
US 20090307565A1 

(19) United States 
(12) Patent Application Publication (10) Pub. No.: US 2009/0307565 A1 

Luby et al. (43) Pub. Date: Dec. 10, 2009 

(54) 

(75) 

(73) 

(21) 

(22) 

METHOD AND APPARATUS FOR FAST 
ENCODING OF DATA SYMBOLS 
ACCORDING TO HALF-WEIGHT CODES 

Inventors: Michael Luby, Berkeley, CA (US); 
M. Amin Shokrollahi, Preverenges 
(CH) 

Correspondence Address: 
QUALCOMM INCORPORATED 
5775 MOREHOUSE DR. 
SAN DIEGO, CA 92121 (US) 

Assignee: Digital Fountain, Inc., Fremont, 
CA (U S) 

Appl. No.: 12/331,268 

Filed: Dec. 9, 2008 

(62) 

(60) 

(51) 

(52) 
(57) 

Related US. Application Data 

Division of application No. 11/202,933, ?led on Aug. 
11, 2005. 

Provisional application No. 60/600,932, ?led on Aug. 
11, 2004. 

Publication Classi?cation 

Int. Cl. 
H03M 13/05 (2006.01) 
G06F 11/10 (2006.01) 
US. Cl. ............................... .. 714/780; 714/E11.032 

ABSTRACT 

Ef?cient methods for encoding and decoding Half-Weight 
codes are disclosed and similar high density codes are dis 
closed. The ef?cient methods require at most 3-(k—1)+h/2+1 
XORs of symbols to calculate h Half-Weight symbols from k 
source symbols, Where h is of the order of log(k). 
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METHOD AND APPARATUS FOR FAST 
ENCODING OF DATA SYMBOLS 

ACCORDING TO HALF-WEIGHT CODES 

CROSS-REFERENCES TO RELATED 
APPLICATIONS 

[0001] This application is a divisional patent application of 
US. Non-provisional patent application Ser. No. 1 1,202,933 
?led Aug. 11, 2005 Which claims priority from co-pending 
US. Provisional Patent Application No. 60/600,932 ?led 
Aug. 11, 2004 for Luby et al. “File DoWnload System Using 
Fountain Codes” (hereinafter “Luby-Prov”) Which is hereby 
incorporated by reference, as if set forth in full in this docu 
ment, for all purposes. 
[0002] Related applications With common assignment 
include US. Pat. No. 6,307,487 to Luby entitled “Informa 
tion Additive Code Generator and Decoder for Communica 
tion Systems” (hereinafter “Luby I”), US. patent application 
Ser. No. 10/032,156 ?led Dec. 21, 2001 for Shokrollahi et al., 
entitled “Multi-Stage Code Generator and Decoder for Com 
munication Systems” (hereinafter “Shokrollahi I”) and US. 
patent application Ser. No. 11/125,818 ?led May 9, 2005 for 
Luby et al., entitled “File DoWnload System” (hereinafter 
“Luby05”), each of Which is hereby incorporated by refer 
ence, as if set forth in full in this document, for all purposes. 

BACKGROUND OF THE INVENTION 

[0003] The present invention relates to systems and meth 
ods for encoding and/ or decoding data, and more particularly 
to systems and methods for encoding and/or decoding using 
multi-stage fountain codes, herein referred to collectively as 
“MS Codes.” 
[0004] Fountain codes have been described previously such 
as in Luby I, Shokrollahi I and Luby05 . As described therein, 
sometimes referred to “chain reaction codes” in vieW of some 
of the decoding techniques, fountain codes provide a form of 
forward error-correction that enables data reconstruction 
from a received data set of a given siZe, Without regard to the 
particular data packets received and provide for sequences of 
encoded that does not need to repeat over normal use, such 
that a set of data can be encoded With a fountain code to 
generate as much output sequence data as needed. Unlike 
many coding techniques that generate a ?xed amount of out 
put for a given input and thus have a predetermined “code 
rate”, fountain codes can be “rateless” codes. Fountain codes 
are often considered information additive codes in that ran 
domly selected output symbols are likely to contribute (add) 
information to other randomly selected output symbols, 
Whereas random selections of among ?xed rate code symbols 
are more likely to be duplicative of selections already 
received. 
[0005] As a result, communication systems employing 
fountain codes are able to communicate information much 
more e?iciently compared to traditional FEC codes transmit 
ted via data carousel or acknoWledgement-based protocols, as 
described in Luby I, or Shokrollahi I or Luby05. 
[0006] Transmission of data betWeen a sender and a recipi 
ent over a communications channel has been the subject of 
much literature. Preferably, but not exclusively, a recipient 
desires to receive an exact copy of data transmitted over a 
channel by a sender With some level of certainty. Where the 
channel does not have perfect ?delity (Which covers most of 
all physically realiZable systems), one concern is hoW to deal 
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With data lost or garbled in transmission. Lost data (erasures) 
are often easier to deal With than corrupted data (errors) 
because the recipient cannot alWays tell When corrupted data 
is data received in error. Many error-correcting codes have 
been developed to correct for erasures and/or for errors. Typi 
cally, the particular code used is chosen based on some infor 
mation about the in?delities of the channel through Which the 
data is being transmitted and the nature of the data being 
transmitted. For example, Where the channel is knoWn to have 
long periods of in?delity, a burst error code might be best 
suited for that application. Where only short, infrequent 
errors are expected, a simple parity code might be best. 

[0007] Data transmission betWeen multiple senders and/or 
multiple receivers over a communications channel has also 
been the subject of much literature. Typically, data transmis 
sion from multiple senders requires coordination among the 
multiple senders to alloW the senders to minimize duplication 
of efforts. In a typical multiple sender system sending data to 
a receiver, if the senders do not coordinate Which data they 
Will transmit and When, but instead just send segments of the 
?le, it is likely that a receiver Will receive many useless 
duplicate segments. Similarly, Where different receivers join 
a transmission from a sender at different points in time, a 
concern is hoW to ensure that all data the receivers receive 
from the sender is useful. For example, suppose the sender is 
Wishes to transmit a ?le, and is continuously transmitting data 
about the same ?le. If the sender just sends segments of the 
original ?le and some segments are lost, it is likely that a 
receiver Will receive many useless duplicate segments before 
receiving one copy of each segment in the ?le. Similarly, if a 
segment is received in error multiple times, then the amount 
of information conveyed to the receiver is much less than the 
cumulative information of the received garbled data. Often 
this leads to undesirable ine?iciencies of the transmission 
system, or may require transmitter and/ or receiver coordina 
tion. 

[0008] Often data to be transmitted over a communications 
channel is partitioned into equal siZe input symbols. The 
“size” of an input symbol can be measured in bits, Whether or 
not the input symbol is actually broken into a bit stream, 
Where an input symbol has a siZe of M bits When the input 
symbol is selected from an alphabet of 2M symbols. 
[0009] A coding system may produce output symbols from 
the input symbols. Output symbols are elements from an 
output symbol alphabet. The output symbol alphabet may or 
may not have the same characteristics as the alphabet for the 
input symbols. Once the output symbols are created, they are 
transmitted to the receivers. 

[0010] The task of transmission may include post-process 
ing of the output symbols so as to produce symbols suitable 
for the particular type of transmission. For example, Where 
transmission constitutes sending the data from a Wireless 
provider to a Wireless receiver, several output symbols may be 
lumped together to form a frame, and each frame may be 
converted into a Wave signal in Which the amplitude or the 
phase is related to the frame. The operation of converting a 
frame into a Wave is often called modulation, and the modu 
lation is further referred to as phase or amplitude modulation 
depending on Whether the information of the Wave signal is 
stored in its phase or in its amplitude. NoWadays this type of 
modulated transmission is used in many applications, such as 
satellite transmission, cable modems, Digital Subscriber 
Lines (DSL), and many others. 
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[0011] A transmission is called reliable if it allows the 
intended recipient to recover an exact copy of the original data 
even in the face of errors and/ or erasures during the transmis 
sion. Recovery of erased information has been the subject of 
much literature and very e?icient coding methods have been 
devised in this case. Fountain codes, as described in Luby I or 
Shokrollahi I or Luby05, are ef?cient coding methods for 
recovery of erasures in a Wide variety of settings. 

[0012] One solution that has been proposed to increase 
reliability of transmission is to use Forward Error-Correction 
(FEC) codes, such as Reed-Solomon codes, Tornado codes, 
or, more generally, LDPC (“loW density parity codes”). With 
such codes, one sends output symbols generated from the 
content instead of just sending the input symbols that consti 
tute the content. Traditional error correcting codes, such as 
Reed-Solomon or other LDPC codes, generate a ?xed num 
ber of output symbols for a ?xed length content. For example, 
for K input symbols, N output symbols might be generated. 
These N output symbols may comprise the K original input 
symbols and N-K redundant symbols. If storage permits, then 
the sender can compute the set of output symbols for each 
piece of data only once and transmit the output symbols using 
a carousel protocol. 

[0013] One problem With some FEC codes is that they 
require excessive computing poWer or memory to operate. 
Another problem is that the number of output symbols must 
be determined in advance of the coding process. This can lead 
to ine?iciencies if the error rate of the symbols is overesti 
mated, and can lead to failure if the error rate is underesti 
mated. Moreover, traditional FEC schemes often require a 
mechanism to estimate the reliability of the communications 
channel on Which they operate. For example, in Wireless 
transmission the sender and the receiver are in need of prob 
ing the communications channel so as to obtain an estimate of 
the noise and hence of the reliability of the channel. In such a 
case, this probing has to be repeated quite often, since the 
actual noise is a moving target due to rapid and transient 
changes in the quality of the communications channel. 
[0014] For traditional FEC codes, the number of valid out 
put symbols that can be generated is of the same order of 
magnitude as the number of input symbols the content is 
partitioned into and is often a ?xed ratio called the “code 
rate.” Typically, but not exclusively, most or all of these output 
symbols are generated in a preprocessing step before the 
sending step. These output symbols often have the property 
that all the input symbols can be regenerated from any subset 
of the output symbols equal in length to the original content or 
slightly longer in length than the original content. Typically, a 
code rate is selected to match an expected error rate. 

[0015] Fountain decoding is a form of forWard error-cor 
rection that addresses the above issues in cases Where a trans 
mission error constitutes an erasure. For fountain codes, the 
pool of possible output symbols that can be generated is 
orders of magnitude larger than the number of the input 
symbols typically limited only by a resolution of a counter on 
the encoder rather than by a code rate, and a random output 
symbol from the pool of possibilities can be generated very 
quickly. For fountain codes, the output symbols can be gen 
erated on the ?y on an as needed basis concurrent With the 
sending step. Fountain codes have a property that all input 
symbols of the content can be regenerated from any subset of 
a set of randomly generated and/or selected output symbols 
slightly longer in length than the original content. 

Dec. 10, 2009 

[0016] Other descriptions of various fountain coding sys 
tems can be found in documents such as US. Pat. No. 6,486, 
803, entitled “On Demand Encoding With a WindoW” and 
US. Pat. No. 6,411,223 entitled “Generating High Weight 
Output Symbols using a Basis,” assigned to the assignee of 
the present application. 
[0017] Some embodiments of a fountain coding system 
comprise an encoder and a decoder. Data may be presented to 
the encoder in the form of a block, or a stream, and the 
encoder may generate output symbols from the block or the 
stream on the ?y. In some embodiments, for example those 
described in Shokrollahi I and Luby05, data may be pre 
encoded off-line, or concurrently With the process of trans 
mission, using a static encoder, and the output symbols may 
be generated from the static input symbols, de?ned as the 
plurality of the original data symbols, and the output symbols 
of the static encoder. 
[0018] In general, the block or stream of symbols from 
Which the dynamic output symbols are generated is referred 
to herein as “source symbols.” Thus, in the case of the codes 
described in Shokrollahi I and Luby05, the source symbols 
are the static input symbols, While for codes described in 
Luby I, the source symbols are the input symbols. The term 
“input symbols” herein refers to the original symbols pre 
sented to the encoder for encoding. Thus, for chain reaction 
codes described in Luby I, the source symbols are identical 
With input symbols. Sometimes, to distinguish betWeen an 
MS code, as for example one of the codes described in Shok 
rollahi I or Luby05, and the codes described in Luby I, We Will 
refer herein to the output symbols generated by a coding 
system employing an MS code as the “dynamic output sym 
bols.” 
[0019] In certain applications, it may be preferable to trans 
mit the input symbols ?rst, and then continue transmission by 
sending generated output symbols. Such a coding system is 
called a systematic coding system and systematic coding 
systems for codes such as those described in Luby I and 
Shokrollahi I are disclosed in US. Pat. No. 6,909,383 
entitled, “Systematic Encoding and Decoding of Chain Reac 
tion Codes,” assigned to the assignee of the present applica 
tion (hereinafter “Systematic MS”), Whereas Luby05 is itself 
a systematic MS code that is designed using the elements 
described in “Systematic MS”. 
[0020] Various methods for generating source symbols 
from the input symbols are described in Shokrollahi I and 
Luby05. Generally, but not exclusively, the source symbols 
are preferably generated e?iciently on a data processing 
device, and, at the same time, a good erasure correcting capa 
bility is required of the multi-stage code. One of the teachings 
in Shokrollahi I and Luby05 is to use a combination of codes 
to produce the source symbols. In one particular embodiment 
described in Luby05, this combination comprises using an 
LDPC code to produce a second set of source symbols from 
the input symbols (the input symbols are the ?rst set of source 
symbols) and then using a Half-Weight encoder to produce a 
third set of source symbols from the ?rst tWo sets of source 
symbols, and then the dynamic output symbols are calculated 
based on all three sets of source symbols. 

[0021] Other methods and processes for both the genera 
tion of source symbols and dynamic output symbols, and the 
decoding of these output symbols, have been described in 
US. Pat. No. 6,856,263 entitled “Systems and Processes for 
Decoding a Chain Reaction Code Through Inactivation,” 
assigned to the assignee of the present application (hereinaf 
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ter “Inactivation Decoding”). One advantage of a decoder 
according teachings Inactivation Decoding over a multi-stage 
chain reaction decoder described in Shokrollahi I is that an 
inactivation decoding decoder has typically a loWer probabil 
ity of error. 
[0022] The encoding for an MS encoder in some embodi 
ments can be partitioned into tWo stages. The ?rst stage com 
putes redundant symbols from the original input symbols, and 
the second stage generates output symbols from combina 
tions of the original input symbols and redundant symbols. In 
some embodiments of an MS encoder, the ?rst stage can be 
further partitioned into tWo or more steps, Where some of 
these steps compute redundant symbols based on LoW Den 
sity Parity Check (LDPC) codes or other codes, and Where 
other steps compute redundant symbols based on other codes. 
To loWer the probability of error of the decoder, both multi 
stage fountain decoding and some embodiments of decoding 
described in Inactivation Decoding may make use of a Half 
Weight code in these other steps, and thus a Half-Weight code 
is used in these embodiments in one of the primary stages of 
static encoding. 
[0023] The techniques of multi-stage encoding, multi-stage 
fountain decoding and Inactivation Decoding may also be 
applied to other forWard error correction codes including 
LDPC (“loW density parity check”) codes, IRA (“Irregular 
Repeat Accumulate”) code, AIRA (“Accumulate Irregular 
Repeat Accumulate”) codes, and LDGM (“loW density gen 
erator matrix”) codes, and many other classes of codes based 
on graphs, and thus the techniques described herein for Half 
Weight code generation may also be applied in those settings. 
[0024] As described in Luby05, a Half-Weight code gener 
ates, for a given number k of ?rst source symbols, a number h 
of redundant symbols (referred to as the “Half-Weight sym 
bols” hereinafter). The number h is the smallest integer With 
the property illustrated in Equation 1, Where for positive 
integers i and j With i>j, the function choose (i,j) is equal to 
i!/((i—j)! -j!) and n!:l~2~ . . . ~(n—l)~n, and Where for real 
valued x the function ceil(x) is the smallest integer greater 
than or equal to x. 

choose(h,ceil(h/2)) 2k 

[0025] As described in Luby05, Half-Weight symbols can 
be calculated in a speci?c Way from the k source symbols. 
Using the straightforWard method for the computation of 
these symbols, each Half-Weight symbol requires, on aver 
age, around k/2 XORs of source symbols, and thus, in total, 
the h Half-Weight symbols require around (k/2)~h XORs of 
source symbols. Since h is of the order log(k), this amounts to 
roughly k-log(k)/2 XORs of input symbols for the calculation 
of the Half-Weight symbols. Taking into account that other 
redundant symbols calculated via, for example LDPC encod 
ing, require much less computational time, the calculation of 
the Half-Weight symbols using the straightforWard approach 
Would constitute a computational bottleneck for the design of 
some embodiments of reliable multi-stage encoders. 
[0026] What is therefore needed is an apparatus or process 
for calculating the Half-Weight symbols that is much more 
e?icient than the straightforWard one, and can be imple 
mented easily on various computing devices. 

(Equ. l) 

BRIEF SUMMARY OF THE INVENTION 

[0027] In embodiments of encoders and/or decoders 
according to the present invention, e?icient methods for 
encoding and decoding Half-Weight codes and similar high 
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density codes are disclosed. Such e?icient methods can oper 
ate With at most 3~(k—l)+h/2+l XORs of symbols to calculate 
h Half-Weight symbols from k source symbols, Where h is of 
the order of log(k). 
[0028] According to one embodiment of the invention, a 
method of encoding data operates on an ordered set of input 
symbols and includes generating intermediate symbols from 
the set of input symbols and possibly a set of a plurality of 
redundant symbols from the intermediate symbols. The 
method also includes generating a plurality of output symbols 
from a combined set of symbols including the input symbols, 
the intermediate symbols and possibly the redundant sym 
bols. The intermediate symbols might include a plurality of 
Half-Weight symbols Wherein their number is a function of 
the number of input symbols. 
[0029] According to still another embodiment of the inven 
tion, a system for receiving data transmitted from a source 
over a communications channel is provided using similar 
techniques. The system comprises a receive module coupled 
to a communications channel for receiving output symbols 
transmitted over the communications channel, including a 
decoder for Half-Weight symbols. 
[0030] According to yet another embodiment of the inven 
tion, a computer data signal embodied in a carrier Wave is 
provided, Wherein Half-Weight symbols are encoded. 
[0031] Numerous bene?ts are achieved by Way of the 
present invention. For example, in a speci?c embodiment, the 
computational expense of encoding data for transmission 
over a channel is reduced. In another speci?c embodiment, 
the computational expense of decoding such data is reduced. 
Depending upon the embodiment, one or more of these ben 
e?ts may be achieved. These and other bene?ts are provided 
in more detail throughout the present speci?cation and more 
particularly beloW. 
[0032] A further understanding of the nature and the advan 
tages of the inventions disclosed herein may be realiZed by 
reference to the remaining portions of the speci?cation and 
the attached draWings. 

BRIEF DESCRIPTION OF THE DRAWINGS 

[0033] FIG. 1 is a block diagram of a communications 
system according to one embodiment Wherein the present 
invention might be used. 
[0034] FIG. 2 is ablock diagram ofan encoder usable in the 
communication system of FIG. 1. 
[0035] FIG. 3 is a simpli?ed block diagram of a method of 
generating redundant symbols usable in the communication 
system of FIG. 1. 
[0036] FIG. 4 is a simpli?ed block diagram of the basic 
operation of a static encoder usable in the communication 
system of FIG. 1. 
[0037] FIG. 5 is a simpli?ed block diagram of a dynamic 
encoder usable in the communication system of FIG. 1. 
[0038] FIG. 6 is a simpli?ed block diagram of a basic 
operation of a dynamic encoder usable in the communication 
system of FIG. 1. 
[0039] FIG. 7 is a simpli?ed block diagram of a static 
encoder usable in the communication system of FIG. 1. 
[0040] FIG. 8 is a simpli?ed block diagram of the basic 
operation of a static encoder usable in the communication 
system of FIG. 1. 
[0041] FIG. 9 is a simpli?ed block diagram of a decoder 
usable in the communication system of FIG. 1. 
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[0042] FIG. 10 is an illustration of an example of the ?rst 
few elements of a Gray code sequence. 
[0043] FIG. 11 is an illustration of an example of a Half 
Weight matrix H. 
[0044] FIG. 12 is a ?owchart of an overall e?icient method 
for encoding a Half-Weight code according to embodiments 
of the present invention. 
[0045] FIG. 13 is a ?owchart of a method for implementing 
the Initialize Computation phase of FIG. 12. 
[0046] FIG. 14 is a ?owchart of a method for implementing 
the Perform Core Computation phase of FIG. 12. 
[0047] FIG. 15 is a ?owchart of a method for implementing 
the Clean Up phase of FIG. 12. 

DETAILED DESCRIPTION OF THE INVENTION 

[0048] In the speci?c embodiments described herein, a 
coding scheme denoted as “multi-stage coding” is described, 
embodiments of which are provided in Shokrollahi I. 
[0049] Multi-stage encoding encodes the data in a plurality 
of stages. Typically, but not always, a ?rst stage adds a pre 
determined amount of redundancy to the data. A second stage 
then uses a fountain code, or the like, to produce output 
symbols from the original data and the redundant symbols 
computed by the ?rst stage of the encoding. The ?rst stage’s 
redundancy might be in the form of LDPC symbols, Half 
Weight symbols, source symbols, etc. 
[0050] As used herein, input symbols are data that an 
encoder seeks to encode such that a decoder can recover those 
input symbols. In some multi-stage encoders described 
herein, a pre-coder generates a set of intermediate symbols 
from the input symbols using some control inputs known to 
the encoder and to the decoder (at least when the decoder is 
tasked with decoding information that depends on knowing 
those control inputs). A next stage might generate a set of 
redundant symbols from the intermediate symbols, which 
might include Half-Weight symbols. The input symbols and 
the redundant symbols might then collectively form a set of 
source symbols that form input to a dynamic encoder such as 
a fountain encoder. For systematic coding, the source sym 
bols include the input symbols, whereas for nonsystematic 
coding, the source symbols contain less than all or none of the 
input symbols and rely more on redundant symbols. In the 
latter case, the redundant symbols might not be referred to as 
redundant, but just as being source symbols. Furthermore, in 
some embodiments the labels “intermediate symbol” and 
“redundant symbol” are interchangeable and the source sym 
bols comprise input symbols and redundant/intermediate 
symbols. 
[0051] In some embodiments, the output symbols can be 
generated from source symbols as needed or based on a 
maximum anticipated error rate. In embodiments in which the 
second stage comprises fountain encoding, each output sym 
bol can be generated without regard to how other output 
symbols are generated, in part because they can be generated 
statistically with high likelihood of information additivity 
between independently generated output symbols due to the 
large key alphabet. Once generated, these output symbols can 
then be placed into packets and transmitted to their destina 
tion, with each packet containing one or more output sym 
bols. Non-packetiZed transmission techniques can be used 
instead or as well. 

[0052] As used herein, the term “?le” refers to any data that 
is stored at one or more sources and is to be delivered as a unit 

to one or more destinations. Thus, a document, an image, and 
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a ?le from a ?le server or computer storage device, are all 
examples of “?les” that can be delivered. Files can be of 
known siZe (such as a one megabyte image stored on a hard 
disk) or can be of unknown siZe (such as a ?le taken from the 
output of a streaming source). Either way, the ?le is a 
sequence of input symbols, where each input symbol has a 
position in the ?le and a value. 

[0053] As used herein, the term “stream” refers to any data 
that is stored or generated at one or more sources and is 
delivered at a speci?ed rate at each point in time in the order 
it is generated to one or more destinations. Streams can be 
?xed rate or variable rate. Thus, an MPEG video stream, 
AMR audio stream, and a data stream used to control a remote 
device, are all examples of “streams” that can be delivered. 
The rate of the stream at each point in time can be known 
(such as 4 megabits per second) or unknown (such as a vari 
able rate stream where the rate at each point in time is not 
known in advance). Either way, the stream is a sequence of 
input symbols, where each input symbol has a position in the 
stream and a value. 

[0054] Transmission is the process of transmitting data 
from one or more senders to one or more recipients through a 

channel in order to deliver a ?le or stream. A sender is also 
sometimes referred to as the encoder. If one sender is con 
nected to any number of recipients by a perfect channel, the 
received data can be an exact copy of the input ?le or stream, 
as all the data will be received correctly. Here, we assume that 
the channel is not perfect, which is the case for most real 
world channels. Of the many channel imperfections, two 
imperfections of interest are data erasure and data incom 
pleteness (which can be treated as a special case of data 
erasure). Data erasure occurs when the channel loses or drops 
data. Data incompleteness occurs when a recipient does not 
start receiving data until some of the data has already passed 
it by, the recipient stops receiving data before transmission 
ends, the recipient chooses to only receive a portion of the 
transmitted data, and/ or the recipient intermittently stops and 
starts again receiving data. As an example of data incomplete 
ness, a moving satellite sender might be transmitting data 
representing an input ?le or stream and start the transmission 
before a recipient is in range. Once the recipient is in range, 
data can be received until the satellite moves out of range, at 
which point the recipient can redirect its satellite dish (during 
which time it is not receiving data) to start receiving the data 
about the same input ?le or stream being transmitted by 
another satellite that has moved into range. As should be 
apparent from reading this description, data incompleteness 
is a special case of data erasure, since the recipient can treat 
the data incompleteness (and the recipient has the same prob 
lems) as if the recipient was in range the entire time, but the 
channel lost all the data up to the point where the recipient 
started receiving data. Also, as is well known in communica 
tion systems design, detectable errors can be considered 
equivalent to erasures by simply dropping all data blocks or 
symbols that have detectable errors. 

[0055] In some communication systems, a recipient 
receives data generated by multiple senders, or by one sender 
using multiple connections. For example, to speed up a down 
load, a recipient might simultaneously connect to more than 
one sender to transmit data concerning the same ?le. As 
another example, in a multicast transmission, multiple mul 
ticast data streams might be transmitted to allow recipients to 
connect to one or more of these streams to match the aggre 
gate transmission rate with the bandwidth of the channel 
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connecting them to the sender. In all such cases, a concern is 
to ensure that all transmitted data is of independent use to a 
recipient, i.e., that the multiple source data is not redundant 
among the streams, even When the transmission rates are 
vastly different for the different streams, and When there are 
arbitrary patterns of loss. 
[0056] In general, a communication channel is that Which 
connects the sender and the recipient for data transmission. 
The communication channel could be a real-time channel, 
Where the channel moves data from the sender to the recipient 
as the channel gets the data, or the communication channel 
might be a storage channel that stores some or all of the data 
in its transit from the sender to the recipient. An example of 
the latter is disk storage or other storage device. In that 
example, a program or device that generates data can be 
thought of as the sender, transmitting the data to a storage 
device. The recipient is the program or device that reads the 
data from the storage device. The mechanisms that the sender 
uses to get the data onto the storage device, the storage device 
itself and the mechanisms that the recipient uses to get the 
data from the storage device collectively form the channel. If 
there is a chance that those mechanisms or the storage device 
can lose data, then that Would be treated as data erasure in the 
communication channel. 

[0057] When the sender and recipient are separated by a 
communication channel in Which symbols can be erased, it is 
preferable not to transmit an exact copy of an input ?le or 
stream, but instead to transmit data generated from the input 
?le or stream (Which could include all or parts of the input ?le 
or stream itself) that assists With recovery of erasures. An 
encoder is a circuit, device, module or code segment that 
handles that task. One Way of vieWing the operation of the 
encoder is that the encoder generates output symbols from 
input symbols, Where a sequence of input symbol values 
represents the input ?le or a block of the stream. Each input 
symbol Would thus have a position, in the input ?le or block 
of the stream, and a value. A decoder is a circuit, device, 
module or code segment that reconstructs the input symbols 
from the output symbols received by the recipient. In multi 
stage coding, the encoder and the decoder are further divided 
into sub-modules each performing a different task. 

[0058] In embodiments of multi-stage coding systems, the 
encoder and the decoder can be further divided into sub 
modules, each performing a different task. For instance, in 
some embodiments, the encoder comprises What is referred to 
herein as a static encoder and a dynamic encoder. As used 
herein, a “static encoder” is an encoder that generates a num 
ber of redundant symbols from a set of input symbols, 
Wherein the number of redundant symbols is determined prior 
to encoding. Examples of static encoding codes include 
Reed-Solomon codes, Tornado codes, Hamming codes, LoW 
Density Parity Check (LDPC) codes, etc. The term “static 
decoder” is used herein to refer to a decoder that can decode 
data that Was encoded by a static encoder. For some encoders, 
the input symbols are used to generate intermediate symbols, 
Which are used to generate the source symbols and the inter 
mediate symbols are not transmitted. 

[0059] As used herein, a “dynamic encoder” is an encoder 
that generates output symbols from a set of input symbols, 
Where the number of possible output symbols is orders of 
magnitude larger than the number of input symbols, and 
Where the number of output symbols to be generated need not 
be ?xed. One example of a dynamic encoder is a chain reac 
tion encoder, such as the encoders described in Luby I and 
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Luby05. The term “dynamic decoder” is used herein to refer 
to a decoder that can decode data that Was encoded by a 
dynamic encoder. 
[0060] Embodiments of multi-stage coding need not be 
limited to any particular type of input symbol. Typically, the 
values for the input symbols are selected from an alphabet of 
2”’ symbols for some positive integer M. In such cases, an 
input symbol can be represented by a sequence of M bits of 
data from the input ?le or stream. The value of M is often 
determined based on, for example, the uses of the application, 
the communication channel, and/or the siZe of the output 
symbols. Additionally, the siZe of an output symbol is often 
determined based on the application, the channel, and/or the 
siZe of the input symbols. In some cases, the coding process 
might be simpli?ed if the output symbol values and the input 
symbol values Were the same siZe (i.e., representable by the 
same number of bits or selected from the same alphabet). If 
that is the case, then the input symbol value siZe is limited 
When the output symbol value siZe is limited. For example, it 
may be desired to put output symbols in packets of limited 
siZe. If some data about a key associated With the output 
symbols Were to be transmitted in order to recover the key at 
the receiver, the output symbol Would preferably be small 
enough to accommodate, in one packet, the output symbol 
value and the data about the key. 
[0061] As an example, if an input ?le is a multiple mega 
byte ?le, the input ?le might be broken into thousands, tens of 
thousands, or hundreds of thousands of input symbols With 
each input symbol encoding thousands, hundreds, or only feW 
bytes. As another example, for a packet-based Internet chan 
nel, a packet With a payload of siZe of 1024 bytes might be 
appropriate (a byte is 8 bits). In this example, assuming each 
packet contains one output symbol and 8 bytes of auxiliary 
information, an output symbol siZe of 8128 bits ((1024—8)*8) 
Would be appropriate. Thus, the input symbol siZe could be 
chosen as M:(1024—8)*8, or 8128 bits. As another example, 
some satellite systems use the MPEG packet standard, Where 
the payload of each packet comprises 188 bytes. In that 
example, assuming each packet contains one output symbol 
and 4 bytes of auxiliary information, an output symbol siZe of 
1472 bits ((188—4)*8), Would be appropriate. Thus, the input 
symbol siZe could be chosen as M:(188—4)*8, or 1472 bits. 
In a general-purpose communication system using multi 
stage coding, the application-speci?c parameters, such as the 
input symbol siZe (i.e., M, the number of bits encoded by an 
input symbol), might be variables set by the application. 
[0062] As another example, for a stream that is sent using 
variable siZe source packets, the symbol siZe might be chosen 
to be rather small so that each source packet can be covered 
With an integral number of input symbols that have aggregate 
siZe at most slightly larger than the source packet. 
[0063] Each output symbol has a value. In one preferred 
embodiment, Which We consider beloW, each output symbol 
also has associated thereWith an identi?er called its “key.” 
Preferably, the key of each output symbol can be easily deter 
mined by the recipient to alloW the recipient to distinguish 
one output symbol from other output symbols. Preferably, the 
key of an output symbol is distinct from the keys of all other 
output symbols. There are various forms of keying discussed 
in previous art. For example, Luby I describes various forms 
of keying that can be employed in embodiments of the present 
invention. 

[0064] Multi-stage coding is particularly useful Where 
there is an expectation of data erasure or Where the recipient 


















