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i=0; II init cumulative path index 
for(k=n=0; n<M; ++n) II M is the number of input bits 

{ II or a block size 
if (getbit(n)==1) ll get data bit at bit index n 

{ II continue on 0, add on 1 
++k; II increment count of 1’s found 
l=l+C(n,k); II add binomial to the path index 

} 
} II k is the final count of 1’s 

FIG. 7 

1 while(--n>=0) 
2 i 
3 if (I<C(n,k)) II compare to the binomial C(n,k) 
4 setbit(0,n); II output bit=0 at a bit index n 
5 else II I >= C(n,k), a vertical step 
6 { 
7 setbit(1,n); II output bit=1 at a bit index n 
8 l=l-C(n,k); II reduce the path index 
9 --k; II reduce the count of 1’s 
0 } 
1 } 

FIG. 8 
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FAST, PRACTICALLY OPTIMAL ENTROPY 
ENCODING 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

[0001] The present application is a continuation of com 
monly assigned copending U.S. patent application Ser. No. 
11/015,894, Which Was ?led on Dec. 17, 2004, by Ratko V. 
Tomic for Fast, Practically Optimal Entropy Coding and 
claimed the bene?t of Us. Provisional Patent Application 
Ser. No. 60/603,464, Which Was ?led on Aug. 20, 2004, by 
Ratko V. Tomic for a Fast, Practically Optimal Entropy 
Encoder, and of Us. Provisional Patent Application Ser. No. 
60/606,681, Which Was ?led on Sep. 2, 2004, by Ratko V. 
Tomic for a Fast, Practically Optimal Entropy Encoder, all 
of Which are hereby incorporated by reference. 

BACKGROUND OF THE INVENTION 

[0002] 1. Field of the Invention 

[0003] The present invention concerns algorithmically 
indexing ordered sets. It is particularly, but not exclusively, 
applicable to entropy encoding. 

[0004] 2. Background Information 

[0005] Data compression usually includes multiple 
phases, Where the initial phases are more dependent on the 
speci?c data source. The initial phases typically identify the 
source-speci?c higher-level regularities and convert them 
into more-generic forms. The ?nal output of this higher 
level processing is a sequence of symbols in Which higher 
level, domain- or source-speci?c regularities have been 
re-expressed as simple, generic (quantitative) regularities, 
such as a highly skeWed distribution of the produced sym 
bols (picturesquely described as a “concentration of energy” 
When the statistical imbalances vary across the output 
sequence). The task of the entropy coder is to transform 
these simple regularities into feWer bits of data. 

[0006] Optimal encoding is quanti?ed as the message 
entropy, i.e. as the minimum number of bits per message 
averaged over all the messages from a given source. In the 
case of a source With a ?nite number of M distinct messages, 
all equally probable, the entropy H (per message) is log2(M) 
bits; i.e., no encoding can do better than sending a number 
betWeen 0 and M-1 to specify the index of a given message 
in the full list of M messages. (In the remainder of the 
speci?cation, log2 x Will be expressed simply as “log x.”) 

[0007] More often, though, messages’ probabilities re not 
equal. A common entropy-coding scenario is the one in 
Which messages are sequences of symbols selected from an 
alphabet A of R symbols a1, a2, . . . aR, generated With 
probabilities p1, p2, . . . pR that are not in general equal. The 

n character message entropy is then: 

R (1) 
H = n2 pilogu m) 

[:1 

[0008] This value is less than log M ifthe probabilities are 
not equal, so some savings can result When some messages 
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are encoded in feWer bits than others. Taking advantage of 
this fact is the goal of entropy coding. 

[0009] The tWo types of general entropy-coding algo 
rithms that are most popular currently are Huffman coding 
and arithmetic coding. The Huffman algorithm assigns to 
each symbol as a unique bit string Whose length is approxi 
mately log(l/pi) bits, rounded up or doWn to the next Whole 
number of bits. The up/doWn rounding choice of each 
log(l/pi) depends on all the pi’s and is made by using the 
Huffman tree-construction algorithm. If all the symbol prob 
abilities happen to be of the form 1/2k, Where k is a positive 
integer, the resultant encoding minimiZes the average mes 
sage length. 

[0010] The principal Weakness of the Huffman code is its 
sub-optimality in the case of more-general probabilities 
(those not of the form 1/2k) Huffman coding is especially 
inef?cient When one symbol has a probability very close to 
unity and Would therefore need only a tiny fraction of one 
bit; since no symbol can be shorter than a single bit, the code 
length can exceed the entropy by a potentially very large 
ratio. While there are Work-arounds for the Worst cases (such 
as run-length codes and the construction of multi-character 
symbols in accordance With, e.g., Tunstall coding), such 
Workarounds either fall short of optimality or otherWise 
require too much computation or memory as they approach 
the theoretical entropy. 

[0011] A second important Weakness of the Huffman code 
is that its coding overhead increases, both in speed and 
memory usage, When the adaptive version of the algorithm 
is used to track varying symbol probabilities. For suf?ciently 
variable sources, moreover, even adaptive Huffman algo 
rithm cannot build up statistics accurate enough to reach 
coding optimality over short input-symbol spans. 

[0012] In contrast to Huffman coding, arithmetic coding 
does not have the single-bit-per-symbol loWer bound. As a 
theoretical, albeit impractical, method, arithmetic coding 
goes back to Claude Shannon’s seminal 1948 Work. It is 
based on the idea that the cumulative message probability 
can be used to identify the message. Despite minor improve 
ments over the decades, its fatal draWback Was the require 
ment that its arithmetic precision be of the siZe of output 
data, i.e., divisions and multiplications could have to handle 
numbers thousands of bits long. It remained a textbook 
footnote and an academic curiosity until 1976, When an IBM 
researcher (J. Rissanen, “Generalised Kraft Inequality and 
Arithmetic Coding,”IBM J. Res. Dev. 20, 198-203, 1976) 
discovered a Way to make the algorithm’s arithmetic Work 
Within machine precision (e.g., 16, 32, or 64 bits) practically 
independently of the data siZe, With only a minor compres 
sion-ratio penalty for the truncated precision. (That tech 
nique retained only a log(n) dependency on the data siZe n 
if absolutely optimal compression Was required.) Over the 
folloWing decades, the algorithm evolved rapidly, chie?y 
through speed improvements (Which are obtained in 
arrangements such as that of IBM’s Q-coder With only a 
small additional loss of compression e?iciency) and faster 
and more-?exible adaptive variants. By the mid-1990’s the 
arithmetic coder had replaced the Huffman algorithm as the 
entropy coder of choice, especially in more-demanding 
applications. But arithmetic coding is like Huffman coding 
in that its performance sulfers When source statistics change 
rapidly. 
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[0013] Theoretically, the sloW-adaptability problem that 
these tWo popular entropy-encoding techniques share can be 
overcome by a relatively obscure compression technique 
knoWn as “enumerative coding.” The roots of enumerative 
coding extend farther into the past than modem information 
theory, going back to the enumerative combinatorics of the 
Nineteenth and early TWentieth Centuries. And using com 
binatorial objects for ranking, as conventional enumerative 
encoding does, had actually been part of common computer 
programming folklore for over a decade in 1966, When 
Lynch (T. J. Lynch, “Sequence Timecoding for Data Com 
pression,”Pr0c. IEEE vol. 54, 1490-1491, October 1966) 
and, independently, Davisson (L. D. Davisson, “Comments 
on ‘Sequence Time Coding for Data Compression,’”Pr0c. 
IEEE vol 54, 2010, December 1966) used the same number 
representation and formulas to encode “sequence times” for 
digitiZed data samples, i.e., presented What is noW referred 
to as enumerative encoding. 

[0014] Conceptually, enumerative encoding lists all mes 
sages that meet a given criterion and optimally encodes one 
such message as an integer representing the message’s 
index/rank Within that list. In Words, an example Would be, 
“Among the 1000-bit sequences that contain precisely forty 
one ones (and the rest Zeros), the sequence that this code 
represents is the one With Whose pattern We associate index 
371.” That is, the example encoding includes both an 
identi?cation of the source sequence’s symbol population, 
(41 ones out of 1000 in the example), and an index (in that 
case, 371) representing the speci?c source sequence among 
all those that have the same symbol population. 

[0015] Since the number of patterns for a given population 
can be quite large, it Would not be practical to arrive at a 
signi?cant-length sequence’s pattern index by storing asso 
ciations betWeen indexes and patterns in a look-up table. 
Instead, one Would ordinarily arrive at any given source 
pattem’s index algorithmically, and the index-determining 
algorithm Would typically be based on the value that the 
sequence represents. In accordance With one such indexing 
approach, for example, the prior example may alternatively 
be expressed in Words as, “The sequence that this code 
represents is the 371St-loWest-valued 1000-bit sequence that 
contains precisely 41 ones,” and it Would therefore be 
possible to determine the index algorithmically. 

[0016] Consider the seven-bit sequence 1001010, for 
example, i.e., one of the sequences that has three ones out of 
seven bits. The task is to determine an index that uniquely 
speci?es this sequence from among all that have the same 
population, i.e., from among all seven-bit sequences that 
have three ones and four Zeros. In accordance With an 
indexing scheme in Which indexes increase With the 
sequence’s value and the more-signi?cant bits are those to 
the left, the index can be computed by considering each 
one-valued bit in turn as folloWs. Since the example 
sequence’s ?rst bit is a one, We knoW that its value exceeds 
that of all same-population sequences in Which all three ones 
are in the remaining six bits, so the index is at least as large 
as the number of combinations of three items chosen from 
six, i.e., 6!/(3!~3!), and We start out With that value. Out of 
all same-population sequences that similarly start With a one 
bit, the fact that the example sequence has a one in the fourth 
bit position indicates that its index exceeds those in Which 
both remaining ones are someWhere in the last three bit 
positions, so the index is at least as large as the result of 
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adding the number of such sequences to the just-mentioned 
number in Which all three are in the last six positions. By 
folloWing that reasoning, the index I can be determined in 
accordance With: 

Ie, the index can be determined by summing combinato 
rially determined add-on values. 

[0017] NoW, that index requires ?ve bits, and it Would take 
three bits to specify the population value, so the resultant 
eight bits exceeds the length of the (seven-bit) source 
sequence. But it is apparent that the comparison of the 
source-sequence length With the index length Would be more 
favorable for a more-skeWed population in a longer 
sequence. And the number of bits required for the “side 
information” that speci?es the population increases only as 
the logarithm of the sequence length. Over a group of such 
sequences, moreover, that side information can itself be 
compressed. So the resultant code length approaches source 
entropy as the source-sequence length becomes large. 

[0018] The combinatorial values used as “add-on” terms 
in the index calculation can be expensive to compute, of 
course, but in practice they Would usually be pre-computed 
once and then simply retrieved from a look-up table. And it 
is here that enumerative coding’s theoretical advantage over, 
say, arithmetic coding is apparent. Just as combinatorial 
values are successively added to arrive at the conventional 
enumerative code, successive “Weight” values are added 
together to produce an arithmetic code. And arithmetic 
coding’s Weights can be pre-computed and retrieved from a 
look-up table, as enumerative coding’s combinatorial values 
can. In arithmetic coding, though, the values of such add-on 
terms are based on an assumption of the overall sequence’s 
statistics, and the arithmetic code’s length Will approach the 
source sequence’s theoretical entropy value only if statistics 
of the source sequence to be encoded are close to those 
assumed in computing the add-on terms. To the extent that 
source statistics vary, the look-up table’s contents have to be 
recomputed if near-optimal compression is to be achieved, 
and this imposes a heavy computational burden if the source 
statistics vary rapidly. In contrast, enumerative coding’s 
table-value computation is not based on any assumption 
about the sequence’s overall statistics, so it can approach 
theoretical entropy Without the computation expense of 
adapting those values to expected statistics. 

[0019] Enumerative coding has nonetheless enjoyed little 
use as a practical tool The reason Why can be appreciated by 
again considering the example calculation above. The 
sequence length in that example Was only seven, but the 
lengths required to make encoding useful are usually great 
enough to occupy many machine Words. For such 
sequences, the partial sums in the calculation can potentially 
be that long, too. The calculation’s addition steps therefore 
tend to involve expensive multiple-Word-resolution addi 
tions. Also, the table siZes groW as N3, Where N is the 
maximum block siZe (in bits) to be encoded, yet large block 
siZes are preferable, because using smaller block siZes 
increases the expense of sending the population value. 
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[0020] Arithmetic coding once suffered from the same 
drawback, but the Rissanen approach mentioned above 
solved the problem. Basically, Rissanen employed add-on 
values that could be expressed as limited-precision ?oating 
point numbers. For example, the resolution might be so 
limited that all of each add-on value’s bits are Zeros except 
the most-signi?cant ones and that the length of the “man 
tissa” that contains all of the ones is short enough to ?t in, 
say, half a machine word. Even if such an add-on value’s 
?xed-point expression would be very long and that value is 
being added to a partial sum that potentially is nearly as 
long, the resolution of the machine operation used to imple 
ment that addition can be small, since the change if any in 
the partial sum occurs only in a few most-signi?cant bits. 
Rissanen recognized that add-on values meeting such reso 
lution limitations could result in a decodable output if the 
total of the symbol probabilities assumed in computing them 
is less than unity by a great enough difference and the values 
thus computed are rounded up meet the resolution criterion. 
(The difference from unity required of the symbol-probabil 
ity total depends on the desired resolution limit.) 

[0021] Still, the best-compression settings of modern 
implementations require multiplications on the encoder and 
divisions on the decoder for each processed symbol, so they 
are slower than a static HulTman coder, especially on the 
decoder side. (The particular degree of the speed penalty 
depends on the processor.) By some evaluations, moreover, 
the arithmetic coder compresses even less effectively than 
the Hu?fman coder when its probability tables fail to keep up 
with the source probabilities or otherwise do not match 
them. 

SUMMARY OF THE INVENTION 

[0022] I have recogniZed that an expedient somewhat 
reminiscent of Rissanen’s can be used to reduce the com 
putation cost of enumerative encoding in a way that retains 
its general applicability and sacri?ces little in compression 
ratio. I have recognized, that is, that such a result can come 
from replacing the conventional combinatorial values with 
limited-resolution substitutes. 

[0023] Now, there is no straightforward way of applying 
the Rissanen approach to enumerative coding. As was 
explained above, the tactic Rissanen used to produce decod 
able output was to reduce the assumed symbol probabilities 
on which the his add-on-value computations were based, 
whereas the computation of conventional enumerative cod 
ing’s add-on values is not based on assumed probabilities. 
And straightforward rounding of the conventional combi 
natorial values to lower-resolution substitutes does not in 
general produce decodable results: more than one source 
sequence of the same symbol population can produce the 
same index. So, although substituting limited-resolution 
add-on values for conventional ones has been tried before in 
enumerative coding, previous approaches to using short 
mantissa substitutes for conventional combinatorial values 
were restricted to source sequences that are constrained in 

ways that most source sequences are not. They have there 
fore been proposed for only a few niche applications. 

[0024] But I have recogniZed that these limitations can be 
overcome by using what I refer to as “quantiZed indexing.” 
In quantiZed indexing, gaps are left in the sequence of 
possible indexes: for a given symbol population, that is, the 
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index values used to identify some sequences having that 
population will sometimes exceed certain values not so 
used. I leave gaps in such a way that the add-on values used 
to compute the indexes can be expressed in low-resolution 
representations that can be added in low-resolution opera 
tions and can require relatively little storage space. As will 
be seen below, such add-on values can readily be so chosen 
as to comply with the “pigeonhole principle” i.e., to result in 
decodable indexes by employing a “bottom-up” approach to 
add-on-value computation, i.e., by deriving add-on values 
for longer sequences’ symbol populations from those for 
smaller sequences. 

BRIEF DESCRIPTION OF THE DRAWINGS 

[0025] The invention description below refers to the 
accompanying drawings, of which: 

[0026] FIG. 1 is block diagram of a typical encoding and 
decoding environment in which entropy encoding may be 
used; 
[0027] FIG. 2 is a block diagram of a typical computer 
system that can be used to perform encoding; 

[0028] FIG. 3 is a diagram of a lattice employed to depict 
a relationship between sequences and their symbol popula 
tions; 

[0029] 
[0030] 
[0031] 
[0032] FIG. 7 is a code listing that illustrates one form of 
enumerative encoding; 

FIG. 4 depicts two single-bit paths in that lattice; 

FIG. 5 depicts four two-bit paths in that lattice; 

FIG. 6 depicts the lattice with path counts; 

[0033] FIG. 8 is a listing that illustrates the corresponding 
enumerative decoding; 

[0034] FIG. 9 is a diagram that depicts the relationships 
between successor and predecessor symbol populations; 

[0035] FIG. 10 is a block diagram that depicts one way of 
implementing an encoder’s index-computation circuitry; 

[0036] FIG. 11 is a diagram that illustrates selection of 
operands in one index-computation step; 

[0037] FIG. 12 is a diagram similar to FIG. 11 but depict 
ing a different selection; 

[0038] FIG. 13 is a diagram of one approach to converting 
a large-alphabet sequence into binary-alphabet sequences 
for coding; 

[0039] FIG. 14 is a similar diagram of another approach; 

[0040] FIG. 15 is a diagram that labels the steps used in the 
approach of FIG. 13; and 

[0041] FIG. 16 is a diagram that labels the steps used in the 
approach of FIG. 14. 

DETAILED DESCRIPTION OF AN 
ILLUSTRATIVE EMBODIMENT 

[0042] Before we consider ways in which the present 
invention can be implemented, we will brie?y consider a 
typical environment in which an entropy encoder may be 
used. The entropy encoder may be a constituent of a 
composite encoder 10, usually one designed to operate on a 
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speci?c type of source sequence. For instance, the encoder 
may be intended to encode sequences of symbols that 
represent values of image pixels. Framing information may 
be available, too, and the data may accordingly be subjected 
to, say, a tWo-dimensional discrete cosine transform 12. 
Some difference operation 14 may then be performed to 
express each value as a difference from one that came 
before. 

[0043] Despite the differential operations, there is usually 
some skeW in the resultant output’s symbol distribution, and 
it is at this point that the entropy coding 16 may be employed 
to compress the data toWard their entropy value. In some 
cases, some measure of redundancy Will then be re-intro 
duced by, say, error-correction coding 18 in order to protect 
against corruption in a noisy transmission channel 20. If so, 
the result Will be subjected to error-correction decoding 22 
at the other end of the channel 20, and entropy decoding 24 
Will re-expand the compressed data to the form that emerged 
from the difference operation 14. An accumulator operation 
26 Will reverse the difference operation 14, and another 
discrete cosine transform 28 Will complete the task of 
reconstituting the image. In addition to the actual pixel 
value data discussed here, the channel in a practical system 
Would typically also carry framing, quantization, and other 
metadata. 

[0044] For the sake of explanation, it is convenient to 
represent the operations as FIG. 1 does, With successive 
operations represented by successive blocks. And, in some 
environments, those blocks could represent respective dif 
ferent circuits. In many cases, though, some or all Would be 
embodied in the same circuitry; all of the encoding circuitry 
could, for example, be implemented in the same computer 
system, such as the one that FIG. 2 represents. 

[0045] In that draWing, a computer system 30 includes a 
microprocessor 32. Data that the microprocessor 32 uses, as 
Well as instructions that it folloWs in operating on those data, 
may reside in on-board cache memory or be received from 
further cache memory 34, possibly through the mediation of 
a cache controller 36. That controller can in turn receive 
such data and instructions from system read/Write memory 
(“RAM”) 38 through a RAM controller 40 or from various 
peripheral devices through a system bus 42. Alternatively, 
the instructions may be obtained from read-only memory 
(“ROM”) 44, as may some permanent data, such as the 
index-volume values that Will be discussed beloW in more 
detail. The processor may be dedicated to encoding, or it 
may additionally execute processes directed to other func 
tions, and the memory space made available to the encoding 
process may be “virtual” in the sense that it may actually be 
considerably larger than the RAM 38 provides. So the 
RAM’s contents may be sWapped to and from a system disk 
46, Which in any case may additionally be used instead of a 
read-only memory to store instructions and permanent data. 
The actual physical operations performed to access some of 
the most-recently visited parts of the process’s address space 
often Will actually be performed in the cache 34 or in a cache 
on board microprocessor 32 rather than in the RAM 38. 
Those caches Would sWap data and instructions With the 
RAM 38 just as the RAM 38 and system disk 46 do With 
each other. 

[0046] In any event, the ROM 44 and/or disk 46 Would 
usually provide persistent storage for the instructions that 
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con?gure such a system as one or more of the constituent 
encoding or encoding circuits of FIG. 1, the system may 
instead or additionally receive them through a communica 
tions interface 48, Which receives them from a remote server 
system. The electrical signals that typically carry such 
instructions are examples of the kinds of electromagnetic 
signals that can be used for that purpose. Others are radio 
Waves, microWaves, and both visible and invisible light. 

[0047] Of course, feW computer systems that implement 
the present invention’s teachings Will be arranged in pre 
cisely the manner that FIG. 2 depicts, and encoders are not 
necessarily implemented in general-purpose microproces 
sors or signal processors. This is true of encoders in general 
as Well as those that implement the present invention’s 
teachings, to Which We noW turn by Way of illustrative 
embodiments. 

[0048] To introduce those teachings, We Will start by 
returning to conventional enumerative encoding and 
describing it in accordance With a conceptual frameWork 
that helps present certain of the present invention’s aspects. 
Of special interest are binary sources, i.e., sources Whose 
outputs are sequences of the symbols 0 and 1, since most 
other types of data sources can be reduced to this canonical 
source. We Will map such sequences to paths on a square 
lattice depicted in FIG. 3. The square lattice is a set of points 
(x,y), Where x and y are integers. Unless otherWise indi 
cated, the lattice paths discussed start at the origin (0,0) in 
the upper left comer. The draWing convention for coordi 
nates Will folloW text directions, i.e., x increases from left to 
right and y from top to bottom. The mapping rule interprets 
a binary string as instructions for a connected sequence of 
lattice steps, 0 as a rightWard step and l as a doWnWard step. 
FIG. 3 illustrates the mapping betWeen a binary string S8=0 
0 l 0 l 0 0 l and a lattice path [A, B]. 

[0049] We digress here to point out that references in this 
discussion beloW to 0 bits and 1 bits in the sequence to be 
encoded is arbitrary; 0 refers to one of the tWo possible bit 
values and l to the other, independently of What arithmetic 
meaning they are accorded outside of the encoding opera 
tion. Also, although it is advantageous if the sequence-bit 
value to Which We refer as 1 occurs less frequently in the 
sequence than the value to Which We refer as 0, there is no 
such requirement. 

[0050] Before We compute the index of a particular path, 
We Will examine hoW many different paths (constructed by 
our mapping rule) there are from point A to point B. FIG. 4 
shoWs both possible single-step paths from the origin, While 
FIG. 5 shoWs all possible tWo-step paths. The one- and 
tWo-step fronts represented in those draWings by dashed 
diagonal lines run though all lattice points reachable in one 
and tWo steps, respectively. More generally, since the lattice 
coordinates x and y are simply the counts of 0’s and l’s in 
a bit string ending in the point (x, y)ii.e., since each lattice 
point represents a respective unique symbol population 
shared by all paths that terminate there and the number of 
steps n is the total number of bits in the string (i.e. n=x+y), 
every n-step front is a diagonal line parallel to the one- and 
tWo-step fronts shoWn. 

[0051] FIGS. 3, 4, and 5 reveal a general pattern: every 
path to any point (x, y), passes either through the point above 
it, i.e., (x, y-l), or through the point to its left, i.e., (x-l, y). 
So the path count N(x, y) for the symbol population (x, y) 
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is the sum of the path counts of its predecessor symbol 
populations, i.e. of its tWo neighbors at (x-l, y) and (x, y-l). 
Symbolically, that is: 

[0052] For all edge points (x,0) or (0,y) the path counts for 
the neighbors at (x,—l) or (—l,y) are 0 since these neighbors 
cannot be reached by our lattice-Walk rules. (The only valid 
steps are right or doWn.) And We de?ne the origin (0,0)’s 
path count as 1 (corresponding to the path of 0 steps) in order 
to avoid separate equations for the edge-point path counts 
(Which are always 1). 

[0053] Eq. (2) enables us to compute the path counts for 
all (x, y) points along an n-step front (the points along the 
line x+=n) from path counts of the points on the (n—l)-step 
front. Since We already have the path counts for the tWo-step 
front, We Will propagate them, as FIG. 6 shoWs, to the 
eight-step front. The path count next to each point Was 
calculated by adding the path counts of its tWo neighbors and 
advancing from one front to the next. Note that each front’s 
values are the combinatorial values in a respective roW of 
Pascal’s triangle, so they could instead be computed as 
C(x+y, x)E(x+y)!/(x! y!). As Will be seen, though, focusing 
instead on the “bottom-up” approach of deriving successive 
fronts’ values from previous fronts’ leads more readily to the 
Way in Which We Will obtain the quantized values to be 
introduced beloW. 

[0054] Having found the path count N(B)EN(5,3)=56, We 
knoW that numbers in the range [0 . . . 55] are suf?cient to 

guarantee a unique numeric index to every distinct path to 
point B. To arrive at a speci?c numeric classi?cation of the 
paths to B, We Will adopt a divide-and-conquer strategy, 
splitting the problem into smaller sub-problems until the 
sub-problems become non-problems. 

[0055] Following the hint of the Eq. (2), We notice that the 
?fty-six paths reaching point B (after 8 steps) consist of 
thirty-?ve paths arriving from B’s left neighbor BL and 
tWenty-one paths arriving from its neighbor above, B A. And, 
for each of the thirty-?ve eight-step paths S35 arriving at B 
via BL, there is a matching seven-step sub-path SL arriving 
at BL. Similarly, for each of the tWenty-one paths S21 
arriving at B via B A there is a matching seven-step sub-path 
S A arriving at B A. 

[0056] If We had an indexing scheme U7(path) for the 
seven-step paths to BL and to B A, We Would then have an 
index for SL (some number I7(SL) in the range 0 . . . 34) and 
an index of S A (a number I7(SA) in the range 0 . . . 20). With 
these tWo numbers, We could then de?ne the index for any 
of the thirty-?ve eight-step paths from {S35} as I8(S35)= 
I7(SL). For the remaining tWenty-one eight-step paths {S21} 
We cannot reuse the index I7(SA) directly by de?ning 
I8(S2l)=I7(SA), as We did With I7(SL), since these numbers 
are in the range [0 . . . 20] and Would collide With the 

thirty-?ve already-assigned eight-step indexes [0 . . . 34]. In 
order to get to the tWenty-one unused eight-step indexes a 
simple solution is to add 35 to each of the tWenty-one 
numbers I7(SA). So We Will de?ne I8(S21)=I7(SA)+35, push 
ing thus these tWenty-one indexes into the unused index 
range of the IS( ) index space. 

[0057] In summary, We can construct indexing for the 
eight-step paths to B from the seven-step indexing by 
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directly reusing the seven-step index for the paths coming 
from the left neighbor BL and by offsetting the seven-step 
index by 35 (i.e., by the path count of the point BL) for the 
paths coming from the neighbor above, B A. 

[0058] We can folloW this approach for any given path, 
moving back along the path, While accumulating the full 
index offset by adding the left neighbor’s path count When 
ever the next back-step is going up, and reducing in each 
step the unknoWn residual index to the next-loWer order. 
Eventually, We Will reach an edge point (x=0 or y-O), Where 
the path counts are 1. Since this single path is indexed by a 
single value 0, that completes our residual index reduction. 
The resulting index of the full path is thus the accumulated 
sum of the index offsets alone. 

[0059] The numbers circled in FIG. 6 shoW these add-on 
values from the left neighbors along the backtrack for S8=0 
0 l 0 l 0 0 1. Adding them results for this path’s index: 
I8(00l0l00l)=3+6+2=43. The path index thus computed is 
the “main” component of the compressed data. The other 
component is an identi?er of point B. To decode the received 
index I, We start at the end point B and compare the index 
I With the path count NL of its left neighbor. If I<NL, We 
output 0 as the decoded bit and take a horizontal step to the 
left. Otherwise We output 1 as the decoded bit, then set I=I 
NL and take a vertical step up. We continue With this 
sequence until We arrive at the origin (0,0), at Which point 
the full string has been decoded. 

[0060] Since the index reduction described above is the 
foundation of enumerative coding and the springboard for 
the neW approach described beloW, We Will reWrite it sym 
bolically for a general point Bn=(xn, yn) reached after n 
steps. The left neighbor BL=(x—l, yn). The number of steps 
to BB is n=xn+yn and the number of steps to BL or BA is n-l. 
If the bit strings for paths ending in BD are denoted Sm=blb2 
. . . bn (Where bits bi are 0 or 1), the coordinates XD and yn 
(Where yn is the count of l ’s in SD and xn is the count of 0’s) 
can be expressed in terms of the input string Sn as: 

The reduction of the n-bit index to the (n—l)-bit index then 
becomes: 

[0061] This is merely a concise symbolic restatement of 
the earlier conclusion about the reuse of the previous order 
index In_l With or Without the offset term. The seemingly 
super?cial factor bn in (4) plays the role of the earlier if-else 
descriptions: it selects Whether to add (When bn=l) or not to 
add (When bn=0) the left neighbor’s path count N(xn—l, yn) 
to the cumulative index. By recursively expanding the In_l 
term in (4), using Eq. (4) itself, along With the recursion 
termination conditions I1(0)=Il(l)=0, We obtain: 
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[0062] Although (5) could be used to backtrack visually 
along the path (as in FIG. 6 for the S8 example) and compute 
the path index, We Will streamline it further to a form more 
suitable for an implementation in a computer program (i.e., 
a form closer to the properties of the input bit string). As Was 
stated above, FIG. 6’s numbers form Pascal’s triangle 
(rotated by 45° With point A on top), so the path counts 
N(x,y) are binomial coef?cients: 

[0063] With this identi?cation, the path counts being 
summed in (5) become: 

[0064] The only non-Zero contributions to the sum (5) 
come from those i for Which bi=1. Since numbers yi above 
are the counts of 1’s Within the ?rst i steps, We can reWrite 
(5) in terms of the purely bit-string properties as: 

(7) 

Fl 

Where k is the number of 1’s in SD and the nj’s are the values 
of i for Which bi is a one rather than a Zero. Eq. (7) is a form 
in Which the index computation can be implemented effi 
ciently, since it uses the input bit-string’s properties directly 
and incrementally: at any point in the input string, the 
computation depends only on the values traversed to that 
point, and it is independent of the later ones and of the limits 
n and k. 

[0065] The encoding proceeds by scanning the input data 
until the jth instance of a bit set to 1 is found at some 
Zero-based bit index nj. A binomial coe?icient C(nj, j) is 
retrieved (usually from a table) and added to the cumulative 
path index (Which represents the compressed data). At the 
end of the input data (or a block), the last j that Was used is 
the count of 1’s, Which is sent to the decoder as k. The code 
of FIG. 7 shoWs the encoding procedure. 

[0066] FIG. 7’s second line imposes the termination con 
dition n<M. This results in ?xed-to-variable (“FV”) pacing: 
the input-block siZe is ?xed, While siZe of the resultant code 
is variable. Actually, though, this encoding is self-suf?cient 
at all points: if the loop is terminated at any point Where 
n<M, the accumulated code I up to that point is a valid path 
index for the bit string Sn scanned up to that point and can 
be decoded by using the values of n and k present at the 
termination point. Therefore, alternative termination condi 
tions could be used, such as limiting the count of ones 
(variable-to-variable, “VV”) or limiting the siZe (in bits) of 
the path index (variable-to-?xed, “VF”). (This self-su?i 
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ciency is a property of the indexing formula (7), Which 
implements the colexico-graphic ordering scheme. With the 
lexicographic ordering that more-common treatments of 
enumerative coding employ, the codes produced depend on 
the block siZe M.) 

[0067] Some boundary cases of interest are strings con 
sisting of all Zeroes (k=0) or all ones (k=n). Since the path 
counts in these cases are C(n,0)=1 and C(n,n)=l, the number 
of bits for the path index is log(C)=log(1)=0; i.e., no 
compressed bits are transmitted. If the block siZe n is 
pre-de?ned, the only data sent are the count of 1’s, Which is 
0 or n. 

[0068] The decoder starts With the received index I, the 
count of 1’s (the value k) and the knoWn (e.g., pre-arranged) 
total number of expanded bits n. If the special boundary 
cases k=0 and k=n have been handled separately, the decod 
ing proceeds as the FIG. 8 code fragment indicates. 

Sliding WindoW Enumerative Coding 

[0069] Having noW examined conventional enumerative 
encoding in detail (and described a self-suf?cient Way of 
implementing it), We are noW ready to consider one Way to 
practice the invention. To motivate the main constructs of 
that approach, We Will revisit the conventional enumerative 
coding results from the FIG. 6 example. The index I for path 
[A,B] Was computed to be 43, and that represented the 
“main” compressed data for the example input string S8=0 
0 1 0 1 0 0 1. To transmit this index, enough bits need to be 
sent to ?t any of the ?fty-six values that an index could have 
taken for sequences of the same symbol population. The 
compressed block siZe Will therefore be log(56)=5.81 bits. 

[0070] In addition to the index I, the decoder needs to 
knoW in advance Where the end-point B Was, i.e., What the 
source sequence’s symbol population Was, so more data (the 
side information) needs to be sent. Since there is a constraint 
x+y=n and in this example the tWo sides have agreed to a 
common value of n, the decoder can infer the symbol 
population simply from the count of 1’s (the y coordinate). 
For our block siZe of 8 bits, the count of 1’s could be any 
number from 0 to 8, spanning a range of 9 values, so it takes 
log(9)=3.17 bits on average to send the side information. 
This is more than half of the “main” compressed data siZe, 
and it makes the total compressed siZe 8.98 bits. That is, the 
“compressed” data’s siZe exceeds even that of the uncom 
pressed data. 

[0071] By using Eq. (1), We can compute the entropy of a 
binary source that produces 3/8=37.5% 1’s and 5/8=62.5% 
O’s for a block of 8 bits and obtain: H(3/8,8)=5 log(8/5)+3 
log(8/3)=7.64 bits. Although our “main” compressed data, 
the bit-string index, had used only 5.81 bits, Which is less 
than the entropy of 7.64 bits, the side infor'mation’s over 
head (the 3.17 bits) turned the encoding into a net data 
expansion. 

[0072] If We Were to use blocks larger than eight bits, the 
compression Would improve, because the side information 
groWs sloWly, only as log(n), i.e., much more sloWly than the 
(linearly increasing) entropy. For example, for a block siZe 
of 256 bits instead of 8 bits and the same fraction of 3/8 for 
1’s, the side-information overhead is at most 8.01 bits, and 
the index Would use 240.1 bits, yielding the net compressed 
output of 248.1 bits (or about 245 bits if the side information 
itself is being compressed, as could be done in a case in 
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Which there is a larger number of blocks and the number of 
1’s follows a Gaussian distribution), While the entropy in 
this case is 244.3 bits. If the block siZe is 256 bits or above 
and the side information is itself compressed, enumerative 
coding compresses at practically the entropy rate (i.e., 245 
bits vs. 244.3 bits). 

[0073] To quantify the output properties of enumerative 
coding beyond the illustrative examples, We need to exam 
ine the general case of the path index (6)-(7). The siZe (in 
bits) of the path index In for an n-bit sequence that contains 
exactly k ones is log(N(n—k,k))=log(C(n,k)), Where the 
binomial coef?cient C(n,k) is the path count for n-bit strings 
With k ones (cf. (6)-(7)). Applying the Stirling approxima 
tion for factorials, 

12n 

to the three factorials in C(n,k) yields: 

27rk(n — k) 1 (9) 

[0074] We can express the bit counts above in terms of the 
corresponding probabilities through p(1)Ep=k/n and 
p(0)Eq=(n—k)/n, Which transforms (9) into: 

[0075] Comparing (10) With the entropy (1) for a tWo 
symbol alphabet (R=2 in (1)) reveals that n[p log(1/p)+q 
log(1/q)] is this n-bit string’s entropy. The second term 
(Which is logarithmic in n) is a small negative correction, 
Which reduces the siZe of the path count N(n—k,k) to a value 
slightly beloW the source entropy. This is the effect exhibited 
by the earlier numeric examples. The reduction is: 1/z log(2s'c 
npq)=1/z log(2s'cqk) bits. Since the bit cost of sending k, the 
count of 1 ’s (or O’s if 0 is the less frequent symbol) is log(k) 
bits (if sent uncompressed), the reduction in (10) is around 
half the bit cost of sending k, so the total output (path index 
plus side information) exceeds the entropy by 1/z log(2s'c 
npq). 

[0076] Another redundancy, not explicit in (10), is one that 
becomes more signi?cant for smaller blocks. It is the frac 
tional-bit-rounding loss, Which results from the fact that the 
compressed data can be sent only in Whole numbers of bits. 
From the example of the (8,3) block, the index is a number 
in the range [0 . . . 55], so it contains log(56)=5.81 bits of 
information. A six-bit number is required to transmit that 
index, but a number of that siZe can represent a larger range, 
i.e., [0 . . . 63], so sending the index Wastes the unused eight 
values of the range [56.63]. In terms of bits, this is a Waste 
of 6—5.81=0.19 bits, or about 3.3% of every 5.81-bit index 
sent. 

[0077] In summary, enumerative coding is optimal to 
Within the 1/z log(2s'c npq)/n of the source entropy (per input 
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symbol), so the block siZe n is the key controllable factor 
that determines the degree of the optimality. Another ingre 
dient in (10) that affects the optimality (but to a lesser 
degree) is the product pq, but that is the property of the 
source and not of the encoder. For loWer-entropy sources 
(pqQO), the degree of optimality is higher than for higher 
entropy sources (p, qQl/z). 

[0078] Although Eq. (10) demonstrates the appeal of 
larger blocks, it also shoWs Why they cannot be achieved in 
a straightforWard Way (such as the Way that FIG. 7 illus 
trates). Speci?cally, the terms being added at any point in the 
FIG. 7 loop are of the siZe given by (10), ie they are 
proportional to the processed siZe n scaled doWn by the 
factor H(p)Ep log(1/p)+q log(l/q) (the entropy function), 
Which is the compressed data siZe at that point. Not only 
does the addition operation’s precision need to be high (of 
the order n), but the memory used to store tables of pre 
computed binomials C(n,k) is of the order n3 (since it needs 
to contain n2/4 entries of n bits each). This rapidly becomes 
impractical. 

[0079] To introduce our solution for both problems, We 
need to examine more closely the arithmetic of the enu 
merative encoder. We Will reuse the example from FIG. 2, 
the encoding of a string S8=00101001. The streamlined 
formula (7) yields for the path index: 

2 4 7 (11) I8(OO1O1OO1)=[ ]+[ ]+[ ]=2+6+35=43. 1 2 3 

or, in binary 

O O 

+ 10 + 2 

E =_2 
+ m L6 

1000 = 8 

+ mm +35 

101011 :43 

[0080] The indicated additions illustrate the groWth of 
entropy as the coding progresses. The self-suf?ciency prop 
erty of colex indexing (7) implies that any add to the existent 
sum increases the siZe (in bits) of the sum by the entropy of 
the symbol that triggered the add. Roughly speaking, since 
the adds occur on encountering bit=1 (the less frequent of 
the tWo symbols), the running entropy has to increase by 
more than one bit for each add, so the add-on terms almost 
alWays have to be at least of the siZe of the existent sum. We 
can see this pattern, as (11) above demonstrates. 

[0081] A further heuristic observation is that the bulk of 
the entropy production occurs at the leading (the most 
signi?cant) bits of the sum Although carry propagation in 
the loWer bits can lengthen the sum, that happens only rarely. 
(The probability of such an occurrence drops exponentially 
With the distance d of the bit from the sum’s leading edge). 
So the activity in the loWer bits, far aWay from the leading 
edge, seems to be of little importance except that it expands 
the required arithmetic precision to the output-data siZe. 

[0082] NoW, that unfortunate result Would be eliminated if 
the ones in the add-on terms’ resolutions Were limited. (We 
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Will say that the resolution in radix r of a value N is h if h 
is the number of radix-r digits in the smallest quotient that 
results from dividing N evenly by a non-negative-integer 
poWer of r.) It could be eliminated, that is, if the conven 
tional add-on terms N(x,y) (Which are by (7) binomial 
coefficients) Were replaced With values V(x,y) that could be 
expressed as ?oating-point numbers Whose mantissas are 
short. It turns out, though, that simply rounding the conven 
tional path-count values to such loW-resolution values does 
not Work; the resultant indexes are not alWays unique. But 
I have recogniZed that the add-on values can be selected in 
a Way that both satis?es the short-mantissa requirement and 
produces a decodable result and still achieve nearly the same 
degree of compression that the conventional binomial values 
do. 

[0083] A Way in Which this can be achieved can readily be 
understood by returning to FIG. 6’s path counts. By pre 
senting their computation as the recurrence relationship of 
Equation (2) rather than as the binomial term (x+y)!/(x! y!), 
We have shoWn the Way to arrive at add-on terms that have 
the desired properties. Speci?cally, such add-on terms can 
be obtained by employing the approach of Equation (2) With 
one change. When the result of that equation for a given 
value of N(x,y) cannot be expressed exactly as a ?oating 
point value Whose mantissa is short enough, it is rounded up 
to a value V(x,y) that can be and then used the result in 
computing V(x+l,y) and V(x,y+l). That is, the rounding is 
applied to values that have been computed from values that 
themselves have potentially resulted from rounding. By thus 
applying the rounding in a “bottom-up” manner We ensure 
that the resultant index is unique among those computed for 
sequences Whose symbol population is the same. 

[0084] Note that in principle the “rounding up” can be any 
operation that results in an appropriate-resolution value 
greater than or equal to the value for Which it is being 
substituted; it need not be the loWest such value. Indeed, the 
rounding-up operation can be performed even for values 
Whose resolution is already loW enough. In practice, though, 
it Will ordinarily be preferable to employ the loWest such 
value. In the discussion that folloWs We Will therefore 
assume an embodiment that observes that restriction. In that 
discussion it Will be convenient to take an object-oriented 
programming perspective and treat the add-on values during 
their computation in this embodiment of the invention as 
instances of a “sliding-WindoW-integer” (“SW integer”) 
class of data objects. This class’s data member takes the 
form of a ?oating-point number (although not typically one 
represented in accordance With, say, the IEEE 754 standard). 
Additionally, this class Will include method members. The 
method members perform What We Will refer to as “sliding 
WindoW arithmetic,” Which implements the above-men 
tioned rounding uniquely and is used to compute further 
add-on values (but not the resultant indexes). 

[0085] Before We describe SW arithmetic in detail, We 
need to examine the requirements that arise from the add 
on-values’ computation. We also need to assess hoW feasible 
using them for enumeration is in the ?rst place, especially 
for arbitrary-length input blocks. 

[0086] Initially, We assume only the properties of the SW 
integers Without Which they Would not be useful at all. Their 
de?ning structural feature is the formal separation of the 
signi?cant digits (the WindoW or the mantissa) from the tail 
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of Zeros (speci?ed as the shift or the binary exponent for the 
WindoW). We can express this feature as folloWs: 

or, more visually: 

mibir w S bits (12a) 

W(w, s, m) : lxx...xOOO... O 

The SW integer W in (12) shoWs the signi?cant bits as 
integer W, the shift as s and the Width of the mantissa (in bits) 
as m. The three forms shoWn With different degrees of detail 
are synonyms. For computational convenience, the mantissa 
is normalized, i.e. mantissa W satis?es 2m‘l §W<2In for s>0. 
For s=0 (i.e., When the mantissa’s value is that of the 
non-shifted integer), 0§W<2m. In practice, such values may 
be stored in a packed format, in Which the mantissa’s 
most-signi?cant bit is implicit for s>0. That is, W’s most 
signi?cant bit, Which must be 1 for s>0, is not stored, but 
instead gets inserted automatically by the lookup function. 
For the packed SW format it is convenient to use a biased 

shift, i.e., W(W,I‘,II1)EW 2*1 for r>0 and W(W,I‘,II1)EW for r=0 
Where rEs+l for W 22”“‘1 and r=0 for W<2m_l. That enables 
value r=l to be used as an signal of the implicit bit’s 
presence of for s=0 and W§2m_l. 

[0087] We Will noW examine hoW large an SW integer’s 
shift s and mantissa size In need to be to represent the 
binomials in (7). In the high-entropy range of p, i.e., Where 
p=q=1/z, Equation (10) shoWs that log(C(n,n/2))§n, so the 
binomial uses at most n bits. From (12a) it then folloWs that 
shift s requires no more than [log(n—m)] bits. The mantissa 
size In is a parameter that affects the path index’s siZe (and 
therefore the compression ratio). For SW integers to repre 
sent n2/4 distinct binomials up to C(n,n/2) they needz2 
log(n) bits, and, since the shift s provides log(n) bits, the 
mantissa size In has to be at least [log(n)] bits as Well. In the 
discussion beloW of add-on-value tables, though We Will ?nd 
that In need not be greater than [log(n)]+l bits for the 
compression to be practically optimal, i.e. to have less than 
a single bit of redundancy per n bits of input data. 

[0088] Using the packed format for the add-on-value 
tables results in the entry siZe for the binomial tables of 
2~[log(n)] bits, Which is 1/2 n/log(n) times as small as the 
tables that conventional enumerative coding Would require. 
For example, the tables Would be 50 times as small for 
n=l024, or 293 times as small for n=4096. And the speed 
advantage of using loW-resolution add-on values is at least 
tWice that great. 

[0089] This speed estimate is based on the assumption that 
the neW terms being added in accordance With Equation (7) 
are roughly of the same siZe or slightly larger than the partial 
sums to Which they are being added, i.e. that they exhibit the 
pattern shoWn in (11). A case that Would cause a problem 
Would be a situation in Which the cumulative sum is large 
(e.g. roughly of the siZe of compressed data), While the term 
being added is comparatively small. In such an instance, the 
add-on term’s leading digits could be far behind the sum’s, 
and carry propagation could require the adds to proceed 
across the entire gap betWeen the addends’ leading digits. 
Our earlier preliminary argument against this type of occur 
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rence was based on the growth of the instantaneous entropy. 
I.e., since the adds occur only when a less-frequent symbol 
is encountered, they have to increase the entropy of the 
output by more than a single bit, so the add-on term has to 
be at least as large as the partial sum to which it is added. 
However, the ratio of l’s and O’s can change over the span 
of a block: what was the less-frequent symbol initially may 
later become the more-frequent one overall. To clarify the 
potential carry-propagation problem, we will examine the 
individual adds in (7) more closely. 

[0090] FIG. 9. depicts a general arrival at some (symbol 
population-representing) point B=(x,y) through a path rep 
resenting a sequence Sn that ends in bn=l. The path therefore 
ends in a vertical step from a point above it, B A=(x,y—l). 
(Equation (7) calls for adding add-on terms only on vertical 
steps). Also shown is B’s left neighbor, BL=(x—l,y) since its 
path count will need to be added to the running sum. Next 
to the coordinates’ (x,y) formats are the corresponding [n,k] 
formats obtained in accordance with (3): n=x+y, k=y, n-y 
k=x. 

[0091] The sum of interest is the one at point B A, o(BA)= 
c(n—l,k—l), which was obtained from (7) by adding along 
the sub-path to BA: Sn_l=blb2 . . . bn_l. Since o(BA) is also 
the path index of the sub-path Sn_l (by the self-suf?ciency 
property of (7)), it is always smaller than the path count to 
BA, N(BA), which from FIG. 9 is N(BA)=C(n—l,k—l). 
Therefore: 

The term we are adding on arrival to B is the left neighbor’s 
path count, i.e., N(BL) which is C(n—l,k). The ratio r 
between the o(BA) and the add-on term C(n—l,k) is: 

n-l (15) 

0'(BA) [It-l] It 

[0092] (Note that (15) assumes k<n. Otherwise, k=nQx= 
n—k=0, so B would be on the left edge and there would be 
no left neighbor BL and therefore no addition in (7) or carry 
propagation to consider.) The last inequality in (15) shows 
that the accumulated sum in (7) is never more than n times 
as great as the next term being added. This means that, if the 
add-on term is less than the accumulated sum, the difference 
between the position of the add-on term’s most-signi?cant 
one bit and that of the accumulated sum to which it is being 
added is never greater than log(n) bits, so it is less than the 
mantissa width m. That is, the carry propagates within the 
arithmetic precision of the sliding window, which will 
typically be kept well within machine-word precision. So 
any carry propagation due to the small add-on terms can 
occur within the machine word. (As will be explained below, 
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though, some embodiments may nonetheless employ 
double-wordior even greateriarithmetic precision.) 

[0093] In most implementations, the index calculations 
will be so arranged that the additions occur on the less 
frequently occurring symbol, which in these discussions is 
assumed to be 1. Since k is the number of l’s and (n-k) is 
the number of 0’s up to any point B, Equation (15)’s tighter 
inequality, i.e., r<k/(n—k), means that r<l for all points at 
which the cumulative count of 0’s dominates the count of 
l’s. In such path regions the add-on terms are greater than 
the current sum, as entropy considerations and example (11) 
already indicated. 

[0094] If the index computation is performed in order of 
increasing volume values, then a key implication of Equa 
tion (15) concerns the compressed data’s buffering and 
output. Since it is only the SW integer’s m-bit mantissa w 
that is being added to the (machine) integer, and since the 
(SW-integer) add-on terms in (15) will never needed to be 
added to any bit positions more than log(n) bits from the end 
of the output buffer, no bits farther back than the distance 
d=m+[log(n)]=(2 [log(n)]+l) bits from the current sum’s 
leading bit will change any more. So those bits can be output 
immediately while the encoding progresses. Also, the output 
buffer can be very small; a d-bit bulfer would su?ice. These 
are features that conventional enumerative coding lacks. 

[0095] In view of this carry-propagation analysis, it is 
likely that most index-computation circuits that employ the 
present invention’s teachings will perform the limited-pre 
cision additions corresponding to those of Eq. (7)’s (unlim 
ited-precision) additions in the order of increasing j in that 
equation, i.e., will sequence add-on-term addition from the 
smaller ones to the larger ones. For the proposed SW-integer 
add-on terms, this implies that the additions in (7) will go 
from smaller shift values of s to larger ones (which is a 
binary digit position for the mantissa as shown in (l2a)). 
This ordering plays the same role as the analogous rule in 
elementary arithmetic that the additions of multi-digit num 
bers advance from the least-signi?cant digits toward the 
more-signi?cant; if they proceeded the other way, carries 
would propagate in the direction opposite from that in which 
the additions do, and this would necessitate backtracking to 
?x up the carry in the digits already left behind. So most 
embodiments will probably observe the n-sequencing rule 
and thereby avail themselves of the resultant ef?ciency 
advantage. 

[0096] However, it may be important in some circum 
stances not only for the compressed bits to be sent incre 
mentally with minimum coding delay but also for the 
decoder to be able to decode the incoming bits as they arrive, 
without waiting for the block completion. Embodiments that 
operate in such circumstances may violate the n-sequencing 
rule. The coding would proceed from nk down to n, (where 
nk>nk_l . . . >nl Z0), and it would use a convention that the 

bit index n]- is the bit position from the end of the block, so 
the maximum nk would point to the input string’s ?rst 1 bit. 
This would be analogous to adding long numbers by starting 
with the most signi?cant digits and moving down to the least 
signi?cant digits. To eliminate the need to delay transmitting 
the initial (most-signi?cant) index bits because of the pos 
sibility of a carry, an extra 0 bit could be inserted into the 
buffer whenever more than 2 log(n) back-to-back l’s are 
sent. That stops any carry that would otherwise propagate 
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beyond it, and, if the encoder encounters that many 1 bits in 
a roW, it can infer that the next bIIiWhICh Would be a 1 if 
it stopped a carryiis such an inserted bit. That inserted bit’s 
value affects only the decoder’s determination of its later 
output bits, so the encoder can compute the ?rst bits Without 
Waiting for it. Of course, inserting the additional bit 
increases coding redundancy slightly, and it Would increase 
processing time. 

QuantiZed Indexing Enumeration 

[0097] Having established the properties of SW integers 
that shoW their storage and computation advantages, We noW 
turn in detail to the more-basic question: does the above 
mentioned approach to selecting SW-integer replacements 
for the binomials in (7) result in output that is decodable and 
that can be nearly optimal? Perusal of the steps that lead to 
the binomials in (7) reveals that recurrence (2) is the step 
that ?xed the choice to binomials, and it correctly speci?es 
path counts. But the real objective there Was to construct a 
path-indexing approach; the path counts Were merely a tool 
used at that stage to limit the siZe of the indexing space. The 
connection betWeen the path counts and the indexing space’ s 
siZe needs to be loosened if SW integers are used for the 
enumeration. 

[0098] To make the distinctions betWeen those concepts 
more precise, We de?ne a separate quantity, the indexing 
volume V(x,y) at a point (x,y), as the siZe of indexing space 
reserved for the paths reaching (x,y). In these terms, con 
ventional enumerative coding’ s largely unstated assumption, 
Which We Will call tight indexing, is: 

V(x, y)=N(x, y) (16) 

[0099] We Will drop this constraint. Instead: 

V(x,y)=W(W,S,m) (17) 

[0100] That is, We Will require that volumes be proper SW 
integers With mantissa siZe m. The arguments sand Win 
W(W,s,m) are themselves functions of x and y, i.e. W=W(x,y) 
and s=s (x,y), while In is chosen to produce the application 
speci?c best compromise betWeen the compression optimal 
ity and table siZe. In most embodiments it Will be a constant 
for a given block siZe n. For reasons that Will become 
apparent, it Will usually satisfy the condition 
m=m(n)>log(n)+1 and m(n)%log(n)+l for n—>OO. 

[0101] Of course, the path counts are still relevant; the 
pigeonhole principle requires that the volumes have to be at 
least as large as the number of paths to be indexed. But 
instead of complying With (16), Which imposes the pigeon 
hole principle constraints maximally tight and all at once, We 
Will phase in these constraints on the volumes gradually, 
leaving enough room to continue satisfying the requirement 
that the volumes remain SW integers (for a given mantissa 
siZe m). 

[0102] To express the rest of the formula for generating 
volumes for any point (x,y), We Will need to extend the SW 
arithmetic to the case SW+SW—>SW. Since adding the 
integer forms of tWo SW numbers can result in more 
signi?cant bits than the maximum alloWed In (eg if their 
shifts s dilfer signi?cantly), We Will need some rules for 
turning the excess nonZero bits to Zero. Keeping in mind the 
generator for the path counts (2) and that the pigeonhole 
principle limits us from beloW, i.e., that in addition to 
keeping the result as a proper SW integer, We need to 
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maintain VZN throughout, the smallest resulting volume 
that can satisfy both requirements Will be an SW integer 
Whose mantissa W results from rounding up the result of the 
addition to the nearest larger SW integer. 

[0103] We therefore introduce the folloWing rounding 
rule. To add Wl +W2=W(W, s, m), We in principle expand W l 
and W2 into the large-integer format of (12a) and obtain the 
regular integer sum of the resultant tWo large integers in a 
form of a c-bit Wide large integer L, thus L is bounded as: 
2°_l§L<2°. (The actual code for implementing the opera 
tion Would ordinarily folloW an equivalent but much more 
streamlined procedure. Rather than literally allocating space 
to expand the W’s into the form (12a), padding s bits With 
Zeroes, and adding tWo such long blocks, it Would be 
cheaper merely to compare the tWo shifts s and perform at 
most a single add of the resultant native machine integersi 
or, if the shifts s differ by m or more, perform no addition at 
all.) If cém the result L is already an SW integer With s=0, 
and the addition is complete. If c>m, the leading m bits are 
extracted from L into an integer W (the mantissa of W), and 
the shift s of W is set to s=c—m>0. Then, if there is any 
nonZero bit in L’s remaining s bits, W is incremented by 1. 
If this increment causes W to groW beyond m bits, the SW 
integer is renormaliZed by setting W=W/2 and s=s +1. That 
completes the rounding procedure of L into Wand the 
computation of the sum. 

[0104] We noW apply this SW-addition rule to one Way of 
computing volumes of the type that can be used to practice 
the invention. In most embodiments, the volumes V(x,y) for 
the boundary points (x, 0) and (0,y) Will be set to l). The 
volume values for the remaining points Will then be deter 
mined in accordance With: 

[0105] Recall that by (17) the volumes are SW integers. 
Therefore, although (18) appears the same as its counterpart 
(2), the addition in (18) is SW addition, the resultant V(x,y) 
actually can sometimes be greater than the conventional, 
non-SW sum of V(x—1,y) and V(x,y-l). In contrast, the 
result N(x, y) in (2) Was alWays exactly equal to the 
conventional sum N(x-l ,y)+N(x,y-l). 

[0106] By using (17) and (18), the index volume V(x, y) 
can be computed for all lattice points of interest. By (18), the 
index space siZe V(x,y) for any point (x,y), satis?es the 
pigeonhole principle, so each point has enough index space 
(and, because of the rounding in (18), generally more than 
enough) to enumerate all the paths arriving there from the 
tWo predecessor points (i.e., the neighbors to the left and 
above). Therefore, the index-reduction recursion (4) (and its 
expanded form (5)) Will apply as is (i.e., Without further 
rounding), becoming: 

[0107] Eq. (6), Which identi?es N(x,y) as binomials C(n, 
k), Will not apply, since the volumes V are not exact 
binomials, so the counterpart of the ?nal Eq. (7) Will retain 
the volumes from (20). To sWitch from the coordinate 
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parameters (x,y) to the direct bit-string parameters (n, k), as 
We did in (7), We Will de?ne coef?cients B(n, k) V(x,y), 
Where n=x+y and k=y. This leads from (20) to a counterpart 
of Eq. (7): 

[0108] Encoding and decoding procedures employing 
quantized indexing can therefore be performed largely as in 
FIGS. 7 and 8, With the exceptions that the lookup for the 
coef?cients C (n, k) is replaced With a lookup for the B(n, k) 
and that the coef?cient addition to and subtraction from the 
cumulative index I are performed by using SW arithmetic 
for large integers, Which has O(1) complexity instead of the 
O(n) complexity that tight indexing requires. 

[0109] Of course, quantized indexing does impose a cost. 
Of all the sequences that have a given symbol population, 
there is one that results in the highest index: each symbol 
population is associated With a maximum index. In a quan 
tiZed-indexing scheme, a symbol population’s maximum 
index is often greater than the number of sequences that have 
that symbol population. If II is a given symbol population’s 
maximum index under a given quantized-indexing scheme 
and It is its maximum index under a tight-indexing scheme, 
a quantiZed-indexing scheme results in excess redundancy if 
it takes more bits to express Ir than to express It, i.e. if log(Ir) 
exceeds log(It). NoW, quantiZed indexing’s advantages more 
than justify this compression compromise in almost all 
applications. Still, it is preferable if the add-on-value set is 
so chosen that the excess redundancy is not too great, so the 
mantissa length Will usually be so chosen as to restrict 
redundancy to Within a desired limit. 

[0110] To obtain a general redundancy estimate for a given 
mantissa size In (or to ?nd the value of m that keeps the 
redundancy beloW some speci?ed value), We Will ?rst note 
that, for a given block siZe n and count k of 1’s, the index 
siZe in bits has to be log(C(n,k)) for tight coding or log(B(n, 
k)) for quantiZed coding, independently of the sum (7) or 
(21) obtained. This is true because the index-calculation 
recurrences guarantee that the index for any path is smaller 
than the reserved indexing space C(n,k) or B(n,k). (For 
brevity We here assume a ?xed-to-variable output-pacing 
scheme. Variable-to ?xed or variable-to variable schemes 
Would actually produce marginally better results.) There 
fore, to assess the quantiZed-indexing scheme’s redundancy 
in comparison With tight indexing for any particular (n,k) 
pair, it is necessary only to ?nd hoW much larger than the 
tight-indexing space C(n,k) the quantiZed-indexing space 
B(n,k) can become We Will therefore examine the error 
generation and propagation in the volume-table-computa 
tion formula given by (17) and (18), Which includes the 
SW+SW=SW rounding rule. 

[0111] Since W is at least 2““‘1 for any volume V=V(W,s,m) 
in Which s exceeds Zero, the factor f by Which rounding 
caused incrementing of W can expand the resulting volume 
V in (18) With respect to the exact sum cannot exceed 
(HI/2m‘) for a single rounding. The maximum number of 
such expansions for any n-step point is (n-m), since for the 
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?rst m steps the exact C(m,k) cannot exceed 21. Therefore, 
the total volume-expansion factor fn for any n-step point is 
at most 11H“, implying: fn<(l+1/2m_l)n. Since an expansion 
factor 20 increases the Width of the volume Vn by c bits, a 
constraint suf?cient to keep the redundancy beloW c bits per 
block (Where c can be a fraction) is (1+1/zm_1)n<2°. This 
yields the folloWing loWer bound for m: 

m(c)E[log(n/c)+log(log(e))]+l, (22) 

Where e is the base of the natural logarithm. 

[0112] To halve the maximum number of added bits c, for 
example, We need to increase mantissa Width by one bit. 
Similarly, if We Wish to double the block siZe n, We also need 
to increase mantissa Width by one bit. Eq. (22) also gives the 
maximum number of extra bits for a given block siZe n and 
mantissa width In as c=n/2m_l. 

[0113] It is likely that in most embodiments the volume 
values for Will be so selected as to limit the redundancy to 
a single bit or less. Actually computing B(n, k) for all block 
siZes n up to 16384 With the mantissa length m set to 
[log(n)]+1 (i.e., With the mantissa length speci?ed by (22) 
for a maximum error c no more than a single bit) yields a 
maximum redundancy of 0.5 bit per block and an average 
redundancy (over all k) of 0.3 bit/block. Both ?gures 
remained roughly constant over the tested range of n. So 
embodiments can be designed to limit redundancy to a 
single bit and still violate the suf?cient but not necessary 
constraint set forth in Equation (22). 

[0114] NoW, the add-on values Will not in all embodiments 
be so chosen as to restrict the redundancy to a single bit. 
Some, for example, may permit up to tWo bits of redun 
dancy, and some may permit more. But feW if any embodi 
ments Will be so designed as to permit c to exceed n/8. Most 
designs Will likely restrict c to less than n/12 or n/16i 
indeed, to less than n/24 or n/32. 

[0115] Although the description so far has concentrated on 
embodiments that apply the present invention’s teachings to 
a binary alphabet, their applicability is not so limited; as Will 
be explained beloW, they can be applied to larger alphabets. 
Before We turn to such alphabets, though, We Will consider 
FIG. 10. The code that results from, say, FIG. 1’s entropy 
encoding 16 Will be determined in part from the encoded 
sequence’ s symbol population and in part from an index that 
uniquely identi?es the sequence among the permitted 
sequences that share that symbol population. FIG. 10 con 
ceptually depicts an example of one type of index-calcula 
tion circuit that can employ the present invention’ s teachings 
to arrive at that index. 

[0116] NoW, it is conceivable that some encoders that use 
the present invention’s teachings Will bring them into play 
only in certain circumstances. For example, they may use 
them only in cases Where the number of symbol sequences 
that share the received sequence’s symbol count is high. In 
vieW of machine-architecture considerations, for example, a 
“high” symbol count may be, say, 216, 232, 264, or 2128. It is 
likely that in most cases, though, the encoder Will employ 
such an index-generation circuit for all codes, or at least all 
codes representing sequences that share a symbol population 
With other sequences. 

[0117] In any event, , FIG. 10 omits for the sake of 
simplicity the encoder’s symbol-population-deter'mining 
































