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(57) ABSTRACT 

Amethod and apparatus for determining forces to be applied 
to a user through a haptic interface. The method includes the 
steps of generating a representation of an object in graphic 
space, sensing the position of the user in real space and 
calculating a force to be applied to a user in response to the 
user’s haptic interface and the user’s ?ducial object. The 
user’s ?ducial object represents the location in graphic space 
at Which the user’s haptic interface Would be located if the 
haptic interface could not penetrate the surfaces of Virtual 
objects. In one embodiment, the method calculates a stiif 
ness force to be applied to the user. In other embodiments, 
the method calculates damping and friction forces to be 
applied to the user. In one embodiment the step of generating 
a representation of an object in graphic space includes 
de?ning the object as a mesh of planar surfaces and asso 
ciating surface condition Values to each of the nodes de?n 
ing the planar surfaces. In another embodiment, the step of 
generating a representation of an object in graphic space 
includes describing the surface of the object using a coor 
dinate system and associating surface condition Values With 
each set of coordinates of the coordinate system. 
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METHOD AND APPARATUS FOR DETERMINING 
FORCES TO BE APPLIED TO A USER THROUGH 

A HAPTIC INTERFACE 

FIELD OF THE INVENTION 

[0001] The invention relates generally to a method and 
apparatus for determining forces to be applied to a user 
interacting With virtual objects in a virtual reality computer 
environment and more speci?cally to a method and appa 
ratus for determining forces to be applied to a user through 
a haptic interface. 

BACKGROUND OF THE INVENTION 

[0002] Virtual reality (VR) computer systems generate 
simulated environments called “virtual environments” for 
interaction With a user. The virtual environments include 
virtual representations of objects Which the user can manipu 
late through an input device. Conventional VR systems 
attempt to simulate the visual, audio and touch sensory 
information Which Would be accessible to a user in the real 
World environment When interacting With physical objects. 
These VR systems also attempt to give the user the control 
over objects that the user Would have in the real World 
environment. 

[0003] VR system applications include video games, engi 
neering tools and training tools. VR systems have been used 
to replicate situations Which Would be too costly or too 
dangerous to create otherWise. One example of a VR system 
Which is used as a training tool is a ?ight simulator. Flight 
simulators replicate cockpits of airplanes and are used to 
train pilots Without subjecting the pilots to the danger of 
actual ?ight. 

[0004] The more sophisticated VR systems include a 
haptic interface system. A haptic interface system alloWs a 
human “observer” to explore and interact With a virtual 
environment using the sense of touch. The major goal of a 
haptic interface system is to provide the sensations a user 
Would experience if the user Were to touch a virtual envi 
ronment. Haptic interface systems replicate the forces felt by 
humans When interacting With real objects. 

[0005] The tWo different forms of human haptic percep 
tion that haptic interface systems attempt to replicate are 
tactile and kinesthetic. The human tactile system consists of 
nerve endings in the skin Which respond to pressure, 
Warmth, cold, pain, vibration and itch. The tactile system 
alloWs humans to sense local geometry, rough texture, and 
thermal properties from static contact. The kinesthetic sys 
tem refers to the collection of receptors in the muscles, 
tendons, and joints Which alloW perception of the motion 
and forces upon a human’s limbs. In order to accurately 
replicate the forces experienced by humans in the real World, 
haptic interface systems attempt to model the shape, surface 
compliance and texture of objects. 

[0006] Haptic interface systems include three main com 
ponents: a haptic interface device, a model of the environ 
ment to be touched, and a haptic rendering application. A 
haptic interface device is a tactile or force-feedback device 
used by a human Which provides the touch sensations of 
interacting With virtual objects. Known haptic interface 
devices consist of an electromechanical linkage Which can 
exert a controllable force on a human’s hand. The model of 
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the environment is a computer generated representation of 
the real World environment. The haptic rendering applica 
tion determines the forces to be applied to the user based on 
the model environment. 

[0007] One knoWn haptic interface system reduces the 
user’s interactions With the virtual environment to those of 
a point interacting With three dimensional objects. The 
haptic rendering application used in this knoWn system 
utiliZes vector ?eld methods to determine the force to be 
applied to the user. Vector ?eld methods are a classi?cation 
for any method that can determine the feedback force to be 
applied to a user by knoWing only the location of the haptic 
interface point. As used herein, a “haptic interface point” is 
de?ned as the endpoint location of the physical haptic 
interface as sensed by the encoders of the VR system. The 
haptic interface point represents the location of the user in 
the virtual environment. Vector ?eld methods hoWever, do 
not accurately replicate the touch sensations a user Would 
experience for many objects in the real World. Users using 
a haptic interface system Which utiliZes a vector ?eld 
method may experience force discontinuities When travers 
ing the volume boundaries of the virtual objects. 

[0008] Further, vector ?eld methods also do not accurately 
model thin objects. Due to the limited servo and mechanical 
stilfnesses, the haptic interface point must travel someWhat 
into the object before enough force can be applied to the user 
to make the object feel “solid.” When this distance becomes 
greater than the thickness of an object, the vector ?eld 
method produces unrealistic sensations. For example, When 
the haptic interface point penetrates more than halfWay 
through a thin object, rather than exerting a force to push 
back against the user, the force vector changes direction and 
applies a force Which pushes the user out the side of the 
object opposite to the side that the user entered. Vector ?eld 
methods also cannot determine the appropriate forces to 
apply When the model of the environment overlaps simple 
objects to create more complex objects. 

[0009] What is desired then is a haptic interface system 
Which provides touch interfaces Which accurately replicate 
the touch sensations a user Would experience in the real 
World. The present invention permits such functionality. 

SUMMARY OF THE INVENTION 

[0010] The invention relates to a method for determining 
the forces to be applied to a user through a haptic interface. 
The method includes the steps of generating a representation 
of an object in graphic space, sensing the position of a user 
in real space, determining the user’s haptic interface in 
graphic space, determining the user’s ?ducial object in 
graphic space and determining a force to be applied to the 
user in real space. In one embodiment the method calculates 
a stiffness force to be applied to the user. In other embodi 
ments, the method calculates damping and friction forces to 
be applied to the user. 

[0011] In one embodiment, the step of generating a rep 
resentation of an object in graphic space includes de?ning 
the object as a mesh of planar surfaces and associating 
surface condition values to each of the nodes de?ning the 
planar surfaces. In another embodiment, the step of gener 
ating a representation of an object in graphic space includes 
describing the surface of the object using a coordinate 
system and associating surface condition values With each 
set of coordinates. 
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[0012] The invention also relates to an apparatus for 
determining the forces to be applied to a user through a 
haptic interface. The apparatus includes a position sensor, a 
processor executing an algorithm to determine the forces to 
be applied to a user in real space, a display processor and a 
force actuator. In one embodiment, the algorithm determin 
ing the forces to be applied to the user includes a module 
generating a representation of an object in graphic space, a 
module determining the user’s haptic interface in graphic 
space, a module determining the user’s ?ducial object in 
graphic space and a module calculating the force to be 
applied to the user in real space. 

[0013] The present invention has the technical advantage 
of accurately replicating the touch sensations a user would 
experience when interacting with real world objects. The 
present invention has the further advantage of accurately 
modeling the forces applied to a user by thin and arbitrarily 
shaped polyhedral objects. The present invention has yet the 
further advantage of determining the appropriate forces to be 
applied to a user by a complex virtual object formed from 
overlapped simple virtual objects. 

BRIEF DESCRIPTION OF THE DRAWINGS 

[0014] FIG. 1 is a ?owchart representation of an embodi 
ment of a process for determining a force to be applied to a 
user through a haptic interface; 

[0015] FIG. 2 is a ?owchart representation of an embodi 
ment of a process for determining a feedback force to be 
applied to a user through a haptic interface; 

[0016] FIG. 3 is a pictorial view of a representation of a 
real world object in graphic space; 

[0017] FIG. 4A is a pictorial view of a convex portion of 
a virtual object formed by two planar surfaces and a ?ducial 
object located on one of the surfaces; 

[0018] FIG. 4B is a pictorial view of the two planar 
surfaces of FIG. 4A and the ?ducial object of FIG. 4A 
transitioning between the two planar surfaces; 

[0019] FIG. 4C is a pictorial view of the two planar 
surfaces of FIG. 4A and the ?ducial object of FIG. 4A after 
the ?ducial object has transitioned between the surfaces; 

[0020] FIG. 5A is a pictorial view ofa concave portion of 
a virtual object formed by two planar surfaces and a ?ducial 
object located on one of the surfaces; 

[0021] FIG. 5B is a pictorial view of the two planar 
surfaces of FIG. 5A after the ?ducial object has penetrated 
one of the surfaces; 

[0022] FIG. 6A is a perspective view of a complex virtual 
object formed from two simpler virtual objects; 

[0023] FIG. 6B is a cross-sectional view of the complex 
virtual object of FIG. 6A taken through line A-A' of FIG. 6A; 

[0024] FIG. 7 is a ?owchart representation of an embodi 
ment of a process for removing hidden surfaces of complex 
virtual objects; 

[0025] FIG. 8 is a ?owchart representation of an embodi 
ment of a process for determining a friction force to be 
applied to a user through a haptic interface; 
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[0026] FIG. 9 is a graphical representation of a friction 
force applied to a user to model friction with slip; 

[0027] FIG. 10 is a pictorial view of one of the triangular 
planar surfaces forming the surface of a virtual object; 

[0028] FIG. 11 is a ?owchart representation of an embodi 
ment of a process for performing surface smoothing of a 
virtual object; 

[0029] FIG. 12 is a ?owchart representation of another 
embodiment of a process for performing surface smoothing 
of a virtual object; 

[0030] FIG. 13 is a ?owchart representation of embodi 
ment of a process for modeling texture on the surface of a 
virtual object; 

[0031] FIG. 14A is a pictorial view of one of the planar 
surfaces forming the surface of a virtual object; 

[0032] FIG. 14B is a pictorial view of the texture map to 
be mapped onto the planar surface of FIG. 14A; and 

[0033] FIG. 15 is a ?ow diagram of one embodiment of 
the invention. 

[0034] Like reference characters in the respective drawn 
?gures indicate corresponding parts. 

DETAILED DESCRIPTION OF THE 
INVENTION 

[0035] In brief overview, and referring to FIG. 1, a ?ow 
chart shows the steps performed by one embodiment of the 
method of the present invention for determining the forces 
to be applied to a user through a haptic interface device. In 
step 10, the haptic rendering application generates a repre 
sentation of a real world object in graphic space. As used 
herein, “rendering” is de?ned as the creation of an image in 
graphic space. “Haptic rendering application” refers to the 
application which generates the representation of the real 
world object and determines the forces to be applied to the 
user through the haptic interface. As used herein, “graphic 
space” is de?ned as the computer generated virtual envi 
ronment with which the user can interact. In one embodi 

ment, the haptic rendering application uses mathematical 
models to create the representation of the object. In another 
embodiment, a separate application is used to create the 
representation of the object. For example, in one embodi 
ment, a Computer-aided design (CAD) software application 
is used to generate the representation of the object. The real 
world objects capable of being represented include planar 
surfaces, curved surfaces and arbitrarily shaped polyhedral 
objects. The real world objects may also include concave, 
convex and curved portions. As used herein, “virtual object” 
is de?ned as the representation of the real world object in 
graphic space. 

[0036] In step 12, the sensors of the haptic interface 
system sense the position of the user in real space. As used 
herein, “real space” is de?ned as the real world environment. 
In step 14, the haptic rendering application utiliZes the 
information obtained by the sensors to determine the haptic 
interface in graphic space. The location of the haptic inter 
face describes the position of the user in the virtual envi 
ronment. In step 16, the haptic rendering application deter 
mines the ?ducial object in graphic space. The ?ducial 
object is the “virtual” location of the haptic interface. The 
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?ducial object location represents the location in graphic 
space at Which the haptic interface Would be located if the 
haptic interface could be prevented from penetrating the 
virtual objects. The ?ducial object does not penetrate the 
surfaces of the virtual objects. When the haptic interface 
does not penetrate the surface of a virtual object, the haptic 
interface and the ?ducial object coincide. When the haptic 
interface penetrates the surface of the virtual object, the 
?ducial object remains located on the surface of the virtual 
object The purpose of the ?ducial object remaining on the 
surface is to provide a reference to the location on the 
surface of the virtual object Where haptic interface Would be 
if the haptic interface could be prevented from penetrating 
surfaces. It is important to knoW the location of the ?ducial 
object in order to accurately determine the forces to be 
applied to the user. The method used to determine the 
?ducial object Will be described in more detail beloW. 

[0037] After the haptic rendering application determines 
both the haptic interface and the ?ducial object, in step 18, 
the application calculates a force to be applied to the user in 
real space through the haptic interface device. After the 
haptic rendering application has calculated the force to be 
applied to the user, this force may be generated and applied 
to the user through a haptic interface device. 

[0038] In the preferred embodiment of the method of the 
present invention, the haptic rendering application prevents 
the ?ducial object from penetrating the surface of any of the 
virtual objects in the virtual environment. In this embodi 
ment, the ?ducial object is placed Where the haptic interface 
Would be if the haptic interface and the virtual object Were 
in?nitely stilf. Forcing the ?ducial object to remain on the 
surface of the virtual object alloWs for a more realistic 
generation of the forces arising from interacting With the 
virtual object. Unlike in the vector ?eld methods, the direc 
tion of the force to be applied to the user in real space is 
unambiguous. The user is not “pulled” through an object 
When the user should continue to be “pushed” aWay from the 
object. The method of the present invention is therefore 
suitable for thin objects and arbitrarily shaped polyhedral 
objects. 
[0039] In yet another embodiment, the haptic rendering 
algorithm forces the ?ducial object to folloW the laWs of 
physics in the virtual environment. This alloWs for an even 
more realistic simulation of the real World environment. 

[0040] In more detail and referring noW to FIG. 2, a 
?owchart illustrates a more detailed sequence of steps 
performed by one embodiment of the present invention to 
determine a feedback force to be applied to a user in real 
space through a haptic interface. In the embodiment illus 
trated by the ?owchart of FIG. 2, the user’s interactions With 
the virtual environment are reduced to those of a point 
interacting With three dimensional objects. In other embodi 
ments, the user’s interactions are not reduced to those of a 
point interacting With three dimensional objects. In other 
embodiments, the haptic interface and the ?ducial object 
may be a series of points. In still other embodiments, the 
haptic interface and ?ducial object may be three-dimen 
sional objects. 

[0041] In step 20, the haptic rendering application gener 
ates a representation of a real World object in graphic space. 
As described above, this representation is termed the virtual 
object. The real World objects modeled by the method of the 
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present invention may have concave portions as Well as 
convex portions. Many different methods can be used to 
generate the virtual object. In one embodiment, the haptic 
rendering application de?nes the real World object as a mesh 
of planar surfaces. In one embodiment utiliZing the mesh of 
planar surfaces method, each of the planar surfaces com 
prising the mesh has the same number of sides and the same 
number of nodes. In another embodiment, the planar sur 
faces comprising the mesh have varying numbers of sides 
and nodes. In the preferred embodiment, each of the planar 
surfaces is triangular and has three nodes. In another 
embodiment, the haptic rendering application de?nes the 
real World object as an n-noded polygon. In still another 
embodiment, the haptic rendering application describes the 
real World object using a coordinate system. In yet another 
embodiment, the representation of the object is displayed on 
a display. 

[0042] FIG. 3 shoWs an example of a representation of a 
real World object Which has been generated by one embodi 
ment of the present invention. The real World object depicted 
in FIG. 3 is a space shuttle. The representation consists of 
616 polygons. In one embodiment, the representation is 
generated from a standard object ?le format such as 
AutoCad’s DXF or WAVEFRONT’s OB]. 

[0043] Referring again to FIG. 2, once the haptic render 
ing application has generated a representation of an object in 
graphic space, in step 22 the haptic interface device senses 
the position of the user in real space. In another embodiment, 
the haptic interface device senses the position of the user 
simultaneously With the haptic rendering application gener 
ating the representation of the object in graphic space. The 
haptic interface device may utiliZe any of the devices knoWn 
in the art for sensing the position of an object. 

[0044] After the haptic interface device has sensed the 
position of the user in real space, the information regarding 
the position of the user is relayed to the haptic rendering 
application. In step 24, the haptic rendering application uses 
the position of the user in real space to determine the 
location of the haptic interface point in graphic space. When 
the user changes position, the haptic interface device senses 
this change in position and the haptic rendering application 
updates the location of the haptic interface point in graphic 
space to re?ect the change of the user’s position in real 
space. 

[0045] Once the haptic rendering application determines 
the haptic interface point location, it uses the haptic interface 
point location to determine the location of the ?ducial object 
point in graphic space as illustrated by step 26. As discussed 
above, if the haptic interface point does not penetrate a 
virtual object, the haptic interface point and the ?ducial 
object point are collocated. As the haptic interface point 
penetrates the surface of a virtual object, the ?ducial object 
remains on the surface of the virtual object. The haptic 
rendering application computes the ?ducial object point 
location to be a point on the currently contacted virtual 
object surface such that the distance of the ?ducial object 
point from the haptic interface point is minimized. The 
method used by the haptic rendering application to calculate 
the location of the ?ducial object Will be discussed in more 
detail beloW. 

[0046] In one embodiment, the location of the ?ducial 
object point relative to the representation of the object is 
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displayed on a display along With the representation of the 
object. When the position of the ?ducial object changes, the 
display re?ects this change in position. 

[0047] Once the haptic rendering application has deter 
mined the locations of the haptic interface point and the 
?ducial object point, in step 28 the haptic rendering appli 
cation calculates the stilfness force component of the feed 
back force to be applied to a user in real space through the 
haptic interface. The stiffness force represents the force that 
Would be applied to the user in the real World by a real World 
object due to the stiffness of the surface of the object. Simple 
impedance control techniques can be used to calculate the 
stiffness force to be applied. In one embodiment, the haptic 
rendering application uses Hooke’s laW to calculate the 
stiffness force as illustrated by equation (1) beloW, Wherein 
k is the stiffness of the virtual object’s surface. 

Fsti?‘ness=k(x?ducialeobjectTxhapticdnterface) (1) 

[0048] In equation (1), FStiffness represents the stiffness 
force to be applied to the user through the haptic interface, 
x?duciabObject represents the position of the ?ducial object in 
graphic space, xhaptic_interface represents the position of the 
haptic interface in graphic space and k represents the stiff 
ness of the virtual object’s surface. As shoWn by equation 
(1), to calculate the stiffness force, the haptic rendering 
application ?rst calculates the displacement betWeen the 
?ducial object point location and the haptic interface point 
location, represented in equation (1) by (x?ducial_object—xhap 
tic-interface) The haptic rendering application then multiplies 
this displacement by the stiffness of the virtual object’s 
surface, k. 

[0049] After determining the locations of the haptic inter 
face point and the ?ducial object point, the haptic rendering 
application stores state variables representing these loca 
tions for later use in calculating the forces to be applied to 
the user. The purpose of storing information relating to these 
locations is to enable the haptic rendering application to 
compute the forces to be applied to the user based on the 
history of the user’s motions. 

[0050] In order to accurately model the forces that Would 
be exerted on a user in the real World, in one embodiment, 
the haptic interface application adds a damping force to the 
stiffness force calculated in step 28. The combination of a 
stiffness force and a damping force provides a more accurate 
model of the local material properties of the surface of an 
object. 

[0051] To obtain the necessary information, the haptic 
rendering application next determines the velocity of the 
haptic interface point in step 30 and determines the velocity 
of the ?ducial object point in step 32. In one embodiment, 
the haptic rendering application determines the velocities of 
the haptic interface point and the ?ducial object point 
relative to a common reference. The common reference may 
be a virtual object or simply a point in the virtual environ 
ment. In another embodiment, the haptic rendering applica 
tion determines the velocity of the ?ducial object point 
relative to the haptic interface point. After the haptic ren 
dering application has determined the velocities of the haptic 
interface point and the ?ducial object point in steps 30 and 
32, it calculates a damping force to be applied to the user in 
real space as illustrated by step 34. 
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[0052] In one embodiment of the method of the present 
invention, the damping force (Fdamping) is based on the 
motion of the haptic interface point (xhapticdnterface) relative 
to the motion of the ?ducial object point (x?duCiaLObJ-m) In 
another embodiment, only motion in a direction normal (N) 
to the surface of the virtual object is used to calculate the 
damping force so that motion of the user tangential to the 
surface of the virtual object is not impeded. In one embodi 
ment, the haptic rendering application computes the damp 
ing force according to equation (2) in Which c is the damping 
coefficient and N represents the vector normal to the surface 
of the virtual object. 

Fdarnping=c((X?ducialeobject_xhapticeinterface)‘MN (2) 

[0053] In one embodiment, the haptic rendering system 
only applies a damping force to the user When the calculated 
damping force has the effect of stiffening the virtual obj ect’s 
surface. The purpose of only applying a damping force 
Which has the effect of stiffening the surface is to avoid the 
surface having the effect of resisting the WithdraWal of the 
haptic interface from the surface. This embodiment Would 
not exert a force against the user that Would inhibit the user 
from moving aWay from the virtual object’s surface. Oth 
erWise, the damping force Would make the object feel sticky 
to the user. 

[0054] Once the haptic rendering application calculates 
the stiffness and damping forces to be applied to the user in 
real space, in step 36 the haptic rendering application 
calculates a feedback force (Ffeedback) to be applied to the 
user by summing the stiffness (Fstiffness) and damping 
(Fdamping) forces as shoWn by equation (3) beloW. 

F feedback=F su?ness'l'F damping (3) 

[0055] As described above in the discussion of FIG. 3, one 
embodiment of the method of the present invention gener 
ates the representation of the real World object in graphic 
space by describing the object as a mesh of planar surfaces. 
Simulating real World objects using surfaces provides an 
accurate model for the user to interact With because in the 
real World humans interact With objects on the objects’ 
surfaces. Also as discussed above, one embodiment of the 
method of the present invention generates the representation 
of the real World object by de?ning the object as a mesh of 
triangular planar surfaces. This embodiment uses a mesh of 
triangular elements because this representation is the most 
fundamental, and assures that all of the nodes of each 
surface are coplanar. Because graphic models do not require 
the exactness required by haptic models, it is not uncommon 
to ?nd graphic representations of objects With four-noded 
surfaces Where the four nodes are not coplanar. When the 
nodes are not coplanar, the ?ducial object point may slide 
betWeen tWo surfaces and no longer remain on the surface of 
the virtual object. This Would cause the haptic rendering 
application to calculate incorrect forces to be applied to the 
user. The problems caused by such surfaces can be avoided 
by using a triangular mesh. In addition, since three points 
de?ne a plane, the nodes de?ning the virtual object can be 
moved at any time and the object Will still be composed of 
surfaces that are geometrically acceptable for calculating 
forces according to the method of the present invention. 

[0056] Another embodiment of the invention takes advan 
tage of this ability to move nodes to implement representa 
tions of objects having deformable surfaces. This embodi 
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ment simulates deformable surfaces by moving the nodes 
de?ning the virtual object in response to forces applied to the 
deformable surfaces by the user. 

[0057] FIGS. 4A-4C illustrate the steps performed by one 
embodiment of a haptic rendering application to move a 
?ducial object point 38 betWeen tWo planar surfaces, 40 and 
42 respectively, joined to form a convex surface, When the 
haptic interface point 44 moves past the intersection 46 of 
the tWo planar surfaces 40 and 42. The tWo planar surfaces 
40 and 42 act as constraints on the motion of the ?ducial 
object point 38. That is, the ?ducial object point 38 can not 
penetrate the surfaces 40 and 42. In order to determine the 
neW location of the ?ducial object point 38 in response to a 
change in location of the haptic interface point 44, one 
embodiment of the method of the present invention ?rst 
determines the active constraints on the motion of the 
?ducial object point 38. For in?nite planar surfaces, the 
haptic rendering application of this embodiment de?nes the 
planar surface as an active constraint if the ?ducial object 
point 38 is located a positive distance from the planar 
surface 40 or 42 and the haptic interface point 44 is located 
a negative distance from the planar surface 40 or 42. The 
distance is positive if the point is located in the direction of 
the surface normal pointing outWard from the surface of the 
virtual object. The distance is negative if the point is located 
in the direction of the surface normal pointing inWard from 
the surface of the virtual object. Using this de?nition of an 
active constraint causes the virtual surfaces 40 and 42 to act 
as one-Way constraints to penetration. That is, the surfaces 
40 and 42 only prevent the ?ducial object point 38 from 
entering the surfaces 40 and 42. 

[0058] For surfaces that are not of in?nite extent, in 
addition to the requirements for in?nite planar surfaces, to 
be de?ned as an active constraint the haptic rendering 
application requires that the contact of the ?ducial object 
point 38 With the plane containing the surface take place 
Within the boundaries of the planar surface. In order to 
determine Whether the contact of the ?ducial object point 38 
takes place Within the boundaries of the planar surface, in 
one embodiment the haptic rendering application determines 
the line intersecting the current haptic interface point 44 and 
the old ?ducial object point 38 Which the haptic rendering 
application is updating. If this line passes though the planar 
surface Within the boundaries of the surface, then the haptic 
rendering application de?nes the surface as active. 

[0059] FIGS. 4A-4C shoW tWo surfaces, 40 and 42 respec 
tively, of a convex portion of a virtual object. In the 
embodiment Wherein the user’s interactions With the virtual 
environment are reduced to those of a point interacting With 
three dimensional objects, When a user interacts With convex 
portions of objects, only one surface of the virtual object is 
an active constraint at a time. To transition the ?ducial object 
point 38 betWeen tWo surfaces sharing a convex edge 
requires tWo steps. In FIG. 4A, surface 40 is an active 
constraint because the ?ducial object point 38 is located a 
positive distance from the surface 40, the haptic interface 
point 44 is located a negative distance from the surface 40 
and the ?ducial object point 38 is located Within the bound 
aries of the surface 40. While surface 40 remains an active 
constraint, the ?ducial object point 38 remains on the plane 
48 containing the surface 40, but not does not necessarily 
remain Within the physical boundaries of surface 40. 
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[0060] FIG. 4B illustrates the ?rst step performed by the 
haptic rendering application to transition the ?ducial object 
point 38 to the surface 42. In the ?rst step, the haptic 
rendering application moves the ?ducial object point 38 over 
the second surface 42, but the ?ducial object point 38 
remains in the plane 48 of the ?rst surface 40. In the second 
step, the haptic rendering application no longer considers the 
?rst surface 40 an active constraint because the ?ducial 
object point 38 is not located Within the physical boundaries 
of the surface 40. The haptic rendering application then 
moves the ?ducial object point 38 onto the second surface 42 
as illustrated in FIG. 4C. In other embodiments Wherein the 
user’s interactions With the virtual environment are not 
reduced to those of a point interacting With three dimen 
sional objects, more than one surface of a convex portion of 
a virtual object may be an active constraint at a time. 

[0061] FIGS. 5A and 5B shoW a concave portion of an 
object de?ned by tWo planar surfaces, 50 and 52 respec 
tively. When the user interacts With a concave portion of an 
object, multiple surfaces can be active simultaneously. 
When the user interacts With the concave intersection 53 of 
the tWo planes 55 and 57, the haptic rendering application 
de?nes both planes, 55 and 57 respectively, as active con 
straints and the motion of the ?ducial object 54 is restricted 
to the line de?ned by the intersection of the tWo planes 55 
and 57. When the user is in contact With the intersection of 
three planar surfaces, all three surfaces are active constraints 
and the ?ducial object is con?ned to the point de?ned by the 
intersection of the three surfaces. At the intersection of more 
than three surfaces, the haptic rendering application consid 
ers only three of the surfaces as active constraints at any one 
time and the ?ducial object point is again con?ned to a point. 

[0062] FIGS. 5A and 5B illustrate the situation that occurs 
When the user interacts With surfaces that intersect at an 
acute angle. FIG. 5A shoWs the location of the ?ducial object 
point 54 When the user presses into the surface 50 to the 
location de?ned by the haptic interface point 56. As the user 
slides doWn along the surface 50, the ?ducial object point 54 
may cross over the surface 52 before the surface 52 meets 
the requirements outlined above to be de?ned as an active 
constraint. 

[0063] FIG. 5B illustrates the situation in Which the ?du 
cial object point 54' has crossed over surface 52 before the 
surface 52 is considered an active constraint. According to 
the de?nition of an active constraint discussed above, sur 
face 52 does not qualify as an active constraint in FIG. 5B 
because the haptic interface point 56' is not a negative 
distance from the plane 57 containing the surface 52. To 
solve this-problem, in one embodiment, the haptic rendering 
application iterates the process of determining the neW 
?ducial object point location. During the ?rst iteration, the 
haptic rendering application determines a set of active 
constraints and calculates the neW ?ducial object point 
location 54'. During the second iteration the haptic rendering 
application uses the “neW” ?ducial object point location 54' 
as the haptic interface point location in combination With the 
“old” ?ducial object point location 54 to check the neigh 
boring surfaces to determine Whether any additional surfaces 
qualify as active constraints. If the haptic rendering appli 
cation determines that an additional surface quali?es as an 
active constraint, the haptic rendering application continues 
the iterations and updates the ?ducial object point location 
until no neW active constraints are found. 
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[0064] In one embodiment, once the complete set of active 
constraints is found, the haptic rendering application uses 
Lagrange multipliers to update the location of the ?ducial 
object point. Lagrange multipliers are used in maximizing or 
minimizing functions Which have several variables Which 
are subject to constraints. In this embodiment, the virtual 
environment is described by a rectangular coordinate system 
having coordinate sets With three entries. The haptic ren 
dering application uses equation (4) beloW to model the 
energy of a virtual spring of unity stiffness. In equation (4), 
Q represents the energy in a virtual spring betWeen the 
?ducial object and the haptic interface, x, y and Z represent 
the coordinates of the ?ducial object point and xp, yp and zp 
represent the coordinates of the haptic interface point. In 
equation (4), the spring constant equals 1. The goal in 
solving equation (4) is to minimize the value of Q, thereby 
making the virtual spring as small as possible. 

(4) 

[0065] The haptic rendering application then adds the 
active constraints as planes according to equation (5). In 
equation (5), An, Bn and Cn indicate the direction of the 
surface normal to the plane containing the constraint. Dn 
indicates the distance from the origin of the plane containing 
the active constraint. 

The ?rst step in utilizing Lagrange multipliers is to form a 
function L of the variables in the equation to be minimized 
and the equations de?ning the constraints. In the case of 
three constraints, L Will be a function of x, y, Z, ll, 12 and 13, 
where l1, l2 and 13 are the Lagrange multipliers. The function 
L Will be in the form of: 

L(x,y,z, Z1,Z2,Z3)=(function to be minimized) 
Z 1 (constraint 1) ’ 12(constraint2)—l3(constraint3). 

FolloWing this model, the haptic rendering application com 
bines equations (4) and (5) to generate equation (6). 

[0066] The haptic rendering application calculates the neW 
location of the ?ducial object point by minimizing L in 
equation (6). To minimize L, the haptic rendering applica 
tion ?rst computes the six partial derivatives of equation (6). 
The haptic rendering application then minimizes L by setting 
all six partial derivatives of L to 0. This results in six 
simultaneous equations With six variables (x, y, z, l1, l2 and 
13) to solve for. The six partial derivative equations can be 
organized into a set of simultaneous equations represented 
by the matrix equation (7) beloW. 
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1 0 0 A1 A2 A3 x xp (7) 

0 l 0 B1 B2 B3 y yp 

O 0 C1 C2 C3 Z 1p 

A1 B1 C1 0 0 0 11 D1 

A2 B2 c2 0 0 0 12 D2 

A3 B3 c3 0 0 0 13 D3 

[0067] The matrix equation (7) has a number of useful 
properties. It is symmetric, the upper left hand comer (3x3) 
is alWays the identity matrix, the loWer left hand corner is 
alWays a null matrix, and the matrix is invertible. Solving the 
matrix equation (7) also does not require roW sWapping. 
Because of these properties, x, y and z can be solved for in 
only 65 multiplicative operations. In the case When there are 
only tWo active constraints, the leftmost matrix is a (5x5) 
matrix and x, y and z can be solved for in only 33 
multiplicative operations. In the single constraint case, the 
leftmost matrix is a (4x4) matrix and x, y and z can be solved 
for in only 12 multiplicative operations. As described above, 
When there are no active constraints, the ?ducial object point 
is located at the position of the haptic interface point and no 
calculations are required. 

[0068] FIGS. 6A and 6B shoW an example of a complex 
object 58 formed from the overlapping of tWo simple 
objects, 60 and 62 respectively. As described above, one of 
the problems With existing haptic rendering applications is 
that they can not determine the appropriate forces to apply 
to a user When the model of the environment overlaps simple 
objects to create more complex objects. When multiple 
objects are in close proximity, a naive active constraint 
detector Will return too many active surfaces and the com 
puted force Will be incorrect. One embodiment of the 
method of the present invention includes a method for 
removing hidden surfaces to assure that the ?ducial object 
point is located on the appropriate surface of the virtual 
object. Ahidden surface is a surface of a virtual object Which 
is covered by a surface of another virtual object. 

[0069] In the example shoWn in FIGS. 6A and 6B, When 
a user presses doWn on surface 64, the haptic interface point 
66 penetrates both surface 64 and surface 68. Without 
removing the hidden surface 69, the haptic rendering appli 
cation Would de?ne both surfaces 64, 68 as active con 
straints and Would not calculate the location of the ?ducial 
object point 70 correctly. 

[0070] FIG. 7 shoWs a ?owchart illustrating the steps 
performed by one embodiment of the present invention to 
remove hidden surfaces. In step 71, the haptic rendering 
application determines the surfaces that qualify as active 
constraints. In step 72, the haptic rendering application 
determines the redundant surfaces. Redundant surfaces are 
surfaces Which have been de?ned as active constraints and 
Which have the same or similar surface normals. Referring 
again to FIGS. 6A and 6B, surfaces 64 and 68 are redundant 
surfaces. Referring back to FIG. 8, in step 74, the haptic 
rendering application determines the redundant surface 
Which is closest to the ?ducial object and add this surface to 
the list of non-redundant active constraints. In step 76, the 
haptic rendering application orders the list of non-redundant 
active constraints by the distance of the active constraints to 












