
United States Patent [191 
Nathan et al. 

[111 3,868,587 
[451 Feb. 25, 1975 

[54] CONSTANT PHASE DISTRIBUTED 
IMPEDANCE 

[76] Inventors: Amos Nathan, Haifa, Israel; Reed K. 
Even, Middletown, NJ. 

[22] Filed: Feb. 22, 1972 

[21] Appl. No.: 227,715 

[30] Foreign Application Priority Data 
Oct. ‘19, 1971 Great Britain .................. ,. 48502/71 

[52] U.S. Cl .......... .. 330/38 M, 330/185, 333/70 CR 
[51] Int. Cl. ............................................ .. 1103f 3/14 
[58] Field of Search .......... .. 333/70 CR, 70 S, 21 R, 

333/81 A; 330/38 M, 317-334 

[56] References Cited 
UNITED STATES PATENTS 
1/1949 Boghosian et al. ....... .. 333/70 CR X 
7/1965 Barditch et al ............... .. 333/70 CR 

2,458,553 
3,195,077 

3,233,196 2/1966 Osafune et al. .............. .. 333/70 CR 
3,371,295 2/1968 Bourgault et al ............. .. 333/70 CR 
3,432,778 3/1969 Ertel ............................. .. 333/70 CR 

FOREIGN PATENTS OR ‘APPLICATIONS 
1,349,378 12/1963 France ............................. .. 330/70 S 

OTHER PUBLICATIONS 
Electronics, Sept. 4, 1959, pp. 44-49, Vol. 32 No. 36, 
“Network Design of Microcircuits”, by Hagar. 

Primary Examiner-Nathan Kaufman 

[57] ABSTRACT 
An electrical device is described herein which has an 
input impedance of substantially constant phase angle 
over a limited frequency range. It consists of a distrib 
uted circuit having a capacitive and resistive medium 
between two electrodes, of appropriate properties. 1m 
plementations can use thin film techniques or mono 
lythic techniques. 

7 Claims, 11 Drawing Figures 
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CONSTANT PHASE DISTRIBUTED IMPEDANCE 
This invention relates to distributed RC structures 

whose input impedance has a substantially frequency 
independent, i.e. constant, phase angle over a range of 
frequencies. 
The phase angle is defined as the angle between elec 

trical current and voltage in the steady state sinusoidal 
mode of operation, or, equivalently, as the angle be 
tween them if they are expressed as complex quantities, 
as well known in the description of alternating currents. 
Impedance is de?ned as the ratio of complex voltage 
and complex current. R stands for resistance and C de 
notes capacitance. 

It is well known in the art how to implement imped 
ances of substantially constant phase angle over some 
frequency range in lumped electrical circuits. Such im 
pedances will, for short, be called in the sequel “con 
stant phase impedance." For example, in the following 
paper: R. Morrison, “RC constant argument driving 
point admittances," IRE Transactions of Circuit The 
ory, volume CT-6, pages 310-317, September, 1959, 
RC ladder circuits are described for this purpose. 
This invention provides constant phase impedances 

in devices using distributed structures. 
It is thus an object of the invention to provide con 

stant phase distributed impedance. 
It is a further object of the invention to provide con 

stant phase impedance operating over a wider fre 
quency range or with a better phase constancy than 
prior art lumped circuits. 
Other objects of the invention are implementations 

of constant phase impedance in thin film and in mono 
lythic devices. 
The invention possesses other objects and features of 

advantage, some of which of the foregoing will be set 
forth in the following description of the preferred form 
of the invention which is illustrated in the drawings ac 
companying and forming part of this speci?cation. It‘ is 
to be understood, however, that variations in the show 
ing made by the said drawings and description may be 
adopted within the scope of the invention as set forth 
in the claims. . 

FIG. 1 is a perspective view of an embodiment of a 
device according to the invention; 
FIG. 2 is a sectional cut through such a device and 

also defines a conceptual system of coordinates; 
FIG. 3 is a schematic diagram of an equivalent circuit 

for a small section of the device; 
FIG. 4 is a section through the device of FIG. 1 and 

also includes a schematic diagram of a compensating 
lumped RC network; 
FIG. 5 is a section through another embodiment of 

the invention according to FIG. 4; 
FIGS. 6 and 7 are sectional cuts through yet further 

embodiments of the invention; 
FIGS. 8, 9, and 10 are schematic diagrams showing 

the use of the invention for the provision of constant 
phase transfer function devices; 
FIG. 11 is a curve typical of phase deviations from 

the desired constant value, in devices according to the 
invention. 
The theory and practice of devices according to the 

invention will now be described. v 

In FIGS. 1 and 2, _l_ and _2_ are conductive electrodes, 
Q is a dielectric layer, and Q a resistive layer. The device 
is accessible through terminals é, shown in FIG. 2, 
which are conductively connected to electrodes 1 and 

2 
g. The constant phase impedance is produced across 
terminals _5_. xyz is a Cartesian system of coordinates. 
The section of the device between coordinates x and .r 
+ dx is equivalent to the series combination of capaci 
tance c(x)d.r and conductance g(x)dx, as shown dia 

“ gramatically in FIG. 3. Conductance g(.r) is the recip 
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rocal of resistance r(x), i.e., g(x) = l/r(.r). In this in 
stance, conductance, capacitance, and resistance are to 
be understood as specific values, i.e. “per unit length." 
The admittance of such a section is then given by 

Hr) = y(jw,x)dx = g(x)d-r /II + g(X)/(jwC(-Y))] 
where cu is the angular frequency, defined as 2 11- times 
frequency. ' 

If the structure extends from x = x, to x = x2 (in the 

x direction) then the admittance between terminals is 
givenby ’ I’; n 

22 

YUw)=f y(jw,x)dx‘ 
I1 ' ' ' ' 

Admittance is defined as the reciprocal of imped 
ance. Defining 

X = ‘0(5); 5: 4(X) 

where 1)(x) is an arbitrary differentiable function 
and ¢(x) is the inverse function, defined through 

7I[4(J<)] = X 

then the admittance function 

70 m, X) = yU 1», 11(x)l dn(X)/dX 

corresponds to a structure extending in the x direction 
from x = ¢(x1) to x = ¢(x2) that likewise realizes the 
admittance Y (j w). The transition from y to y'through 
use of 17(x) will be called a scale transformation. Thus, 
any realization c ‘rresponding to some function y (j w, 
x) is equivalent/to a family of realizations generated 
from it by all possible scale transformationsj here de 
notes the square root of —l. 

If the structure is in?nite (in the x direction) then a 
constant phase distributed structure results from the 
laws: 

where R0 and Co are constant resistance and capaci 
tance, respectively, and a and b are constants. De?ning 

k = a/b 

the constant phase angle is 

e= l/l+k'1r/2=1r/2 b/a-i-b 

andthe inputadrnittance can be shown to be’ given by’ 

As remarked above, it is still possible to perform 
scale transformations and thereby obtain equivalent re~ 
alizations. 
The relations 

are transformed through a scale transformation into 
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If the device were infinite, then, with the relations 
c(x) = C, if“; 'y(x) = R, e‘“ 

- and the definitions 

there follows, as can be shown, 

which corresponds to the limitation of P to —|<P<l. 
Networks according to the invention have éiii‘iinped 

ance z(x) per unit length given by the series combina 
tion of capacitance and resistance according to FIG. 3 
and the above expressions for C(X) and r(x) substituted 
for ?(x) and T(x), respectively, to allow for scale trans 
formations. Therefore, , 

In practice, only a finite length of structure is realized 
and the resulting device approximates to a constant/ 
phase angle of impedance over a finite range of fre 
quency. 

Alternatively, 17(x) can be chosen such that 

¢(-°°) = Li ; d>(°°) = L2, 

where L1, L2 are ?nite, and the corresponding structure 
extends from x = L, to x = L2 in the x-direction. Two 
specific examples will now be given, each of length 2L, 
with the structure extending from —L to +L. 
(a) With _ 

17(x) =—L sgn X In (I — IxI/L; ¢(x)= L sgnx -) 
(1 _e-|1|/:.) 

lxl- { 

there follows 

(b) With I 

n(x) = 2/90 L tan‘l (‘/én'x/L); ¢(x) = 2/90 L tan 
(l/mx/L) I > 

there follows 7 

FIGTGTot to scalei 1s a gerieial view of a device em 
bodying one implementation of the invention and FIG. 
4 is the corresponding sectional view. FIG. 2 is a sec 
tion through a more general embodiment of the inven 
tion and also defines an associated conceptual coordi 
nate system. In the device according to FIG. 4, the re 
quired laws for C(x) and r(x) are produced by having 
variable width of structure, w(x), in the y direction and 
variable height, h(x), of the resistive layer, in the z di 
rection. A dielectric layer, 2, of dielectric constant e 
and constant thickness d has variable width w(x) and 
is adjacent to electrode 1. Resistive layer 10f thickness 
h(x) fill§the space between the said dielectric layer and 
a second electrode 2. The part of the structure between 
x = x, and x = x2 satis?es the laws found above for r(x) 

and C(x), provided that, in this ‘interval, 

In the embodiment of FIG. 4, in parallel with this 
structure, there are connected between electrodes 1 
and 2 capacitor 9 and resistor 10 for the improvement 
of the constancy of phase angle. Alternatively, resistor 
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4 
and capacitor can be replaced by distributed struc 
tures. For example, as shown in FIG. 5, the ‘required ca 
pacitance extends from x3 to X1 and is shown at 7, and 
the required resistance extends from x2 to x, and is 
shown at 8. In this example, the latter is in series with 
a large capacitance formed through dielectric medium 
6, in order to provide in?nite impedance at zero fre 
quency, which is at times of advantage. The width and 
height of the structure in the regions x_, to x, and x2 to 
x, are constant, in this example. The effect on the input 
impedance of the parts of structure from x3 to x, and 
from x2 to x, is to compensate for the cut off infinite 
lengths at both ends of the variable resistance — vari 
able capacitance part of the structure extending from 
x, and x2 rather than from minus to puls in?nity. If 
properly chosen, these additions improve performance. 
Denoting the dielectric constant of layer 3 in FIGS. 

2, 3, and 4 by e and the resistivity of layer 4 by p there 
holds 

By use of a scale transformation, this structure can be 
transformed into another one of constant width. For 
this purpose we take the function 

17(x) = — 1/d In [am — X) l- (40x2; #>1/a em‘) 
where ,u is a constant, and obtain for c(x) and r(x) the 
relations 

C(x) = C0 ; 7(X) = R0 [aw — X)]‘‘"”" 
and for the end points of the shaped structure (for 
merly x1 to x2) 

respectively. 
Similarly, a scale transformation with 

(v 0; p. > a)1/2vx2 + 1) x2 ; ,u.>e'"f, — 1/2 ,,) where 
u, v are constants, transforms C(X) = C0 e‘ax into 

C(x) = C0 (ILX +1) 

which is a linear function of x. , 
Note also that 11(x) = x corresponds to r(x) = r(x), 

C(X) = C(x), y(x) = y(x). 
For a device according to the invention and extend 

ing from x = x, to x ’=.x2 and ‘such that 

C(X) = C0 6-“ ; 7U) = R0 e‘“ 

let the frequency range of operation be defined by 

(d, < a) < (02 

In this range the cut off left-hand tail (—<==J . . . x,) of the 
device is essentially resistive because its capacitance is 
a virtual short circuit. Similarly, the cut off right-hand 
tail (x2 . . . 0° ) is essentially capacitive. The left-and and 
right-hand tails are therefore well represented by con 
ductance v1 0,. and capacitance 72 Ge , respectively, 
where ‘y, and ya are of the order of unity and 

G (id i“'G i>11 i1 = x x: I = ' 

1' gw 7 L. "e x bR 0 

L A a ‘1 

These relations permit the easy approximate calcula 
tion of the required values of the compensating lumped 
capacitance and resistance. yl, 'y2 must be varied 
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around unity in order to obtain the best results for 
given speci?cations. 
A speci?c example of the invention embodying the 

principles and descriptions as hereinbefore set forth is 
as follows: - For a phase angle of (b =45° and a length 
of structure corresponding to -ax1= axg = 3, with 'y, = 
1.9 and 72 = 1.7; and operating range for w of between 
0.07 (no and 10.0 0: there resulted a phase angle error 
of the order of not more than 1°. 

In one embodiment of the invention according to 
FIG. 4 the resistive layer is composed of cermet with a 
resistivity of the order of p = 1 ohm meter and the ca 
pacitance is composed of tantalum oxide with a capaci 
tance per unit area of the order of c = 105 ,uF/mz. Tak 
ing 4) = 45° which corresponds to 1r/4 radians, it follows 
that a = b and p = 0. We take 

x, = —l0“2 meters and x2 = 10-2 meters, so that the 
length of the structure is x2 -—x1 = 2 centimeters and 
a=b= l l5/meter. In this example, the maximum value 
of h is 10‘5 meters and its minimum value is 10‘7 me 
ters. Electrodes l and 2 are themselves made of tanta 
lum and the capacitive layer is produced by oxidation. 
W, = 6.3><l0"3 meters, so that w(x) increases from a 
minimum value of 2X10“3 meters to a maximum value 
of 2X10-2 meters. h,, = 10'6 meters. The device per 
forms properly around an angular frequency of the 
order of 

or 1.60 Megahertz, approximately. The compensating 
capacitor and resistor have the approximate values 

c. E 1.73 p. F; Rp E 0.058 ohms, 

respectively. In another embodiment the compensating 
capacitor and resistor are as above, but the compensat 
ing resistor is placed series with a capacitor having a ca 
pacitance that presents a virtual short circuit at the op 
erating frequencies; i.e., it is sufficiently great. 
A further embodiment of the invention correspond 

ing to FIG. 4 uses a silicon wafer doped on one side so 
as to form electrode 2, the doping on this side being 
such as to provide good conductivity. The rest of the 
wafer, with the exception of the opposite face, has con 
stant doping and variable height and implements the 
required law of resistance, and the other face is uni 
formly oxidized, forming silicon oxide. 1 is an adjacent 
metal electrode, and the capacitance is formed be 
tween it and the bulk of the wafer through a layer of sil 
icon oxide. Typical values are: Resistivity of the silicon 
resistor: p = 10-‘4 to 10 am,‘ MOS capacitor: 0 = 3><l03 
air/m2. The capacitor formed according to the above 
description is called an M08 capacitor. Maximum 
height of the resistive layer: 2.5 10"‘ meters. The mid 
dle angular frequency w‘, is approximately 4><l05 sec~l 
or about 60 kHz. lf gallium arsenite is used instead of 
Silicon as basic material, the middle frequency is about 
1 kHz, for a ratio of maximum to minimum height of 
the variable height part of the device of 100 to I. 

It is also possible to use a layer of constant height and 
variable doping in order to implement the required law 
of resistance. Variable height and doping can also be 
used for the formation of the required resistance func 
tion. 
FIGS. 6 and 7 relate to a yet further implementation 

of the invention. 12 is an insulating substrate, such as 
glass, for example. The electrodes are 1 and 2. Elec 
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6 
trode 1 is oxidized to form a dielectric layer 3 of con 
stant thickness. Electrode 2 is oxidized in one example. 
In another example it is not oxidized. The electrodes 
are made, in one example of the invention, of tantalum 
and the dielectric consists of tantalum oxide. The struc 
ture is covered by a resistive layer 4. The resistance law 
between the electrodes is controlled by variations in 
the distance between them. These variations are not 
shown in the FIGURES. The comb like arrangement in 
FIG. 7 merely provides a convenient method to accom 
modate a great length of structure in a limited space, 
or with a limited length. If the structure of FIG. 6 is 
used, then FIG. 7 corresponds to a view from above of 
the section shown in FIG. 6. In the example of FIG. 7 
the length of structure is only somewhat greater than 
one sixth its effective length, because there are exactly 
six slots between the teeth of the comb. Layer 4 is not 
shown in FIG. 7, nor are the variations in slot width in_ 
dicated. 

In FIGS. 8, 9, and 10 it is shown how the invention 
can be used for the provision of constant phase transfer 
functions. In FIG. 8, l5 and 16 are input and output 
terminals, respectively. 19 is a high gain operational 
amplifier, l3‘is the input impedance and 17 is the feed 
back impedance. In this example, 17 is a‘resistor and 
13 is a constant phase impedance according to the in 
vention. The device provides the substantially constant 
phase transfer function between terminals 15 and 16. 
In the device corresponding to FIG. 9 the input imped 
ance is provided by resistor 20 and the feedback im» 
pedance is provided by a constant phase impedance 14 
according to the invention. In FIG. 10 both input im 
pedance l3 and feedback impedance 18 are constant 
phase impedances according to the invention, corre 
sponding, however, to different phase angles. In this 
latter example the operating ranges of impedances l3 
and 18 must be substantially the same and the phase 
angle between input terminal 15 and output terminal 
16 is given by the difference between the phase angles 
of 13 and 18. 

It is also possible to replace resistors 17 and 20 by dif 
ferent impedances. For example, replacing resistor 17 
by a capacitor, the transfer phase angle is shifted by 
ninety degrees. . 
FIG. 11 is a typical performance curve of an imped< 

ance according to the invention. The curve corre 
sponds to a device for a phase shift of 9°. and also for 
a phase shift of 81°, the two curves being co-incident. 
The curves are obtained for such a device if compen 
sating resistors and capacitors are used as hereinbefore 
specified with values of coefficients y, = ‘Y2 = l. The 
scale of abscissae is logarithmic. The ordinates are the 
deviation of the actual phase from the desired phase dz. 
What we claim is: 
1. An electrical device having an input impedance of 

substantially constant phase over a finite range of fre~ 
quencies comprising: 
impedance means having a ?rst and a second surface, 
the maximal distance therebetween being small 
compared with the later dimensions thereof; 

?rst and second electrically conductive means sub 
stantially covering and contiguous to said first and 
second surfaces, respectively; 

one of said lateral dimensions de?ning length; 
where (the law of) said impedance means is consti 

tuted so that its impedance per unit length (of said 
impedance means) is substantially given by 
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e is the basis of natural logarithms, x is a coordinate 
measuring said length, ()0 and R0 are predetermined 
non-vanishing constant capacitance and resistance‘, re 
spectively, a and b are predetermined constants such 
that their product does not vanish, 17(x) is a predeter~ 
mined non-constant function of x, d/dx 1)(x) is the de 
rivative of 1;(x) with respect to x,j is the square root of 
—l, and w is'the angular frequency; 

said input impedance being the impedance between 
said plural conductive means. 

2. The device as recited in claim 1 wherein said im 
pedance means is comprised of dielectric means having 
said ?rst surface and resistive means (adjacent to) con 
tiguous with said dielectric means and having said sec 
ond surface and so constitrited that the laws of capaci 
tance C(x) and resistance r(x) per unit length of said di 
electric means and said resistive means are substan 
tially determined by 

respectively. 
3. The device as recited in claim 2 wherein "1)(x) = x 

and 

c(x) and r(x) are substantially given by exponential re 
lations as functions of said coordinate x. 

4. The device as recited in claim (5) 2 wherein said 
dielectric (layer) means has substantially constant 
height d and the required law of capacitance C(X) is im 
plemented through variations with x of width w(x) 
(thereof) of said impedance means (and) substantially 
according to the relation 
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wherein e is a constant ( and wherein the width of said 
layer is likewise w(x)) and the required law of resis 
tance r(x) is implemented through variations with x of 
(its) height h'(x) of said resistive means substantially 
according to the relation 

wherein p is a constant; height being measured perpen 
dicularly to said lateral dimensions and width being de 
fined as the lateral extension perpendicular to said 
length dimension. 

5. The device as recited in claim 2 wherein said plural 
conductive means are comprised of metal electrodes, 
and said dielectric means is comprised of a layer of 
metal oxide oxidized onto one face of one of said elec 
trodes. \ 

6. The device as claimed in claim 2 (and including) 
wherein said device is composed of a Silicon wafer hav 
ing a first and a second face and doped on one of said 
faces to provide a low-resistance electrode, said elec 
trode forming said ?rst conductive means; and second 
face of said wafer oxidized to provide said dielectric 
(layer) means; a metal electrode (placed adjacent) 
contiguous (thereto) therewith to provide said second 
conductive means; (a second doped layer) the material 
of said wafer between said ?rst electrode and said di 
electric (layer) means doped to provide said resistive 
means. 

7. The device as recited in claim 1 and including a 
lumped electrical network having first and second con 
nections, connected (at one end) thereat to said first 
(conductive means and connected at a second end to 
said) and second conductive means, respectively, for 
extending said frequency range. 
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