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ABSTRACT OF THE DISCLOSURE 
A four quadrant logarithmic two variable multiplier 

utilizing a scaling factor with the input variables to 
logarithmic ampli?ers and additionally separate loga 
rithmic ampli?ers for the scaling factor alone and all 
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variables and feedback to provide a result which is pro- . 
portional to the product of the variables. A differential 
ampli?er receives the outputs from the logarithmic ampli 
?ersto produce the product. ,. . . 

The present invention relates to a four quadrant loga 
rithmic multiplier and more particularly, to a four quad 
rant logarithmic multiplier for obtaining the instan 
taneous product of time-dependent signals. 
The invention described herein was made in the course 

of, or under a contract with the U.S. Atomic Energy Com 
mission. , 

The use of logarithms to obtain the product and di 
vision of parameters is a common approach because it 
involves merely the addition or subtraction of the 
logarithms for the input values. There is on problem, 
however, which arises and is especially difficult to over 
come when electronic apparatus is devised to carry out 
these functions. When it is necessary to process values 
at or approaching zero or which are negative, ordinary 
techniques for using logarithmic values are not applicable. 
Previous efforts to produce apparatus capable of receiv 
ing both positive and negative inputs have met with some 
success; however, when the time-dependent input signals 
come close to zero, substantial circuit inaccuracies arise. 
The present invention has to do with improved electronic 
circuitry for overcoming the di?iculty of dealing with 
negative parameters and thereby enabling true four quad 
rant multiplication to occur in a logarithmic circuit, and, 
additionally, maintaining circuit accuracy when input 
parameters approach zero.. , . . _ 

It is thus a ?rst object of this invention to provide a 
logarithmic multiplier operable in all four quadrants. 
A further object of the. invention is 'to provide loga 

rithmic multiplier circuits with improved accuracy. 
Still another object is the provision of logarithmic mul 

tiplier apparatus capable of receiving input signals close 
to zero without‘sacri?ce in accuracy.‘v 

Other objects and advantages of this invention will 
hereinafter become readily apparent from the following 
description of preferred embodiments of this invention 
taken with the accompanying drawing in which: ’ 
FIG. 1 illustrates a basic logarithmic multiplier circuit; 
FIG. 2 shows a logarithmic, multiplier circuit incor 

porating the principles of this invention; ' 
FIG. 3 shows a logarithmic divider embodying this in 

vention; 
FIG. 4 illustrates the'invention utilized for squaring 

a time function; and ‘ _ 

FIG. 5 demonstrates use of the inventive concept to 
obtain the square root of an input signal. 

Referring to FIG. 1, there is shown a logarithmic 
multiplier circuit of more or less conventional design 
consisting of logarithmic ampli?ers L1, L2 and 1.3 and 
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2 
a balanced differential ampli?er D1. Ampli?er D, adjusts 
itself to produce an output signal such that the sum of 
the inputs will be zero at all times. Such a device is 'Well 
known in the art. Ampli?ers L1, L2 and L3 each produce 
an output which is proportional to the logarithm of 
its input signal at any given instant, such ampli?ers also 
being well known in the art. Ampli?ers L1 and L2 are 
supplied with input signals A and B, respectively, which 
represent the time-dependent values to be multiplied. The 
outputs of these ampli?ers are passed through a pair of 
resistors R1 and R2, respectively, then are combined or 
added and supplied as one of the inputs to differetnial 
ampli?er D1. The output signal C from ampli?er D1 is 
fed back in a feedback loop as the input to logarithmic 
ampli?er L3 while the output of the latter is passed by 
way of resistor R3 to ampli?er D1 as the second input. 
Since the sum of the inputs to ampli?er D1 approaches 
zero, that is, the output of D1 is adjusted to a value 
such that the sum of the inputs is zero, it is readily ap 
parent that its two inputs are equal to each other, or, log 
C is equal to the sum log A+log B, so that C represents 
or is proportional to the product AB. 

In the basic arrangement illustrated in FIG. 1, pro 
vision can and has been made to accommodate one or 
both negative signal inputs, however, substantial inac 
curacies arise as the values approach zero. The arrange 
ment M1 shown in FIG. 2, a preferred form of this in 
vention, embodies featuers which avoid this dif?culty. 
This arrangement consists of a parallel arrangement of 
logarithmic ampli?ers L4, L5, L6 and L7 and a balanced 
dilferential ampli?er D2. Ampli?ers L4 annd L5 receive 
the input signals A and B to be multiplied. Added to 
these time-dependent signals at the inputs to ampli?ers 
L3 and L5 is a DC bias current source signal S which 
is a little larger than the largest contemplated peak of 
signals A or B, so that the inputs to log ampli?ers L4 
and L5 as well as ampli?ers L6 and L7 will never be 
caused to go negative or near zero. 
The outputs of ampli?ers L4 and L5 are passed through 

resistors R4 and R6, respectively, and added together 
prior to being supplied as one input to differential ampli 
?er D2. 
Log ampli?er L6 receives as its input the signal S 

while ampli?er L7 receives as its input the sum total of 
(A+B+S+M). Signal M is the output of differential 
ampli?er D2. The log outputs of ampli?ers L6 and L; 
are passed through resistors R6 and R7, combined and 
thus fed as the second input to differential ampli?er D2. 
From the discussion below it will be seen that the out 
put of ampli?er D2 will be AB/S, or proportional to the 
product of the time-dependent variables A and ‘B. ' 
As an explanation for the foregoing, consider the out 

puts of log ampli?ers L4, L5, L6, and L7 to be E1, E2, 
E3, and E4, respectively. Thus, ~ . a 

(1) E1=10g (Ad-S) 
(2) E2=10g (B+S) 
(3) E3=log S 
Because of the negative feed back loop through ampli 

?er L7, as described earlier, the system will align itself 
so that the sum of the inputs to balanced ampli?er D2 
will be zero: . 

E4—|—log Szlog (A +S) +log (B+S) (4) 
Thus, _ 

(5) EFlog (A+S)IS('B +8) 
or 

(6) E4=log (AB/S-l-A +B+S) 
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Hence, the input to the log ampli?er L7 is 

(7) I (AB/S+A+B+S) 

By furnishing the signals A+B+S separately to the 
input of ampli?er L7, as just described, it is readily ap 
parent that the output of ampli?er would be AB/S. Since 
S is a constant value signal, and may be considered a 
scaling factor, the output of the system as represented 
by the output of ampli?er D2 is proportional to the prod 
uct of A and B. By the arrangement just described, it is 
readily apparent that with proper selection of scaling 
factor S, all problems arising out of negative values of 
A and B, or values thereof being close to zero, have been 
eliminated so that there is no decrease in the accuracy 
of the system when the input time-dependent signals ap 
proach zero. 
The arrangement described above can be readily adapt 

ed to the operation of division. Referring to FIG. 3, 
there is illustrated a multiplier circuit M1, shown in block 
form representing the complete circuit illustrated in FIG. 
2. The phantom lines surrounding circuit M1 designate 
the extent of the arrangement shown in FIG. 2. In the 
arrangement of FIG. 3, it is desired to produce a result 
proportional to H/F where H and F are time-dependent 
signals. F and G in FIG. 3 are equivalent to A and B, 
respectively, in FIG. 2. Multiplier circuit M1 is con~ 
nected to deliver its output to balanced differential ampli 
?er D3 while the second input to the latter is signal H. 
Multiplier M1 is supplied with signals F and the out 
put of ampli?er D3 designaed as G and the scaling fac 
tor S. From the discussion of FIG. 2, it is apparent that 
the output of multiplier M1 is FG/S which is equal to 
H so that by simple manipulation of the equation the 
output G of the system is SH /F, or a signal proportional 
to H divided by F. 

In a similar fashion, the invention can be adapted 
to the squaring of a function, as shown in FIG. 4. Mul 
tiplier M1 is shown with signal I supplied as botht inputs 
with the ?nal result W=]2/S. 

Obtaining the square root of a time function may be 
accomplished by the arrangement of FIG. 5 where is 
shown multiplier M1 and a balanced differential ampli 
?er D4 supplied with the inputs L and V where L is 
the time function to be operated upon and V is the out 
put of multiplier M1. The output of ampli?er D4, which 
is the output T of the system, is also supplied as input 
to multiplier M1 in the manner of FIG. 4 so that the 
output V of multiplier M1 is Tz/S. Hence, 

It is thus seen that there has been provided an im 
proved logarithmic arrangement for the multiplication 
and division of time-dependent signals capable of func 
tioning in all four quadrants and without sacri?cing ac 
curacy when the variable input signals approach zero. 
In addition, it is seen that the arrangements described 
are simple in construction and thereby do not require 
the expensive and highly sophisticated arrangements 
which heretofore have been or would be required to over 
come the previously mentioned difficulties involved in 
logarithmic apparatus. 

While several preferred embodiments of the invention 
have been described, it is understood that many changes 
thereof may be made without departing from the prin 
ciples of this invention. 
What is claimed is; 

4 
1. A four quadrant logarithmic multiplier of ?rst and 

second variables comprising: 
(a) differential ampli?er means with ?rst and second 
" inputs having a feedback loop operating to adjust 

5 _ its output to such a value that the sum of said in 
‘ puts is equal to zero; 
(b) means for producing a ?rst logarithm value for 
2the sum of said ?rst variable and a scaling factor 
whose value is larger than each of said ?rst and sec 
ond variables; 

(c) means for producing a second logarithmic value 
for the sum of said second variable and said scaling 

' factor; 
((1) means for delivering a signal value proportional 

to the sum of said ?rst and second logarithmic 
values as the ?rst input to said ampli?er means; 

(e) means for producing a third logarithmic value for 
1 said scaling factor; 
(if) means for producing a fourth logarithmic value 

for the sum of the ?rst variable, second variable, 
I said scaling factor, and the output of said ampli?er 
means; and 

(g) means for delivering the sum of said third and 
fourth logarithmic values as the second input to said 
ampli?er means, the output of the latter being pro 

\ portional to the product of said ?rst and second vari 
ables. 

2. Four quadrant logarithmic apparatus for dividing 
a ?rst variable by a second variable comprising: 

(a) differential ampli?er means with ?rst and second 
inputs having a feedback loop operating to adjust 
its output to such a value that the sum of said in 
puts equals zero; 

(b) means for supplying said ?rst variable as the ?rst 
input to said ampli?er means; 

(0) multiplier means for producing the product of said 
second variable and the output of said ampli?er 
means; and 

(d) means for delivering the output of said multiplier 
means as the second input to said ampli?er means, 
the output of said ampli?er means being propor 
tional to the quotient of said ?rst variable divided 
by said second variable. 

3. 'Four quadrant logarithmic apparatus for obtaining 
the square root of a time function variable comprising: 

(a) differential ampli?er means with ?rst and second 
inputs operating to adjust its output to such a value 
that the sum of said inputs equals zero; 

(b) means for supplying said variable as the ?rst in 
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50 ' put to said ampli?er means; 
(c) multiplier means for squaring the output of said 
ampli?er means; and 

((1) means for delivering the output of said multiplier 
55 means as the second input to said ampli?er means, 

the output of the latter being proportional to the 
square root of said variable. 
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