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(57) ABSTRACT 

An optical metrology apparatus for measuring periodic struc 
tures using multiple incident azimuthal (phi) and polar (theta) 
incident angles is described. One embodiment provides the 
enhanced calculation speed for the special case of phi:90 
incidence for l-D (line and space) structures, Which has the 
incident plane parallel to the grating lines, as opposed to the 
phi:0 classical mounting, Which has incident plane perpen 
dicular to the grating lines. The enhancement reduces the 
computation time of the phi:90 case to the same order as the 
corresponding phi:0 case, and in some cases the phi:90 case 
can be signi?cantly faster. One advantageous con?guration 
consists of tWo measurements for each sample structure, one 
perpendicular to the grating lines and one parallel. This pro 
vides additional information about the structure, equivalent to 
tWo simultaneous angles of incidence, Without excessive 
increase in computation time. Altemately, in cases Where the 
computation for phi:90 is faster than the corresponding 
phi:0 incidence, it may be advantageous to measure parallel 
to the grating lines only. In the case Where tWo sets of incident 
angles are used, the incident light can be polarized to provide 
a total of four sets of dataiRSO, RPO, R590, Rpgoifor each 
incident polar angle, all from the same structure. 
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METHOD AND APPARATUS FOR 
OPTICALLY MEASURING PERIODIC 
STRUCTURES USING ORTHOGONAL 
AZIMUTHAL SAMPLE ORIENTATIONS 

[0001] This application claims priority to Provisional 
Patent Application No. 60/872,010 ?led Nov. 30, 2006; the 
disclosure of Which is expressly incorporated herein by ref 
erence in its entirety. 

TECHNICAL FIELD OF THE INVENTION 

[0002] This invention relates to an optical metrology appa 
ratus and methods and systems for measuring periodic struc 
tures using multiple incident azimuthal (phi) and polar (theta) 
angles, and particularly to enhanced calculation speed for a 
special case of phi:90 incidence for 1-D (line and space) 
gratings, having an incident plane parallel to grating lines. 
This results in additional datasets to supplement data col 
lected in the phi:0 classical mount con?guration Without an 
untenable increase in computation cost. 

BACKGROUND OF THE INVENTION 

[0003] A Widely referenced source on a rigorous coupled 
Wave (RCW) algorithm is that of Moharam and Gaylord (M. 
G. Moharam, E. B. Grann, D. A. Pommet, and T. K. Gaylord, 
J. Opt. Soc., Am. A, Vol. 12, No. 5, p. 1068 (1995)). A 
schematic from their paper shoWing the diffraction problem is 
reproduced in FIG. 1. In particular, FIG. 1 de?nes the various 
incident conditions for the diffraction problem. The plane of 
incidence is de?ned by the polar angle, theta, and the azi 
muthal angle, phi. The azimuthal angle de?nes the angle the 
incident plane makes With the plane perpendicular to the 
grating lines, so that phi:0 corresponds to the classical inci 
dence case. The angle psi de?nes the direction of the electric 
?eld With respect to the plane of incidence, With psi:90 
corresponding to s polarized and psi:0 to p polarized incident 
light. 
[0004] As shoWn in FIG. 1, a diffraction grating 100 has a 
grating region 104 formed in a substrate 102 (the substrate 
being designated as Region II). The grating region 104 has a 
height d as indicated in the ?gure. RegionI is comprised of the 
material above the grating region, in this case in air or vacuum 
space. As indicated in FIG. 1, the grating region may be 
formed of alternating grating lines 106 and grating spaces 
108. The grating lines 106 may have a Width 108. The grating 
periodicity is characterized by the grating period 10 as indi 
cated. 
[0005] It Will be recognized that a diffraction grating may 
be formed in other manners than that of FIG. 1 and that FIG. 
1 is only one exemplary diffraction grating as knoWn to those 
skilled in the art. For example, a diffraction grating need not 
be formed utilizing spaces. FIG. 1B shoWs one such alterna 
tive diffraction grating. As shoWn in FIG. 1A, the diffraction 
grating 100 may be comprised of grating lines 106A and 
106B, again having a grating region 104 With height d. In this 
example, grating lines 106A and 106B Will be formed in a 
manner in Which the lines have different optical properties. 
Further, though the examples shoWn include gratings having 
tWo different optical properties Within each period of the 
diffraction grating, it Will be recognized that the diffraction 
grating may comprise three or more different materials Within 
each period. Likewise, though each grating line is shoWn as a 
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single material, it Will be recognized that the grating lines 
may be formed of multiple layers of the same or different 
materials. In addition, though the grating lines are shoWn as 
being “squared off,” it Will be recognized that each line may 
have sloped sides, curved edges, etc. 
[0006] With reference again to FIG. 1, an x-y-z coordinate 
system is shoWn having a frame of reference in Which the 
x-direction is shoWn as being perpendicular to the original 
alignment of the grating lines. The plane of incidence 112 of 
the incident light is de?ned by the polar angle 114, theta and 
the azimuthal angle 116, phi. The electric ?eld 120 has a 
propagation vector 122 (k) of the incident Wave. The unit 
vectors 124 (Z) and 126 (n) are tangent and normal to the plane 
of incidence, respectively. As mentioned above, the angle 
128, psi, de?nes the direction of the electric ?eld With respect 
to the plane of incidence. 
[0007] The RCW method involves the expansion of the 
?eld components inside and outside the grating region in 
terms of generalized Fourier series. The method consists of 
tWo major par‘tsian eigen-problem to determine a general 
solution inside the grating layer, and a boundary problem to 
determine the re?ected and transmitted diffracted amplitudes 
along With the speci?c solution for the ?elds inside the grating 
region. The Fourier series are truncated after a ?nite number 
of terms. The truncation is usually characterized by the trun 
cation order, N, Which means that 2N+1 spatial harmonics are 
retained in the series (positive and negative terms to +N, and 
the 0 term). 
[0008] Standard methods for solving the eigen-problem, 
boundary problem, and the various other matrix multiplica 
tions and inversions involved are order N3 operations. This 
means that an increase of the truncation order by a factor of 
tWo results in an increase in overall computation time by a 
factor of approximately 8. The truncation order required for 
convergence is determined by the speci?cs of the diffraction 
problem, and generally increases for larger pitch to incident 
Wavelength ratios and larger optical contrast betWeen grating 
lines and spaces. The result is that While some diffraction 
problems are very tenable, others quickly become impractical 
to solve due to a large computation cost. 

[0009] In the case of the phi:0 classical mount, the diffrac 
tion problem decouples into TE and TM components, Which 
can be solved separately (for the phi:0 mount, TE polariza 
tion corresponds to s polarized incident light, and TM polar 
ization corresponds to p polarized incident light). Any arbi 
trary polarization is decomposed into a combination of the TE 
and TM problems. In practice, the incident light is often 
purely TE or TM polarized, and only one case needs to be 
solved. For given truncation order N and classical mount the 
eigen-problem is of size 2N+l, and the boundary problem is 
of size 2(2N+l). 
[0010] The general case Where phi¢0 is knoWn as conical 
diffraction. In this case, the s and p components are coupled, 
With a corresponding increase in the amount of computation 
time. The boundary problem involves 4(2N+l) sized matri 
ces. The eigen-problem has been successfully decoupled into 
tWo smaller eigen-problems, each of size 2N+1 (see 
Moharam and Gaylord 1995 referenced above, or S. Peng and 
G. M. Morris, J. Opt. Soc. Am. A, Vol. 12, No. 5, p. 1087 
(1995)). Therefore, the computation time for the general 
conical incidence case suffers a factor of 2 increase for the 
eigen-problem and a factor of 8 increase for the boundary 
problem compared to the corresponding classical mount case 
With same polar incident angle, theta. 



US 2008/0129986 A1 

[0011] Analysis of a diffraction grating problem is of par 
ticular use to determining the various characteristics of the 
diffraction grating structure. For example, critical dimen 
sions of a device (such as in semiconductor processing in one 
exemplary use) may be monitored by evaluating the charac 
teristics of a diffraction grating as is knoWn in the art. By 
evaluating data from knoWn optical metrology tools using 
regression and/or library methods, the diffraction analysis 
may lead to, for example, a determination of the grating line 
Widths, the grating height/ depth, the period of the grating, the 
slopes and pro?les of the grating, the material composition of 
the grating, etc. As knoWn in the art, such grating character 
istics may be related to the characteristics of a device that is 
being analyzed, such as for example but not limited to Widths, 
heights, depths, pro?les, etc. of transistors, metallization 
lines, trenches, dielectric layers, or the like, all as is knoWn to 
those skilled in the art. Since the regression and/or library 
methods may require many calculations of diffraction e?i 
ciencies, special consideration must be given to computation 
expense in such applications. 

SUMMARY OF THE INVENTION 

[0012] An optical metrology apparatus for measuring peri 
odic structures using multiple incident azimuthal (phi) and 
polar (theta) incident angles is described. One embodiment 
provides the enhanced calculation speed for the special case 
of phi:90 incidence for l-D (line and space) structures, Which 
has the incident plane parallel to the grating lines, as opposed 
to the phi:0 classical mounting, Which has incident plane 
perpendicular to the grating lines. The enhancement reduces 
the computation time of the phi:90 case to the same order as 
the corresponding phi:0 case, and in some cases the phi:90 
case can be signi?cantly faster. One advantageous con?gu 
ration consists of tWo measurements for each sample struc 
ture, one perpendicular to the grating lines and one parallel. 
This provides additional information about the structure, 
equivalent to tWo simultaneous angles of incidence, Without 
excessive increase in computation time. Alternately, in cases 
Where the computation for phi:90 is faster than the corre 
sponding phi:0 incidence, it may be advantageous to mea 
sure parallel to the grating lines only. In the case Where tWo 
sets of incident angles are used, the incident light can be 
polarized to provide a total of four sets of dataiRSO, RPO, 
R590, Rpgoifor each incident polar angle, all from the same 
structure (RSO being a data set having incident phi:0 and 
incident polarization normal to the plane of incidence, RP9O 
being a data set having incident phi:90 and incident polar 
ization Within the plane of incidence, etc.). 
[0013] In one embodiment, the techniques described herein 
provide an optical metrology apparatus and methods and 
systems for measuring periodic structures using multiple 
incident azimuthal (phi) and polar (theta) angles, and particu 
larly to enhanced calculation speed for a special case of 
phi:90 incidence for l-D (line and space) structures, having 
an incident plane parallel to grating lines. 

[0014] In one embodiment, a method of reducing an RCW 
calculation for the phi:90 incidence mount by exploiting the 
degeneracy in the resulting diffraction problem is provided. 
The method may include using this calculation in the regres 
sion part of an optical grating measurement. Alternately, the 
method may include using the enhanced speed in the genera 
tion of a database library to be used in conjunction With an 
optical grating measurement. The optical method could be 
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any in existence, such as re?ectometry, polarized re?ectom 
etry, ellipsometry, polarimetry, etc. and can be broadband or 
single Wavelength. 
[0015] The method may include illuminating a grating 
structure With polarized or unpolarized, monochromatic or 
broadband light. The incident light may be at one or more 
polar angles, theta, at the phi:0 and phi:90 azimuthal direc 
tions for each of the polar angles. The method may further 
include detecting the response, for a total of up to four 
datasets per grating sample per incident polar angle, Which 
are then simultaneously analyzed in order to take advantage 
of the enhanced information content contained in the multiple 
datasets. The calculation time is reduced compared to con 
ventional RCW formulations due to the reduced calculation 
requirements for the phi:90 cases. 
[001 6] One or more diffracted orders may be detected along 
With or instead of the O’th order. Further When the detected 
response is re?ected or diffracted intensity, one or more of the 
datasets may be used to normalize the other datasets, making 
an absolute calibration of the tool unnecessary. 
[0017] One or more of the datasets may be used to normal 
ize the other datasets, making an absolute calibration of the 
optical tool unnecessary, and the inverse ratio is substituted in 
calculations for speci?c Wavelength regions Where the 
denominator of the original ratio is near zero. 
[0018] One or more of the datasets may be used to normal 
ize the other datasets, making an absolute calibration of the 
tool unnecessary, and the inverse ratio is substituted in calcu 
lations for speci?c Wavelength regions Where the denomina 
tor of the original ratio is near zero, and a Weighting function 
is used to equalize the contribution to the merit function 
regardless of re?ectance ratio magnitude. 
[0019] In addition, one or more of the datasets may be used 
to normalize the other datasets, making an absolute calibra 
tion of the optical tool unnecessary, and the data regions 
Where the denominator of the ratio is near zero are dropped 
from the analysis. 
[0020] Data collected from the diffracting structure may be 
normalized by data from a nearby uniform ?lm structure 
having the same stack layer structure as the diffracting struc 
ture. 

[0021] The angle of incidence may be explicitly varied by 
changing the polar angle of incidence of the optical plane, or 
by rotating the optical plane or sample at ?xed polar angle to 
generate phi:0 and phi:90 incident data. 
[0022] The multiple angle of incidence data may be gener 
ated through use of a high numerical aperture optic (so it 
contains a spread of angles) and selecting speci?c angles 
using an aperture stop to alloW light incident at only speci?c 
angles. 
[0023] In addition, multiple angles of incidence may be 
alloWed, and the data simultaneously analyzed. 
[0024] Further, the method may include only measuring 
and analyzing the phi:90 incidence data. 
[0025] As described beloW, other features and variations 
can be implemented, if desired, and a related method can be 
utilized, as Well. 

DESCRIPTION OF THE DRAWINGS 

[0026] It is noted that the appended draWings illustrate only 
exemplary embodiments of the invention and are, therefore, 
not to be considered limiting of its scope, for the invention 
may admit to other equally effective embodiments. 
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[0027] FIG. 1 shows a schematic diagram of diffraction 
problem illustrating polar (theta) and azimuthal (phi) incident 
angles. 
[0028] FIG. 1B shoWs an exemplary alternative diffraction 
grating. 
[0029] FIGS. 2A AND 2B shoWs rotation of the stage/ 
sample/objective by 90 degrees and back for each measure 
ment. 

[0030] FIGS. 3A-3E illustrate using a high NA objective 
With an aperture stop that alloWs light incident at speci?c 
angles. Multiple incident angles are achieved by rotating the 
sample, aperture, or objective. One modi?cation might simul 
taneously illuminate the grating from both directions (phi:0 
and phi:90) as shoWn in FIG. 3D and FIG. 3E. 
[0031] FIG. 4 illustrates an apparatus for collecting VUV 
Vis re?ectance data at multiple incident angles. 

DETAILED DESCRIPTION OF THE INVENTION 

[0032] One Way to directly attack the time required for the 
RCW method is to reduce the number of spatial harmonics 
involved in the eigen-problem, the boundary problem, or 
both. This Was done for the general case to a large extent in the 
Work of Moharam and Gaylord in their papers: M. G. 
Moharam, E. B. Grann, D. A. Pommet, and T. K. Gaylord, 
“Formulation for stable and e?icient implementation of the 
rigorous coupled-Wave analysis of binary gratings,” J. Opt. 
Soc. Am. A 12, 1068-1076 (1995) and M. G. Moharam, D. A. 
Pommet, E. B. Grann, and T. K. Gaylord, “Stable implemen 
tation of the rigorous coupled-Wave analysis for surface-relief 
gratings: enhanced transmittance matrix approach,” J. Opt. 
Soc. Am. A 12, 1077-1086 (1995). Subsequent modi?cations 
to enhance the TM convergence have included those tech 
niques shoWn in: P. Lalanne and G. M. Morris, “Highly 
improved convergence of the coupled-Wave method for TM 
polarization,” J. Opt. Soc. Am. A 13, 779-784 (1996); G. 
Granet and B. Guizal, “Ef?cient implementation of the 
coupled-Wave method for metallic lamellar gratings in TM 
polarization,” J. Opt. Soc. Am. A 13, 1019-1023 (1996); and 
L. Li, “Use of Fourier series in the analysis of discontinuous 
periodic structures,” J. Opt. Soc. Am. A 13, 1870-1876 
(1996). HoWever, for certain incidence conditions Where the 
incident plane Wave has an x-periodicity that is the same as or 
is a multiple of the grating period, the diffraction problem 
bene?ts from additional degeneracy, and the coupled equa 
tions can be even further reduced. 

[0033] One case Where this occurs is When the plane of 
incidence is in the phi:90 mount so that the incident Wave is 
constant With x, and the resulting degeneracy can be exploited 
to reduce the total number of unknoWns. This reduces the total 
number of spatial harmonics required for the conical diffrac 
tion case from 4(2N+1) to 4(N+1). The result is a reduction of 
the computation time required by a factor of approximately 8 
compared to the standard phi:90 conical diffraction case. In 
addition, a small but signi?cant reduction in computation 
time compared to the classical mount With same theta is 
achieved. There are still tWo eigen-problems, but each of size 
N+ 1, leading to an overall reduction of the eigen-problem by 
a factor of approximately 4 compared to the comparable 
phi:0 case. The boundary problems for the tWo cases require 
approximately the same computation time (2 (2N+ 1) vs. 4(N+ 
1) matrix sizes). Therefore, the computation time for the 
phi:90 case is reduced to the same order as the corresponding 
phi:0 case. The phi:90 case can sometimes be signi?cantly 
faster than the phi:0 case, depending on hoW much in?uence 
the eigen-problem has on the overall computation time. The 
result is that the additional azimuthal angle phi:90 can be 
added to the data Without an excessive increase in computa 
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tion time. It Will be recognized that although the concepts 
described herein may refer to analysis at particular angles 
such as phi:0 and phi:90, the concepts are not limited to use 
of these exact angles. For example, equipment and sample 
tolerances may result in other angles being actually used as 
variability from an anticipated angle is to be expected in real 
World applications. In addition, variations from the angles of 
best choice may be purposefully alloWed beyond such toler 
ances While still obtaining the bene?ts of the techniques 
described herein. For example, the optical system and grating 
may be of such a nature that variations from the most desir 
able angles Will still provide a su?iciently accurate calcula 
tion at other angles such that the data collected and the cal 
culations may be effectively similar to the use of phi:0 and 
phi:90 to the extent that su?icient accuracy for a particular 
application is obtained. In this manner angles that deviate 
from the phi:0 and phi:90 may be considered to be effec 
tively phi:0 and phi:90 for the purpose of utilizing a metrol 
ogy tool implementing the techniques described herein for a 
given application. 
[0034] An effective Way of increasing the amount of infor 
mation that can be extracted from a single sample is to collect 
more data sets. This is often done by using multiple angles of 
incidence theta or, in the case of grating structures, using 
multiple azimuthal angles. For instance, T. Novikova, A. De 
Martino, S. B. Hatit, and B. Drevillon, “Application of Muel 
ler polarimetry in conical diffraction for critical dimension 
measurements in microelectronics,” Appl. Opt. 45, 3688 
3697 (2006) shoWs a technique to extract more information 
about grating line-shapes using multiple azimuthal angles in 
conjunction With Mueller polarimetry. 
[0035] This is signi?cant since the hardWare implementa 
tion for multiple phi con?gurations is considerably simpler 
than cases Where multiple polar angles are used. In the sim 
plest case, a ?xed angle theta can be used, While the sample or 
stage is rotated through the azimuths. Altemately, the optic 
objective could be rotated. To take advantage of the above 
mentioned RCW improvements, the system Would simply 
have to rotate the stage/sample/objective by 90 degrees and 
back for each measurement (FIGS. 2A-2B), generating tWo 
datasets for each sample, at orthogonal incident conditions. 
[0036] As shoWn in FIG. 2A, a substrate is provided With a 
diffraction grating 100. A source 206 provides an incident 
light Wave 200 at a polar angle 114 (theta) and an azimuthal 
angle 116 (phi). As shoWn in FIG. 2A phi:0 so no angle is 
indicated. A detector 208 may be provided to detect the dif 
fracted orders of re?ected light 202. As used herein, light 
detected from a diffraction grating may be referred to as 
re?ected light, re?ected data, or the like and may include one 
orboth of specular re?ection of the zero order light and higher 
order diffracted light. 
[0037] Though not shoWn in the ?gures provided herein, a 
computer system, processor, or the like may be coupled to the 
detector to process the collected data according to the analy 
sis techniques described herein. The rotation of the diffrac 
tion grating With reference to the position of FIG. 2A is shoWn 
in FIG. 2B. As shoWn in FIG. 2B, the diffraction grating has 
been rotated (for example by rotating the stage, the sample, or 
the incident light or a combination thereof) so as to create an 
azimuthal angle 116 (phi) that is phi:90. 
[0038] Another means for collecting data at multiple angles 
of incidence could utilize the large cone angle inherent in high 
numeric aperture (NA) normal incident objective systems in 
conjunction With an aperture stop to alloW light incident at 
speci?c angles, as shoWn in FIGS. 3A-C. One advantage of 
this con?guration is that multiple polar angles can be more 
easily incorporated, in addition to the orthogonal azimuthal 
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angles. As shown in FIG. 3A an aperture 300 provides colli 
mated light to an objective 302 Which focuses the light on a 
diffraction grating 100 at a polar angle 114 theta. Different 
aperture settings are shoWn betWeen FIGS. 3A and 3B to 
illustrate utiliZing different polar angles theta. As shoWn in 
FIGS. 3A and 3B, the incident Wave is not rotated from the 
classical phi:0 orientation. FIG. 3C illustrates a rotation such 
that phi does not equal Zero, for example phi:90. 
[0039] Another possibility might simultaneously illumi 
nate the sample from both directions (phi:0 and phi:90). 
This could be implemented using tWo separate, orthogonal 
optic planes, or a modi?ed version of the high NA system 
(FIG. 3D). The con?guration of FIG. 3D is similar to that of 
FIG. 3A except a modi?ed aperture 300A is provided. A top 
vieW of the modi?ed aperture 300A is shoWn in FIG. 3E. As 
can be seen, the aperture 300A alloWs for light to pass in 
multiple directions, more particularly in a manner such that 
phi:0 and phi:90 may be simultaneously illuminated. 
[0040] It Will be recogniZed by those in the art that the 
embodiments of FIGS. 2A-2B and 3A-3D are merely illus 
trative so as to demonstrate the technique of changing the 
aZimuthal angle. A Wide range of optical metrology tool 
con?gurations may be utiliZed to achieve the desired inci 
dence conditions so as to acquire the data sets described 
herein. These data sets may then be utiliZed in a manner that 
yields desired characteristics of a diffraction grating from the 
reduced computational complexity analysis that is achieved 
by collecting the rotated data as described in more detail 
beloW. It Will also be recogniZed that although the present 
disclosure generally is described in reference to data col 
lected at tWo phi angles (phi:0 and 90 angles), the techniques 
described herein are not limited to such techniques. In par 
ticular, the techniques described herein provide a reduced 
computation technique that may be utiliZed for measurements 
collected at a single phi angle. Further, additional phi angles 
beyond tWo may also be utiliZed to collect data While still 
obtaining the bene?ts described herein. Thus, the concepts 
described herein are not merely limited to collection of data at 
tWo phi angles. 
[0041] Note that collecting multiple broadband datasets 
using different aZimuthal incidence conditions is distinct 
from the old method of “phi scatterometry”, Where the entire 
dataset consists of the diffraction spectrum of a single Wave 
length as a function of the aZimuthal angle, phi. 
[0042] The light can additionally, be polariZed parallel and 
perpendicular to the plane of incidence, so that four simulta 
neous data sets per incident theta can be obtained for a given 
1-D grating structure, With corresponding enhancement in 
information. Altemately, each of the four con?gurations can 
be explored for a particular structure, and the most promising 
con?guration employed in practice for measuring that par 
ticular structure. 

[0043] Further, the additional datasets may enhance the 
information content to the extent that feWer Wavelengths in a 
broadband system can be used in the analysis, and in this Way 
the measurement can actually be made faster than a single 
angle of incidence con?guration broadband measurement. In 
other-Words, the total number of calculations With respect to 
incident conditions, including Wavelength and angle, may be 
reduced over that required for a single incident condition over 
many more Wavelengths, While still extracting the same infor 
mation about the grating structure. 
[0044] Another advantageous con?guration is to collect 
and analyZe the ratio of re?ected (0 order, for instance) inten 
sity from the phi:0 scan to that of the re?ected (0 order) 
intensity of the phi:90 scan. The intensity ratio is the same as 
the re?ectance ratio, as long as the intensities are measured in 
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quick succession so that there is minimal system drift 
betWeen the tWo measurements. In this Way the system cali 
bration can be skipped, and the intensity ratio can be analyZed 
according to the above methods, taking advantage of the 
reduction in computation expense for the phi:90 case. In 
some Wavelength ranges, the denominator may be close to 
Zero. Those regions need not be analyZed, or the inverse ratio 
can be analyZed instead. This implementation can be particu 
larly advantageous When using Vacuum Ultra-Violet (VUV) 
incident light. One implementation of a VUV metrology 
apparatus is described in US. Pat. No. 7,126,131, Broad 
Band Referencing Re?ectometer, by Harrison, the disclosure 
of Which is incorporated herein by reference in its entirety. 
For such systems, contaminant buildup on calibration stan 
dards over time causes dif?culties for traditional calibration 
methods. 

[0045] An example of a VUV metrology apparatus con?g 
ured to collect multiple broadband data sets using different 
aZimuthal incident angles is presented in FIG. 4. The instru 
ment is separated into tWo environmentally controlled cham 
bers, the instrument chamber and the sample chamber. The 
instrument chamber houses most of the system optics and is 
not opened to the atmosphere on a regular basis. The sample 
chamber houses the sample, the sample focusing optic M-2, 
the reference focusing optic M-4 and the reference plane 
mirror M-S. This chamber is opened regularly to facilitate 
changing samples. The instrument is con?gured to enable 
collection of sample and reference data sets. The reference 
data set can be used to correct for system and/or environmen 
tal changes Which may occur betWeen calibration and sample 
measurement times. The system may be con?gured With mul 
tiple sources and spectrometers/ detectors that are selected 
using ?ip-in mirrors FM-l, FM-2, FM-3 and FM-4. 
[0046] In operation the VUV data is ?rst obtained by 
sWitching ?ip-in source mirrors FM-l and FM-3 into the 
“out” position so as to alloW light from the VUV source to be 
collected, collimated and redirected toWards beam splitter 
element BS by focusing mirror M-1. Light striking the beam 
splitter is divided into tWo components, the sample beam and 
the reference beam, using a balanced Michelson interferom 
eter arrangement. The sample beam is re?ected from the 
beam splitter BS and travels through shutter S-l, aperture A-1 
and VUV-transparent WindoW W-l. Aperture A-1 is con?g 
ured to restrict illumination of the sample to some aZimuthal 
plane(s). Shutter 8-2 is closed during this time. 
[0047] Light entering the sample chamber is focused by 
focusing optic M-2 onto the sample. Light collected from the 
sample is collimated and redirected by mirror M-2 back 
through WindoW W-l, aperture A-1 and beam splitter BS. 
Light passing through the beam splitter encounters aperture 
A-2, Which is con?gured to selectively pass some fraction of 
the collected sample response. Light passing through aper 
ture A-2 is redirected and focused onto the entrance slit of the 
VUV spectrometer by focusing mirror M-3. Flip-in detector 
mirrors FM-2 and FM-4 are sWitched to the “out” position 
during this time. 
[0048] FolloWing collection of the sample beam, the refer 
ence beam is measured by closing shutter S-1 and opening 
shutter S-2. Once the reference signal has been recorded, data 
from other spectral regions can be collected in a similar 
manner using the appropriate ?ip-in mirrors. 
[0049] In totality, the use of VUV incident radiation, large 
polar incident angle or angles, and multiple aZimuthal angles, 
can greatly enhance sensitivity to grating line shape param 
eters.An analysis using a series of simulations can be done for 
any given grating structure in order to determine Which com 
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bination of incident polar angles, azimuthal angles, and Wave 
lengths yields the most information for smallest computation 
cost. 

[0050] For faster measurements, Where a smaller amount of 
information may be desired (e. g. line height and average 
Width only), it may be su?icient to use only the phi:90 inci 
dence case and take advantage of the improved calculation 
speed over the corresponding classical phi:0 incidence case. 
[0051] Another technique disclosed herein analyZes the 
multiple sets using different models. For instance phi:90 data 
might be analyZed using a simpler rectangular line shape 
model With a course parameter search to narroW doWn the 
average parameter values, and then a more thorough analysis 
done using another one of the spectrum (or all of the spectra 
together) With a more complicated model to further re?ne the 
line shape. 
[0052] RevieW of the RCW Method for Conical Incidence 
[0053] This revieW folloWs the notation of the Moharam 
and Gaylord references cited above. Many publications exist 
on the basic RCW method, some With notation differences 
and some With modi?cations to the formulations/derivation 
procedures such as that shoWn in the P. Lalanne and G. M. 
Morris reference cited above. It should be noted that the 
phi:90 case reduction described in this disclosure is can be 
applied to any of these formulations, and is not limited to just 
that of Moharam and Gaylord. 
[0054] Note that unreduced eigen-problem matrix and vec 
tor indices run from —N to N, With the (—N, —N) matrix 
element at the top left corner, in order to be consistent With a 
symmetric diffraction problem With positive and negative 
orders. When creating a computer algorithm, the indices are 
labeled from 1 to 2N+l (or 0 to 2N), depending on the pro 
gramming language used. It Will be recogniZed, this is a 
notation preference and has no effect on the outcome. The 
indices of the reduced matrices Will run from 0 to N in either 
case. 

[0055] Following the Moharam and Gaylord references, 
the RCW method expands the ?elds in each region of FIG. 1 
as a generaliZed Fourier series: 

1:], II, 

[0058] kO:(2J'|Z/}\.O), k0 is the incident Wavelength, and A is 
the grating pitch. Note that for a ID grating, ky is constant. In 
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eqs. 3 and 4, Efis the permittivity of free space, and ufis the 
magnetic permeability of free space. 
[0059] In equations 1 and 2, the RI. and T1. are the Fourier 
coef?cients of the electric ?eld in regions I and II, and corre 
spond to the amplitudes of the re?ected and transmitted dif 
fraction orders. The diffracted orders can be propagating or 
evanescent. The corresponding magnetic ?elds can be 
obtained from MaxWell’s relations 

Where no is the angular frequency, and p. is the magnetic 
permeability. Usually, one assumes |J.:|Jf 

[0060] The complex permittivity in the grating region is 
also expanded as a Fourier series, Which is 

2 h . 9 

£(x) : ;shexp[j%], eq 

50 = ngdf + "2,41 — f), 

for the binary grating structure of the ?rst Moharam and 
Gaylord reference cited above and shoWn in FIG. 1. In eq. 9, 
nrd and ng, are the complex indices of refraction for the lines 
and spaces, respectively. 

[0061] Eqs. 3, 4, 8, and 9 combine to give a set of coupled 
equations: 

6Sy/6(z’) eq. 10 

(“X/6(5) 
Buy/6(1) _ 

BUX/WZ’) 

l l 0 0 Kg? K, I—KyF Ky Sy 

0 0 KXElKX -1 —KXFlKy S, 
X 

xxx, E- K§ 0 0 Uy 

K3 - E 49K, 0 0 UX 

Where K,C is a diagonal matrix With elements lg/kO, Ky is a 
diagonal matrix With elements kJ/kO, E is the permittivity 
matrix (not to be confused With the electric ?eld), With Ely-IE 
(1.1.), and Z'IkOZ. 
[0062] When a truncation order of N is used, eq. 10 is a 
system of 4(2N+ l )><4(2N+l) coupled equations. The authors 
of the ?rst Moharam and Gaylord reference cited above fur 
ther reduce eq. 10 to tWo 2(2N+l)><(2N+l) sets of equations: 

Cq. ll 

isyi S; 

Uy eq. 12 

ill; 

K? + DE KyUTIKXE - xx] 

[0063] Where B:KxE_lKx-l and D:KyE-1Ky-1. 
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[0064] These last equations are reduced still further into 
tWo (2N+l)><(2N+l) sets of equations: 

[82U/8(Z')2]:[Ky2+/1][UX] @q- 13 

and 

[82SX/8(z')2]:[Ky2+BE][SX], eq. 14 

Where AIKj-E. 
[0065] Later, Lalanne and Morris (cited above) Were able to 
improve the convergence of the conical case by replacing the 
matrix E in the third roW, second column of eq. 10 With the 
inverse of the inverse permittivity matrix, Einv, Where Einvi, 
j:(1/E)l-JI 

in place ofeqs. l3 and 14. 
[0066] The neW formulation eqs. 16 and 17 are advanta 
geous and it may be noted that E and Einv‘l are not the same 
matrices When they are truncated. The details can be found in 
references cited above from P. Lalanne and G. M. Morris; G. 
Granet and B. GuiZal; and L. Li. 
[0067] Equations 16 and 17 are solved by ?nding the eigen 
values and eigenvectors of the matrices [Ky2+A] and [Ky2+ 
BEinv_l], Which leads to 

Where 

[0068] Q l and Q2 are diagonal matrices With elements qlm 
and q2,m, Which are the square roots of the 2N+l eigenvalues 

of the matrices [Ky2+A] and [Ky2+BEinv_l], and W1 and W2 
are the (2N+l)><(2N+l) matrices formed by the correspond 
ing eigenvectors, With elements W Liam and WU”. Eqs. 16-25 
constitute the eigen-problem portion of the RWC method 
given in the ?rst the Moharam and Gaylord reference cited 
above. It is noted that there are other equivalent formulations 
of the same eigen-problem that Will lead to the same ?nal 
results. 

[0069] The constants chm", chm“, cam", cam“ are deter 
mined by matching the tangential electric and magnetic ?eld 
components at the tWo boundary regions of the grating. The 
?rst the Moharam and Gaylord reference cited above uses a 
boundary formulation Where the ?eld components are rotated 
into the corresponding diffraction plane, 4),, for each dif 
fracted order: 

cos 1]) cos Sol-0117c])Zi/(kOnIZHRPJIcOS 4) S (O)+sin ixi 

at the 2:0 boundary, and 

kyT Z1-)] eq. 38 

at the Z:d boundary. Note that there is one equation for each 
spatial harmonic retained in the Fourier expansions. RW- and 
RP’,- are the components of the re?ected electric and magnetic 
?eld amplitudes normal to the diffraction plane, and Tu- and 
TM- are the transmitted amplitudes. 



[0070] In matrix form, eqs. 26-29 are 

sinl?éio I 0 eq. 39 

jsinL?mcosO 6,-0 —jYl O 
— jcosl?nléio _ O I 

cosL?cosGrZ-O O —jZl 

VS; Vsp VS; X 1 Vsp X2 0] 

[ RS ] Wm Wsp —WSSX1 —WSpX2 0; 
RP Wm Wpp —WpSX1 —WppX2 CI 

VpS Vpp V pSX 1 VppXZ c; 

for the 2:0 boundary and eqs. 33-36 are 

vmxl vspx2 vs, vsp C; I 0 eq. 40 

WSSX1 WSpXZ _Wss —WSp c; jYll 0 [ TS ] 
WPSXI WWXZ -Wp, -Wpp C; _ 0 1 Tp 

vpsxl vpp X2 vp, VW 05 0 ill 1 

for the Z:d boundary, Where 

VSSIFCVU WPPIFCVQ 

WSSIFCWr+FSV2r VWIFCW2+FSVr2 

VSPIFCVr2-FSW2 WLQSIFCVA-FSWr 

WSPIFSVZZ VPSIFSV 11 eq. 41 

[0071] 

elements (k1 ,Zi/kO)5 (k1 ,Zi/kO)5 (k1 ,Zi/kOnl2)5 and (k1 1 ,zi/kOnl 12): 
respectively, X l and X2 are diagonal matrices With elements 

Y1, Yll, Z1, and Zll are diagonal matrices With 

exp(—koql,md) and exp(—kOq2,md), respectively, and F6 and F5 

are diagonal matrices With elements cos (I),- and sin 4),, respec 

tively. 

[007 2] 
RS and RP from eq. 39, TS and TP from eq. 40 and solving the 

Eqs. 39 and 40 are typically solved by eliminating 

resulting 4(2N+l) equations for the 4(2N+l) coe?icients 

cl,m+,c1,m_,c2,m+,c2,m_ Which can be substituted back into 39 

and 40 to solve for the re?ected and transmitted amplitudes. 

[0073] 
tion approach given in the second Moharam and Gaylord 

Altemately, a procedure similar to the partial solu 

reference cited above can be used to determine re?ected 

amplitudes only, giving a 2(2N+ l )><2(2N+l) system of equa 

tions for the c 1m,” and c2”+ coe?icients: 
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Which are related to the re?ected amplitudes: 

Cf eq. 44 
RS : fT + — sinl?éio, 

C2 

Cf eq. 45 
Rp = 8T[ + + ?own/5m, 

C2 

Where 

fT VS, v,p VSSXI VSpXZ eq. 46 

f5 Wm Wsp — WssXl — Wsp X2 
= + - 

g T Wm WPP _ Wm X1 _ WPP X2 

gs vps vpp VpSXI VWXZ 

and the matrix a is de?ned as the top half of 

-v,, -v,p 1 0 *1 vmxl vspx2 eq- 47 

Wm Wsp W11 0 WssXl WSpXZ _ [a] 
Wm Wpp 0 1 WpSXI Wpp X2 b 

_Vm VPP O 1-211 VPSXI VPPXZ 

[0074] Note that (Y1)O,O and (Z1)O,O refer to the center ele 
ments of the matricesYl, or (kl gi/ko), and Z1, or (kl gi/konf), 
respect1vely. 
[0075] The boundary matching can be generalized to mul 
tiple layers using (for example) the enhanced transmittance 
matrix approach outlined in the second the Moharam and 
Gaylord reference cited above. Given and L layer stack, 
Where L+l refers to the substrate, start by setting 

fL+l,T 1 0 eq- 48 

furs _ W11 0 

gL+l,T 0 1 

gL+l,B 0 1-211 

[0076] The matrices for aL and bL are constructed for layer 
L5 

— m,L _vSp,L fL+l,T Tl Vm,LXl,L Vsp,LX2,L 69- 49 

Wss,L WW1 furs 

Where W L and VL come from the solution to the eigen-prob 
lem for layer L, X l, L:exp(—koql ,m ,LdL), and X2,L:exp(—kOq2, 
m,LdL), Where dL is the thickness of layer L. fL and gL are then 
obtained from 

solution to the eigen-problem for layer L-l to ?nd aL_l and 
bL_l, and so on until at the top layer fl], flB, glT, and glB are 
obtained. These are substituted into eqs. 42-45 in place of f1, 
f3, g1, and g3 to solve for the coe?icients clam+ and c2”+ for 
the top layer, and ?nally for the re?ection coef?cients for the 
diffracted orders via eqs. 44 and 45. 
[0078] Eqs. 42 and 43 reduce the boundary problem to a 
2(2N+l)><2(2N+l) set of equations. 
[0079] For large truncation order, the boundary problem 
can still be dominated by the 4(2N+ l )><4 (2N+ l ) matrix inver 
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sion in eq. 49, but e?icient inversion techniques can be 
employed since only the top half of the matrix is used. 
[0080] Therefore, for a given incident polar angle theta, the 
computational expense incurred by using nonZero azimuthal 
incidence phi is tWo (2N+1)><(2N+1) eigen-problems versus 
one (2N+1)><(2N+1) eigen-problem in the corresponding 
classical (same theta, phi:0) case, a 2(2N+1)><2(2N+1) linear 
system of equations for the boundary problem (to solve for 
re?ected amplitudes only) versus a (2N+1)><(2N+1) system 
of equations in the corresponding classical incidence case, 
and a 4(2N+1)><4(2N+1) matrix inversion in the boundary 
problem versus a 2(2N+1)><2(2N+1) matrix inversion in the 
corresponding classical mount. Since these operations are 
governed by order n3 operations, the conical mount requires 
approximately 2 times the computing time as the correspond 
ing classical mount case for the eigen-problem, and approxi 
mately 8 times the computing time for the boundary problem. 
[0081] Details of the Reduction in RCW Computation 
Time for the phi:90 Conical Mount 
[0082] For the purposes of this description, the symmetry 
properties of the Fourier series are assumed a priori, and not 
proved. The initial assumptions can be derived through sym 
metry arguments, or by experimentation With the conven 
tional formulation given above. In particular, for the phi:90 
mount and s polarized incident light (psi:90), 

While for p polariZed incident light (psiIO), 

ELF-Emil- :eq. 55 

EyYZ-IEy?- eq. 56 

HXJIHL-i eq. 57 

Hy.i:_Hy.-i eq. 58 

[0083] In equations 51-58, the subscript i refers to the 
expansion term, Which in the incident region corresponds to 
the diffraction order. 
[0084] These relationships are valid in all regions of the 
grating problem, and all of the Fourier expansions can be 
reduced accordingly. In addition to these relationships, there 
is a 180 degree phase difference betWeen opposite odd orders, 
but this can be ignored When not considering interference 
betWeen multiple gratings. 
[0085] Also, for phi:90, eq. 5 becomes 

kXi:—ikO(7uO/A) eq. 59 

[0086] This gives 
kXiI-kX-i eq. 60 

klgfklzii eq. 61 

[0087] The relations 51-61 shoW that for the phi:90 inci 
dence case: 

[0088] i) The generaliZed Fourier expansions in eqs. 1-4 
become regular Fourier expansions, and 

[0089] ii) The Fourier expansions for the ?elds have 
either even or odd symmetry, depending on the particu 
lar ?eld component. 

[0090] This means that a complex Fourier series represen 
tation is not necessary, and the ?eld components can be 
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expressed as cosine series for even symmetry cases or sine 
series for odd symmetry casesialthough the Fourier coef? 
cients themselves Will still in general be complex. In either 
case, the entire content of the 2N+1 terms of a truncated 
complex Fourier series is contained in the N+1 terms of a 
cosine or sine series, depending on the symmetry. The use 
fulness of this for the grating problem arises from the fact the 
?elds have this symmetry in every region. When re-expressed 
as cosine and sine series, all of the information about the 
grating problem is contained in roughly half the number of 
terms required for the traditional formulation. This leads to a 
reduction in computation time by a factor of approximately 8 
compared With the usual phi:90 formulation. 
[0091] Each incident polariZation case Will be treated sepa 
rately. For s polariZed light, incident at polar angle theta and 
the phi:90 conical plane, eqs. 51-54 give 

in the grating region. 
[0092] The reduced Eqs. 26-29 and eqs. 33-36 may be 
derived by substituting the symmetry relations for R,- and T, 
into eqs. 1-4 (this requires determining further symmetry 
relations for R2,,- and TZJ), reducing the ?elds everyWhere to 
the appropriate Fourier cosine or sine series, applying the 
boundary conditions to the tangential components of the 
?elds at 2:0 and Z:d, and rotating the boundary equations 
into the diffraction plane. HoWever, the notation is unneces 
sarily cumbersome, and it is easier to apply eqs. 62-65 
directly to eqs. 26-29 and eqs. 33-36 and use 

to derive the same thing. Eqs. 66-69 can again be veri?ed 
using the conventional formulation With the phi:90 mount. 
[0093] In addition, eq. 30 for phi:90 gives 

cos (pf-cos 4L1 eq. 70 

and 

sin ¢,-:sin qLi. eq. 71 

[0094] Applying the symmetry relations, the iIO terms in 
eqs. 26-29 and eqs. 33-36 remain the same, but the nonZero i 
terms can be combined by adding the i and —i terms of eqs. 26, 
27, 33, and 34, and subtracting the —ith from the ith terms in 
eqs. 28, 29, 35, and 36. 

Which is the same as eq. 26, except that i>0. 
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[0098] 
[0099] 
reduced, and the form of the boundary problem is the same as 

Which is eq. 28, but With i>0. 
The other boundary equations can be similarly 

the conventional one, except that only the iIO and i>0 terms 
occur in the matrix equations. This reduces the matrix bound 

ary problem (eqs. 39 and 40) to 4(N+1)><4(N +1) systems of 
equations, but leaves the form the same as in eqs. 26-41, as 
long as it is possible to also reduce the solution in the grating 

region to determining 4(N +1) coef?cients chm", chm‘, cam", 
cam“ instead of 4(2N+1) coe?icients. This is shoWn to be the 
case beloW. Therefore, except for modifying the matrices to 
consist of N+1 harmonic terms (and therefore N+1 diffraction 
orders), the boundary problem is the same as previously 
de?ned. NoW, Rn, Rpi, TH, and TPZ. are the amplitudes of both 
the +i and —i diffracted orders. 

[0100] To reduce the eigen-system, apply eqs. 60 and 62-65 
directly to equations 15-17, reducing the total number of 
unknowns from 4(2N+1) to 4(N+1). The eigen-problems 
speci?ed by eqs. 16 and 17 are each reduced from siZe (2N+ 
1)><(2N+1) to siZe (N+1)><(N+1), for a total reduction of a 
factor of approximately 8 over the previous conical descrip 
tions, and a factor of 4 over the corresponding classical mount 
eigen-problem. 
[0101] Aside from reducing eqs. 16 and 17, reduced matri 
ces for eqs. 22-25 Will also need to be found. This Will reduce 
the solution in the grating region to the determination of 
4(N+1) coef?cients instead of 4(N+1). 
[0102] Note that the symmetry of the lamellar grating also 
implies that the elements of the permittivity matrix satisfy 

[0103] The i th roW of equation 16 can be Written as 

eq. 77 

[0104] Due to eq. 64, eq. 16 obeys the folloWing symmetry 
condition: 

‘92 Uxi 32 UX-i eq. 78 
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00 

m:1 
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for i>0. Note that i noW runs from 0 to 00 instead of —O0 to O0. 

[0106] The ?rst tWo terms in eq. 79 and 80 indicate that the 
matrices Ky2 and K,2 in eq. 16 should simply be replaced by 
diagonal matrices consisting of the 0 and positive terms of the 
original matrices. In fact, this Will turn out to be the case for 
K,C and Ky throughout, and the sub scripts and superscripts on 
these matrices distinguishing reduced from unreduced Will 
hereafter be omitted. 

[0107] The terms 

°° eq. 81 

moi/X0 + 2 (EM — Bowl/m 
m:l 

from eq. 79 and 

eq. 82 l l M 

5 (Em — Eaton/X0 + 52 (Em + Eat-gm — E21,. — Eigmwm 
m:l 

from eq. 80 are the roWs of the reduced matrix that replaces 
the matrix E in eq. 16: 

150,0 150,1 — E0r1 150,2 — Eorz eq- 33 

1 E 1 E E 1 E E — — — + a a — — + a a — 2( 1,0 2( 1,1 1, 1 2( 1,2 1, 2 

111,0) 111,1 — E1r1) 111,2 — E1r2) 
E‘ieduced = 1 1 1 

5(EL0 — Z(E2,1 + E*2,*1 — 5(1521 + Eizrz — 112,0) 112,1 — E2r1) 112,2 — E1r2) 

With 

Aieduced = K? — Eieduced eq' 84 

and 

3%] eq. 85 
Luz/)2] = [Ki + AieducedHUx], 

Where the subscript s refers to the incident polarization case. 
All of the vectors in eq. 85 are of siZe N+l, and the matrices 
are of siZe (N+l)><(N +1) for a given truncation order, N. 
[0108] Many of the terms in eq. 83 can be reduced using eq. 
76, but it is more useful to assume nothing about the elements 
of the matrices being reduced. This Way, other matrices that 
may not necessarily obey eq. 76 can be reduced using the 
same formulas. Along these lines, more general reductions 
can be formulated, Which can be applied to a variety of matri 
ces or even the products of matrices that Will be required to 
?nd the reduced matrices of eqs. 22-25. 

[0109] Disregarding the simpler diagonal matrices Ky and 
Kx, the unreduced equations have the general form 
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[0110] Where [is a linear operator, such as 

and the elements of the vectors P and Q are spatial harmonic 
coef?cients of the Fourier expansions for the corresponding 
?elds. The goal is to ?nd a reduced matrix for 6 through 
application of symmetry relations to the vectors P and Q. 
Without making any assumptions about the elements of the 
matrix 6, there are in general four types of reductions: 

[0111] 1) Both P and Q are even and the corresponding 
Fourier series can be reduced to cosine series, 

[0112] 2) Both P and Q are odd and the corresponding 
Fourier expressions can be reduced to sine series, 

[0113] 3) P is even and Q is odd, 
[0114] 4) P is odd and Q is even. 

[0115] Note that if P has even or odd symmetry, then 

are also even or odd, respectively. 

[0116] The reduction leading to eqs. 81 and 82 belongs to 
category 2. The same argument can be applied to eq. 86 to 
give 

and 

for any matrix 6 and ?eld harmonics P and Q having odd 
symmetry. 
[0117] The other 3 cases are developed beloW. 
[0118] For case 1, both P and Q have even symmetry. 
Therefore the i and —i roWs can be added together: 
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B B 

B B 

B B 

[0119] Eqs. 89 and 90 de?ne a reduced matrix 

80,0 80,1 + 80F] 80,2 + EOFZ eq. 91 

l l l 
5(510 + $514 +5*1,*1 + 5(511 +5*1,*2 + 

5&0) 81A + 5&1) 81,4 + 5&2) 
Eredmd = l l l 

5(520 + $524 +5451 + 5(521 +5*2,*2 + 

54,0) 82A + 54,1) 82,4 + 5&2) 

[0120] For case 3, the i and —i rows are again added: 

00 eq. 92 

l[Po] = Z 50,mQm 

oo 

= 800 Q0 + 2 80m Qm + 2 80m Qm 
"1:1 
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-continued 
i = O, 

and 

[0121] For case 4, subtract the —i th row from the i th row: 

00 eq. 94 

MP0] = Z 50,mQm 

m:l 

and 

00 
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-continued 
giving 

[0122] Application of case 2 With EIE leads directly to eqs. 
81 and 82 for Ereduced and leads to the reduced eigenproblem 
of eqs. 84 and 85. To reduce eq. 17, case 1 can be applied 
directly to the product BEinv_l, giving 

tions to ?nd the elements of BEMJI. A slightly more ef?cient 
Way to construct the reduced eigen-problem is to reduce the 
components of the product ?rst, and multiply the reduced 
(N+l)><(N +1) matrices together to form B,edMced(Einv_l),e* 
duced. 

[0124] To do this one can go back to eq. 15 and apply the 
appropriate reductions to the third column of the second roW 
and second column of the third roW for B and Einv_l, respec 
tively. 
[0125] For B, explicitly reduce the product KxE_lKx: 

as”. eq. 98 

6(1) 

Where the dots replace other terms in eq. 15 that are not 
relevant for the purpose of ?nding the reduced matrix. 
[0126] Adding the i th and —i th roWs: 

12 

2 
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-continued 
since kXO : O, and 

*1 

200M111,” K + 

+ 

kkm 
E1 - ( 1km k0 

—i (FILM 

00 

m:l 

giving 

00 as”. eq. 100 km 
[(Flhm — (Flt-gm H Um, 

0 eq. lOl 
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in explicit form. Then 

BreducedS:(KXElKx)reducedS_L cq. 102 

[0127] For Einv_l, use 

BUy; eq. 103 

to Which case 1 may be directly applied: 

m:1 

. *1; 

(Elm )reduced = 

Jun. 5, 2008 

[0133] Eqs. 24 and 109 give 

[0134] Which again implies that B_lQ(Bredlmm,)_l in eq. 
24, and KXE_l is found by reducing 

eq. 104 

eq. 105 

eq. 106 

Where one makes use of the fact that (Einv_l)i,m:(Einv_l)_l-,_ 
m. 

[0129] In eqs. 85 and 107 the vectors S,C and Uy and diago 
nal matrices Ky and K,C are trivially reduced to consist of the 
Zeroth and positive terms of the original vectors/matrices. 
When truncated With truncation order N; the siZe of the eigen 

problems are (N+1)><(N+ 1) instead of (2N+1)><(2N+1), and 
require much less computation time to solve. 

[0130] The solution to the reduced eigen-problems has the 
same form as eqs. 18-25, but With 4(N+1) coef?cients to be 

determined instead of4(2N+ 1). The correct reduced matrices 
to use in eqs. 22-25 should still be found, so that the reduced 
form of eq. 15 is satis?ed. Here again one could have derived 

the entire reduced set of eqs. for eq. 15, but it is really only 
necessary to reduce a feW speci?c terms in order to ?nd A_l, 

B_l, A_lKx, and B_lK,cE_l to use in eqs. 22-25. 

Eq. 17 becomes 

eq. 107 

[0131] Substituting eqs. 18-21 into the second roW of eq. 15 
gives 

W2Q2:(KxETlKX-I) V22 eq. 108 

and 

(K15 lKX-I) V21IKXETIKy W1- eq. 109 

[0132] Substituting eq. 25 into eq. 108 gives 

W2Q2IBVZZIBBTIWZQZ, eq. 110 

Which implies that B“1 in eq. 25 should be replaced by the 
inverse of the reduced matrix Breduced found earlier. 

[0135] Since S is even in x and U,C is odd, the reduced 
matrix for KXE_ can be found by applying case 3 With 
EIIQE‘ : 



[0137] Substituting eqs. 18-20, 22, and 23 into the fourth 
roW of eq. 15 gives 

W1Q1:(KX2-E) V11IAV11IAATIW1Q1 @41- 116 

and 

(Kf-E) VQIAVQIAA’IKXKy W2. eq. 1 17 

[0138] Since A is replaced by Areduced in eqs. 116 and 117, 
A‘1 should be replaced by (Areducedfl in both eqs. 22 and 23. 
K,C is simply replaced by a diagonal matrix With the (KX)OO, 
(Kx)l l, . . . , (KQNN components of the original K,C matrix, as 
alWays. 
[0139] Therefore eqs. 22-25 are replaced by 

V11:(AreducedS)TlW1Q1> eq. 118 

V12:(ky/kO)(AreducedS)TlKxW2> eq. 119 

V21:(ky/kO)(BreducedS Tl(KxETl)reducedS W1> @41- 120 

V22:(BreducedS)TlW2Q2> eq. 121 

Where Q1, W1, Q2, and W2 are the eigenvalue and eigenvector 
matrices for the neW, reduced eigenproblems of eqs. 85 and 
107. 

[0140] This neW, reduced eigen-system, combined With the 
reduced boundary problem, gives exactly the same diffracted 
amplitudes and diffraction ef?ciencies as the old formulation 
for phi:90 for any given truncation order, N, but With much 
improved computational e?iciency. For a given order, N, the 
computation speed is reduced by a factor of approximately 8 
compared to the old formulation. 
[0141] In some cases, the neW, reduced phi:90 algorithms 
can be signi?cantly faster than even the corresponding clas 
sical mount problem With the same polar incidence angle. In 
the theoretical best case limit, the phi:90 case requires about 
62.5% the time as the corresponding classical case. This 
assumes that the eigen-problem and boundary value problem 
require equal amounts of time to solve for a given truncation 
order, N. In practice, this is more or less realiZed for loWer 
truncation orders. Such a speed advantage can quickly add up 
When considering the amount of time that may be required to 
generate a library of several million spectra. In such cases, it 
may be bene?cial to use the phi:90 mount only. 

[0142] In the other limiting case Where a very large trunca 
tion order is required, the computation time is basically domi 
nated by the large matrix inversion in the boundary problem 
(eq. 47). In this limit, the phi:90 case requires approximately 
92.5% of the computation time as the phi:0 case. Steps can be 
taken to make the matrix inversion more e?icient, since only 
the top half is used, Which is of some help. 
[0143] These estimates ignore the fact that there is a little 
more overhead When constructing the various matrices for the 

phi:90 case than With the phi:0 case. In practice, the differ 
ences in computation speed ranges from being about equal for 
the phi:90 and phi:0 cases to a 20-30% speed improvement 
for the phi:90 mount over the corresponding phi:0 case. 
Either Way, the improvement over the old phi:90 formulation 
is quite signi?cant, and the ideas outlined in the introduction 
section involving multiple aZimuthal datasets can be 
employed Without a disabling increase in computation cost. 
[0144] To complete the description, the reduced eigen-sys 
tem is derived for p polariZed incident light in the phi:90 
conical mount. In this case, the ?elds satisfy 

RXJ-I—RXFZ- eq. 122 

RPYZ-IRPFZ- eq. 123 

Inf-116a- eq. 124 

TPYZ-ITPFZ, eq. 125 

in regions I and II, and 

Ski-SL1,- eq. 126 

SyJ-ISy?- eq. 127 

UXJ-IUW- eq. 12% 

Uyyi:—Uyrl-, eq. 129 

in the grating region. 
[0145] Eqs. 122-129 applied to the boundary problem lead 
to the same conclusion as in the s-polariZed incidence case, 
except in this case add the i and —i terms for eqs. 28, 29, 35, 
and 36, and subtract the —ith from the ith terms in eqs. 26, 27, 
33, and 34. 
[0146] Again, the boundary matching at 2:0 and Z:d leads 
to eqs. 26-41 for the boundary equations, but With N+1 siZed 
vectors RS, RP, TS, and TP, so long as it is again possible to 
reduce the eigen-problem as Well. 
[0147] To do this, start With eq. 16 and apply the case 1 
reduction: 

62 11,0 ki 00 eq. 130 
=—UX—E UX+ Em+E3mUXm (“Z/)2 kg 0 0,0 0 m2} 0, 0, ) 

1 eq. 131 
5 (E30 + E*II,O)UXO + 

a2 UX; k5 k2. E13,” + 
= —Uxi + AUX; — °° 

6(z’)2 /<5 /<5 1 Eat-rm + 
2: | E,;Ym+ Xm 

m:1 

Ez?m 














