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'[57] ABSTRACT 
An arrangement for digitally processing a given num 
ber of analog channel signals, more particularly a digi 
tal multiplexer and demultiplexer provided with a 
number of signal paths each comprising a recursive 
digital ?lter and delay circuits arranged in cascade 
therewith, said ?lter circuits having an amplitude 
frequency characteristic of a lowpass ?lter having a 
cut-off frequency which is equal to half the bandwidth 
of a channel signal and a phase-frequency characteris 
tic which is such that the difference between such a 
phase-frequency characteristic and the phase 
frequency characteristic of a reference digital ?lter 
has a sawtooth-shaped variation, the slope of the saw 
tooth being opposite to the slope of the cooperating 
delay circuit. The arrangement furthermore comprises 
in cascade a discrete Fourier transformer connected 
to the signal paths. 

10 Claims, 10 Drawing Figures 
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CIRCUIT ARRANGEMENT FOR DIGITALLY‘ 
PROCESSING A GIVEN NUMBER OF CHANNEL 

SIGNALS - 

The invention relates to an arrangement for digitally 
procesing a given number of channel signals each hav 
ing a given bandwidth,»which arrangement is suitable 
for converting a single sideband frequency division’ 
multiplex signal into the corresponding -,base band 
channel signalsland for converting a given number of 
base band channel signals into a single sideband fre 
quency division multiplex signal. , - , 

For converting a single sideband frequency division 
multiplex signal into ,the corresponding base band 
channel signals, the arrangement includes a series par 
allel converter distributing binary coded signal samples 
(code words) of the multiplex signal equally in time in 
a cyclical manner over a given number of parallel signal 
paths while the signal samples in each of these signal 
paths occur at a frequency which is equal to the band 
width of a channel signal. In this arrangement each of 
the signal paths incorporates a delay circuit for elimi 
nating the mutual time shifts of the signal samples ap 
plied within a cycle to said series parallel converter, 21 
calculating member being provided in series with said 
delay circuit to which in addition to the output samples 
of the co-operating delay circuits a given number of 
?lter coef?cients is applied which are provided by a 
source for a given number of ?lter coef?cients, the 
outputs of said calculating members being coupled to 
inputs of a discrete Fourier transformer whose outputs ' 
are connected to demodulators. - 

For converting a given number of base band channel 
signals into a single sideband frequency vdivision-multi 
plex signal the arrangement includes an inverse dis 
crete Fourier transformer to which binary ‘coded signal 
samples of each of the baseband channel signals are 
applied and which is provided with an output circuit 
having a given number of signal paths in ‘which binary 
coded signal samples occur at a frequency which is 
equal to the bandwidth of a channel signal. These signal 
paths are each provided with a series arrangement of a 
calculating member and a delay circuit to which calcu 
lating member not only the signal samples occurring in 
the relevant signal path are applied ‘but also a given 
number of filter coef?cients which are derived from a 
source for a given number of ?lter coef?cients, while 
the outputs of these delay circuits are connected to a 
common output line, the delay times of said delay cir 
cuit being adjusted in such a manner that the binary 
coded signal samples occurring in the signal path occur 
simultaneously and distributed in time on the said com 
mon output line. I V ' 1 

An optimum reduction of the calculation speed in the 
calculation. circuits is obtained with such an embodi 
ment of a multiplex and a demultiplex arrangement. In 
fact these circuits receive signal samples at a frequency 
which is equal to the bandwidth ,ofa channel signal and 
this reduction of the calculation speed has the result, 
that such an arrangement. can be manufactured by 
means of large scale integration (LSI). 
These arrangements described in the preamble .are 

proposed in US. Pat. No; 3,891,803. Thecalculating 
members used are circuits‘of the non-recursive type 
each having a frequency which is equal to the band 
width of a channel signal and providing the weighted 
sum ofa given number of incoming binary coded signal 
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2 
samples and coef?cients. These coefficients character 
ize a lowpass ?lter having a cut-off frequency which is 
equal ‘to half the bandwidth ‘ofa channel signal. To 
obtain certain characteristics of the system such as a 
small crosstalk between the channels, and low distor 
tion,<the calculating members formed in this manner 
are fairly complex. For example, per calculating mem 
ber a large number of coef?cients is necessary so as to 
realize the ?lter characteristic and consequently the 
number of multipliers and'stores is very large. 

It is an object of the invention to provide arrange 
ments-of the kind 'described in the preamble in which 
the complexity of the calculating member is considera 

- bly‘ reduced. 

. According to the invention each calculating member 
is formed as‘ a-recursive digital ?lter to which binary 
coded signal samples are applied having an input sam 
pling frequency which is equal to the bandwidth of a 
channel signal and to which also?lter coef?cients orig 
inating from said source ‘are applied, which ?lter coef? 
cients characterize an amplitude-frequency character 
istic of a low-pass ?lter having a cut-off frequency 
which corresponds to the half bandwidth of a channel 
signal and which characterize a phase-frequency char 
acteristic, the phase-frequency characteristic indicat 
ing the difference between the phase-frequency char 
acteristic of azcalculating member and the phase-fre 
quency characteristic of a calculating member con 
nected to the output of a reference delay circuit, a 
sawtooth-shaped characteristic which is constituted by 
straight lines varying with a given angle of inclination in 
a parallel manner and intersecting the frequency axis in 
case of integral multiples of the said input sampling 
frequency while the slope of said sawtooth characteris 
tic is opposite to the slope ofthe phase-frequency char 
acteristic of the co-operating delay circuit. 
The invention and its advantages will now be de 

scribed with reference to the accompanying Figures. 
FIG. 1 shows a demultiplexer according to the inven 

tion. ' 

FIGS. 2 and 3 show signal spectra and signal samples 
in the arrangement of FIG. 1. 
FIG. 4 shows the step-shaped phase-frequency char 

acteristic of the phase shifters. 
FIGS. 5 and 6 show the sawtooth-shaped phase-fre 

quency characteristics of two phase shifters and of two 
delay circuits. 
FIG. 7 shows the amplitude-frequency characteristic 

of the phase shifters and FIG. '9 shows how this charac 
teristic is obtained in a recursive embodiment of these 
phase shifters. 
FIG. 8 shows vector diagrams for illustrating the 

phase shifts of the signals. 
FIG. 10 shows a frequency multiplexer according to 

the invention. - 

FIG. 1 showsthe demultiplexer according to the 
invention in which a frequency multiplex signal is con 
verted into its base hand signals. The arrangement 
shown receives at its input 1 the multiplex signal in an 
analog shape. The latter is formed by a given number of 
channel signals each having a bandwidth A f. For a 
speech signal Afis-approximately 4000 Hz. The multi 
plex signal is applied to a modulator 2 receiving from 
the generator 3 a carrier signal of suitable frequency so 
as to generate a frequency-transposed multiplex signal 
whose lowest frequency-corresponds to an odd multiple 
of the frequency Af/2. The lowpass ?lter 4 removes the 
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signals which are produced around the multiples differ 
ent from zero of the carrier frequency. 
To simplify the description of the system the general 

case will be considered hereinafter in which the multi 
plex signal is constituted by three channel signals hav 
ing a bandwidth Af and in which the lowest frequency 
of the transposed signal is equal to Af/Z. FIG. 2a shows 
in that case the spectrum of the signal at the output of 
the ?lter 4. Starting from'the known complex signal. 
this spectrum on the side of the positive frequencies 
between Af/2 and (7/2Af comprises the spectra of the 
complex signals C,, C2, ‘C3 which correspond to the 
channels Nos. 1, 2, 3 and on the side of the negative 
frequencies between — Af/2 and —- (7/2)Af comprises 
the added complex signal spectra 6,, ‘G2 and 63. In the 
frequency band of -— Af/2 to A172 an unused channel 
number 0 is situated for which it can be assumed that 
this channel comprises the complex signals Co and c?» 
which are equal to zero. 

The transposed multiplex signal is subsequently ap 
plied to a digital~to~analog converter 5 to be sampled 
therein with a frequency of 8 Af and coded. The spec 
trum of the sampled signal at the output of the con 
verter 5 is shown in FIG. 2b. 
The digital signal at the output of the converter 5 is 

applied to the series-parallel converter 6 having 8 out 
puts S0, S1 . . . S7. The codewords appear with a fre 

quency Af at each output S,- while the code words of 
two successive outputs s; and SH, occur a time interval 
‘AMI/A1‘) after each other. 
FIG. 3 diagrammatically shows the instants when the 

code words appear at the input and the outputs of the 
series parallel converter 6. 
The diagram 3a shows the series of code words at the 

input of the converter 6 occurring a time interval 1/8‘ 
(l/Af) after each other. The eight diagrams 3b, 3c. . . 3i 
shows the eight series-of code words Sok, Sm . . . S7,,- at 
the outputs of the converter 6. The index k serves to 
indicate the serial number of a code word in the series. 
The successive code word in each series occur with a 
period l/Af and the code words of the series Sm, 52k . . 
. S7,. are delayed over a period ‘Ar ( l/Af), (2/8) ' (l/Af) 
. . . Vs - ( l/Af) relative to the code words in the series S0,. 

to be considered hereinafter as a reference series. 

The outputs S0, S1, . . . S7 of the converter 6 are 

connected to delay circuits r0, 2-,, . . . r7 causing suitable 

delays so that the code words occurring within a cycle 
of the converter 6 at the outputs S0, . . . S1 simulta 

neously occur at the outputs of these delay circuits. It 
follows from the diagrams 3b, 3c, . . . 31' that this result 

is obtained with the circuits r0, r1 . . . r7 if these delay 

circuits introduce the delay times l/Af, Va ' ( l/Af) . . . Vs 
. (l/Aj). The circuit r0 introducing a delay which is 
equal to a period with which the code words occur at 
the output 8,, will be denoted as reference delay circuit. 
Connected to the outputs of these 8 delay circuits are 

the 8 calculating members A0, A‘ . . . A7 to which 

coef?eients are applied which are derived from a 
source 7. In the arrangement as described in said 
French Pat. speci?cation No. 72 2| 646 each calculat 
ing member is constituted by a non-recursive digital 
?lter which generates with the frequency Af code 
words each being the weighted sum of a given number 
of incoming code words while the weighting factors for 
a certain calculating member are equal to the ?lter 
coef?eients characterizing a‘ lowpass'filter having a 
cut-off frequency of A?2. 
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4 
To render the coef?eients used in each calculating 

member more precise, the diagram 3j of FIG. 3 shows 
the pulse response of such a lowpass ?lter which is 
symmetrical relative to the reference time 1': (I where 
it reaches its maximum value and which is zero at the 
instants which are multiples of l/Af. The weighting 
factors used in the calculating member A0, A, . . . A7 
utilized for multiplication by 2P incoming code words 
S0,“ S".- . . . Sm (k varies between —*P and P——l ) are the 

values (10k. an‘. . . . an‘ of the pulse response at the in 

stants when these incoming code words appear at the 
output of the series parallel converter 6, Le. at the 
instants when the arrows in the diagrams 3b, 3c . . . 31' 

are shown. 

The code words 0'0, 0'1 . . . 0-, at the outputs of the 

calculating members are thus in conformity with what 
has been described in said French Pat. speci?cation 
No. 72 21 646: 

,Thesc code words 0',,, 01 . . . a7 occur at the fre 

quency Af and due to the delays caused by the circuits 
r0, rl . . . r, they appear simultaneously. 

The code words 00, 0', . . . 0'7 are applied to the inputs 

of the discrete Fourier transformer 8 in which as de 
scribed in said patent application they are added after 
they have been multiplied by complex coef?eients 
which are supplied by the source 9 and correspond to 
carrier signals whose frequency is an even multiple of 
Af/Z. 

In the example chose the following calculations are 
performed: 

Digital signals with the sampling frequency Af occur 
at the outputs (a1, [3‘), (112, B2), (as, B“) of the trans 
former 8. These signals represent the real and imagi 
nary parts of the complex signals C1, C2, C3 which 
occur in the channels having the channel numbers 1, 2 
and 3 of the multiplex signal. 
The zero components of the complex signal Co are 

obtained at the terminals (a0, [30). 
The spectra of the complex signals C1, C2. C3 which 

are sampled with the frequency Af and correspond to 
the output digital signals of the discrete Fourier trans 
former 8 have the same shape as those shown in dia 
gram 2c. 
The digital demodulators d1, d2, d3 connected to the 

outputs (a,, B1), ((12, B2), (a3, B3) and'whose construc 
tion and operation are described in said U.S. Pat. No. 
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3,891,803 convert the complex signals C,. C2, C3 into 
the real base band signals corresponding to the chan 
nels 1, 2 and 3 which signals are sampled with a fre 
quency of 2 A f. The spectra of these base band signals‘ 
have the same shape as those shown in the diagram 2d. 
The object of the present invention is to provide 

another embodiment of the calculating members A“, A, 
. . . A, which is generally more economical.’ Before 

describing the construction of these novel calculating 
members it_ is advantageous to describe the role of. 
these calculating members in the arrangement of FIG. 
1. . 

The different cascade circuits each being constituted 
by a delay circuit and a calculating member m and A0 
are r, and A,, . . . r, and A, and may be considered as 

digital phase shifters (be, (1), , . . qb, with the step-shaped 
phase frequency-characteristics shown for the different 
phase shifting networks in FIG. 4. The characteristic of 
the phase shifter (11,, denoted by 4),, is a special case‘ for 
which the height of the step is equal to_zero; the phase 
variations are zero irrespective of the frequency. The 
characteristic of the phase shifter (1), corresponds to the 
step-shaped curve denoted by (1),. In the bandl-(Af/Z), 

' Ai?2] the phase shift is zero; for successive frequency 
bands with a bandwidth of Af the negative phase shifts 
increase ‘by -—71r/4. The other characteristics (b2, ¢,, . . . 

(1), corresponding to the circuits (r2, A2), (r,,, A;,) . . . (r,, 
A,) each have a stepshaped phase characteristic with a 
phase shifter zero in the band [—(Af/2l), Af/Z] and ‘in 
creasing phase shifts' for successive frequency bands 
which bands again have a width of Af. For the charac 
teristics 4),, 4),, . . . 4), this increase of the phase shifts is 
—(61r/4), —(57r/4), .' . . —(1r4), respectively. The steps 
of these curves are shown by broken lines with the 
exception of that of curve (1), ‘shown by a solid'line. 

It will now be described how the characteristics (be, 
¢>,, . ‘. .- (1),’ of FIG. 4 are derived from the phase-fre 
quency characteristics of the 'delay circuits r,',, r, . . . r, 

and of the calculating members A0, A,, . . . A,. 
The delay circuits r0, r,. . . r, delay the output code 

words occurring at the‘ outputs S0, S, . . . S, of the series 

parallel converter 6 over llAf, 7/8 Af,’. . . 1/8 Af, respec 
tively. Since these output code words occur at each of 
the outputs S,,, S,, . . . S, with a period l/Af, each of 
these delay circuits has a phase-frequency characteris 
tic which . constituted by a straight line through the 
original one while the slope of this straight line for the‘ 
circuits r,,, . . . r, is equal to 0, ~78 ’ (ZrrAj), . . . , —- ‘A; 

-(21r/Af). In FIGS. 5 and 6 the straight lines denoted by 
r, and r7 show the phase-frequency characteristics of 
the delay circuits r, and r,. 
As already noted the. calculatingmembers A0, A, '. . 

I‘. A,_supply the code words To, 1-,, . . . *r,,_according to the , 

expression, ( l ). In these expressions SM, 5",, . . . S,,,'are 
the code words delayed by the delay circuits r0, r,, . . . 
r, which occur simultaneously at the outputs of the 
circuits r,,, . 

is formed by. the instant when the numbers S0,,- (see 
diagram 3);) occur. The ?lter coef?cients an,“ a,,,, . . = 

a”, characterize a low pass ?lter havinga cut-off fre 
quency of Af/Z ,whose pulse response is shown in FIG.’ 
3j. These coef?cients have values given by the pulse 
response namely by sampling of this pulse response 
with series of sampling pulses undergoing a time shift 
l/Af, 7/8 ~ ( l/Aj) . . . 1/8 ' (l/Af) relativeto said reference 
instants. , _ ‘ 1. . y , , _ 

All calculating members havehthe samelamplitude~ 
frequency characteristic which is shown in FIG. .7. This 

. . r, namely at the reference instant which . 
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6 
characteristic is that of a lowpass ?lter having a cut-off 
frequency of Af/2 which is periodically repeated 
around all integral multiples of the sampling frequency 
Af. This characteristic has certain distortions in the 
passband when calculating members of the non-recur 
sive type are‘ used. 
When the pulse response is chosen to be symmetri 

cal, the phase-frequency characteristic for each calcu 
lating member is accurately linear with a slope depen 
dent on the serial number of the calculating member. 
This phase-frequency characteristic is likewise periodi 
cal and has the same periodicity as the amplitude-fre 
quency characteristic of FIG. 7. The slope of the phase 
frequency characteristic for each of the calculating 
members corresponds to the above given values of the 
used coefficients in each calculating member. For the 
calculating members A0, A, . . . A, this slope is 0, 7/8 ‘ 
(Zir/Aj) . . (1a - (Zn/Aj). In FIGS. 5 and 6 the sawtooth 

shaped curves denoted by A, and A, show the phase 
frequency characteristic of the calculating members A, 
and A,. The calculating members are hereinafter re 
ferred to as sawtooth-shaped phase shifters. 
By adding in FIG. 5 the ordinates of the curves r, and 

,A,, the step-shaped curve (I), of FIG. 4 is obtained. By 
adding the ordinates of the curve r, and A, of FIG. 6, 
the curve <15, of FIG. 4 is obtained. The other intermedi 
ate curves of FIG. 4 may be obtained in the same man 
nerfIt may be shown in a simple manner that the cas~ 
cadevcircuit of the delay circuit re and of the calculat 
ing member A0 does not cause any phase shift. 

Starting from the step-shaped characteristics of the 
phase shifters 410, (i), . . . qb, the operation of the de 
scribed arrangement is as ‘follows. As already noted the 
multiplex signal to be converted is constituted by com 
plex signals C,, C2, C3 and their added complex signals 
6,, G2, G3 which after sampling with the Nyquist fre 
quency 8feach occupy in the manner shown in FIG. 2b 
a frequency band having a width of Af. However, since 
a sampling frequency ‘at the outputs So, S, . . . S, of the 
series parallel converte_r 6_is reduced to Af, the complex 
signals c',, 0,, c3, ‘6,, 0,, c3 jointly occur in each of the 
frequency bands having a width of Af occurring around 
the integral multiples of the sampling frequency Af. In 
these bands these complex signals have their original 
amplitude-frequency characteristic, but they have un 
dergone phase shifts which are dependent on the con 
sidered output of the converter 6. 
The ?rst column of the table of FIG. 8 shows for each 

of the outputs So, S,, . . . S, of the ‘converter 6 the phase 
of each ofthe complex signals C,, C,, C_-,,G,, G2, a, for 
the frequency, band [¥(Af/2), Af/Z]. The complex sig 
nals (3-,, 5,, G, are denoted by vectors with a solid line 
and provided with a transversal line, two transversal 
lines and three transversal lines; the complex signals C,. 
C2, C3 are denoted by broken line vectors and again 
with a transversal line, two transversal lines and three 
transversal lines. All vectors at the output So have the 
same phase which is considered as a reference phase. 
The vector C, is obtained at the output 5,, S2 . . . S, by 
a reference phase by a phase shift of 1r/4, 21r/4, . . . 

71r/4 relevant to the reference phase, the vector C2 is 
obtained by a phase shift of 17/2, 21-r/2, ._ . . 71r/2 rele 
vant to the reference phase;.the vector C, is obtained 
by phase shifts of 31r/4, 2- (31r/4), . . . 7.,(31r/4) rele 
vant to the reference phase, In the considered fre 
quency band [:(Af/Z) —(AF/2,)] the added complex 
vectors C,,VC,, have phaseshifts of equal value but 
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with opposite sign relative to the phase shifts of the 
vectors C,, C2, C“. 

In accordance with FIG. 4 the phase shifters d>,,, d), . 
. , da, do not cause a phase shift of the signals'in' the 

frequency band [-(A?2). A?2] so ‘that the ?rst column‘ 
of the table_o_f indicates the phases of the vectors 
C,, C2, C,,, C,, C2, C3 at‘the inputs of the discrete Fou 
rier transformer 8 to which the code words 00. 0",. . . a‘, 

are applied. The formulas (2) show that in this Fourier 
transformer the signals C,,’C2, C3 are obtained by add 
ing'the input code words 0-,- (i varies between 0 and 7) 
after multiplication by the powers ' ‘ 

1r 1r 71' 

,, 1'2"!‘ ‘,_I :1 

These multiplications by the complex e powers corre 
spond for the complex signals to a phase shift of 
—(1r/4) i, —(1r/2) i, — (3 1r/4)i. The second column of the 
table of FIG. 8 shows the phaseshifts obtained bythe 
Fourier transformer —(1r/4)i in order to obtain the sig 
nal C, at the outputs (01,, [3,) and the position of the 
vectors C,. C2, C3, 6,, E2, 6,, after these phase shifts. 
The third column of the table of FIG. 8 shows for 

each of the vectors the result of the addition taking 
place in the Fourier transformer so as to obtain a signal 
at the outputs ((1,, ,B, ). This table shows that the sum of 
all vectors is zero except the sum corresponding to the 
vector C,. Thus only the complex signal C, located in 
the frequency band of [-(Af/Z), Af/Z] is obtained at 
the output (01,, [3,) of the discrete Fourier transformer. 

In the same way it can be shown that only the signals 
C2 and C3 located in the frequency band of [-Af/2, 
Af/2] are obtained at the outputs_(a2, B2) and at the 
outputs ((13, ,B_-,) of the discrete Fourier transformer. In 
addition to the signals C,, C2, and.C,, located in the 
frequency band [-(Af/Z), Af/2]. these signals also 
occur at the relevant outputs (01,-, [3,) in frequency 
bands having a widthvof Af located around integral 
multiples of the sampling frequencyAf. To show this 
the same procedure may be followed as described 
aboie. Io this end the phase of the vectors C,, C2, C;,, 
C,, C2, C3 at the outputs of the series parallel converter 
6 is determined in the considered frequency band and 
subsequently the phase shifts determined by the char 
acteristics of the phase shifters (in, to (b, are introduced 
on these vectors. The phase shifts introduced by the 
Fourier transformer are then processed and ?nally the 
sums are formed which are given in the expressions (2). 
The invention relates to the construction of the cal 

culating members or phase shifters having a sawtooth 
shaped characteristic, A0, A,. . . A1. The phase shifters 
mentioned in said US. Pat. No. 3,891,803 are formed 
as non-recursive lowpass filters whose frequency char 
acteristic for each phase shifter was accurately linear 
and in which the slope of the phase-frequency charac 
teristic was given by the serial number of the output on 
the series parallel converter. The Applicant has found 
that for a satisfactory operation of the arrangement 
according to the invention it is-suf?cient if the said 
sawtooth-shaped phase-frequency characteristic de 
notes the difference between the phase-frequency 
characteristics of the calculating members A,, A2 . . . 

A1 and the phase-frequency characteristic of the refer 
ence phase shifter A,,. It is to‘ be noted that for a satis 
factory crosstalk attenuation it is required that the 
attenuation slope of the‘ampIitude-frequency charac 
teristic of the sawtooth-shaped phase shifters (see FIG. 
7) at the limit of the passband is large. With non-recur 
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8 
sive phase shifters this high slope requires a large num 
ber of coefficients so that the manufacture of these 
phase shifters is expensive as regards the required num 
ber of multipliers'and storage elements. 
According to the invention the sawtooth-shaped 

phase shifters A0, A,. . 
These phase shifters are built likewise as recursive 
?lterswith special coefficients. For manufacturing the 
recursive ?lters the book by Gold and Radar “Digital 
Processing of Signals" McGraw Hill Book company, 
I969 may be consulted. In the form shown diagram 
matically in FIG. 1 a phase shifter of the recursive type, 
for example, A, includes a ?rst nonrecursive section 10 
in which the weighted sum with coef?cients is deter 
mined. The output code words of the register r, re 
ceivcd through the input 11 are applied to a delay line 
not shown. Also in the recursive section 12 of the phase 
shifter A, a weighted sum is determined with coef?ci 
ents which are supplied by the store 7. The output code 
words occurring at the output 13 are taken up in a 
delay line (not shown). The code words occurring at 
the outputs of the nonrecursive section 10 and the 
recursive section 12 are added together in the adder 14 
whose output is connected to the output 13. 
The phase shifters A0, A, . . . A7 are each constituted 

by an all-pass ?lter -in which the phase-frequency char 
acteristic is given by a curve repeating periodically with 
a frequency A!" which is approximately a straignt line 
and intersects the frequency axis in case of integral 
niultiples of the frequency Af which intersection corre 
sponds to a phase shift of zero and in which for each of 
the phase shifters the slopes of the curves are equal to 
the slopes of the above-mentioned phase shifters. Since 
the said phase shifters have a recursive section. 12 it is 
impossible to realize accurately a linear phase charac 
teristic as in the case of non-recursive phase shifters. As 
a result the sawtooth-shaped phase-frequency charac 
teristics are only realized with a certain approximation. 
The broken line curve of FIG. 5 shows the shape of this 
phase-frequency characteristic approximated for the 
phase shifter A,. The phase shifters manufactured in 
this manner thus cause phase distortions but no ampli 

' tude distortions. 

These phase shifters may be de?ned by their Z trans 
formations which, for example, for a phase shifter of 
the m order is: - 

. _ 1...+ 1.. . z" + . . .+ . z-""-"+ L.. . 

m‘) ‘ L,,, + 1.,,, ,z- I + . . .-+ L, . z-"H' + I." . 2-" (3) 

In this formula (3) the references L0, L, . . . L,,,_,, L,,, 
represent the coef?cients supplied by the store 7. Z‘1 
corresponds to the delay of each element of the delay 
lines of the sections 10 and 12. The denominator de 
?nes the operations to be performed in the non-recur 
sive section 10. The numerator de?nes the operations 
to be performed in the recursive section 12. When the 
numerator and denominator polynome have the same 
coef?cients, the reference H(z) represents the ampli 
tude-frequency characteristic of an all-pass ?lter. In 
each phase shifter A0, A,. . . . A7 a number of coef?ci 
ents are used which determine the slope of the saw 
tooth-shaped characteristic. 
The phase shifters may be formed in such a manner 

' that the phase-frequency characteristic of each of these 
phase shifters has a certain sawtooth-shaped variation. 
On the other hand these phase shifters may be formed 

, . A7 are of the recursive type. . 
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'in such a manner that the difference between the 
phase-frequency characteristic of a phase shifter and 
the characteristic of a reference phase shifter has the 
required sawtooth-shaped variation. As will be de 
scribed hereinafter a considerable reduction in the cost 
of phase shifters is Obtained. ' 

In the latter case the coef?cients which determine 
the slope of the sawtooth-shaped curve in each of the 
phase shifters are applied to the non-recursive section 
10 while the recursive sections 12 of all these phase 
shifters are formed in exactly the same manner and in 
addition the same coefficients are used for each of the 
recursive sections. ' 

It has thus been achieved that the non-recursive sec 
tion ‘10 of each of the phase shifters A,- has the desired 
sawtooth-shaped phase-frequency characteristic while 
it is possible with a relatively low number of coef?ci 
ents to realize an amplitude-frequency characteristic 

10 
dB at approximately 2300 Hz, this characteristic can be 
realized for each of the phase shifters with the aid of 20 
coefficients if these phase shifters are formed in a non 
recursive ‘embodiment, for example, in the manner as 
described in‘ said U.S. Pat. No. 3,891,803, while for the 
abovemention‘ed embodiment according to the inven 
tion it is sufficient if 8 coefficients are used in the non 
recursive section 10, and 8 coefficients are used in the 
non-recursive section 12. As'a result an economy in the 
number of multipliers and especially the number of 
coefficient 7 stores is obtained which economy is the 
greater as the number of phase shifters is larger. All this 
is further shown in the table below. This table makes it 
possible to compare the number of multipliers and 
coef?cient stores in the non-recursive and recursive 
embodiments of the phase shifters for an arrangement 
using 64 phase shifters and suitable for demultiplexing 
a multiplex signal formed by 30 channel signals. 

Non-recursive Recursive 

Multipliers 2O 8 + 8 = 16 
. Coefficient 

I phase shifter stores 20 8 + 8 = If) 
delay circuits 2O 8 

64 phase shifters 

16 X 64= 1040 Multipliers .20 X 64 = l280 
Coefficient 
stores 20 X 64 = I280 (X X 64) +8 = 520 
delay circuits 20 X 64 = l280 8 X 64 = 512 

with each of the non-recursive sections which corre 
sponds to that of a simple low-pass filter, that is to say, 
a lowpass ?lter having a fairly weak attenuation slope, 
for example, of the type as is shown in FIG. 9a in the 
frequency band of 0 For a sampling frequency Af 
this characteristic of FIG. 9a is repeated around all 
multiples of Af. 
The coef?cients of each recursive section 12 of the 

phase shifters are chosen in known manner such that 
the amplitude-frequency characteristic of each of these 
recursive sections has the variation shown in FIG. 9b so 
that the amplitude-frequency characteristic of each of 
the phase shifters has the variation shown in FIG. 9c 
and thus has a substantially flat shape in the part of the 

35 

band where the channel signal is present and with a . 
relatively high attenuation slope which is required at 
the limit of the pass band. ‘ ~ ' 

' The phase-frequency characteristic 'of each of the 
recursive sections 12 may be completely arbitrary so 
that this phase-frequency characteristic does not im 
pose ‘certain requirements on the coefficients. In fact, 
since this phase-frequency characteristic is the same 
for all phase shifters they do not in?uence the phase 
frequency characteristic of the difference between the 
phase frequency characteristics of the phase shifters 
and the reference phase-frequency characteristic of the 
reference phase shifter. The phase-frequency charac 
teristics corresponding to this difference each have the 
sawtooth-shaped variation which is determined by the 
non-recursive sections. With thetphase shifters formed 
in this manner the advantage is'obtained that the re 
quired attenuation slope of the amplitude-frequency 
characteristic can be obtained with a relatively 'low 
number of coefficients so that only a small number of 
multipliers and coefficient stores is necessary. 
When more particularly for a speech signal the am 

plitude-frequency characteristic shown in FIG. 90 is to 
be realized which characteristic is substantially ?at up 
to 1700 Hz and has an attenuation of approximately 80 

45 

55 

60 

Since in both the non-recursive and the recursive 
section of the phase shifters the same number of coeffi 
cients can be used, for example, 8 in the above-men 
tioned embodiment it is particularly advantageous. In 
fact each of the phase shifters can be built up in ca 
nonic form so that only one delay line is necessary. In 
addition to the said economy a considerable economy 
in delay circuits is obtained, for example, the number 
of delay circuits decreases from 20 to 8 per phase 
shifter. The table above shows the number of delay 
circuits which is necessary for 1 and for 64 phase shift 
ers. 

The demultiplexer of FIG. 1 and particularly the 
sawtooth-shaped phase shifters according to the inven 
tion have been described for the case where the multi 
plex signal is constituted by three channel signals. Ex 
tension of the arrangement to an arbitrary number of 
channels is possible. ' l 

The invention may be alternatively used for convert— 
ing base band signals into a frequency division multi 
plex signal. The previously mentioned French patent 
application describes that for this multiplexer some 
operations are to be performed which are reciprocal to 
those which are to be performed in the demultiplexer, 
while circuits are used all of which are substantially‘ 
identical. Particularly the same calculating members'or " 
phase shifters having a sawtooth-shaped characteristic ' 
are used which according to the invention are of the 
recursive type. 
FIG. 10 shows the structure of the multiplexer ac 

cording to the invention in the case where the number 
of channel signals is equal to three. _ 
The three base band signals each having a frequency 

band of Af are applied to the analog-to-digital convert 
ers El, E2, E3 in which these signals are sampled and 
coded with the frequency 2 Af. The spectrum of each of 
these sampled signals has the shape shown in FIG. 2d. 
The digital signals which can be applied from this con 
verter to modulators M1, M2, M3 are formed in the 
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mannenas described in prior French Patent application 
No. 72 21 646. These modulators supply digital signals 
sampled with a frequency of Af and corresponding to 
the real and imaginary parts of the complex signals C,, 
C2, C,,. These complex signals C,. C2, C3 jointly consti 
tute with the added complex signals C,, C2, C,, the real 
time signals which are applied to the converters E,, E2. 
5-,. The spectrum of the complex signals C,, C2, C“ at 
the output of the modulators M,, M2, M,, has the shape 
shown in FIG. 20. 
The outputs of the modulators M,, M2, M,, are con 

nected to the inputs (01,, 3,). (112, B2), (013, B,,) of the 
inverse Fourier transformer 15. With the inputs (110,80) 
at which it is assumed that the zero components of a 
complex signal C0 are applied the transformer 15 has 
four pairs of inputs and it supplies the eight digital 
signals 00, a, . . . 0', at eight outputs while in each signal 

the code words appear with a frequency Af and the 
code words of different signals occur at the same in 
stants (simultaneously). 

In the inverse Fourier transformer 15 the code words 
of the digital signals at the outputs 0',,, 0', . . . (r, are 

obtained by taking the real part of the sum of the com 
plex input signals while these input signals are multi 
plied by complex coefficients supplied by the coef?ci 
ent source 16. These output code words are given by 
the expression: 

’ 3 

0-,. = Re E (“u 
n — O 

P . 21m ‘ 

3. ' s 
(I, = R0 1 (',, 1 

n = (l l 

E 5 (4) 
q 

r . 21rin 
3 j 8 

r1, = R1’ )2 (',, 1 
n = 0 

i a 
- '1 

3 I’. g11'7" 
0', = Rt’ 2 ( u 1 

Ln = () 

In these expressions (4) 0, denotes a digital signal 
which occurs at an arbitrary output 1' of the transformer 
15, where i in the given embodiment assumes all inte 
gral values from O to 7; C,, indicates the complex signal 
occurring at an arbitrary input (an, B“) of the trans 
former 15 while in the embodiment shown n assumes 
all integral values of from 0 to 3. 
The digital signals from the transformer 15 are ap 

plied to the phase shifyers having a step-shaped phase 
frequency characteristics <l>’,,, ¢’,, . . . ¢’,. These char 
acteristics, likewise as those of the phase shifters ¢,,, (1),, 
. . . Q5, of the demultiplexer occur with a width Af at 

multiples of the frequency Af but the stepwise increase 
of phase shifts varies relative to the phase shifters <15, of 
FIG. I in the reverse order. As is shown in FIG. 4 the 
characteristics of the phase shifters ¢',,, d>’,. . . . d)’, are 

equal to the characteristics of the phase shifters (1)0, (b, 
. . . (b, of the demultiplexer. The phase shift increases 

with an amount equal to O. —(1r/4) . . .—( 71r/4), respec 
tively. v 

The step~shaped characteristics of the phase shifters 
dJ'U, dJ’Z, . . . d)’, are obtained by series arranging phase 
shifters with a sawtooth characteristic and delay cir 
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12 
cuits A',, and r',,, A’, and r',, . . . A’, and r’,. The saw 
tooth-shaped characteristics of the phase shifters A',,, 
A’, . . . A’, are the same as those of the phase shifters 

A". A7 . . . A, of the demultiplexerl As is shown in FIG. 
6 the slopes of the phase shifters A’, and A, are equal 
to Vs ‘ (Zn/AD and as is shown in FIG. 5 the slopes of 
the characteristics of the phase shifters A’? and A, are 
both equal to 7A; ' (27r/Af). According to the invention 
these phase shifters are also of the recursive type and 
have the same structure and the same properties as 
those described above for the phase shifters of the 
demultiplexer. Their amplitude-frequency characteris 
tic corresponds to that of a lowpass ?lter having a cut 
off frequency of approximately Af/Z; the phase-fre 
quency characteristics ofa phase shifter is such that the 
difference between this characteristic and that of the 
reference phase shifter A',, has a sawtooth-shaped vari— 
ation while each phase shifter has its own characteristic 
slope extensively described hereinbefore. 
The delay circuits r',,, r', . . . r’, introduce the same 

delay times as the delay circuits r0, r7 . . . r, of the 

demultiplexer, i.e. a delay time of 0, 1/s ' (l/Af), . . . Va 

. (l/Af) and thus have the same phase-frequency char 
acteristics. 
The digital signals coming from the delay circuits r',,, 

r’, . . . r’, are combined in the common line 18 where 

a digital signal is obtained within which the code words 
occur with a frequency 8 Af. Analogously to the de 
scription in said U.S. Pat. No. 3,891,803 it can again be 
shown that the digital signal occurring at the output 
lead 18 with a sampling frequency of 8 Af forms the 
sampled desired multiplex signal which is, however, 
transposed in frequency to the zero frequency whose 
spectrum is shown in FIG. 2b. With the aid of a digital 
to-analog converter 19 and a lowpass filter 20 an ana 
log multiplex signal is obtained whose spectrum is 
shown in FIG. 2a. The modulator 21 receiving from the 
generator 22 a suitable carrier signal brings the multi 
plex signal in the desired frequency band. 

In a multiplexer which is adapted for converting N-l 
channel signals into a multiplex signal, the inverse Fou 
rier transformer 15 has 2N outputs to which 2N phase 
shifters having a step-shaped phase-frequency charac 
teristic are connected. Each of these phase shifters is 
constituted by a series arrangement of a phase shifter 
lhaving a sawtooth-shaped characteristic A’,- and a delay 
circuit r’,- (i varies between 0 and 2N—l ). The charac 
teristic of a phase shifter <15’, is the same as that of a 
phase shifter ¢2N_, of the demultiplexer while the in~ 
crease of the phase between successive steps is equal to 
—2 1r( l/2N). The characteristic of a phase shifter A’, is 
the same as that of a phase shifter A2N_|' and the slope 
is equal to 21r(i/2N) ' i’Af). 
The delay time of a delay circuit r’, is the same as that 
of a delay circuit r2,,_,- and is (i/2N) ' (l/Af). 
What is claimed is: 
1. An arrangement for converting a single side-band 

frequency division multiplex signal into a correspond 
ing base band channel signals, including a series paral 
lel converter distributing binary coded signal samples 
(code words) of the multiplex signal equally in time in 
a cyclical manner over a given number of parallel signal 
paths while the signal samples in each of these signal 
paths occur at a frequency which is equal to the band 
width of a channel signal in which arrangement each of 
the signal paths incorporates a delay circuit for elimi 
nating the mutual time shifts of the signal samples ap 
plied within a cycle to said series parallel converter. a 
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calculating member being provided in series with said 
delay circuit to which in addition to the output samples 
of the co-operating delay circuits a given number of 
?lter coef?cients is applied which are provided by a 
source for a given number of ?lter coef?cients, the 
outputs of said calculating members being coupled to 
inputs of a discrete Fourier transformer whose outputs 
are connected to demodulators characterized in that 
each calculating member is formed as a recursive digi-. 
tal ?lter to which binary coded signal samples are ap 
plied having an input sampling frequency which is 
equal to the bandwidth of a channel signal and to which 
also ?lter coef?cients originating from said source are 
applied, which ?lter coef?cients characterize an ampli 
tude-frequency characteristic of a lowpass ?lter having 
a cut-off frequency which corresponds to the half band 
width of a channel signal and which characterize a 
phase-frequency characteristic, the phase-frequency 
characteristic indicating the difference between the 
phase-frequency characteristic of a calculating mem 
ber and the phase-frequency characteristic of a calcu' 
lating member connected to the output of a reference 
delay circuit, each recursive ?lter having a sawtooth 
shaped characteristic which is constituted by straight 
lines varying with a given angle of inclination in a paral 
lel manner and intersecting the frequency axis in case 
of integral multiples of the said input sampling fre 
quency while the slope of said sawtooth characteristic 
is opposite to the slope of the phase-frequency charac 
teristic of the co-operating delay circuit. 

2. An arrangement for converting base band channel 
signals into a single sideband frequency division multi 
plex signal comprising an inverse Fourier transformer 
to which digital signals are applied which are related to 
the channel signals to be converted and is provided 
with a given number of signal paths in which linearly 
coded output samples of the inverse Fourier trans 
former occur with a frequency which is equal to the 
bandwidth of a channel signal; a calculating member 
being incorporated in each signal path to which not 
only output samples of the inverse Fourier transformer 
are applied but also filter coef?cients which are derived 
from a source for a given number of ?lter coef?cients, 
said signal paths incorporating in series with the calcu 
lating members delay circuits whose outputs are con 
nected to a common output lead, the time delays of 
said delay circuits being sugh that the code words in 
said common output lead occur one after the other 
while being evenly distributed in time, the digital signal 
is said common lead corresponding to the multiplex 
signal, characterized in that each calculating member is 
formed as a recursive digital ?lter to which binary 
coded signal samples are applied having an input sam 
pling frequency which is equal to the bandwidth of a 
channel signal and to which also ?lter coef?cients orig 
inating from said source are applied, which ?lter coef? 
cients characterize an amplitude-frequency character 
istic of a lowpass ?lter having a cut-off frequency which 
corresponds to the half bandwidth of a channel signal 
and which characterize a phase-frequency characteris 
tie, the phase-frequency characteristic indicating the 
difference between the phase-frequency characteristic 
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14 
of a calculating member and the phase-frequency char 
acteristic of a calculating member connected to the 
output of a reference delay circuit, said recursive digi 
tal ?lter having a sawtooth‘shaped characteristic which 
is constituted by straight lines varying with a given 
angle of inclination in a parallel manner and intersect~ 
ing the frequency axis in case of integral multiples of 
the said input sampling frequency while the slope of 
said sawtooth characteristic is opposite to the slope of 
the phase-frequency characteristic of the co-operating 
delay circuit. 

3. An arrangement as claimed in claim I, wherein the 
slope of the straight line corresponding to the differ 
ence between the phase-frequency characteristic of an 
arbitrary calculating member A, and that of the calcu 
lating member connected to the reference delay source 
is equal to 

where i varies between 0 and 2N-l and where Af is the 
bandwidth of a channel signal and 2N is the number of 
signal paths connected to the series parallel converter. 

4. An arrangement as claimed in claim 2, wherein the 
slope of the straight line corresponding to the differ 
ence between the phase-frequency characteristic of an 
arbitrary calculating member A’, and that of the calcu 
lating member connected to the reference delay circuit 
is equal to 

211 where i varies between 0 and 2N—l and where Afis the 
bandwidth of a channel signal and 2N is the number of 
signal paths connected to the lFFT. 

5. An arrangement as claimed in claim 1, wherein the 
recursive digital ?lters are each built up of a recursive 
section and a non-recursive section. 

6. An arrangement as claimed in claim 5, wherein for 
all calculating members the recursive sections are 
equal and that all these recursive sections receive the 
same ?lter coef?cients which are derived from said 
source for a given number of ?lter coef?cients. 

7. An arrangement as claimed in claim 5, wherein for 
all calculating members the number of ?lter coeffici 
ents for the non-recursive section is equal to the num 
ber of ?lter coef?cients for the recursive section. 

8. An arrangement as claimed in claim 2, wherein the 
recursive digital ?lters are each built up of a recursive 
section and a non-recursive section. 

9. An arrangement as claimed in claim 8, wherein for 
all calculating members the recursive sections are 
equal and that all these recursive sections receive the 
same ?lter coef?cients which are derived from said 
source for a given number of ?lter coef?cients. 

10. An arrangement as claimed in claim 8, wherein 
for all calculating members the number of ?lter coef? 
cients for the non-recursive section is equal to the num 
ber of ?lter coef?cients for the recursive section. 

* =|< >|< >l< >|< 
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