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This invention relatesto mode matching devices and 
more particularly to tapered sections of waveguide hav 
ing a gradually changing taper angle to connect wave 
guides of different cross-sectional dimensions for the 
preferential transmission of a particular mode. 

In the transmission of electromagnetic wave energy 
through a hollow conductive pipe or other waveguide it 
is well known that the energy can propagate in one or 
more transmission modes, or characteristic field con~ 
iigurations, depending upon the cross-sectional size and 
shape of the particular guide and the operating fre 
quency, and that the larger the cross section of the guide 
is made the greater is the number of modes in which the 
energy can propagate at a given operating frequency. 
Very generally it is desired to conñne propagation of the 
energy to one particular mode, chosen because its propa 
gation characteristics are favorable for the particular ap 
plication involved. If the desired mode happens to be 
the so-called dominant mode, it is feasible to restrict 
the cross-sectional dimensions of the guide so that n0 
modes other than the dominant mode can be sustained 
therein. This expedient is not available however, if 
the desired -mode is not the dominant mode or if a guide 
of large cross section is prescribed lin order, for example, 
that advantage may be taken of its relatively low atten 
uation. This 'is particularly true of systems employing 
the TE01 circular electric mode. As is well known, the 
propagation of microwave energy in the form of the 
TEO! mode in circular waveguides is ideally suited for 
the long distance transmission of high frequency wide 
band signals since the attenuation characteristic of this 
transmission mode, unlike that of other modes, decreases 
with increasing frequency. However, since the TE01 
mode is not the dominant mode supported in a circular 
waveguide, energy may be lost to other modes that are 
also capable of transmission therein. 

In an ideal system which has a waveguide that is 
perfectly straight, uniform and conducting, the propaga 
tion of TEM waves therethrough would be undisturbed. 
In any practical system, however, many changes in wave 
guide diameter will be made in order to take maxi 
mum advantage of the transmission characteristics of 
the TEM mode. For example, it is known that the 
transmission loss for the circular electric mode is in 
versely related to the guide diameter. Hence, long, un 
interrupted runs of waveguide will be made with large 
diameter pipe. Multiplexing of a series of frequency 
bands into one pipe, on the other hand, is most eiiiciently 
done at certain smaller diameters. Thus, numerous 
changes in guide size will be made, for example, at re 
peater stations where various bands of frequency are to 
be coupled into and out of the system. Such diameter 
changes must of course be made with a minimum of 
loss. Similarly, sharp intentional bends can be more 
easily negotiated at smaller diameters, which will neces` 
sitate further diameter changes whereever Such bends 
are required. Thus, it is apparent that any practical 
transmission system will afford ample opportunity to dis 
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turb the TED! circular electric mode unless proper trans 
mission means are provided to connect the different 
diameter guides encountered. In the absence of such 
transition sections there will, most certainly, be a con 
version of power from the desired mode into other spur 
ious and undesired modes. The latter will, in many 
instances be propagated within the guide along with the 
desired mode and thereby introduce deleterious effects. 

Presently known transition means, built in the form 
of a conical taper of constant cone angle to match the 
waveguide sizes at both ends, tend to excite too high a 
level of higher order modes. When such sections have 
been used it has been necessary to provide mode-selec 
tive absorbers or attenuators to substantially prevent the 
transmission of the unwanted modes. These, however, 
are generally limited in respect to the modes they can 
accommodate, or tend to be resonant or otherwise to be 
effective only over a narrow range of frequencies, or tend 
to present an impedance mismatch to the waves of the 
desired mode and thereby to cause unwanted reflection 
of the latter. In addition, since they depend on absorp 
tion of wave power the energy in the spurious modes is 
lost, and this tends toward an ineflicient system. Fur 
thermore, in the case of the circular electric mode, no 
simple means are known to suppress the higher order 
circular electric modes without aifecting the lowest order 
wave, and thus, as a practical matter, mode conversion 
reconversion distortion can best be avoided by keeping 
the power converted to any of the higher order modes 
at an extremely low level. To attempt to approach the 
required low level of mode conversion using the prior 
art linear tapers, however, would require extremely long 
sections. 
This invention, therefore, has as a general objective 

the propagation ofk circular electric wave energy between 
different diameter waveguides with a minimum of mode 
conversion. How this may be accomplished can be 
better understood by considering the effect a tapered 
transition section has upon the circular electric wave as 
it traverses such a section. This may best be explained 
in terms of normal modes, where normal mode is defined 
as that field distribution of wave energy which can be 
propagated without energy exchange to other modes or 
field distributions. ’ 

To the circular electric family, the normal modes in 
a cylindrical guide are cylindrical circular electric waves 
having plane equiphase surfaces whereas in the conical 
guide they are spherical circular electric waves with 
spherical equiphase surfaces. At the junction of the cylin 
drical guide and the conical guide, the TEM cylindrical 
wave incident from the cylindrical guide excites higher 
order circular electric modes which combine to form the 
requisite spherical wave front. If the cone angle of the 
conical or tapered section is constant, the incidentv and 
spurious modes will propagate along the section main 
taining the requisite spherical wave front, which is a 
true normal mode, until the next discontinuity in the wave 
guide. In the ordinary tapered section the next discon 
tinuity consists of the junction betweenthe tapered section 
and the second cylindrical guide. At this point each of the 
circular electric modes present generates a series of lower 
and higher order modes as the plane wave front is reestab 
lished in the cylindrical guide. In the usual case, the 
spurious modes generated at the two junction points add 
to form a relatively high order spurious mode level, the 
latter constituting a loss in the system. The natural 
tendency therefore might be to smooth out the discon 
tinuities that occur at the junction of the cylindrical guides 
and the tapered section. However, it will be shown below 
that the presence of specific discontinuities within the wave 
path may be put to good use and do not necessarily rep 
resent sources of uncontrolled mode conversion. Further~ 



more, it will vbe shown that where such discontinuities 
are eliminated, it will not suffice to do so arbitrarily, but 
rather in accordance with those principles to be set forth 
below. ~ ~ 

Another method to minimize undesirable high order 
spurious mode conversion involves the introduction of a 
controlled transition at the junction of the cylindrical guide 
andthe tapered section to transform the cylindrical wave 
into a spherical wave. In United States Patent 2,762,982, 
issued September 1l, 1956, S. P. Morgan, Jr. has sug 
gested and worked out the design of dielectric inserts to be 
placed near the junction which, acting as a quasi-optical 
lens, transforms the cylindrical waves into spherical waves. 
However, a system of thisy type has many drawbacks. For 
example, good broad band performance using this tech 
nique is diñ‘icult to achieve; the dielectric losses at the 
higher frequencies become appreciable; and thev sections 
themselves are diiiicult to fabricate. 

It is, therefore, a more specific objective of this inven 
tion to transform, with a minimum of net mode conver 
sion, circular electric Waves having plane equiphase sur 
faces of a first cross sectional dimension, into circular 
electric waves having spherical equiphase surfaces and 
then to recouvert such waves into circular electric waves 
having plane equiphase surfaces of a second cross sectional 
dimension. l 

It is a further object of this invention to perform such 
transformations over a wide range of frequencies. 
In accordance with the present invention it has been 

found that if the transition between cylindrical wave 
guides is made in sections, each section having a particular 
length and cone angle, the net mode conversion may be 
reduced appreciably. Properly designed,` a transition sec 
tion of this type will have the shortest length for a given 
level of spurious mode conversion and bandwidth. How 
ever, since the length of the several sections andl their 
cone angle are a function of the particular spurious mode 
being minimized, the usefulness of the multisection transi 
tion section is limited to systems having only one higher 
order mode of importance, i.e., systems capable of only 
supporting one higher order mode. Thus, such a transi 
tion section will not be capable of operating in a multi 
mode system where many higher order modes are capable 
of being formed and transmitted therein. 

In »a multimode system it has been found that the 
`transition from cylindrical waves to spherical waves may 
be realized by continuously varying the cone angle of the 
tapered section from zero at the first cylindrical guide to 
some ñnite value and back. to zero at the second cylin 
drical guide. In a tapered section of changing cone angle, 
spurious modes are being continuously generated as the 
signal travels along the lengthy of the transition section. 
In this type of'section, the so called normal mode is not 
a “true” normal mode as deñned above, but rather a 
local normal mode which is constantly changing, but 
_which nevertheless, maintains its spherical configuration. 
If the transition is made gradually and in accordance with 
‘those principles to be explained hereinafter, the phase and 
amplitude of all the spurious modes generated by the 
incident wave energy traveling along the transition sec 
tion will be such that their sum in the direction of energy 
ñow will be substantially zero. Thus, substantially all 
the circular electric wave energy incident from the first 
cylindrical guide will emerge from the transition section 
in the original mode. ' 

_ Compared to a taper with constant cone angle, a taper 
ofthe suggested design can be built much shorter for a 
specified spurious mode level and may be made to operate 
properly over a broad frequency range. 
These and other objects, the nature of the present in 

vention, and its various features and advantages Will ap 
pear more fully upon consideration of the various specific 
_illustrative embodiments shown in the accompanying 
A'drawings and analyzed in the following detailed descrip 
tionof these drawings. 
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In the drawings: 
Figure l diagrammatically illustrates a guided micro 

wave communication system employing the circular elec 
tric wave and having use for the tapered sections provided 
by the present invention; 

Figure 2 more specifically shows the use of the tapered 
sections of the present invention;` 

Figure 3 shows diagramrnatically an embodiment of 
the present invention; 

Figures 4b and 4a show a multisection taper of opti 
mum design and the spurious mode response thereof, 
respectively; v 

Figures Sband 5a show a taper of near optimum design 
having a gradual taper and discontinuities at each end, 
and the spurious mode'response thereof, respectively; 

Figures 6b and 6a show a perfectly smooth taper of 
optimum design and the spurious mode response thereof, 
respectively, and , ~ ~ 

Figures 7b and 7a show a raised cosine taper and the 
spurious mode response thereof, respectively. 

Referring more specifically to Fig. 1, there is shown 
a portion of a typical long distance guided microwave 
system in which the inventiony might be used. Such a 
system is characterized as long, to distinguished it from 
the short distances found in terminal equipment, and to 
detine a system in which the factor of transmission at 
tenuation becomes important. This system comprises a 
terminal station 11 which may be a transmitter, or if 
this is an intermediate station, a repeater 1l which is 
connected to a receiver or subsequent repeater compris 
ing station 12. The circular electric TEO, mode is the 
mode in which energy is transmitted between stations. 
To do so with a minimum of loss, large multimode 
cylindrical waveguide 15 is used as the transmission me 
dium. However, since the TEM- circular mode is not 
usually produced or utilized directly in the components 
of a station, transducers 13 and 14 are interposed between 
stations 11 and 12 and the long distance transmission 
line 15, which is connected to transducers 13 and 14 by 
sections of waveguide 20 and 22 and tapered sections 19 
and 21. Connecting station 11 and transducer ’13 are 
three channels 11a, 11b and 11e carrying three different 
frequency channels f1, f2 and f3 which are multiplexed 
in transducer 13 for the long distance transmission to 
transducer 14. Connecting transducer 14 and receiver or 
repeater 12 are three transmission paths 12a, 12b and 
12e carrying the again separated channels f1, 'f2 and f3 in 
dominant mode guides for utilization in station 12. 

Transducers 13 and 14 may be of any suitable Well 
known> types for-converting TEO, wave energy to and 
from a dominant wave mode configuration. For example, 
they may be structures of the type disclosed in United 
States Patent 2,748,350, granted toA S. E. Miller, Muy 29, 
1956, and illustrated in Fig. 2. 
In Fig. 2 is shown a mode multiplex system in which 

a plurality of dominant mode TEN modulated. signals of 
different frequencies are transformed into TEO,` circular 
electric waves at corresponding frequencies. Thus, a 
first modulated T1310 wave, f1, entering guide 10 is trans 
formed into a first modulated TEM circular electric wave 
at the same frequency in cylindrical guide 4. This signal 
then passes on to kguide 1 through guides 3 and 2 and 
conical tapered sections 7, 6 and 5. Similarly, signals 
f2 and f3 are transformed and pass on to guide 1Y through 
tapered sections 6 and ’5. 
As has been mentioned previously, to avoid any appre 

ciable spurious mode conversion as a result of the pres 
ence of tapered sections 5, 6, 7, 19 and 21 which are 
used to connect the 4multimode sections of waveguide 
of different diameters, a transition isneeded which will 
transform >the ~cylindrical waves in the guides to spherical 
waves in they tapered section in a particular manner. If 
this transition is made in accordance with the present 
invention, >nearly all the power incident in the cylindrical 
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wave will traverse the tapered section with a minimum of 
net mode conversion. 

Fig. 3 shows a preferred embodiment of the present 
invention in which 16 and 17 represent cylindrical guides 
of radii al and a2 respectively which are to be joined 
by transition section 18. The radius a o-f section `18 is 
related to the distance Z along the taper in a manner to 
be explained below. 
The field excited in any cross-section of the taper by 

an incident TEM wave can be expressed as a sum of TEDm 
Waves of a cylindrical guide of the same radius as that 
cross-section. With this representation, the tapered wave 
guide appears to be an infinite set of mutually-coupled 
transmission lines, where each transmission line repre 
sents one of the cylindrical TEÜm waves. The wave propa~ 
gation in such a system is described by an infinite set of 
ñrst order differential equations. If the taper is suiliciently 
gentle, the power in each of the TE()m terms with m>1 
will be small compared to the power in the TEM term. 
We may then consider the coupling between the TEM 
mode and each of the TEUm modes taken one at a time. 
Furthermore since the two guides are generally large 
and are operated far removed from cut-off, there is little 
change in characteristic impedance involved in going from 
one diameter pipe to the other. Therefore we need con 
sider only the forward traveling waves, as the relative 
power coupled from the forward waves to the backward 
waves due to mismatch is quite small. Thus the infinite 
system reduces to the well known coupled line equations: 

(l) 

in which A1 and A2 are the complex amplitudes of the 
cylindrical TEM and TEM waves respectively, ,81 and 182 
are the phase constants of these cylindrical modes and 
k12 and km are the coupling coeñicients. Both the phase 
constants and coupling coefficients are functions of z, the 
distance along the taper. 
Power conservation requires that 

lklzl=k=lk21l 
and k31k12=k2. 
Because of the taper, the normal mode in the tran 

sition section is a function of z. We may however, ex 
press Al and A2 interms of W1 and W2, the local normal 
spherical modes, as 

(2) 

ha.. . 1 1 “fr” A2: “ W1 sm eg-l-W; cos -gïle 0 (3) kg, 2 2 

_ 2in-122:25 (4) 
Substituting Equations 3 into Equations 1, the local 

normal modes must satisfy 

‘han E: 

The spherical waves represented by Equations 5 are 
coupled only through the .terms proportional to dâ/dz. 
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6. 
If .E is ~a constant, they are uncoupled and W1 and' W, 
are true normal modes. For a gentle change 1n taper 
angle 

211e) äë (6) 
and the approximate solution of 5 may be obtained in 
terms of powers of dE/dz. 
The taper begins with zero cone angle, and the initial 

conditions are A1(O)=l and A2(0)=0. From (3) it 
therefore follows that W1(0)=l and W2(0)=0, where 
W1 is the wanted local normal mode and W2 is the un 
wanted mode. Substituting these boundary conditions 
in the solution of Equations 5, we obtain the expression 
for the unwanted mode at the end of the taper to be 

Since the cone angle at the end of the taper is also 
zero £(z1)=0, Equation 7 reduces to 

(8) 

The mode conversion in any smooth but otherwise 
arbitrary tapered section can be calculated from either 
(7) or (8).  

Design of a taper 

An optimally designed taper by definition has the 
smallest possible length for a given dilîerence in di 
ameters at both ends, and a specified unwanted mode 
level in a given frequency band. The frequency band 
of interest may be specified, as shown in Fig. 4a, by the 
free space wavelengths h1 and A2 at the band limits. The 
maximum spurious mode level is specified as Wmm. 
The optimally designed taper has a mode conversion 

pattern as a function of frequency as shown in Fig. 4a. 
Aside from the effects of interference minima, the 
spurious mode level is constant over the frequency band 
and rises to higher levels beyond the band limits. The 
taper that has this mode conversion pattern is the multi 
section transition mentioned above and shown in Fig. 4b. 
The sections of this particular taper have lengths of 

Aß respectively, 

where Aß is the difference in phase constant between the 
desired mode and the spurious mode. Each of the 
several sections has a constant cone angle over its length. 
The change in cone angle between sections is determined 
by specifying the constant level mode conversion pattern. 
The optimum taper of Fig. 4a can be designed where 

mode conversion to only one spurious mode is con 
sidered, and the conversion to other spurious modes is 
deemed small enough to be neglected. If, in fact, this 
is not the case, mode conversion to other modes will dis 
tort the conversion pattern of Fig. 4a and the maximum 
spurious mode level may well be exceeded. Possible 
significant mode conversion to more than one spurious 
mode will be more safely handled in a taper of gradually 
changing cone angle. 
An optimally designed taper, which is designed to in 

clude a section of gradually changing cone angle, will 
have the mode conversion pattern of Fig. 5a. Aside 
from the interference minima, the spurious mode level 
in such a taper is constant not only over the band of 
interest, but beyond the band on the long wavelength 
side. It is only beyond the short Wavelength limit that 
the conversion level rises to a higher value. 
While lthe taper of this near-optimum design has a 

gradually changing cone angle over most of its length, 
the cone angle is seen to change abruptly, by a very 
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slight amount', at the two ends. Even though these 
changes are small, they still present a design problem 
in that their design is predicated upon a single significant 
spurious mode, and gives rise to the same problems men 
tioned in regard to «the multisection taper. 

While the taper ̀ of Fig. 5a is a less critical design than 
the optimum taper, the gradual .tapered section affording 
a degree of control over the unwanted modes of higher 
order, there still remains the possibility that certain 
higher order modes may increase the unwanted mode 
level abovel the speciiied upper limit. It should also be 
pointed out that for the same conversion level and band 
width, the gradual tapered section has a slightly longer 
length than the multisection taper. It will be seen that, 
in general, as .the design is simplified or extended to in 
clude other modes the length of the transition section for 
a given set of conditions will increase. 
The difficulties inherent in the design of the tapers of 

Fig. 4a and' Fig. 5a are minimized in the smooth taper 
of Fig. 6a. The perfectly smooth taper of Fig. 6a, 
designed optimally, will have the mode conversion pat 
tern of Fig. 6a. This pattern is similar to that of Fig. 
5a except that the spurious mode level Within the band 
and beyond the long wavelength limit is not a constant 
but decreases as )r1 for large values of A. 
the section itself is larger than either the multisection 
taper or the gradual taper of Fig. 5a. 

'The design ofthe tapers of Figs. 4a, 5a and 6a. requires 
rather involved numerical calculations for which no 
simple design formula can be given. There is, however, 
a taper which represents a preferred embodiment and 
which comes very close to the optimum design of the 
perfectly smooth taper and can be designed very easily. 
If they Wave-guide modes under consideration are far 
enough .from cut-off and .the change in diameter is 
small compared to the diameters themselves, the design 
formula for a near optimum taper is simply; 

É-‘;=2(@fï) sing vri-Í (to) 
that is, the cone angle 

ï 
dz 

yfollows a raised cosine law along the taper. a2 and a, 
are the radii at the ends and I4 the length of the section. 
a is the radius at any distance, z, along the section. 
The mode conversion pattern of the raised cosine 

taper is given by 
l1 ._ e-iAßltl 

A 2542 arm@- Íïz > 
where c is a constant determined by the waveguide cross~ 
section and the modes under consideration. 
The conversion> pattern of the raised cosine function 

is shown in Fig. 7a. It resembles that of Fig. 6a in 
general. It should be noted' that as anticipated in order 
to maintain the same spurious mode level, the raised 
cosine taper has to 4be longer than any one of the opti 
mum design tapers. 

ln the more general case where the diilerence in diam 
eters is not small compared to the diameters themselves, 
the relation between a and z is expressed parametrically 

where b is the phase constant of the dielectric within the 
transition» section, equal to 

5 

In addition  ‘3 

40 

60 

65 

70 

8 
in air, and k1 and k2 are Bessel function roots equal to 
3.83 and 7.0_16 respectively. 

the integrand can be expanded in a series such that 

A numerical example will show the advantage of a 
properly tapered transition. If, for example, a transi 
tion for the TE01 wave from a ’Vs-in. ID. pipe to a 2-in. 
I_D. pipe is required to have a spurious mode level of 
less` than _50 db for all frequencies up to 75 kmo., a 
tapered section designed in accordance with the present 
invention would have a length of only 3 feet. A taper 
of constant cone angle, satisfying the same requirements, 

_ however, would have to be 58 feet long. 
ln all cases it is understood that the above-described 

arrangements are illustrative of a small number of the 
many possible specific embodiments which can present 
applications of the principles of the invention. Numer 
ous and various other arrangements can readily be de 
vised in accordance with these principles by those skilled 
in the art without departing from the spirit and scope of 
the invention. 
What is claimed is: 
l. An electromagnetic wave transmission system for 

the transmission of circular electric wave energy over a 
broad band ‘of operating frequencies, means for produc 
ing said energy, means for utilizing said energy located 
at a distance from said producing means, cylindrical 
waveguide sections of diiïerent internal diameters extend 
ing between said producing means and said utilizing 
means, each of said sections having substantially the 
same characteristic `impedance over said operating fre 
quencies, and means for coupling said guides comprising 
a conical tapered section of changing cone angle. 

2. The combination according to claim l, wherein said 
coupling means comprises a multisection taper having a 
plurality of sections each section having a constant cone 
angle greater than zero for the controlled generation of 
a single higher order circular electric mode. 

3. The combination according to claim l, wherein said 
coupling means comprises a conical tapered section of 
gradually changing cone angle for the controlled genera 
tion or” a plurality of higher order circular electric modes, 
said cone angle being zero at both ends of said section. 

4. The combination according to claim 1 wherein said 
coupling means comprises a conical tapered section of 
gradually changing cone angle said cone angle being 
finite at both ends of said section. 

5. In an electromagnetic wave transmission system 
supportive of the circular electric mode of wave propa 
gation, a conical tapered section of gradually changing 
cone angle to connect a first multimode cylindrical wave 
guide of radius a1 supportive of said mode to a second 
multimode cylindrical waveguide of radius a2 supportive 
of said mode, wherein the radius a and the distance z 
from said iirst guide vary parametrically as 
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and 

where b is the intrinsic propagation constant of the di- 5 
electric within the transition section, equal to 

in air, k1 and k2 are Bessel function roots equal to 3.83 
and 7.0,16 respectively, 

ßl and ßa are the phase constants of the TEM and TBD, 
modes, and k12 and km are the coupling coeñìcients be 
tween said modes. 
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