less expensive and 
less precise than the sensors used by a traditional controller 
due to the different value granularity With Which the control 
laWs are expressed in the knoWledge base of the FLC. 

The use of an interpreter in an FLC generally requires a 
continuous evaluation of all the rules in the knoWledge base 
every time that there is a change in the input. Such FLCs 
have therefore required a relatively large amount of memory 
and a relatively large amount of processing poWer in order 
to perform the large number of computations quickly 
enough to control a real-time process. Complex structures 
are often required. 

It may be useful to brie?y discuss the concept of fuZZiness 
even though a relatively large number of papers have dealt 
With this concept since it Was introduced in a 1965 paper by 
Zadeh entitled “FuZZy Sets” appearing in Information and 
Control, 8:338—353. 
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2 
FuZZiness is based upon a type of uncertainty and it is 

useful to compare it to randomness. In randomness, there is 
uncertainty arising from the non-deterministic membership 
of a point in the sample space to a Well-de?ned region in that 
space. The sample space represents the set of possible values 
for a random variable. The Well-de?ned region represents an 
event. The region’s characteristic function creates a 
dichotomy in the universe of discourse of the possible values 
for the random variable. When the point falls Within the 
boundary of the region, it fully belongs to the region. 
OtherWise, the point’s membership in the region is Zero. 
Probability measures the tendency or frequency With Which 
a random variable takes values inside the region. An 
example Would be ?ipping a fair coin and knoWing that the 
probability is 50% that the outcome Will be heads. Even 
though there is a probability associated With that event, the 
outcome of the event either fully belongs to the region (the 
region might correspond to the outcome being heads) or is 
completely outside such a region (When the outcome is 
tails). 

In fuZZiness, the uncertainty is derived from the partial 
membership of a point in the universe of discourse to an 
imprecisely de?ned region in that space. The region repre 
sents a fuZZy set. For example, if the space is all tempera 
tures and the region is temperatures Which are much greater 
than 32°, the region is a fuZZy set. The characteristic 
function of the fuZZy set does not create a dichotomy in the 
universe of discourse. It maps the universe of discourse (i.e., 
all temperatures in the given example) into the interval [0,1] 
(0 representing non-membership in the group and 1 repre 
senting membership in the group) instead of the set 0,1. The 
partial membership of the point does not represent any 
frequency. It de?nes the degree to Which that particular 
value of the universe of discourse satis?es the property 
Which characteriZes the fuZZy set. Thus, the characteristic 
function of the set of temperatures much greater than 32° 
Would have a value of 0 When the temperature is 32°. The 
characteristic function of that fuZZy set Would have a value 
of 1 at some temperature such as, for example, 500°. At 
some value in betWeen those tWo extremes, such as 100°, the 
value of the characteristic function Would be someWhere 
betWeen 0 and 1, the value corresponding to the extent to 
Which 100° is considered much greater than 32°. 
A fuZZy subset A of a universe of discourse U is de?ned 

by its membership or characteristic function nA(U). This 
function maps any point neU into the unit interval: 

Before proceeding further to discuss several basic 
concepts, it is noted that de?nitions and notations Will be 
explained throughout, but it may be useful for readers to 
refer to a summary of de?nitions Which is included near the 
end of the detailed description portion of this document. 
A fuZZy production rule is a mapping from a fuZZy state 

vector into a fuZZy control action. An example of a fuZZy 
production rule, taken from common-sense driving knoWl 
edge is: 

If the visibility is poor, and the pavement is slippery, then 
the car speed is (i.e., should be) very loW. 
The terms poor, slippery, very loW are all fuZZy descrip 

tions of the values of state variables and actions. 
A fuZZy rule-set is the union of such fuZZy production 

rules. An example of a fuZZy rule set is a collection of rules 
determining the appropriate driving speed under different 
visibility and pavement conditions. 
More formally, let us assume that We have a rule set R, 

Which is composed of m rules ri, i.e.: 
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(1) lgi 
and that each rule ri de?nes a mapping between a fuZZy state 
vector Xi and a corresponding fuZZy action Yi: 

Let us assume that the state vector is composed of n state 
variables: 

Each state variable Xi=XiJ-, i=1, . . . , m,j=1, . . . , n takes 

as value a fuZZy set de?ned on its corresponding universe of 
discourse X]- Whose base variable is X]-. The action Yi is 
assigned as a value a fuZZy set de?ned on the universe of 
discourse of actions Y, characteriZed by the base variable y. 

Then each rule ri can be Written as 

Where the symbol X indicates the Cartesian product opera 
tion. FIG. 2 illustrates an example With tWo fuZZy rules 
(m=2), in Which each state vector has tWo state variables 
(n=2) and one output. Each rule is of the type: 

[Temperature,Pressure]—>Throttle 

Among prior papers related to fuZZy logic controllers is 
the 1978 paper of Kickert and Mamdani entitled “Analysis 
of a FuZZy Logic Controller” appearing in Fuzzy Set and 
Systems, 12:29—44 and the 1976 Rutherford et al. article 
entitled “The Implementation of FuZZy Algorithms for Con 
trol” appearing in Proceedings of the IEEE, 64(4) :572—573. 

The Kickert paper provides an analysis of an FLC With 
one state variable, one output, and using the Mean of 
Maxima (MOM) used as a defuZZi?cation method. Under a 
feW additional assumptions, this paper shoWs the equiva 
lence of this FLC to a multi-level relay. The paper then uses 
this equivalence to replace the FLC With the describing 
function approximation of the multi-level relay. A stability 
analysis is then performed upon the closed-loop system. 
This presentation appears limited to an FLC With one state 
variable as the paper indicates that for higher order systems 
(i.e., for a state vector With more than one state variable), the 
concept of a describing function does not exist. 

The rather short Rutherford article discusses the compi 
lation of a knoWledge base for a tWo-state variable FLC 
using a mean of maxima (MOM) technique. Both papers are 
based on the assumption that the universes of discourse of 
the state variables are discretiZed, i.e. quantized. 

Knowledge based systems, often called expert systems, 
are problem solving systems Whose intelligent behavior is 
mostly based on declarative rather than procedural knoWl 
edge. These systems derive their conclusions from explicit 
knoWledge (i.e., knoWledge basis), rather than from hard 
coded algorithms. 

Although the prior art fuZZy logic controller discussed 
above With respect to FIG. 1B is a type of knoWledge based 
system, a knoWledge based system is not necessarily a fuZZy 
system. 

The compilation process in a knoWledge based system 
usually refers to the process of translation of variables, 
predicates, and rules into a dependency graph. Such a graph 
can be used to keep a pointer for all rules containing the 
same variable and for all variables effected by the same rule, 
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4 
thus eliminating the need of run-time search. The graph can 
also maintain the current evaluation of each rule, alloWing 
for incremental rule evaluation When neW information is 
entered. An example of rule compilation is the RETE 
netWork discussed by Forgy in the September 1982 article 
entitled “RETE: A Fast Algorithm for the Many Pattern/ 
Many Object Pattern Match Problem” appearing in Journal 
of Arti?cial Intelligence, 19(1):17—37. The RETE netWork 
Was developed to improve the performance of programs 
discussed in Forgy et al’s 1977 article entitled “OPS, A 
Domain-Independent Production System Language” appear 
ing in Proceedings of the Fifth International Conference on 
Arti?cial Intelligence, pages 933—939. 

Another rule compiler is described in the May 1990 
article of Bonissone et al entitled “Time-Constrained Rea 
soning Under Uncertainty” in Journal of Real Time Systems, 
2:22—45. This rule compiler is described in Bonissone et al. 
US. patent application Ser. No. 396,407 ?led Aug. 19, 1990, 
Docket No. RD-18,497, assigned to the assignee of the 
present application. The translator/compiler is used to take 
an existing RUM knoWledge base as described in Bonissone 
US. Pat. No. 4,860,213 issued on Aug. 22, 1989, based on 
KEETM, and compile it to a more efficient internal 
representation, replacing KEE units With speci?c instances 
of loW-level data structures. The translator derives and 
analyZes the rule netWork topology, creating a directed 
acyclic graph Which represents the rule dependencies as a 
compiled netWork. It also creates the links betWeen the 
declarative part of the knoWledge base (captured by the rule 
dependency graph) and the procedural part of the knoWledge 
base (captured by both user/de?ned and system predicates). 
Beyond knoWledge based systems, the compilation pro 

cess in programming language refers to translation of state 
ments from a high level source language into a loW level 
target language, such as assembly language or machine 
language, to alloW for efficient execution. Alternately, an 
interpreter can be used to execute each individual statement 
of the high level source language Without recurring to 
compilation (although typically the interpreter Will translate 
the high level language to some intermediate code designed 
to minimiZe the time needed to analyZe each statement in 
order to execute it). 

OBJECT AND SUMMARY OF THE INVENTION 

Accordingly, it is a primary object of the present invention 
to provide a neW and improved fuZZy logic controller. 
A more speci?c object of the present invention is to 

provide a fuZZy logic controller Which is relatively simple in 
construction and loW in cost. 

A further object of the present invention is to provide a 
fuZZy logic controller Which uses a relative small amount of 
memory. 
A still further object of the present invention is to provide 

a fuZZy logic controller Which may quickly respond to 
changed output conditions Without requiring a large amount 
of processing poWer. 

Yet another object of the present invention is to provide a 
fuZZy logic controller Which is compiled, but Which is 
equivalent in performance to an interpreted fuZZy logic 
controller. 
The above and other objects of the present invention 

Which Will become more apparent When the folloWing 
detailed description is considered are realiZed by a fuZZy 
logic control system. The control system includes a means 
for receiving sensed input values corresponding to at least 
tWo continuously de?ned state variables of a process Which 
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is to be controlled and a memory having a look-up table 
stored therein at a plurality of memory locations. Each of the 
plurality of memory locations has a stored value represen 
tative of the output from operation of a fuZZy logic rule base 
When the state variables have values corresponding to the 
address of that memory location. A means for generating an 
address dependent on the sensed input values and reading 
out a stored value and a means for supplying the read-out 
stored value to an actuator acting on the process are pro 
vided. 

In a mean of maxima (MOM) embodiment, each stored 
value is representative of the output from executing a single 
corresponding rule of the fuZZy logic rule base. Each 
memory location corresponds to a partition in state space in 
Which the corresponding rule is dominant. The boundaries 
betWeen adjacent partitions are de?ned by points of inter 
section betWeen adjacent terms in a termset. Each stored 
value is representative of a mean of maxima defuZZi?cation 
of outputs from rule executions. 

In an alternate embodiment, an approximate height 
method is used. Some stored values are representative of the 
output from executing a single corresponding rule and other 
stored values are dependent on the outputs from executing a 
corresponding plurality of rules. Some of the memory cor 
responds to a partition in state space in Which a correspond 
ing rule is the only rule having a non-Zero output and the 
other of the memory locations each correspond to a partition 
in state space Where each of the corresponding plurality of 
rules has a non-Zero output. Note that some memory loca 
tions may correspond to more than one partition in state 
space. Boundaries betWeen adjacent partitions are de?ned 
by points at Which a characteristic function of a term of the 
termset becomes Zero. The stored value is representative of 
an approximate height method defuZZi?cation of outputs 
from rule executions. 

The compiled fuZZy logic control system may be con 
nected to control a process and the control system may 
further include at least tWo sensors sensing state variables of 
the process and operably connected to the means for receiv 
ing. The system may further include an actuator for acting on 
the process dependent on the stored values Which are read 
out and operably connected to the means for supplying. 

The method of the present invention may be described as 
including the establishing of a look-up table in a memory for 
fuZZy logic control of a process. The establishing includes 
dividing a continuously de?ned state space of at least tWo 
state variables into partitions, each partition associated With 
a Zone (area, volume, or n-space Where n is the number of 
state variables) of values of the state variables. For each 
partition, an output is generated from execution of at least 
one applicable rule from a fuZZy logic rule base and depen 
dent upon the associated Zone of values of the state vari 
ables. The output is stored at memory locations Within a 
memory, each memory location corresponding to at least one 
partition and having an address corresponding to the Zone of 
values of the state variables Which are associated With that 
partition. Each output is operable for controlling an actuator 
acting on a process Which is to be controlled. 

The method may further include controlling a process by 
substeps including operably connecting the memory to at 
least tWo sensors Which sense tWo state variables of the 
process, generating an address dependent on the values of 
the state variables, reading out an output from the address, 
and supplying the output to an actuator acting on the process 
for controlling the process. 
One embodiment generates the output by means of 

maxima defuZZi?cation of outputs from rule executions. In 
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6 
that case, each output is generated by executing a single 
corresponding rule of the fuZZy logic rule base. Each output 
is stored in a memory location corresponding to a partition 
in Which the single corresponding rule is dominant. Bound 
aries betWeen adjacent partitions are de?ned by points of 
intersection betWeen adjacent terms in a termset. 

In another embodiment of the method, the output is 
generated by using an approximate height method defuZZi 
?cation of outputs from rule executions. In that embodiment, 
the output is generated for some partitions by executing a 
single corresponding rule of the fuZZy logic rule base and the 
output is generated for other partitions by executing a 
corresponding plurality of rules of the fuZZy logic rule base. 
Some of the memory corresponds to a partition in state space 
in Which a corresponding rule is the only rule With a 
non-Zero output and other of the memory locations each 
correspond to partitions in state space Where each of a 
corresponding plurality of rules has a non-Zero output. 
Boundaries betWeen adjacent partitions are de?ned by points 
at Which a characteristic function of a term of the termset 
becomes Zero. 

The method may be alternately described as including 
establishing a look-up table in a memory for fuZZy logic 
control of a process by substeps including dividing a con 
tinuously de?ned state space of at least tWo state variables 
into partitions, each partition associated With a Zone of 
values of the state variables. A compilation value is gener 
ated for each partition dependent on applicable rules from a 
fuZZy logic rule base and dependent upon the associated 
Zone of values of the state variables. The compilation value 
is stored at memory locations Within a compilation memory, 
each memory location corresponding to at least one parti 
tion. Each of the memory locations of the compilation 
memory then has a stored value corresponding to at least one 
partition at an address corresponding to each Zone of values 
of the state variables associated With each corresponding 
partition. The compilation memory is operably connected to 
a process Which is to be controlled. Values of at least tWo 
state variables of the process are sensed. The compilation 
memory is then addressed at an address dependent on the 
sensed values to output the compilation value. The compi 
lation value is used to control at least one actuator acting on 
the process to provide fuZZy logic control of the process 
Without run-time execution of any rule having a Zero output 
for the sensed values. 

In an approximate method, the generating step generates 
a compilation value Which is an output from execution of at 
least one rule and the compilation value is used for fuZZy 
logic control of the process Without run-time execution of 
any rule. 

In an exact method, each compilation value is at least one 
pointer representative of each rule having a non-Zero output 
for the associated Zone of values of the state variables. The 
compilation value is used by executing each rule in a rule 
base for Which a pointer has been output from the compi 
lation memory, defuZZifying rule outputs from the rule 
executions by using the height method to provide a control 
ler output, and controlling the at last one actuator based upon 
the controller output. The rule execution step includes 
calculating the degree of matching of a left hand side of a 
rule and the state variables. 

The more exact version of the system according to the 
present invention may be described as a fuZZy logic control 
system having means for receiving sensed input values 
corresponding to at least tWo continuously de?ned state 
variables of a process Which is to be controlled and a 
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compilation memory having a look-up table stored therein at 
a plurality of memory locations. A rule base has fuZZy logic 
rules stored therein. Each of the memory locations has one 
or more pointers, each pointer corresponding to each rule 
from the rule base Which has a non-Zero output When the 
state variables have values corresponding to the address of 
that memory location. A means generates an address depen 
dent on the sensed input values and reads out at least one 
pointer from the compilation memory. A means executes 
rules corresponding to the pointers Which are read out. A 
means defuZZi?es outputs of executed rules by using the 
height method to provide a controller output. A means 
supplies the controller output to an actuator acting on the 
process to control the process Without run-time execution of 
any rule having a Zero output for the sensed input values. 
The system further includes means for calculating the degree 
of matching of a left hand side of the rule and the state 
variables. The means for receiving receives sensed continu 
ously de?ned input values. The means for executing 
executes all rules having a non-Zero output for given values 
of the state variables. The means for generating generates 
the address by determining Which of a plurality of partitions 
of state space the current values of the state variables are 
located in and selecting an address corresponding to that 
partition. 

BRIEF DESCRIPTION OF THE DRAWINGS 

The above and other features of the present invention Will 
be more readily understood When the folloWing detailed 
description is considered in conjunction With the accompa 
nying draWings Wherein like characters represent like parts 
throughout the several vieWs and in Which: 

FIG. 1A shoWs a prior art traditional controller as dis 
cussed above; 

FIG. 1B shoWs a prior art interpreted fuZZy logic control 
ler as discussed above; 

FIG. 2 is a graphical depiction of tWo fuZZy production 
rules as discussed above in the background; 

FIG. 3 shoWs a simpli?ed diagram of a compiled fuZZy 
logic controller according to the present invention connected 
to a process; 

FIG. 4 shoWs an example of possibility measurement 
evaluation; 

FIG. 5 shoWs an example of matching a fuZZy input vector 
With tWo fuZZy production rules; 

FIG. 6 shoWs an example of aggregation of rule outputs; 
FIG. 7 shoWs an example of the Mean of Maxima (MOM) 

defuZZi?cation method; 
FIG. 8A shoWs a rule table of a fuZZy rule set; 

FIG. 8B shoWs the input space and rules of the fuZZy rule 
set of 8A; 

FIG. 9 shoWs an example of termset for throttle; 
FIG. 10 shoWs a mapping from a dominant rule to a crisp 

output; 
FIG. 11A shoWs an example of termsets for temperature; 
FIG. 11B shoWs an example of termsets for pressure; 
FIG. 12 shoWs a graphical breakdoWn of the state space; 
FIG. 13 shoWs an example of rule set compilation using 

Mean of Maxima (MOM); 
FIG. 14 shoWs an example of rule set compilation using 

a height method; 
FIG. 15 shoWs an example of height method defuZZi? 

cation; 
FIG. 16 shoWs an example of rule set compilation using 

the height method; 
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FIG. 17 is a simpli?ed ?oW chart of the method to 

establish the look-up table used With the present invention; 
FIG. 18 shoWs an indirect addressing technique; 
FIG. 19 is a simpli?ed ?oW chart of the method to use the 

controller to control a process; and 

FIG. 20 shoWs the structure of an exact height method 
arrangement of the present invention. 

DETAILED DESCRIPTION 

Turning noW to FIG. 3, a fuZZy logic controller 10 is part 
of a fuZZy logic control system also including sensors 12 and 
actuators 14. The actuators 14 act upon a process 16 and the 
sensors 12 sense state variables of the process 16. The 
process 16 might be a chemical process, or might involve the 
operation of mechanism or system such as an auto focus 
camera, a subWay train, crane, automobile sub-system, 
domestic appliance, or any of numerous other types of 
processes. 

The compiled fuZZy logic controller 10 according to the 
present invention receives values for the state variables on 
lines 18 (depicted as a single line for ease of illustration). 
The signals or values on lines 18 are supplied to box 20 
Which generates table coordinates or addresses correspond 
ing to memory locations Within memory 22. The memory 22 
has values from the execution of rules Within a fuZZy logic 
rule base or knoWledge base like that shoWn in FIG. 1B. The 
address or table coordinates generated by block 20 corre 
sponds to a memory location Within memory 22 at Which the 
output from rule execution corresponding to the currently 
senses input conditions is stored. 
Asimple example may aid in understanding. If the sensed 

conditions fed to block 20 correspond to a temperature of 5° 
and a pressure of 10 pounds per square inch, the block 20 
Will generate an address corresponding to the output from 
rule execution of the rule or knoWledge base When the 
temperature is 5° and the pressure is 10 pounds per square 
inch. 
The address from block 20 is supplied to block 24 Which 

reads the table by addressing the proper address of the 
memory 22 and supplies one or more outputs on lines 26. 
Referring back to the previous example, if the temperature 
Was 5° and the pressure Was 10 pounds per square inch, the 
value or values on lines 26 correspond to actions Which 
should be taken by the actuators 14 (one or more than one 
actuator might be used) upon sensing a temperature of 5° 
and a pressure of 10 pounds per square inch. In the diagram 
of FIG. 3, the outputs on lines 26 may be supplied to a 
summer 28 Which simply shoWs that other commands or 
inputs may be supplied to the actuators 14 and/or process 16. 

Although logical circuits could be used to provide the 
blocks 20 and 24 Which interact With memory 22, the blocks 
20 and 24 may also be realiZed by a microprocessor (not 
shoWn) connected to the memory 22 and programmed to 
generate the addresses or table coordinates and to read the 
memory 22 in the described fashion. 

Before presenting an explanation of the manner in Which 
an interpreted fuZZy logic controller may be used to establish 
the memory 22, several characteristics of the fuZZy logic 
controller 10 should be emphasiZed. The fuZZy logic con 
troller 10 may operate over a continuously de?ned state 
space. In other Words, the state values Which are provided to 
block 20 need not have discretiZation performed on them. 
Quite signi?cantly, the fuZZy logic controller 10 may operate 
using knoWledge from a fuZZy logic control knoWledge or 
rule base, but Without requiring one to execute the rules 
during the run time. As Will be explained in more detail 
hereafter, the rules Will have been executed and compiled in 
memory 22 such that the relatively large memory and 
relatively high processing poWer required for an interpretive 
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fuZZy logic controller Will not be needed With the arrange 
ment of FIG. 3. 
FuZZy-Rule Set Interpreter 

In the background, fuZZy rule set R Was de?ned as 
composed of m fuZZy production rules ri. The interpretive 
process Will noW be explained. 
Assume an input vector I composed of n input elements: 

1=U1>I2 - - - 7 In] (5) 

Each input element If, j=1, . . . n takes as values a fuZZy 
set pill-(xi) de?ned on the universe of discourse X]- of each 
state variable: 

Note that if an input element I]- has a crisp value, say x0, 
its value Will be represented by a membership function 

1 if Xj = X0 (7) 
#Ij-(Xj) = { 0 otherwise 

The above process correspond to the quantization phase 
of the FLC. 

Let us brie?y de?ne the steps in the inference engine of 
the interpreter. We need to de?ne the evaluation of each 
predicate in the left hand side (LHS) of each rule, the overall 
LHS evaluation for each rule, the output (conclusion 
detachment) of each rule, and the aggregation of all the rules 
outputs. 

The folloWing design choices (assumptions) A1 et seq. are 
made: 

A1: Each fuZZy rule is represented by the cartesian 
product operator. Recalling equation 4: 

(8) 

A2: The degree of matching betWeen an input vector 
element I]- and its corresponding state variable Xl-J- in rule ri 
is given by the possibility measure, as illustrated in FIG. 4: 

Note that if the input element I]- has a crisp value, 
expression 9 can be further reduced. By substituting equa 
tion 7 in 9, We can observe that the value of expression 9 Will 
be Zero for all xféxo. Therefore, for this special case: 

Thus, When the input is crisp, the above degree of matching 
is given by the evaluation of the characteristic function 
(reference membership distribution) at the point represent 
ing the value of the input. 

A3: The Left Hand Side (LHS) evaluation of each rule ri 
is implemented With the minimum operator to calculate the 
degree of matching. 

A4: The conclusion detachment Y‘i is obtained from rule 
ri using the minimum operator: 

The above expression requires calculating the minimum 
betWeen a constant ()ti) and a distribution The 

(12) 
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expression is just a shorthand notation for the equivalent 
(but dimensionally comparable) expression: 

Where p;\_(y) is a membership function With value k,- for all 
y in Y. ‘ 

FIG. 5 illustrates the matching betWeen the tWo rules of 
FIG. 3 and the input vector, illustrated at the bottom of FIG. 
5. In this ?gure We can observe the possibility measures of 
each state variable With its correspondent input element 
(denoted by the maximum of the black overlapping), the )t 
of each rule (denoted by the thermometer icon labeled 
degree of rule applicability), and the conclusion detachment 
(output) of each rule (denoted by the truncated distribution 
appearing in the action column). 
A5: The rules aggregation is performed using the maxi 

mum operator. FIG. 6 illustrates the aggregation of the 
output of all rules, after the matching process. 

my) = V m; (y) 

A6: The defuZZi?cation function is the Mean of Maxima 
(MOM). The output of MOM is de?ned as the point y* in the 
base variable y, in Which the membership distribution pix/(y) 
achieves its maximum. If the maximum is obtained in 
multiple points, y* is the average of such set of points. 
Therefore We can de?ne the interval of points y* (underline 
top) Where such maximum is achieved, 

and then de?ne y* as the average of The MOM defuZZi 
?cation process is illustrated in FIG. 7. 

To summariZe this inference process, We can substitute 
equation 12 in 14 and observe that the output of the FLC is 
described as: 

my) = V (minl/li, lot-(W1) (16) 

Where the symbol V indicates the supremum operation and 
the coefficients )ti determine the degree of applicability of 
rule ri. Recalling the de?nition of )ti from equation 11: 

Where the symbol /\ indicates the minimum operator. 
The value II(Xl-J-|I]-) is the possibility measure betWeen the 

reference value Xi]- and the input If. This measure represents 
the partial degree of matching betWeen the value of each of 
the state variable in rule ri and its corresponding input value. 
Recalling the de?nition of the possibility measure from 
equation 9: 

Equations 16, 17, and 18 describe the generaliZed modus 
ponens, Which is the basis for the interpreter of a fuZZy-rule 
set, under assumptions A1—A5 described above. Finally, 
using assumption A6, We can summariZe the output distri 
















