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(57) ABSTRACT 

Asystem for numerically evaluating an integral of a function 
over an s-dimensional integration domain is described, the 
system comprising a sample point generator, a function 
value generator and an integral value estimate generator. The 
sample point generator is con?gured to generate a selected 
number of sample points over the integration domain, the 
sample points being generated such that there is at least one 
sample point in each of a plurality of strata distributed over 
the integration domain, the strata being de?ned by a rank-I 
lattice. The function value generator is con?gured to, for 
respective ones of the sample points, generate a value for the 
function at the respective sample point. The integral value 
estimate generator is con?gured to use the function values 
generated by the function value generator at the respective 
sample points in generating an estimate for the value of the 
integral. The system ?nds utility in a number of areas, 
including computer graphics. 
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SYSTEM AND COMPUTER-IMPLEMENTED 
METHOD FOR EVALUATING INTEGRALS USING 

STRATIFICATION BY RANK-1 LATTICES 

FIELD OF THE INVENTION 

[0001] The invention relates generally to the ?eld of 
systems and computer-implemented methods for evaluating 
integrals, and more particularly to such systems and com 
puter-implemented methods that evaluate integrals using 
Monte Carlo and quasi-Monte Carlo methodologies. The 
invention particularly provides a neW and improved system 
and computer-implemented method for evaluating integrals 
using a Monte Carlo methodology in Which the integration 
domain is strati?ed using a strati?cation methodology in 
Which the number of strata is independent of the number of 
dimensions in the integration domain. Speci?cally, the 
invention provides a methodology that makes use of strati 
?cation based on rank-1 lattices. Systems and computer 
implemented methods according to the invention ?nd utility 
in a number of applications, including but not limited to 
computer graphics. 

BACKGROUND OF THE INVENTION 

[0002] In computer graphics, a computer is used to gen 
erate digital data that represents the projection of surfaces of 
objects in, for example, a three-dimensional scene, illumi 
nated by one or more light sources, onto a tWo-dimensional 
image plane, to simulate the recording of the image by, for 
example, a camera. The simulated camera may include a 
lens for projecting the image of the scene onto the image 
plane, or it may comprise a pinhole camera in Which case no 
lens is used. The tWo-dimensional image is in the form of an 
array of picture elements (Which are variably referred to as 
“pixels” or “pels”), and the digital data generated for each 
pixel represents the color and luminance of the scene as 
projected onto the image plane at the point of the respective 
pixel in the image plane. The surfaces of the objects may 
have any of a number of characteristics, including shape, 
color, specularity, texture, and so forth, Which are preferably 
rendered in the image as closely as possible, to provide a 
realistic-looking image. 

[0003] Generally, the contributions of the light re?ected 
from the various points in the scene to the pixel value 
representing the color and intensity of a particular pixel are 
expressed in the form of the one or more integrals of 
relatively complicated functions. Since the integrals used in 
computer graphics generally do not have a closed-form 
solution, numerical methods must be used to evaluate them 
to generate the pixel value. Typically, a methodology 
referred to as the “Monte Carlo” method has been used in 
computer graphics to numerically evaluate the integrals. 
Generally, in the Monte Carlo method, to evaluate an 
integral 

[0004] Where f(x) is a real function de?ned on an integra 
tion domain comprising the “s”-dimensional unit cube [0,1)5 
(that is, an s-dimensional cube each dimension of Which 
includes “Zero,” and excludes “one”),a random point set 
PI=(E1. . . Q) C [0,1)5 of “r” independently realiZed points Ei, 
' . , r, is generated over the integration domain. The 

random points ii are used as sample points for Which sample 
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values are generated for the function An estimate 
j“ for the value of the integral (equation is generated as 

[0005] As the number “r” of sample points that are used in 
generating the sample values increases, the value of the 
estimate f Will converge toWard the actual value of the 
integral <f>. Generally, the distribution of values of the 
estimate f that Will be generated for various values of “r,” 
that is, for various numbers of sample points ii are distrib 
uted around the actual value <f> With a standard deviation 
0 Which can be estimated by 

1 i (3) 

[0006] if the sample points Ei used to generate the sample 
values are statistically independent, that is, if the points 
ii are truly positioned at random in the integration domain. 
This yields the probabilistic error bound 

3W) (4) 
x 0.997. r ] S Prob 

[01 l )S 

1 . 

mm - ;; m) 

[0007] The rate of convergence of 

0P] ‘f; 

[0008] is independent of the smoothness of the integrand 
f(x) and the number “s” of dimensions comprising the 
integration domain. 

[0009] Several strategies can be used to improve conver 
gence of the estimate f to the actual value <f> of the 
integral. One strategy, Which is described in the aforemen 
tioned Grabenstein patent application, is to use a loW 
discrepancy, strictly deterministic point methodology to 
generate the set of sample points that Will be used in 
generating the sample values for the estimate. A loW 
discrepancy, strictly deterministic methodology Will ensure 
that the sample points are distributed throughout the inte 
gration domain [0,)5 Without clumping in particular regions, 
Which can occur if the sample points are randomly distrib 
uted. 

[0010] Another strategy to improve the convergence is to 
stratify the integration domain [0,1)S into a number “K” of 
disjoint strata Aj, such that [0,1)2=Uj+1KA]-, and separately 
evaluate the resulting integrals 
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[0011] using a sample point Ei obtained from each stratum 
Aj. Stratifying the integration domain [0,1)S can also be 
helpful in ensuring that sample points are reasonably Well 
distributed throughout the integration domain [0,1)S, and 
that they do not clump in the integration domain, Which can 
occur if the locations of the sample points ii are randomly 
located in the integration domain. 

[0012] Several strati?cation strategies have been pro 
posed. Typically, previously-proposed strati?cation strate 
gies, particularly strati?cation strategies that are based on 
axis-aligned grids, suffer exponential groWth in the number 
of strata With increasing numbers of dimensions comprising 
the integration domain. Since integrands f that are used in 
?elds such as, for example, computer graphics, often have 
very high-dimensional integration domains, stratifying 
domains using such strati?cation strategies can be compu 
tationally quite intensive. 

SUMMARY OF THE INVENTION 

[0013] The invention provides a neW and improved system 
and computer-implemented method for evaluating integrals 
using a Monte Carlo methodology in Which the integration 
domain is strati?ed using a strati?cation methodology in 
Which the number of strata is independent of the number of 
dimensions in the integration domain. Speci?cally, the 
invention provides a methodology that makes use of strati 
?cation based on rank-1 lattices. 

[0014] In brief summary, in one aspect, the invention 
provides a system for numerically evaluating an integral of 
a function over an s-dimensional integration domain, the 
system comprising a sample point generator, a function 
value generator and an integral value estimate generator. The 
sample point generator is con?gured to generate a selected 
number of sample points over the integration domain, the 
sample points being generated such that there is at least one 
sample point in each of a plurality of strata distributed over 
the integration domain, the strata being de?ned by a rank-1 
lattice. The function value generator is con?gured to, for 
respective ones of the sample points, generate a value for the 
function at the respective sample point. The integral value 
estimate generator is con?gured to use the function values 
generated by the function value generator at the respective 
sample points in generating an estimate for the value of the 
integral. 

[0015] In another aspect, the invention provides a com 
puter implemented method of numerically evaluating an 
integral of a function over an s-dimensional integration 
domain, the method comprising a sample point generation 
step, a function value generation step and an integral value 
estimate generation step. During the sample point generation 
step, a selected number of sample points are generated over 
the integration domain, the sample points being generated 
such that there is at least one sample point in each of a 
plurality of strata distributed over the integration domain, 
the strata being de?ned by a rank-1 lattice. During the 
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function value generation step, for respective ones of the 
sample points, a value for the function at the respective 
sample point is generated. During the integral value estimate 
generation step, the function values generated during the 
function value generation step at the respective sample 
points are used in generating an estimate for the value of the 
integral. 
[0016] In another aspect, the invention provides computer 
program product for use With a computer to provide a system 
for numerically evaluating an integral of a function over an 
s-dimensional integration domain. The computer program 
product comprises a computer readable medium having 
encoded thereon a sample point generator module, a func 
tion value generator module and an integral value estimate 
generator module. The sample point generator module is 
con?gured to enable the computer to generate a selected 
number of sample points over the integration domain, the 
sample points being generated such that there is at least one 
sample point in each of a plurality of strata distributed over 
the integration domain, the strata being de?ned by a rank-1 
lattice. The function value generator module is con?gured to 
enable the computer to, for respective ones of the sample 
points, generate a value for the function at the respective 
sample point. The integral value estimate generator module 
is con?gured to enable the computer to use the function 
values generated by the function value generator at the 
respective sample points in generating an estimate for the 
value of the integral. 

BRIEF DESCRIPTION OF THE DRAWINGS 

[0017] This invention is pointed out With particularity in 
the appended claims. The above and further advantages of 
this invention may be better understood by referring to the 
folloWing description taken in conjunction With the accom 
panying draWings, in Which: 

[0018] FIG. 1 depicts an illustrative computer graphics 
system that evaluates integrals using a Monte Carlo meth 
odology in Which the integration domain is strati?ed using 
a strati?cation methodology in Which the number of strata is 
independent of the number of dimensions in the integration 
domain; 
[0019] FIG. 2 depicts a table of information that is useful 
in understanding the operation of the computer graphics 
system depicted in FIG. 1. 

DETAILED DESCRIPTION OF AN 
ILLUSTRATIVE EMBODIMENT 

[0020] The invention provides a computer graphics sys 
tem and method for generating pixel values for pixels in an 
image of a simulated scene that makes use of a Monte Carlo 
methodology in Which an integral or integrals is evaluated of 
function(s) by using sample points determined by stratifying 
the integration domain using rank-1 lattices. The function(s) 
represent the contributions of the light that is emitted from 
simulated light sources and re?ected from the various simu 
lated surfaces in the scene directed toWards a simulated 
camera, and the integral(s) provide the pixel values for the 
respective pixels in the image. Stratifying the integration 
domain in this manner provides that the number of strata Will 
not groW exponentially With the number of dimensions in 
the integration domain, Which can occur With, for example, 
axis-aligned strata. 
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[0021] FIG. 1 attached hereto depicts an illustrative com 
puter system 10 that makes use of such a strati?cation 
methodology. With reference to FIG. 1, the computer sys 
tem 10 in one embodiment includes a processor module 11 
and operator interface elements comprising operator input 
components such as a keyboard 12A and/or a mouse 12B 

(generally identi?ed as operator input element(s) 12) and an 
operator output element such as a video display device 13. 
The illustrative computer system 10 is of the conventional 
stored-program computer architecture. The processor mod 
ule 11 includes, for example, one or more processor, 
memory and mass storage devices, such as disk and/or tape 
storage elements (not separately shoWn), Which perform 
processing and storage operations in connection With digital 
data provided thereto. The operator input element(s) 12 are 
provided to permit an operator to input information for 
processing. The video display device 13 is provided to 
display output information generated by the processor mod 
ule 11 on a screen 14 to the operator, including data that the 
operator may input for processing, information that the 
operator may input to control processing, as Well as infor 
mation generated during processing. The processor module 
11 generates information for display by the video display 
device 13 using a so-called “graphical user interface” 
(“GUI”), in Which information for various applications 
programs is displayed using various “Windows.” Although 
the computer system 10 is shoWn as comprising particular 
components, such as the keyboard 12A and mouse 12B for 
receiving input information from an operator, and a video 
display device 13 for displaying output information to the 
operator, it Will be appreciated that the computer system 10 
may include a variety of components in addition to or 
instead of those depicted in FIG. 1. 

[0022] In addition, the processor module 11 includes one 
or more netWork ports, generally identi?ed by reference 
numeral 14, Which are connected to communication links 
Which connect the computer system 10 in a computer 
netWork. The netWork ports enable the computer system 10 
to transmit information to, and receive information from, 
other computer systems and other devices in the netWork. In 
a typical netWork organiZed according to, for eXample, the 
client-server paradigm, certain computer systems in the 
netWork are designated as servers, Which store data and 
programs (generally, “information”) for processing by the 
other, client computer systems, thereby to enable the client 
computer systems to conveniently share the information. A 
client computer system Which needs access to information 
maintained by a particular server Will enable the server to 
doWnload the information to it over the netWork. After 
processing the data, the client computer system may also 
return the processed data to the server for storage. In 
addition to computer systems (including the above-de 
scribed servers and clients), a netWork may also include, for 
eXample, printers and facsimile devices, digital audio or 
video storage and distribution devices, and the like, Which 
may be shared among the various computer systems con 
nected in the netWork. The communication links intercon 
necting the computer systems in the netWork may, as is 
conventional, comprise any convenient information-carry 
ing medium, including Wires, optical ?bers or other media 
for carrying signals among the computer systems. Computer 
systems transfer information over the netWork by means of 
messages transferred over the communication links, With 

Dec. 15, 2005 

each message including information and an identi?er iden 
tifying the device to receive the message. 

[0023] It Will be helpful to initially provide some back 
ground on operations performed by the computer graphics 
system 10 in generating an image. Generally, the computer 
graphics system 10 generates an image that attempts to 
simulate an image of a three-dimensional scene as Would be 
recorded by a camera. In that operation, for each piXel of the 
camera’s image plane, the computer graphics system 10 
numerically evaluates one or more integrals of functions that 
represent light that is directed toWard the respective piXel 
from the scene. An illustrative function Will be described 
beloW. The functions typically contain a number of terms, 
including one or more terms that represent light that is 
directly incident on the respective piXel from one or more 
light source sources, as Well as one or more terms that 

represent light that, after having been emitted by a light 
source, is re?ected by one or more surfaces of objects in the 
scene and ultimately directed toWard the piXel. 

[0024] To numerically evaluate the integral, the computer 
graphics system 10 shoots, or traces, simulated rays from a 
plurality of points in the piXel into the scene. At points in the 
scene at Which the shot rays intersect surfaces of objects in 
the scene, the computer graphics system determines the 
contributions of light that are directed from those intersec 
tion points in the scene toWard the respective points in the 
piXel from Which the rays Were shot. The computer graphics 
system can determine the contributions that are directed to 
the respective points in the piXel in a number of Ways. In a 
path tracing methodology, Which is described in more detail 
beloW, the computer graphics system 10 determines the 
illumination at the point in the scene at Which the ray shot 
from the piXel intersects an object in the scene by shooting 
one or more rays from the intersection point in a plurality of 
directions, and determining the eXtent to Which that point is 
illuminated directly by light sources, and indirectly by light 
that is re?ected off of other surfaces of objects in the scene. 
After the computer graphics system has determined the 
eXtent to Which the intersection point is illuminated, the 
direction or directions from Which the point is illuminated, 
and other information that Will be knoWn by those skilled in 
the art, it generates a value that represents the light re?ected 
toWard the point in the piXel from Which the ray Was shot. 
The computer graphics system Will repeat these operations 
for the various points in the piXel from Which rays are shot, 
and Will determine a piXel value for the entire piXel from the 
various values that are generated therefor. The computer 
graphics system also repeats the operations for all of the 
piXels to generate the ?nal image. In a bidirectional path 
tracing methodology, the computer graphics system also 
shoots rays from light source or sources into the scenes and 
determines the piXel values in relation to points in at Which 
those rays intersect points on surfaces of objects in the 
scene. 

[0025] In a photon map methodology, prior to shooting 
rays from the piXels in the image plane into the scene, the 
computer graphics system 10 ?rst generates a photon map 
representing photons that are incident on the surfaces of 
objects in the scene directly from the light sources and 
indirectly by photons that are re?ected from various surfaces 
in the scene. After the computer graphics system has gen 
erated the photon map, it Will shoot rays from the points on 
the piXels into the scene, and generate the piXel value in 
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relation to the photons, if any, that are proximate the point 
of intersection of those rays With points on surfaces of the 
objects in the scene. 

[0026] In both methodologies, as Well as other method 
ologies as Will be appreciated by those skilled in the art, the 
computer graphics system 10 uses the coordinates of the 
sample points that are obtained from the integration domain 
of the integral to control various aspects regarding the 
geometry While generating the image. These aspects may 
include, for eXample, determining the locations of the points 
on the various piXels from Which rays are shot, determining 
the locations on light sources from Which rays representing 
photons are shot, determining directions of re?ection, deter 
mining Whether to terminate a ray at a surface or to alloW the 
ray to be re?ected, and other aspects as Will be aWare to 
those skilled in the art. 

[0027] As noted above, formally, the operations per 
formed by the computer graphics system in generating piXel 
values for an image comprise the numerical evaluation of an 
integral over an integration domain that is de?ned over an 
s-dimensional unit cube [0,1)S. In numerically evaluating the 
integral, the computer graphics system partitions the inte 
gration domain [0,1)S into a number “K” of disjoint strata A], 
such that [0,1)SU=]-=1KA]-, and separately evaluates the 
resulting integrals 

[0028] using a sample point obtained from each stratum 
Aj. The strata A4 are de?ned by an “s” dimensional lattice. 
The lattice divides the integration domain into a plurality of 
strata of equal siZe, and the computer graphics system 10 
obtains a sample point from each stratum for use in 
generating the approximation for the integral. 

[0029] A lattice is a discrete set of points L:=PD+ZS<IRS 
that is closed under addition and subtraction, Where PnZ={ZO, 

. , Zn_1l }, “Z” is an integer, “R” is a real number, and 
superscript “s” corresponds to the dimension of the lattice. 
In the case of a lattice de?ned by an aXis-aligned regular 
grid, the dimension “s” is the number of basis vectors that, 
in linear combinations, yield the lattice points. According to 
another methodology, and in accordance With the invention, 
the lattice is de?ned using a single generator vector g 6 NS, 
Where “N” is a member of the natural numbers, With the 
coordinates of the lattice points being de?ned by 

(7) 

[0030] Where j=0, . . . ,n-1. The lattice is referred to as a 

“rank-1” lattice, because it is generated using a single 
generator vector g. 

[0031] An eXample of a rank-1 lattice that Will be used 
herein is a lattice that is generated based on the Fibonacci 
sequence. The Fibonacci sequence {Fk} is de?ned as Fkz= 
Fk_1+Fk_2, With F1=F2=1 and indeX “k” an integer. The 
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tWo-dimensional Fibonacci lattice, Which is based on the 
Fibonacci sequence, for n=Fk, ki3, lattice vertices has the 
generator vector 

g=(1, Fkil) (s) 

[0032] It Will be apparent from equations (7) and (8) that 
the coordinates (ot,[3) of the vertices ZJ- comprising a tWo 
dimensional Fibonacci lattice on the unit square [0,1)2 can 
be readily generated in a “for”-loop, in Which the ?rst 
component 0t is 

[0033] and the second component “[3” is 

since, as noted above, n=Fk, the “k-th” element of the 
Fibonacci sequence. 

[0034] Fibonacci lattices of dimension “s” higher than 
“tWo” can be de?ned in a similar manner using an “s” 

dimensional generator vector. For eXample, the generator 
vector 

g = (1. FM. Fiil. J21) 

[0035] can be used, Which Would provide a lattice in 
Korobov form. 

[0036] As noted above, the computer graphics system 10 
obtains sample points from strata that are de?ned by the 
lattice. The strata relate to unit cells that are associated With 

the respective vertices Zj. The unit cell of a rank-1 lattice is 
not uniquely speci?ed, but a suitable unit cell, Which is 
referred to as a Delaunay unit cell, can be speci?ed such that 
the volume of an s-dimensional sphere that is inscribed in 
the unit cell is maXimiZed. The unit cells that result on the 
rank-1 lattice are all of similar shape and can be mapped 
from one to another by means of rigid body transformations 
that basically perform a translation and/or rotation to move 
them from verteX to verteX. 

[0037] Each unit cell is identi?ed by the Voronoi diagram 
of the rank-1 lattice, Whose nerve is constructed out of the 
“s” shortest vectors v1, . . . , vS from the origin of the 

coordinate system de?ning the lattice, to points of the lattice, 
Where the value of the ?rst component of each vector VJ-(D is 
greater than Zero. This implies that, for all vectors, vj, vj#0, 
and further that the value of “n,” the number of vertices of 
the lattice, is greater than “one.” The vectors span an 
s-dimensional parallelopiped 

B:=(v1 . . . vs) (9) 
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[0038] Whose volume 

I 
|B| :: Idet BI: —. 

n 

[0039] Each of the “n” s-dimensional parallelopipeds in a 

rank-1 lattice restricted to the unit cube [0,1)5 is a stratum that is induced by the bijection 

[0040] Where the j-th lattice vertex 

[0041] is used as an offset into the “s”-dimensional unit 
cube [0,1)5 and “B,” Which is used as a matrix With the 
vectors vj comprising the columns of the matrix, de?nes a 
linear transformation that represents a rotation and/or shear. 
Equation (10) de?nes What can be referred to as a “reduced 
Cranley-Patterson rotation,” Which determines the location 
of the “j-th” sample point at Which the function f Will be 
evaluated for the contribution to the estimate f of the value 
of the integral. Generally, the ?rst term in the second line of 
equation (10), namely, 

a IL" 0% 

[0042] j=0, . . . ,n-1, identi?es the locations of the vertices 
for the basic “unrotated” rank-1 lattice. The second term in 
the second line of equation (9), namely, B X, essentially 
provides a displacement from locations of the respective 
unrotated vertices to the particular sample point that Will be 
used in evaluating the function. As Will be described beloW, 
the computer graphics system 10 may use the same value for 
“x” for some or all of the vertices (reference the discussion 
beloW regarding correlated sampling), or it may use different 
values (reference the discussion beloW regarding jittered 
sampling). In equation (10), if different values are to be used 
for “x,”“x” may be j-th element of an s-dimensional point set 
PI=(E1, . . . EI)C[O,I)S, Which may be generated using a 
random methodology, a strictly-deterministic loW-discrep 
ancy methodology, or other methodologies that Will be 
apparent to those skilled in the art. 

[0043] The particular parallelopiped that is de?ned by B 
Will depend on the particular form of the generator vector g 
that is used to de?ne the lattice, the number “n” of vertices 
that are to comprise the lattice, the number of dimensions, 
and other criteria as Will be appreciated by those skilled in 
the art. For the tWo-dimensional Fibonacci lattice With 
n=Fk>1 vertices, the matrix B is given by 

Dec. 15, 2005 

[0044] where 

1.1: F2.[/5%1,]+1 and 1-2 : Fzvgly 

[0045] FIG. 2 depicts a table that, for tWo-dimensional 
Fibonacci lattices of various numbers “n” of vertices, gives 
the generator vector g and values of j1 and j2 for use in 
connection With equation (11). As noted above, in the 
Fibonacci sequence, F1=F2=1. Accordingly, the third ele 
ment of the sequence, F3, is the sum of the tWo preceding 
elements, and so F3=F2+F1=2, Which, in turn, corresponds to 
the number “n” of vertices in the lattice, as shoWn in the ?rst 
line of the table depicted in FIG. 2. For the tWo-dimensional 
lattice associated With the F3 element of the Fibonacci 
sequence 

[0046] the generator vector g=(1,Fk_1)=(1,F2)=(1, 
1); 

4 

and so 

[0047] The values for items through (iii) are depicted in 
the second, third and fourth columns, respectively, of the 
table depicted in FIG. 2. It Will be apparent that the term 

[0048] in the second line of equation (9), Which de?nes the 
unrotated lattice, corresponds to vertices having coordinates 
(0,0) for j=0 and (1/2,1/2) for j=1. The matrix B, in turn, 
de?nes strata that are on the order of 1/2-by-1/2 in siZe. That 

is, 

[0049] (a) the stratum that is associated With the vertex 
having coordinates (0,0) comprises the quadrilateral 
bounded by line segments betWeen points (0,0), (1/2,0), 
(1/2,1/2) and (0,1/2), With the quadrilateral including the 
line segments betWeen points (0,0)-(1/2,0) and (0,0)-(0,1/2) 
(except for points (1/2,0) and (0,1/2)), and not including the 
line segments betWeen points (1/2,0)-(1/2,1/2) and (0,1/2) 
(1/2,1/2), and 
[0050] (b) the stratum that is associated With the vertex 
having coordinates (1/2,1/2) comprises the quadrilateral 
bounded by line segments betWeen points (1/2,1/2), (1,1/2), 
(1,1) and (1/2,1), With the quadrilateral including the line 
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segments between points (1/2,1/2)-(1,1/2) and (1/2,1/2)-(1/ 
2,1) (except for points (1,1/2) and (1/2,1)), and not including 
the line segments through points (1,0)-(1,1) and (0,1)-(1,1). 

[0051] As noted above, the strata associated With the 
respective vertices essentially represent a rigid translation, 
and it is apparent that the stratum associated With the vertex 
having coordinates (1/2,1/2) has the same siZe and shape as 
the stratum associated With the vertex having coordinates 
(0,0). The particular location Within each stratum at Which 
the vertex of the rotated lattice Will be determined by the 
value of “x” (reference the second line of equation (10)). 

[0052] As another illustration of the generation of values 
for g, jl, jl, j2 and B, for the tWo-dimensional 19 lattice 
associated With the ninth element of the Fibonacci sequence, 
F9, there are F9=F8+F7=21+13=34 vertices and, for the 
lattice that is associated With th 

[0053] the vector generator g=(1,Fk_1)=(1,F8)=(1, 
21); 

,8 1[ 5 3 1 1(5 3] (W) ‘i 5-21 -3-21 ‘i 105 —63' 

[0054] It Will be apparent that the term 

i 
E ‘g 

[0055] in the second line of equation (10), Which de?nes 
the unrotated lattice, corresponds to vertices having coordi 
nates (0,0) for j=0, (1/34,21/34) for j=1,(2/34,8/34) for j=2, 
(3/34,29/34) for j=3, (4/34,16/34) for j=4, (5/34,3/34) for 
j=5, and so forth. The matrix B, in turn, de?nes for the vertex 
associated With j=0, namely, the vertex having coordinates 
(0,0), the stratum comprising the quadrilateral bounded by 
line segments betWeen points (0,0), (5/34,3/34), (8/34,8/34) 
and (3/34,5/34), With the quadrilateral including the line 
segments betWeen points (0,0)-(5/34,3/34) and (0,0)-(3/34, 
5/34) (except for points (5/34,3/34) and (3/34,5/34), and not 
including the line segments betWeen points (5/34,3/34)-(8/ 
34,8/34) and (3/34,5/34)-(8134,8/34). The strata that are 
associated With the other vertices can be determined in a 
similar manner. As With the strata associated With the 
tWo-vertex lattice (F3) described above, in the case of the 
thirty-four vertex (F9) lattice, the strata associated With all of 
the vertices have the same siZes and shapes 

[0056] Other lines of the table depicted in FIG. 2 depict 
similar information for tWo-dimensional Fibonacci lattices 
having different numbers of vertices. 

[0057] Bene?ts of strati?ed sampling using rank-one lat 
tices Will be illustrated using several examples. Generally, in 
contrast to strati?cation using grid-aligned lattices, stratify 
ing an “s”-dimensional domain using rank-1 lattices pro 
vides that the number of strata Will not groW exponentially 
With the number of dimensions in the integration domain. 
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This Will be illustrated in connection With jittered sampling, 
correlating sampling and correlated trajectory sampling 
methodologies. 

[0058] Jittered Sampling by Rank-1 Lattices 

[0059] Generally, jittered sampling is achieved by placing 
the samples points used for evaluating the integrand f in 
random positions Within respective strata. Using the strati 
?cation that is induced by rank-1 lattices (equation (10)), the 
value of an integral can be estimated as folloWs: 

"*1 (l2) 

[0060] In equation (12), the ?rst line re?ects the fact that 
the integral over the entire integration domain, represented 
by the left hand side, corresponds to the sum of the integrals 
over the various strata Aj, j=0, . . . ,n-1. The second line of 

equation (12) folloWs from the fact that, since, if “x” is a 
continuous variable spanning the integration domain, Rl-(x) 
Will also be continuous and span the same entire integration 
domain. In that case, if the integral is summed “n” times, the 
value of the integral can be obtained by dividing the sum by 
“n.” Finally, the third line re?ects that the value of the “j -th” 
integral in the sum in the second line can be estimated by 
evaluating the function f using the “j-th” sample point, 
Which corresponds to RJ-(EJ). 

[0061] In determining the value for the estimate j“, Which 
corresponds to the last line of equation (12), the computer 
graphics system 10 Will, for each value of index “j,” make 
use of the generator vector g to generate the 

0062 term of R- E- reference equation 10 , and the 
J J 

“j-th” element E]- of an “s”-dimensional random sequence 

@1173, 

[0063] to generate the Bx term, Where the “j-th” element 
E]- is used as vector “x” in generating RJ-(EJ) (equation (10)). 
The sum Rj(§j) is used as the sample point in evaluating the 
function f for the respective “j-th” sample point. Since 
different elements E]- of the random sequence 

{ta-13:3, 



US 2005/0278406 A1 

[0064] are used in generating RJ-(EJ) for different values of 
index “j,” the sample points E]- are likely to have different 
displacements Within the various strata However since 
there is at least one sample point RJ-(EJ) in each stratum, and 
since the strata are uniformly distributed over the integration 
domain, the sample points Will be reasonably Well distrib 
uted around the integration domain. It Will be appreciated 
that several elements E]- of the random sequence 

[0065] may clump, and may even have the same value, but 
the strati?cation induced by the 

[0066] term of equation (10) Will ensure that the sample 
points RJ-(EJ) that are used in evaluating the function f are 
Well distributed over the integration domain. A more uni 
form distribution may be achieved if the elements E]- of the 
random sequence 

@322, 

[0067] are generated using, for example, a strictly-deter 
ministic, loW-discrepancy methodology. 

[0068] Using rank-1 lattices, the computer graphics sys 
tem 10 can readily partition the s-dimensional unit cube 
[0,1)S into a number “n” of strata, With the number “n” being 
independent of the number “s” of dimensions. The estimator 
for the value of the integral, Which is described in equation 
(12), and particularly in the last line of that equation, is 
unbiased and can also be used in connection With generating 
estimates of the values of integrals of functions related to 
?elds other than computer graphics. 

[0069] Correlated Sampling by Rank-1 Lattices 

[0070] As With jittered sampling, correlated sampling also 
involves evaluating a sum of integrals of a function f over 
the s-dimensional unit cube. HoWever, unlike jittered sam 
pling, in Which elements of a random “s”-dimensional 
sequence 

@323, 

[0071] is used in generating the sample points at Which the 
function f is evaluated (equation (12)), in correlated sam 
pling one randomly generated element E is used in gener 
ating all of the sample points (equation (10)) that are used in 
evaluating the function f for use in the sum. This is derived 
from equation (12) by, With reference to the second line of 
equation (12), interchanging the ?nite sum and the integral. 
That is, 
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(13) 

[0072] It Will be appreciated that, in equation (13), the left 
hand side of the ?rst line of the equation corresponds to the 
right hand side of the second line of equation (12). In 
generating the estimate j“, Which corresponds to the last line 
of equation (13), the computer graphics system 10 Will, for 
each value of “j,” make use of the generator vector g in 
generating the 

[0073] term of RJ-(E), and the same randomly-generated 
vector “E” as “x” in the Bx term of the sample point RJ-(E). 
As noted above, in generating the image, the computer 
graphics system 10 Will separately evaluate the integral for 
each of the pixels in the image; and in that case the computer 
graphics system 10 may use the same element E for all of the 
integrals associated With the various pixels, or, alternatively, 
the computer graphics system 10 may use different random 
elements . . . EMU Ei, EH1, . . for the integral associated With 

the . . . “i-1st,”“i-th”, “i+1st” pixel, respectively. One 
advantage of using different elements for the various inte 
grals is that that may result in the generation of noise in the 
image, Which can obscure aliasing artifacts that might oth 
erWise be present in an image. 

[0074] Since strati?ed samples are independent, there is 
no correlation betWeen them; in particular, there is no 
minimum distance property. Therefore, no variance reduc 
tion Will be guaranteed. Minimum distance constraints can 
be imposed by, for example, applying Lloyd’s relaxation 
algorithm in a conventional manner. Combined With modi 
?ed sample Weights by post-strati?cation, the estimate 
fconverges to the actual value <f> of the integral. For 
Riemann-integrable functions the unbiased estimator (refer 
ence the second line of equation (13)) has a reduced variance 
of order 

[0075] if the set of sample points 

[0076] is of sufficiently loW discrepancy. 

[0077] The estimator (reference the second line of equa 
tion (13)) that is used for an integral can be realiZed by 
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generating one random s-dimensional vector Ee[0,1)s and 
replicating it using equation (10), that is, using the product 
of B and the random element E as an offset for each of the 
unrotated lattice vertices, Which, as noted above, are de?ned 

[0078] The resulting correlated samples have a guaranteed 
minimum distance and good uniformity properties, if the 
generator vector g is suitably chosen. If values for “X” are 
uniformly distributed the transformation B can be omitted, 
in Which case the bij ection (reference equation (10)) reduces 
to 

Rf”; [0, 1); -> [0, 1); (14) 

[0079] Which corresponds to a Cranley-Patterson rotation 
on a rank-1 lattice. 

[0080] Correlated Trajectory Splitting by Rank-1 Lattices 

[0081] Trajectory splitting can improve efficiency depend 
ing on the correlation of the integrand With respect to its 
loWer dimensional projections. Trajectory splitting is used in 
a number of types of simulations, including but not limited 
to computer graphics. Trajectory splitting can be used in 
several Ways in computer graphics, one of Which Will be 
described here and another beloW. One use of trajectory 
splitting in connection With computer graphics is tracing 
multiple shadoW rays to an light source that has a non-Zero 
area. As noted above, in ray tracing, path tracing and similar 
methodologies, to determine a piXel value for a piXel in an 
image, the computer graphics system 10 traces a plurality of 
rays from respective points in the piXel into a simulated 
scene. For each such ray, if the ray intersects a surface of an 
object in the scene, the computer graphics system 10 can 
trace one or more rays, Which are referred to as shadoW rays, 

from the point of intersection of the shot ray to various 
points on the area of the light source. If a shadoW ray 
intersects another object in the scene, the point of intersec 
tion of the shot ray is in the other object’s shadoW for that 
shadoW ray. 

[0082] On the other hand, if the shadoW ray does not 
intersect another object in the scene, the light source is 
deemed to contribute to the direct illumination of the point 
in the scene for the piXel from Which the ray Was shot. The 
shadoW rays that are traced from the point of intersection to 
the light source are distributed over the surface of the light 
source, and so some of the shadoW rays may intersect other 
objects in the scene, Whereas others of the shadoW rays may 
not. The eXtent to Which the point of intersection of the shot 
ray is illuminated by the light source is a function of the 
number of shadoW rays from that point on the object that do 
not intersect other objects. Generally, if a scene contains 
multiple light sources, similar operations Will be performed 
for each light source to determine the eXtent to Which the 
point at Which the ray that Was shot from the piXel intersects 
the object, is illuminated by the various light sources. 
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[0083] As noted above, a piXel also has an area, and the 
computer graphics system Will typically shoot simulated 
rays into the scene from several points Within the area of the 
piXel, and trace shadoW rays from points at Which they 
intersect the various objects. Generally, the variance of the 
integrand With respect to the area of the piXel is less than the 
variance With respect to the area of the light source. 

[0084] In trajectory splitting, the samples (illustratively, 
the shadoW rays) that are split off of one instance (illustra 
tively, the ray that is traced from the piXel into the scene) do 
not need to be independent. Continuing With the computer 
graphics shadoW ray eXample, using a vector “X” to refer to 
a location in the piXel, and a vector “y” to refer to a location 
on the light source, the function f in the integral is a function 
of both vector X and vector “y,” that is f(X,y), With vector 
“X” being associated With s1 dimensions and vector “y” 
being associated With s2 dimensions. Accordingly, the por 
tion of the integration domain that is associated With vector 
“X” is the sl-dimensional unit cube [0,1)51 and the portion of 
the integration domain that is associated With the vector “y” 
is the s2 dimensional unit cube [0,1)21. In that case, if 
s1+s2=s, Which Will be the case if the vectors “X” and “y” are 
associated With all of the dimensions comprising the inte 
gration domain, the integral of f is evaluated as folloWs 

(15) 

[0085] where Q and Q are the “i-th” elements of tWo 
random sequences, namely, an sl-dimensional random 
sequence 

[0086] and an s2-dimensional random sequence 

[0087] Equation (15) essentially re?ects the fact that the 
rank-1 lattice, instead of being used to stratify the entire 
“s”-dimensional integration domain, can be used to stratify 
a subset s2<s of the dimensions comprising the integration 
domain. Continuing With the shadoW-ray eXample, the ele 
ment ii is used to determine the location of a point Within the 
piXel from Which the simulated ray is to be shot into the 
scene. On the other hand, RJ-(Q) (reference equation (10)) is 
used to determine the location on the area light source 
toWard Which a shadoW ray Will be traced from the point at 
Which the ray shot from the piXel intersects an object in the 
scene. 
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[0088] It Will be apparent that, in evaluating the integral 
according to the last line of equation (15), the sampling 
methodology essentially corresponds to subdividing the area 
light source into a number j=0, . . . ,n-1 of light sources that 

are induced by the rank-1 lattice strati?cation (reference 
equation (10)). For each of the “r” rays that are shot into the 
scene from the point in the pixel that is associated With the 
“i-th” element ii of the random sequence 

[0089] if the shot ray intersects an object in the scene, one 
shadoW ray is traced from the point at Which the shot ray 
intersects an object in the scene, to one point Within each of 
the j=1, . . . ,n strata on the light source, the point in the 
stratum that is determined by the “i-th” element of the 
random sequence 

[0090] Since for each element ii of the random sequence 

[0091] (Which, as noted above, is used in determining the 
location Within the piXel from Which the ray shot Will be shot 
into the scene), the same element Q of the random sequence 

[0092] Will be used in generating values for RJ-(Q) (Which 
is used in determining the locations in the various strata on 
the light source toWards Which the “j” respective shadoW 
rays Will be traced) for various values of “j ,” the shadoW rays 
that are traced from the point of incidence of the shot ray Will 
have the same displacements in the various strata that are 
induced on the light source. 

[0093] On the other hand, for the “r” different points in the 
piXel from Which rays are shot, locations 10 of Which are 
determined using the different elements . . . ,Ei_1, Ei, EH1 . . 

. of the random sequence 

[0094] a different element . . 

random sequence 
' aCi-b Ci, CH1 - - . Of the 
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[0095] Will be used in determining the displacements 
Within the various strata on the light source toWard Which the 
shadoW rays Will be traced. Accordingly, the displacements 
in the respective strata on the light source toWards Which 
shadoW rays Will be shot Will usually differ for the different 
rays that are shot in the scene from the respective piXel. It 
Will be appreciated, hoWever, that, since the elements Q are 
from a random “sf-dimensional sequence, it is possible that 
tWo more elements of the sequence 

[0096] may have the same or close to the same value, in 
Which case, shadoW rays that are traced from the intersection 
points in the scene Will be traced to the same or almost the 
same points on the light source. 

[0097] The jittered sampling, correlated sampling and 
trajectory splitting methodologies as described above Will be 
further described in connection With three particular appli 
cations that are used in connection With generating images 
in computer graphics, namely, generating photon maps, path 
tracing and distribution ray tracing. 

[0098] Photon Map Generation 

[0099] As noted above, the photon map methodology 
generally includes tWo phases, namely, a ?rst “photon map 
generation” phase followed by a “gather” phase. In the 
photon map generation phase, the computer graphics system 
10 shoots rays that represent paths taken by simulated 
photons emitted by one or more simulated light sources into 
a simulated scene. Each rays is in the form of a random Walk 
that is traced through at least a portion of the simulated 
scene. The computer graphics system determines Whether a 
ray intersects a surface of an object in the scene, and, if so, 
stores information relating to the photon associated With the 
ray in a database. The information Which may include, for 
eXample, the photon’s color, its direction of incidence, the 
location of the intersection point, and other information that 
Will be apparent to those skilled in the art, in a database. 
Depending on a number of criteria, including characteristics 
of the surface of the simulated object at the point at Which 
the photon intersects the object, the number of times (if any) 
the photon has been previously re?ected, and other criteria 
that Will be apparent to those skilled in the art, the computer 
graphics system may terminate the photon at the point at 
Which it intersects the object, or it may alloW the photon to 
be re?ected along another ray. If the computer graphics 
system determines that the photon is to be re?ected, the 
computer graphics system determines the direction of re?ec 
tion using a number of criteria, including, among other 
things, the angle of incidence and characteristics of the 
simulated object’s surface, such as Whether the surface is 
specular, glossy or diffuse. The computer graphics system 
can make use of random factors in several Ways, including, 
for eXample, determining Whether to terminate a ray at a 
surface that the ray intersects, or to alloW the ray it to be 
re?ected. The computer graphics system may also use 
random factors to jitter the angle With Which a ray is to 
re?ected, and as Well as in other Ways as Will be apparent to 
those skilled in the art. 

[0100] After the computer graphics system has shot a 
number of rays into the scene, it initiates the second “gather” 
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phase of the photon map methodology. In that phase, as 
described above, the computer graphics system 10 shoots 
simulated rays from a simulated image plane of a simulated 
camera into the scene. The rays that are shot from the image 
plane into the scene during the gather phase essentially 
correspond to the directions into the scene that are visible 
from the respective points on the piXel from Which they are 
shot. If a gather ray intersects the surface of an object in the 
scene, the computer graphics system makes use of the 
information regarding the photons, if any, that intersected 
the surface proXimate the point at Which the ray shot from 
the camera intersected the surface, including the directions 
of incidence of the respective photons, the direction of 
incidence of the gather ray, and the various characteristics of 
the surface on Which the gather ray is incident. The computer 
graphics system uses that information to determine the 
brightness and color of the scene at that point in the image. 

[0101] As noted above, for rays that are shot into the 
simulated scene, random factors can be used in several 
Ways, including determining Whether to terminate a ray at a 
surface that the ray intersects or Whether to alloW the ray to 
be re?ected, determining the direction of re?ection of the 
photons that are shot into the scene during the photon map 
generation phase, and other Ways that Will be appreciated by 
those skilled in the art. The random factors that are used to 
jitter each ray are collected into an “s”-dimensional vector 
Ee[0,1)S, Where “s” is related to the maXimum number of 
re?ections or refractions that a photon may have before it is 
terminated. Problems have arisen in the past, since strati? 
cation of high-dimensional integration domains has not been 
available. HoWever, strati?cation using rank-1 lattices pro 
vides a solution to this problem. In particular, the computer 
graphics system 10 makes use of a sequence of random 
s-dimensional vectors 

[0102] ii e[0,1)S, and uses the “j-th” element E]- of the 
sequence in generating RJ-(EJ) (reference equation (10)) for 
the “j-th” random Walk. By jittering the random Walk using 
a random number set, the computer graphics system 10 can 
reduce the likelihood that correlation patterns Will develop 
in the traces that the computer graphics system shoots into 
the scene. 

[0103] Path Tracing 

[0104] In path tracing, the computer graphics system 10 
evaluates a rendering equation that is of the form 

L(Y,$)+JAL(E261?,YmY??gYpaG, 
Ym')V(Y,X)')dA’ (16) 

[0105] Where 

[0106] L(?,$) on the left-hand side of equation (16) 
represents the luminance at point X in direction 00; 

[0107] (ii) Le(?,d)>) on the right-hand side is an emission 
term representing the illumination emitted from point X) in 

the direction $; 
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[0108] (iii) L(?‘, on the right-hand side repre 
sents the luminance at another point X‘ in the scene that is 

re?ected in the direction 00(XQ?) toWard point X; 

[0109] (iv) fI(?,u)(X>‘,X>)) on the right-hand side is a 
bidirectional scattering distribution function that describes 

hoW much of the light incident on from the point X‘ is 
re?ected, refracted or otherWise scattered in the direction u)( 

XQ?) toWard the point X, and is generally the sum of a 
diffuse component, a glossy component and a specular 
component; 

[0110] (v) G(?,?‘) on the right-hand side is a geometric 
term that is a function of the orientation of the surfaces that 

contain points X‘ and X) relative to one another, speci?cally, 

a H/ ’ 17 

GM, x ): c050 (lo/s20 ( ) 

[0111] Where 0 and 0‘ are angles of the line betWeen points 

X) and X)‘, respectively relative to the normals of the 

surfaces that contain points X) and X)‘, and (vi) V(?,X>‘) on 
the right-hand side of equation (16) is a visibility function 

that equals the value one if the point X‘ is visible from the 

point X and zero if the point X ‘ is not visible from the point 

[0112] It Will be appreciated that point X) represents the 
point at Which the luminance is to be determined and point 
% . . . . 

X‘ represents another point in the scene from WhlCh light 
may be emitted (in the case of a light source) or re?ected 

toWard the point Essentially equation (16) re?ects the 
fact that the luminance at point X) in the direction 5) is 
generally the sum of tWo components. One component, 

Which is represented by item (ii) above (Le(?,$)), repre 
sents the light (if any) that is emitted from the point X) in the 

direction This component Will be non-Zero if the point X) 
is on a light source. 

[0113] The second component, Which is represented by the 
integral on the right hand side of equation (16), represents 

the light (if any) that is directed toWard point X) from 
elseWhere in the scene, including, for eXample, light sources 
and other surfaces, and that is directed to or re?ected or 

otherWise scattered toWards the point X) from other points 

X‘ in the scene that are visible from point The integral 
may be non-Zero for points on light sources as Well as for 
points on other objects in the scene. The integral in equation 
(16) is evaluated over the area A‘ of the surface of a 
hemisphere that is formed from a sphere that is centered on 

the point X) and generally bisected by a plane that is tangent 

to the surface at point 

[0114] The computer graphics system 10 numerically 
evaluates the integral in equation (16) by shooting a plurality 
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of rays from respective points on the pixel into the scene. For 
each ray shot from the pixel, if the path of the ray intersects 
the surface of an simulated object in the scene, in addition 
to shooting shadoW rays to light sources as described above 
to determine the extent to the point on the object is illumi 
nated by a light source, the computer graphics system 10 can 
also determine the extent to Which the point on the object is 
illuminated by light re?ected from elseWhere in the scene. In 
the latter operation, the computer graphics system 10 can 
extend the ray by tracing a path from the point on the object 
that the path of the ray as shot from the pixel intersected, in 
a direction that is generally a re?ection of the path of 
incidence. The computer graphics system can repeat these 
operations through a plurality of iterations, or until the path 
of the ray does not intersect an object in the scene. In 
addition, the computer graphics system 10 Will perform 
similar operations for all of the rays that are shot from the 
pixel, and the combine the results for the respective rays to 
determine the pixel value for the pixel. 

[0115] It Will be appreciated that the computer graphics 
system 10 makes use of a large number of paths in deter 
mining the pixel value, it can use correlated sampling to 
determine the locations of the points of the pixel. Since in 
correlated sampling the same value E is used for all of the 
sample points for the respective pixel, the computer graphics 
system 10 can generate the sample points RJ-(E) for the pixel 
by use of a rigid transformation, Which is more ef?cient than, 
for example, jittered sampling. 
[0116] Distribution Ray Tracing 
[0117] The distribution ray tracing methodology extends 
the path tracing methodology as described above, by adding 
trajectory splitting. In the distribution ray tracing method 
ology, if a ray shot from the simulated image plane into the 
scene intersects the simulated surface of a simulated object 
in a scene, instead of using a single ray re?ected from the 
surface, the computer graphics system re?ects a plurality of 
rays along a like plurality of paths from the intersection 
point on the surface. The computer graphics system divides 
the hemisphere into a plurality of strata, one for each path 
that is to be re?ected from the surface. The computer 
graphics system directs a ray through each stratum, and can 
make use of trajectory splitting as described above to 
determine the speci?c direction through the respective 
strata. Accordingly, the computer graphics system Will trace 
a plurality of paths from the point at Which the ray’s path 
intersects the point on the object. The computer graphics 
system can perform trajectory splitting at any point at Which 
a ray’s path intersects a point on an object. 

[0118] The invention provides a number of advantages. In 
particular, the invention provides a neW and improved 
system and computer-implemented method for evaluating 
integrals using a Monte Carlo methodology in Which the 
integration domain is partitioned into a plurality of strata 
using a strati?cation methodology in Which the number of 
strata is independent of the number of dimensions compris 
ing the integration domain. Speci?cally, the invention pro 
vides a methodology that makes use of strati?cation based 
on rank-1 lattices. Systems and computer-implemented 
methods according to the invention ?nd utility in a number 
of applications, including but not limited to computer graph 
1cs. 

[0119] The invention is also bene?cial in connection With 
one problem that can arise in computer graphics, namely, 
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aliasing, Which gives rise to artifacts in the form of, for 
example, jagged edges. A computer graphics system 10 in 
accordance With the invention does not eliminate aliasing 
artifacts, but it does, hoWever, mask them by noise that can 
arise from randomiZation. To accomplish this, the sample 
points are preferably random as betWeen different pixels; 
hoWever, the samples can be correlated Within a pixel. The 
estimator described above in connection With the last line of 
equation (13) matches these requirements. Within a pixel, 
the samples are a shifted lattice, With the amount of shift 
being determined by the value of the random element E that 
is used for the pixel, providing good uniformity of distri 
bution throughout the area of the pixel, Which, in turn, 
provides for fast convergence. For different pixels, the 
various values of elements . . . Ei_1,Ei,Ei+1 . . . that are used 

provides noise that can mask the aliasing artifacts in the 
image that is generated. 

[0120] It Will be appreciated that a number of changes and 
modi?cations may be made to the invention as described 
herein. For example, although the invention has been 
described in the context of a computer graphics system, it 
Will be appreciated that the invention Will ?nd utility in other 
applications in Which integrals are numerically evaluated 
using the Monte Carlo methodology. 

[0121] In addition, although the invention has been 
described in connection With a rank-1 lattice in the form of 
a lattice based on the Fibonacci sequence, it Will be appre 
ciated that other forms of rank-1 lattices may be used. 

[0122] It Will be appreciated that a system in accordance 
With the invention can be constructed in Whole or in part 
from special purpose hardWare or a general purpose com 
puter system, or any combination thereof, any portion of 
Which may be controlled by a suitable program. Any pro 
gram may in Whole or in part comprise part of or be stored 
on the system in a conventional manner, or it may in Whole 
or in part be provided in to the system over a netWork or 
other mechanism for transferring information in a conven 
tional manner. In addition, it Will be appreciated that the 
system may be operated and/or otherWise controlled by 
means of information provided by an operator using opera 
tor input elements (not shoWn) Which may be connected 
directly to the system or Which may transfer the information 
to the system over a netWork or other mechanism for 
transferring information in a conventional manner. 

[0123] The foregoing description has been limited to a 
speci?c embodiment of this invention. It Will be apparent, 
hoWever, that various variations and modi?cations may be 
made to the invention, With the attainment of some or all of 
the advantages of the invention. It is the object of the 
appended claims to cover these and such other variations 
and modi?cations as come Within the true spirit and scope of 
the invention. 

What is claimed as neW and desired to be secured by Letters 
Patent of the United States is: 
1. A system for numerically evaluating an integral of a 

function over an s-dimensional integration domain compris 
mg: 

A. a sample point generator con?gured to generate a 
selected number of sample points over the integration 
domain, the sample points being generated such that 
there is at least one sample point in each of a plurality 
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of strata distributed over the integration domain, the 
strata being de?ned by a rank-1 lattice; 

B. a function value generator con?gured to, for respective 
ones of the sample points, generate a value for the 
function at the respective sample point; and 

C. an integral value estimate generator con?gured to use 
the function values generated by the function value 
generator at the respective sample points in generating 
an estimate for the value of the integral: 

2. A system as de?ned in claim 1 in Which the integration 
domain comprises the “s”-dimensional unit cube [0,1)S. 

3. A system as de?ned in claim 2 in Which, for each 
stratum Aj, the sample point generator is con?gured to 
generate the “j-th” sample point RJ-(X) in accordance With the 
bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

4. A system as de?ned in claim 3 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that “X” is a vector. 

5. A system as de?ned in claim 4 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that the vector “X” is the same for all sample 
points. 

6. A system as de?ned in claim 4 in Which, for each value 
of indeX “j ,” the sample point generator is con?gured to 
generate the “j-th” sample point such that the vector “X” is 
the “j-th” element of a sequence of vectors PH=(EO, . . . ,EIH). 

7. A system as de?ned in claim 6 in Which the elements 
of the sequence are generated using a random sequence 
generation methodology. 

8. A system as de?ned in claim 6 in Which at least one 
vector in the sequence is an “s”-dimensional vector. 

9. A system as de?ned in claim 2 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that the “s-”dimensional unit cube [0,1)S com 
prises an “s1”-dimensional portion and an “s2”-dimensional 
portion, Where each sample point is de?ned by (Ei,RJ-(‘Qi)), 
where Q is an element of an “s1”-dimensional sequence, ‘Qi 
is an element of an “s2”-dimensional sequence, and R]- is 
de?ned by the bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matriX that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

10. A system as de?ned in claim 9 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
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point such that the elements of the “s1”-dimensional 
sequence are generated using a random sequence generation 
methodology. 

11. A system as de?ned in claim 9 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that the elements of the “s2”-dimensional 
sequence are generated using a random sequence generation 
methodology. 

12. A computer implemented method of numerically 
evaluating an integral of a function over an s-dimensional 
integration domain comprising: 

A. a sample point generation step of generating a selected 
number of sample points over the integration domain, 
the sample points being generated such that there is at 
least one sample point in each of a plurality of strata 
distributed over the integration domain, the strata being 
de?ned by a rank-1 lattice; 

B. a function value generation step of, for respective ones 
of the sample points, generating a value for the function 
at the respective sample point; and 

C. an integral value estimate generation step of using the 
function values generated during the function value 
generation step at the respective sample points in 
generating an estimate for the value of the integral. 

13. A method as de?ned in claim 12 in Which the 
integration domain comprises the “s”-dimensional unit cube 
[0,1)S. 

14. A method as de?ned in claim 13 in Which, for each 
stratum A], the sample point generation step includes the 
step of generating the “j-th” sample point RJ-(X) in accor 
dance With the bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matriX that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

15. A method as de?ned in claim 14 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that “X” is a vector. 

16. A method as de?ned in claim 15 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the vector “X” is the same for 
all sample points. 

17. A method as de?ned in claim 15 in Which, for each 
value of indeX “j,” the sample point generation step includes 
the step of generating the “j-th” sample point such that the 
vector “X” is the “j-th” element of a sequence of vectors 

PD=(EO, - - - End) 

18. A method as de?ned in claim 17 in Which the sample 
point generation step includes the step of generating the 
elements of the sequence using a random sequence genera 
tion methodology. 

19. A method as de?ned in claim 17 in Which at least one 
vector in the sequence is an “s”-dimensional vector. 

20. A method as de?ned in claim 13 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the “s-”dimensional unit cube 
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[0,1)S comprises an “s1”-dimensional portion and an “s2” 
dimensional portion, Where each sample point is de?ned by 
(Ei,R]-(Ci)),Wh6r6 ii is an element of an “sf-dimensional 
sequence, ‘Qi is an element of an “s2”-dimensional sequence, 
and R]- is de?ned by the bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matriX that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

21. A method as de?ned in claim 20 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the elements of the “s1” 
dimensional sequence are generated using a random 
sequence generation methodology. 

22. A method as de?ned in claim 20 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the elements of the “s2” 
dimensional sequence are generated using a random 
sequence generation methodology. 

23. A computer program product for use With a computer 
to provide a system for numerically evaluating an integral of 
a function over an s-dimensional integration domain, the 
computer program product comprising a computer readable 
medium having encoded thereon: 

A. a sample point generator module con?gured to enable 
the computer to generate a selected number of sample 
points over the integration domain, the sample points 
being generated such that there is at least one sample 
point in each of a plurality of strata distributed over the 
integration domain, the strata being de?ned by a rank-1 
lattice; 

B. a function value generator module con?gured to enable 
the computer to, for respective ones of the sample 
points, generate a value for the function at the respec 
tive sample point; and 

C. an integral value estimate generator module con?gured 
to enable the computer to use the function values 
generated by the function value generator at the respec 
tive sample points in generating an estimate for the 
value of the integral. 

24. A computer program product as de?ned in claim 23 in 
Which the integration domain comprises the “s”-dimensional 
unit cube [0,1)S. 

25. A computer program product as de?ned in claim 24 in 
Which, for each stratum A], the sample point generator 
module is con?gured to enable the computer to generate the 
“j-th” sample point RJ-(X) in accordance With the bijection 
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Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matriX that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

26. Acomputer program product as de?ned in claim 25 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that “X” is a vector. 

27. Acomputer program product as de?ned in claim 26 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that the vector “X” is the same for all sample points. 

28. Acomputer program product as de?ned in claim 26 in 
Which, for each value of indeX “j,” the sample point gen 
erator module is con?gured to enable the computer to 
generate the “j -th” sample point such that the vector “X” is 
the “j-th” element of a sequence of vectors PH=(EO, . . . ,EHJ 

). 
29. Acomputer program product as de?ned in claim 28 in 

Which the elements of the sequence are generated using a 
random sequence generation methodology. 

30. Acomputer program product as de?ned in claim 28 in 
Which at least one vector in the sequence is an “s”-dimen 
sional vector. 

31. A computer program product as de?ned in claim 24 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that the “s-”dimensional unit cube [0,1)S comprises an “s1” 
dimensional portion and an “s2”-dimensional portion, Where 
each sample point is de?ned by (Ei,RJ-(‘Qi)), where Q is an 
element of an “s”-dimensional sequence, ‘Qi is an element of 
an “s2”-dimensional sequence, and R]- is de?ned by the 
bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matriX that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

32. Acomputer program product as de?ned in claim 31 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that the elements of the “s1”-dimensional sequence are 
generated using a random sequence generation methodol 
ogy. 

33. Acomputer program product as de?ned in claim 31 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that the elements of the “s2”-dimensional sequence are 
generated using a random sequence generation methodol 
ogy. 

34. A computer graphics system for generating a piXel 
value for a piXel in an image, the piXel being representative 
of a point in a scene, the scene comprising at least one object 
and at least one light source, the computer graphics system 
generating the piXel value by an evaluation of an integral of 
a selected function over an s-dimensional integration 
domain comprising: 
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A. a sample point generator con?gured to generate a 
selected number of sample points over the integration 
domain, the sample points being generated such that 
there is at least one sample point in each of a plurality 
of strata distributed over the integration domain, the 
strata being de?ned by a rank-1 lattice; 

B. a function value generator con?gured to, for respective 
ones of the sample points, generate a value for the 
function at the respective sample point; and 

C. an integral value estimate generator con?gured to use 
the function values generated by the function value 
generator at the respective sample points in generating 
an estimate for the value of the integral in relation to the 
at least one object and at least one light source, the 
estimate corresponding to the piXel value for the image. 

35. A system as de?ned in claim 34 in Which the integra 
tion domain comprises the “s”-dimensional unit cube [0,1)5 
and for each stratum A], the sample point generator is 
con?gured to generate the “j-th” sample point RJ-(X) in 
accordance With the bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

36. A system as de?ned in claim 35 in Which the sample 
point generator is con?gured to use the same vector “X” for 
at least some of the sample points. 

37. A system as de?ned in claim 36 in Which at least part 
of the selected function represents a path tracing methodol 
ogy in Which the function value generator is con?gured to 
generate the function value associated With a point in the 
scene in relation to a plurality of simulated traces projected 
from the point, the directions of the traces being determined 
by strata de?ned on at least a portion of a sphere centered on 
the point induced by at least a portion of the rank-1 lattice. 

38. A system as de?ned in claim 35 in Which, for each 
value of indeX “j,” the sample point generator is con?gured 
to generate the “j-th” sample point such that the vector “X” 
is the “j-th” element of a sequence of vectors PH=(EO, . . . 

>En-1)‘ 
39. A system as de?ned in claim 38 in Which the elements 

of the sequence are generated using a random sequence 
generation methodology. 

40. A system as de?ned in claim 39 in Which at least part 
of the selected function represents a photon map methodol 
ogy in Which the function value generator is con?gured to 
generate the function values by using sample points gener 
ated by the sample point generator module using least some 
of the vectors from the sequence to control a random Walk 
of traces from the light source through at least a portion of 
the scene. 

41. A system as de?ned in claim 35 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that the “s-” dimensional unit cube [0,1)S com 
prises an “s1”-dimensional portion and an “s2”-dimensional 
portion, Where each sample point is de?ned by (Ei,RJ-(‘Qi)), 
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where Q is an element of an “sf-dimensional sequence, ‘Qi 
is an element of an “s2”-dimensional sequence, and R]- is 
de?ned by the bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

42. A system as de?ned in claim 41 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that the elements of the “sf-dimensional 
sequence are generated using a random sequence generation 
methodology. 

43. A system as de?ned in claim 41 in Which the sample 
point generator is con?gured to generate the “j-th” sample 
point such that the elements of the “sf-dimensional 
sequence are generated using a random sequence generation 
methodology. 

44. A system as de?ned in claim 41 in Which at least part 
of the selected function represents a shadoW ray methodol 
ogy, in Which a plurality of shadoW rays comprising simu 
lated traces are traced from a point in the scene toWards 
respective points on the light source, the locations of the 
points on the light source being determined by R], the 
function value generator being con?gured to generate the 
function value in relation to Whether respective ones of the 
shadoW rays intersect at least one of said objects in the 
scene. 

45. Asystem as de?ned in claim 41 in Which at least a part 
of the selected function represents a distribution path tracing 
methodology, in Which the function value generator is 
con?gured to generate the function value associated With a 
point in the scene in relation to a plurality of simulated traces 
projected from the point, the directions of the traces being 
determined by strata de?ned on at least a portion of a sphere 
centered on the point induced by Rj. 

47. Acomputer implemented method of generating a piXel 
value for a piXel in an image, the piXel being representative 
of a point in a scene, the scene comprising at least one object 
and at least one light source, the computer graphics method 
generating the piXel value by an evaluation of an integral of 
a selected function over an s-dimensional integration 
domain, the computer graphics method comprising: 

A. a sample point generation step of generating a selected 
number of sample points over the integration domain, 
the sample points being generated such that there is at 
least one sample point in each of a plurality of strata 
distributed over the integration domain, the strata being 
de?ned by a rank-1 lattice; 

B. a function value generation step of, for respective ones 
of the sample points, generating a value for the function 
at the respective sample point; and 

C. an integral value estimate generation step of using the 
function values generated during the function value 
generation step at the respective sample points in 
generating an estimate for the value of the integral in 
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relation to the at least one object and at least one light 
source, the estimate corresponding to the pixel value 
for the image. 

48. A method as de?ned in claim 47 in Which the 
integration domain comprises the “s”-dimensional unit cube 
[0,1)5 and for each stratum A], the sample point generation 
step including the step of generating the “j -th” sample point 
Rl-(x) in accordance With the bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

49. A method as de?ned in claim 48 in Which the sample 
point generation step includes the step of using the same 
vector “x” for at least some of the sample points. 

50. Amethod as de?ned in claim 49 in Which at least part 
of the selected function represents a path tracing methodol 
ogy in Which the function value generation step includes the 
step of generating the function value associated With a point 
in the scene in relation to a plurality of simulated traces 
projected from the point, the directions of the traces being 
determined by strata de?ned on at least a portion of a sphere 
centered on the point induced by at least a portion of the 
rank-1 lattice. 

51. A method as de?ned in claim 48 in Which, for each 
value of index “j,” the sample point generation step includes 
the step of generating the “j-th” sample point such that the 
vector X is the “j-th” element of a sequence of vectors 

Pn=(EO> - - Eli-1) 

52. A method as de?ned in claim 51 in Which the sample 
point generation step includes the step of generating the 
elements of the sequence using a random sequence genera 
tion methodology. 

53. Amethod as de?ned in claim 52 in Which at least part 
of the selected function represents a photon map methodol 
ogy in Which the function value generation step includes the 
step of generating the function values by using sample 
points generated during the sample point generation step 
using least some of the vectors from the sequence to control 
a random Walk of traces from the light source through at 
least a portion of the scene. 

54. A method as de?ned in claim 48 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the “s-”dimensional unit cube 
[0,1)S comprises an “sf-dimensional portion and an “s2” 
dimensional portion, Where each sample point is de?ned by 
(Ei,RJ-(‘Qi)), where Q is an element of an “sf-dimensional 
sequence, ‘Qi is an element of an ”s2”-dimensional sequence, 
and R]- is de?ned by the bijection 
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Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

55. A method as de?ned in claim 54 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the elements of the “s1” 
dimensional sequence are generated using a random 
sequence generation methodology. 

56. A method as de?ned in claim 54 in Which the sample 
point generation step includes the step of generating the 
“j-th” sample point such that the elements of the “s2” 
dimensional sequence are generated using a random 
sequence generation methodology. 

57. Amethod as de?ned in claim 54 in Which at least part 
of the selected function represents a shadoW ray methodol 
ogy, in Which a plurality of shadoW rays comprising simu 
lated traces are traced from a point in the scene toWards 
respective points on the light source, the locations of the 
points on the light source being determined by Rj, the 
function value generation step including the step of gener 
ating the function value in relation to Whether respective 
ones of the shadoW rays intersect at least one of said objects 
in the scene. 

58. A method as de?ned in claim 54 in Which at least a 
part of the selected function represents a distribution path 
tracing methodology, in Which the function value generation 
step includes the step of generating the function value 
associated With a point in the scene in relation to a plurality 
of simulated traces projected from the point, the directions 
of the traces being determined by strata de?ned on at least 
a portion of a sphere centered on the point induced by Rj. 

59. A computer program product for use in connection 
With a computer to provide a computer graphics system for 
generating a pixel value for a pixel in an image, the pixel 
being representative of a point in a scene, the scene com 
prising at least one object and at least one light source, the 
computer graphics system generating the pixel value by an 
evaluation of an integral of a selected function over an 

s-dimensional integration domain, the computer program 
product comprising a computer-readable medium having 
encoded hereon: 

A. a sample point generator module con?gured to enable 
the computer to generate a selected number of sample 
points over the integration domain, the sample points 
being generated such that there is at least one sample 
point in each of a plurality of strata distributed over the 
integration domain, the strata being de?ned by a rank-1 
lattice; 

B. a function value generator module con?gured to enable 
the computer to, for respective ones of the sample 
points, generate a value for the function at the respec 
tive sample point; and 

C. an integral value estimate generator module con?gured 
to enable the computer to use the function values 
generated by the function value generator at the respec 
tive sample points in generating an estimate for the 
value of the integral in relation to the at least one object 
and at least one light source, the estimate correspond 
ing to the pixel value for the image. 

60. Acomputer program product as de?ned in claim 59 in 
Which the integration domain comprises the “s”-dimensional 
unit cube [0,1)5 and for each stratum A], the sample point 
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generator module is con?gured to enable the computer to 
generate the “j-th” sample point Rl-(x) in accordance With the 
bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

61. A computer program product as de?ned in claim 60 in 
Which the sample point generator module is con?gured to 
enable the computer to use the same vector “x” for at least 
some of the sample points. 

62. Acomputer program product as de?ned in claim 61 in 
Which at least part of the selected function represents a path 
tracing methodology in Which the function value generator 
module is con?gured to enable the computer to generate the 
function value associated With a point in the scene in relation 
to a plurality of simulated traces projected from the point, 
the directions of the traces being determined by strata 
de?ned on at least a portion of a sphere centered on the point 
induced by at least a portion of the rank-1 lattice. 

63. A computer program product as de?ned in claim 60 in 
Which, for each value of index “j,” the sample point gen 
erator module is con?gured to enable the computer to 
generate the “j-th” sample point such that the vector “x” is 
the “j-th” element of a sequence of vectors PU=(E), . . . ,EIH). 

64. Acomputer program product as de?ned in claim 63 in 
Which the elements of the sequence are generated using a 
random sequence generation methodology. 

65. A computer program product as de?ned in claim 64 in 
Which at least part of the selected function represents a 
photon map methodology in Which the function value gen 
erator module is con?gured to enable the computer to 
generate the function values by using sample points gener 
ated by the sample point generator module using least some 
of the vectors from the sequence to control a random Walk 
of traces from the light source through at least a portion of 
the scene. 

66. A computer program product as de?ned in claim 60 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j -th” sample point such 
that the “s-”dimensional unit cube [0,1)S comprises an “s1” 
dimensional portion and an “s2”-dimensional portion, Where 
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each sample point is de?ned by (Ei,RJ-(‘Qi)), where Q is an 
element of an “s1”-dimensional sequence, ‘Qi is an element of 
an “sf-dimensional sequence, and R]- is de?ned by the 
bijection 

Where “n” is the selected number of sample points, g is a 
generator vector for the rank-1 lattice, and B is a matrix that 
de?nes a linear transformation that represents a rotation 
and/or shear. 

67. Acomputer program product as de?ned in claim 66 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that the elements of the “s1”-dimensional sequence are 
generated using a random sequence generation methodol 
ogy. 

68. Acomputer program product as de?ned in claim 66 in 
Which the sample point generator module is con?gured to 
enable the computer to generate the “j-th” sample point such 
that the elements of the “s2”-dimensional sequence are 
generated using a random sequence generation methodol 
ogy. 

69. Acomputer program product as de?ned in claim 66 in 
Which at least part of the selected function represents a 
shadoW ray methodology, in Which a plurality of shadoW 
rays comprising simulated traces are traced from a point in 
the scene toWards respective points on the light source, the 
locations of the points on the light source being determined 
by R], the function value generator being con?gured to 
generate the function value in relation to Whether respective 
ones of the shadoW rays intersect at least one of said objects 
in the scene. 

70. Acomputer program product as de?ned in claim 66 in 
Which at least a part of the selected function represents a 
distribution path tracing methodology, in Which the function 
value generator module is con?gured to enable the computer 
to generate the function value associated With a point in the 
scene in relation to a plurality of simulated traces projected 
from the point, the directions of the traces being determined 
by strata de?ned on at least a portion of a sphere centered on 
the point induced by Rj. 


