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(57) ABSTRACT 

A ?rst storage in an apparatus for outputting a sequence of 
vectors stores vector X having the dimension at least 1, a ?rst 
calculator calculates vector function X‘=f(X) Which utilizes a 
?rst rational vector map f to Which the stored vector X is 
input, a second storage stores vector y having the dimension 
at least 1, a second calculator calculates vector function 
y‘=g(X, y) Which utilizes a second rational vector rnap g to 
Which the stored vectors X and y are input, an output outputs 
vector Z‘ Which is association of the resultant vectors X‘ and 
y‘, a ?rst update updates the ?rst storage by storing the 
resultant vector X‘, and a second update updates the second 
storage by storing the resultant vector y‘. 

I ______________________________________ _ _ 100 
I _ — _ _ — _ _ _ — _ _ _ — — — _ _ _ — _ _ —l 

I I 

: l 101 103 i 
I I 
I I 
: 1ST STORAGE 2ND STORAGE I 

. I 

' | 
I I 

I X l 
I I 

: xi 7 y I 
I r 702 I - v 104 i 
l 
, 1ST CALC. 2ND CALC : 
l . I 

I f g l 
I I 
I l 

l XI | : 
: X| y y| | 
I | 

: 10s I ‘L 105 v 107 i 
I I 

: 1ST UPDATE OUTPUT 2ND UPDATE : 
I I I 

I I 

I __—| I I Z‘ ' I“ l I , I 



Patent Application Publication Mar. 18, 2004 Sheet 1 0f 10 US 2004/0052267 Al 

.N mEQnB mzm . Shine mEE: 5? NE. + m2 F m2 > 
_> .x 

m .F 

0.20 02m .020 5? 

X: . a N2. > x 

. X ww/Eohw oz~ ww<mo5 kw? 

mm: 



Patent Application Publication Mar. 18, 2004 Sheet 2 0f 10 US 2004/0052267 A1 

X: H 
. > . 

MD“ 7 

N 

5150 55% km? 

m2 + + m2 u 

.x 
h .96 5? 

m2 7 

x mo<mokm 5F 



Patent Application Publication Mar. 18, 2004 Sheet 3 0f 10 US 2004/0052267 A1 

.rDnFDO 0mm 
gwa > :2 Ex 

m . .rDnFDO OZN 
. mom. a 

. . “F .PDnFDO .rwr 

mObqmwzmmv 

wow * 



Patent Application Publication Mar. 18, 2004 Sheet 4 0f 10 US 2004/0052267 A1 

.rDnEbO 0mm. llnlllllIlllIIlnllllllllll'l‘llllllllll.llllllllllllllllllllllllllllllll . . . .EX “Ex .6? 

. . . .8; .E> .§> % 

m PDnEbO 02m 
3 

.. . . Ex .Ex 

8w a 

mg a 

motqmwzwmu 



Patent Application Publication Mar. 18, 2004 Sheet 5 0f 10 US 2004/0052267 A1 

FIG. 5 

303 , . 308‘ 

MAIN I ' 

STORAGE ROM 

‘304 w 1 i 302 

EXTERNAL 

305 306 

DISPLAY <———4 INPUT 

I 
l 
I 
I 
I 
l 
l 
I 
I 
l 
l 
l 
I 
I 
I 
I 
I 
I 
I 
I 
I . 

I 

I <--———-W CPU | STORAGE 
l 
| . 

I 
l 
l 
I 
I 
I 
I 
I 
l 
I 
I 
I 
I 
I 
I 
I 
I 
I DATA PROCESSOR ‘ 



Patent Application Publication Mar. 18, 2004 Sheet 6 0f 10 US 2004/0052267 A1 

FIG. 6 

< ' START J 
l ' 5401 

OBTAIN SEEDS 

- $402‘ 
STORE SEEDS ON 

1ST & 2ND STORAGES 

*1 I 8403 
FETCH X. y FROM 

1ST & 2ND STORAGES 

l 8404 
2ND CALC.: y' = g(x, y) 

l 4 8405 
UPDATE 2ND STORAGE: y‘ 

6406 
FETCH XFROM 
'1STSTORAGE 

1 5407 
1ST CALC; X' = f(x) 

1 3408 
UPDATE 1ST STORAGE: X‘ 

k S409 

ASSOCIATE x' WITH y‘. 
OUTPUT ASSOCIATiON 



Patent Application Publication Mar. 18, 2004 Sheet 7 0f 10 US 2004/0052267 A1 

FIG. 7 ' 

DENSITY OF 1D EXACTLY SOLVABLE CHAOS I 

‘f T I I. F 

_ " EMPIRICAL DENSITY # 
EXACT'DENSITY --- 

DENSITY 



Patent Application Publication Mar. 18, 2004 Sheet 8 0f 10 US 2004/0052267 A1 

FIG. 8 

2D EXACTLY SOLVABLE CHAOS( 

V . . 3 1:... , m3"? . .. . .4 .é. 

. . . . w 1 i 

1) 

... .Y. ‘ L . . a 

.wwh . 

Mann“ Iv... - 

is 
8. 7. 6 5. 4. 3 2 

0 0. 0 O O 0 O. 



Patent Application Publication Mar. 18, 2004 Sheet 9 0f 10 US 2004/0052267 A1 

FIG. 9 

DENSITY‘OF 2D EXACTLY SOLVABLE CHAOS (|=0.5, N=10"7) 

200~' 

100 



Patent Application Publication Mar. 18, 2004 Sheet 10 0f 10 US 2004/0052267 A1 

DENSITY 

FIG. 10 

PROJECTED DENSITY OF 2D EXACTLY SOLVABLE CHAOS AT 
x=0.5(N=105) 

5' f 
EMPIRICAL DENSiTY + 

EXACT DENSITY --- 



US 2004/0052267 A1 

APPARATUS AND METHOD FOR OUTPUTTING 
SEQUENCE OF VECTORS, DATA RECORDING 

MEDIUM, AND CARRIER WAVE SIGNAL 

FIELD OF THE INVENTION 

[0001] The present invention relates to an apparatus and 
method for outputting a sequence of vectors, a data record 
ing medium, and a carrier Wave signal. 

[0002] More particularly, the present invention relates to 
an apparatus and method for outputting a sequence of higher 
dimensional random vectors Whose limiting distribution is 
expressed by an analytical density function, after associating 
tWo vector sequence generating methods by Which 
sequences of random vectors Whose limiting distribution is 
expressed by a knoWn analytical density function are output, 
and a data recording medium storing a program Which 
realiZe the above vector sequence output. 

DESCRIPTION OF THE RELATED ART 

[0003] Many random number generating methods utiliZ 
ing recurrence formulas have been knoWn conventionally. 
Many ?elds require random number generation. Monte 
Carlo method for simulation in physics and engineering 
?elds utiliZes the random numbers. 

[0004] CDMA (Code Division Multiple Access) technol 
ogy for mobile phone communication assigns PN (Pseudo 
Noise) code to each user in order to share the limited band 
among many users. The PN code is generated based on the 
random numbers. 

[0005] Moreover, public key encryption employed in tele 
communication technologies utiliZes the random numbers 
for generating public keys. Demands for such the encryption 
has been developing because stronger protection has been 
required as telecommunications such as internet has been 
Widely used. 

[0006] Traditional methods for generating the random 
numbers usually utiliZe recurrence formulas. Especially, 
multiplication recurrence formulas have been used Widely 
for many years. HoWever, such the multiplication recurrence 
formula also has raised problems regarding to ?nite period 
icity. Recently, rational maps have been applied to the 
recurrence formulas to generate random numbers as chaos 

theory has been developing. The rational map is a result of 
the addition theorem of an elliptic function (including a 
trigonometric function). Demands for the random number 
generation by such the method Which utiliZes the rational 
map have been developing, because such the method has the 
folloWing advantages. 

[0007] (1) Non-cyclical random number sequence 
generation by Which the numbers are proven to be 
chaotic (thus, aperiodic): 

[0008] (2) Sequences of rational numbers result from 
rational number seeds (initial values given to the 
recurrence formula); and 

[0009] (3) KnoWn analytic function acts as the den 
sity function expressing random number distribu 
tion. 
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[0010] KnoWn rational maps Which bring the above 
advantages are: an Ulam-von Neumann map (equation 1), a 
cubic map (equation 2), a quintic map (equation 3), and the 
like. 

[0011] Regardless of the different rational maps above, the 
equation 4 represents a density function expressing distri 
bution of a random number sequence Which results from 
the folloWing recurrence formula (Where 0<§<1; Q is an 
arbitrary initial value). 

[0012] Arational map With a parameter, such as a Katsura 
Fukuda map, a generaliZed Ulam-von Neumann map (equa 
tion 5), a generaliZed cubic map, a generaliZed Chebyshev 
map, or the like may be applied to the recurrence formula. 

EQUATION 5 
f0, "1, X) Where 

c =12 + m2 - 21m - 212m - 21m2 + l2m2 

[0013] For example, if the random number sequence result 
from the above recurrence formula employing the general 
iZed Ulam-von Neumann map (equation 5), limiting distri 
bution of the resultant random number sequences is 
expressed by the folloWing density function (equation 6) 
Which includes the parameter of the generaliZed Ulam-von 
Neumann map. 

1 EQUATION 6 

[0014] The Katsura-Fukuda map is the same as the gen 
eraliZed Ulam-von Neumann map (equation 5) Where m=0. 

[0015] Unexamined Japanese Patent Application KOKAI 
No. H10-283344 by the inventor of the present invention 
discloses a technique for generating random numbers With 
utiliZing rational maps. Theoretical backgrounds for the 
technique are disclosed in the folloWing documents. 

[0016] S. M. Ulam and J. von Neumann, Bull. Math. 
Soc. 53 (1947) pp. 1120. 



US 2004/0052267 A1 

[0017] R. L. Adler and T. J. Rivlin, Proc. Am. Math. 
Soc. 15 (1964) pp. 794. 

[0018] K. Umeno, Method of constructing exactly solv 
able chaos, Phys. Rev.E (1997) Vol. 55 pp. 5280-5284. 

[0019] Conventionally, a random number sequence (a 
sequence of random one-dimensional vectors) result from 
the above random number generating method by applying a 
sequence of scalars (one-dimensional vectors) to the recur 
rence formula as the seed. 

[0020] HoWever, such the conventional methods have the 
folloWing problems. 

[0021] For carrying out the Monte-Carlo method in 
dimension at least tWo, a sequence of random vectors of 
dimensions at least tWo is required. HoWever, the conven 
tional random number generating method generates a 
sequence of random numbers corresponding to a sequence 
of scalars (one-dimensional vectors). When the Monte-Carlo 
method is applied to simulation in three-dimensional space, 
three-value selection from head of the sequence may be 
required for necessary times. HoWever, such operation 
causes deviation of random number distribution, thus, error 
convergence Will be poor. 

[0022] Moreover, the public key encryption requires 
paired integers as the random number. HoWever, the con 
ventional method can not perform simultaneous generation 
of the integers to be paired. This Will make a security hole, 
thus, the encryption may be cracked. 

[0023] Under such the circumstances, there is a great 
demand for an apparatus and method for outputting a 
sequence of vectors each of Which comprises plural pairs of 
random numbers each being generated simultaneously as a 
multi-dimensional random vector, and for expressing distri 
bution of the output vector sequence by an analytic density 
function. 

SUMMARY OF THE INVENTION 

[0024] The present invention has been made for overcome 
the above problems. It is an object of the present invention 
to provide to an apparatus and a method for outputting a 
sequence of higher dimensional random vectors by associ 
ating tWo vector sequence generating methods by Which 
sequences of random vectors Whose distribution is expressed 
by a knoWn analytic density function are output, and distri 
bution of the resultant sequence of random vectors is 
expressed by an analytic density function, and to provide a 
data recording medium storing a program Which realiZes the 
above. 

[0025] To accomplish the above object, the folloWing 
invention Will be disclosed in accordance With the principle 
of the present invention. 

[0026] As shoWn in FIG. 1, an apparatus 100 for output 
ting a sequence of vectors according to a ?rst aspect of the 
present invention comprises a ?rst storage 101, a ?rst 
calculator 102, a second storage 103, a second calculator 
104, an output 105, a ?rst update 106, and a second update 
107. 

[0027] (a) the ?rst storage 101 stores vector x of 
dimension at least 1; 
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[0028] (b) the ?rst calculator 102 calculates vector 
x‘=f(x) Which utiliZes a ?rst rational vector map f to 
Which the vector x stored in the ?rst storage 101 is 
input; 

[0029] (c) the second storage 102 stores vector y of 
dimension at least 1; 

[0030] (d) the second calculator 104 calculates vector 
y‘=g(x, y) Which utiliZes a second rational vector 
map g to Which the vector x stored in the ?rst storage 
101 and the vector y of dimension at least 1 stored in 
the second storage 103 are input; 

[0031] (e) the output 105 outputs vector Z‘ Which is 
association of the vector x‘ resulting from the ?rst 
calculator 102 and the vector y‘ resulting from the 
second calculator 104; 

[0032] the ?rst update 106 replaces the vector x in 
the ?rst storage 101 With the vector x‘ Which is the 
result of the ?rst calculator 102; and 

[0033] (g) the second update 107 replaces the vector 
y in the second storage 103 With the vector y‘ Which 
is the result of the second calculator 104. 

[0034] Here, “rational vector map” means a map Which 
converts vector of dimension at least 1 having rational 
number components into another vector of dimension at 
least 1 having rational number components. 

[0035] The rational vector maps f and g may be maps 
based on the chaos theory (described later) or arbitrary maps 
applicable to a recurrence formula for random number 
generation. For example, a map Which multiplies a giant 
prime number to obtain the remainder may be applicable 
one. 

[0036] In the apparatus for outputting a sequence of vec 
tors according to the present invention, a density function 
expressing limiting distribution of a sequence of vectors x, 
f(x), f(f(x)), f(f(f(x))), . . . Which are obtained after applying 
0 or more times the vector x of dimension at least 1 to the 
?rst rational vector map f, is represented by an analytic 
function, and 

[0037] a density function expressing limiting distri 
bution of a sequence of vectors y, g()», y), g()», g()», 
y)), g()», g0», g0», y))), . . . Which are obtained after 
applying 0 or more times the vector y of dimension 
at least 1 to the second rational vector map g()t, .) 
to Which vector 9» of dimension at least 1 is input as 
a parameter, is represented by an analytic function 
having the parameter 7». 

[0038] As shoWn in FIG. 2, an apparatus 100 for output 
ting a sequence of vectors according to a second aspect of 
the present invention comprises a ?rst storage 101, a ?rst 
calculator 102, a second storage 103, a second calculator 
104, an output 105, a ?rst update 106, and a second update 
107. 

[0039] (a) the ?rst storage 101 stores vector x of 
dimension at least 1; 

[0040] (b) the ?rst calculator 102 calculates vector 
x‘=f(x) Which utiliZes a ?rst rational vector map f to 
Which the vector x stored in the ?rst storage 101 is 
input; 
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[0041] (c) the second storage 101 stores vector y of 
dimension at least 1; 

[0042] (d) the second calculator 104 calculates vector 
y‘=g(X‘, y) Which utilizes a second rational vector 
map g to Which the vector X‘ resulting the ?rst 
calculator 102 and the vector y having dimension at 
least 1 stored in the second storage 103 are input; 

[0043] (e) the output 105 outputs vector Z‘ Which is 
association of the vector X‘ resulting from the ?rst 
calculator 102 and the vector y‘ resulting from the 
second calculator 104; 

[0044] the ?rst update 106 replaces the vector X in 
the ?rst storage 101 With the vector X‘ Which is the 
result of the ?rst calculator 102; and 

[0045] (g) the second update 107 replaces the vector 
y in the second storage 103 With the vector y‘ Which 
is the result of the second calculator 104. 

[0046] The rational vector maps f and g may be maps 
based on the chaos theory (described later) or arbitrary maps 
applicable to a recurrence formula for random number 
generation. For eXample, a map Which multiplies a giant 
prime number to obtain the remainder may be applicable 
one. 

[0047] In the apparatus for outputting a sequence of vec 
tors according to the present invention, a density function 
eXpressing limiting distribution of a sequence of vectors X, 
f(X), f(f(X)), f(f(f(X))), . . Which are obtained after applying 
0 or more times the vector X of dimension at least one to the 

?rst rational vector map f, is represented by an analytic 
function, and 

[0048] a density function eXpressing limiting distri 
bution of a sequence of vectors y, g0», y), g0», g0», 
y)), g0», g0», g0», y))), . . . Which are obtained after 
applying to 0 or more times the vector y of dimen 
sion at least 1 to the second rational vector map g0», 
.) to Which vector )L of dimension at least 1 is input 
as a parameter, is represented by an analytic function 
having the parameter 7». 

[0049] The ?rst rational vector map f for the apparatus for 
outputting a sequence of vectors according to the present 
invention may be a rational map obtained by an addition 
theorem of the elliptic function, especially, one of Ulam-von 
Neumann map, cubic map, and quintic map, or one of 
Katsura-Fukuda map, generaliZed Ulam-von Neumann map, 
generaliZed cubic map and generaliZed Chebyshev to each 
of Which a predetermined parameter is applied. 

[0050] The second rational vector map g of the present 
invention may be a rational map obtained by an additional 
theorem of the elliptic function, especially, one of Katsura 
Fukuda map, generaliZed Ulam-von Neumann map, gener 
aliZed cubic map, and generaliZed Chebyshev map. 

[0051] In a case Where the rational maps obtained by 
additional theorem of the elliptic function are selected as the 
?rst and second rational vector maps f and g, a density 
function eXpressing limiting distribution of the sequence of 
vectors to be sequentially output by the output 105 Will be 
obtained by a density function for a random number 
sequence obtained by the selected maps. 
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[0052] As shoWn in FIG. 3, an apparatus 200 for output 
ting a sequence of vectors according to a third aspect of the 
present invention comprises a generator 201, a ?rst output 
202, a second output 203, and a third output 204. 

[0053] (a) the generator 201 receives vector Q of 
dimensions at least 2, and generates vector Q of 
dimension at least 1 and vector 11 of dimension at 
least 1; 

[0054] (b) the ?rst output 202 receives the vector Q, 
generated by the generator 201, and outputs vectors 

obtained by the folloWing recurrence formula 
Which utiliZes a ?rst rational vector map f 

[0055] (c) the second output 203 receives the vector 

1] generated by the generator 201 and the vectors output by the ?rst output 202, and outputs vectors 

y[i] obtained by the folloWing recurrence formula 
Which utiliZes a second rational vector map g 

[0056] (d) the third output 204 outputs vectors Z[i] 
Which is association of the vectors output by the 
?rst output 202 and the vectors y[i] output by the 
second output 203. 

[0057] As shoWn in FIG. 4, an apparatus 200 for output 
ting a sequence of vectors according to a fourth aspect of the 
present invention comprises a generator 201, a ?rst output 
202, a second output 203, and a third output 204. 

[0058] (a) the generator 201 receives vector Q of 
dimensions at least 2, and generates vector Q of 
dimension at least 1 and vector 11 of dimension at 
least 1; 

[0059] (b) the ?rst output 202 receives the vector Q 
generated by the generator 201; and outputs vectors 

obtained by the folloWing recurrence formula 
Which utiliZes a ?rst rational vector map f 

[0060] (c) the second output 203 receives the vector 

1] generated by the generator 201 and the vectors output by the ?rst output 202, and outputs vectors 

y[i] obtained by the folloWing recurrence formula 
Which utiliZes a second rational vector map g 

[0061] (d) the third output 204 outputs vectors Z[i] 
Which is association of the vectors output by the 
?rst output 202 and the vectors y[i] output by the 
second output 203. 

(Where £20); 

[0062] In the apparatus for outputting a sequence of vec 
tors according to the present invention, a density function 
eXpressing limiting distribution of a sequence of vectors X, 
f(X), f(f(X)), f(f(f(X))), . . . Which are obtained after applying 
0 or more times the vector X of dimension at least one to the 
?rst rational vector map f, is represented by an analytic 
function, and 
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[0063] a density function expressing limiting distri 
bution of a sequence of vectors y, g0», y), g0», g0», 
y)), g0», g0», g0», y))), . . . Which are obtained after 
applying 0 or more times the vector y of dimension 
at least 1 to the second rational vector map g0», .) 
to Which vector )L of dimension at least 1 is input as 
a parameter, is represented by an analytic function 
having the parameter 7». 

[0064] The ?rst rational vector map f for the apparatus for 
outputting a sequence of vectors according to the present 
invention may be a rational map obtained by an addition 
theorem of the elliptic function, especially, one of Ulam-von 
Neumann map, cubic map, and quintic map, or one of 
Katsura-Fukuda map, generaliZed Ulam-von Neumann map, 
generaliZed cubic map and generaliZed Chebyshev to each 
of Which a predetermined parameter is applied. 

[0065] The second rational vector map g of the present 
invention may be a rational map obtained by an additional 
theorem of the elliptic function, especially, one of Katsura 
Fukuda map, generaliZed Ulam-von Neumann map, gener 
aliZed cubic map, and generaliZed Chebyshev map. 

[0066] In these cases, an analytic density function eXpress 
ing limiting distribution of the output vector sequence is also 
obtained based on the rational vector maps f and g. 

[0067] The ?rst output 202 itself may act as the apparatus 
for outputting a sequence of vectors according to the present 
invention. This case is realiZed by the folloWing steps. 

[0068] (1) Prepare an apparatus X (for outputting a 
sequence of vectors) Which utiliZes a rational vector 
map f and a rational vector map g to Which a 
parameter is input; 

[0069] (2) Since the result of the apparatus X is 
regarded as a result of a rational vector map f, 
another apparatus Y for outputting a further vector 
sequence is prepared by associating the apparatus X 
With a further rational vector map g‘ to Which a 
parameter is input. The apparatus Y can output a 
sequence of vectors Whose dimension is higher than 
that of the vector sequence output by the apparatus 
X. 

[0070] (3) Repeated preparation of apparatuses in 
such the manner Will eventually produce an appara 
tus for outputting a sequence of arbitrary dimen 
sional random vectors. 

[0071] A method for outputting a sequence of vectors 
according to a ?fth aspect of the present invention com 
prises: 

[0072] (a) the ?rst calculation step of calculating 
vector X‘=f(X) Which utiliZes a ?rst rational vector 
map f to Which vector X of dimension at least 1 stored 
in a ?rst storage is input; 

[0073] (b) the second calculation step of calculating 
vector y‘=g(X, y) Which utiliZes a second rational 
vector map g to Which the vector X stored in the ?rst 
storage and vector y of dimension at least 1 stored in 
a second storage are input; 

[0074] (c) the output step of outputting vector Z‘ 
Which is association of the vector X‘resulting from 
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the ?rst calculation step and the vector y‘ resulting 
from the second calculation step; 

[0075] (d) the ?rst update step of updating the ?rst 
storage by storing the vector X‘ obtained by the ?rst 
calculation step; and 

[0076] (e) the second update step of updating the 
second storage by storing the vector y‘ obtained by 
the second calculation step. 

[0077] A method of outputting a sequence of vectors 
according to a siXth aspect of the present invention com 
prises: 

[0078] (a) the ?rst calculation step of calculating 
vector X‘=f(X) Which utiliZes a ?rst rational vector 
map f to Which vector X of dimension at least 1 stored 
in a ?rst storage is input; 

[0079] (b) the second calculation step of calculating 
vector y‘=g(X‘, y) Which utiliZes a second rational 
vector map g to Which the vector X‘ resulting from the 
?rst calculation step and vector y of dimension at 
least 1 stored in a second storage are input; 

[0080] (c) the output step of outputting vector Z‘ 
Which is association of the vector X‘ resulting from 
the ?rst calculation step and the vector y‘ resulting 
from the second calculation step; 

[0081] (d) the ?rst update step of updating the ?rst 
storage by storing the vector X‘ obtained by the ?rst 
calculation step; and 

[0082] (e) the second update step of updating the 
second storage by storing the vector y‘ obtained by 
the second calculation step. 

[0083] In the method for outputting a sequence of vectors 
according to the present invention, a density function 
eXpressing limiting distribution of a sequence of vectors X, 
f(X), f(f(X)), f(f(f(X))), . . . Which are obtained after applying 
0 or more times the vector X of dimension at least one to the 

?rst rational vector map f, is represented by an analytic 
function, and 

[0084] a density function eXpressing limiting distri 
bution of a sequence of vectors y, g0», y), g0», g0», 
y)), g0», g0», g0», y))), . . . Which are obtained after 
applying 0 or more times the vector y of dimension 
at least 1 to the second rational vector map g0», —B 
to Which vector )L of dimension at least 1 is input as 
a parameter, is eXpressed by an analytic function 
having the parameter 7». 

[0085] The ?rst rational vector map f for the method for 
outputting a sequence of vectors according to the present 
invention may be a rational map obtained by an addition 
theorem of the elliptic function, especially, one of Ulam-von 
Neumann map, cubic map, and quintic map, or one of 
Katsura-Fukuda map, generaliZed Ulam-von Neumann map, 
generaliZed cubic map and generaliZed Chebyshev to each 
of Which a predetermined parameter is applied. 

[0086] The second rational vector map g of the method for 
outputting a sequence of vectors according to the present 
invention may be a rational map obtained by an additional 
theorem of the elliptic function, especially, one of Katsura 
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Fukuda map, generalized Ulam-von Neumann map, gener 
aliZed cubic map, and generalized Chebyshev map. 

[0087] In this case, an analytic density function expressing 
distribution of the output vector sequence is also obtained 
based on the rational vector maps f and g. 

[0088] A program Which realiZes the apparatus and 
method for outputting a sequence of vectors according to the 
present invention may be stored in a data recording medium 
such as a compact disc, a ?oppy disk, a hard disk, a 
magneto-optical disk, a digital versatile (video) disk, a 
magnetic tape, and a semiconductor memory apparatus. 

[0089] The program may be distributed by a carrier Wave 
signal. 

[0090] A data processor having a storage, a calculator, an 
output apparatus, and the like, for example, a general 
purpose computer, a video game apparatus, a PDA (Personal 
Data Assistance), a mobile phone, and the like acts as the 
apparatus for outputting a sequence of vectors or for real 
iZing the method, by executing the program stored in the 
data recording medium according to the present invention. 

[0091] The data recording medium storing the program 
according to the present invention may be distributed or 
merchandised separately from the data processor apparatus. 

BRIEF DESCRIPTION OF THE DRAWINGS 

[0092] These objects and other objects and advantages of 
the present invention Will become more apparent upon 
reading of the folloWing detailed description and the accom 
panying draWings in Which: 

[0093] FIG. 1 is a block diagram shoWing the structure of 
an apparatus for outputting a sequence of vectors according 
to a ?rst aspect of the present invention; 

[0094] FIG. 2 is a block diagram shoWing the structure of 
an apparatus for outputting a sequence of vectors according 
to a second aspect of the present invention; 

[0095] FIG. 3 is a block diagram shoWing the structure of 
an apparatus for outputting a sequence of vectors according 
to a third aspect of the present invention; 

[0096] FIG. 4 is a block diagram shoWing the structure of 
an apparatus for outputting a sequence of vectors according 
to a fourth aspect of the present invention; 

[0097] FIG. 5 is a block diagram shoWing the structure of 
a data processor Which acts as the apparatus for outputting 
a sequence of vectors according to the present invention; 

[0098] FIG. 6 is a ?oWchart shoWing the steps executed 
by the apparatus for outputting a sequence of vectors accord 
ing to the present invention; 

[0099] FIG. 7 is a graph shoWing density function of 
random number distribution When the generaliZed Ulam-von 
Neumann map is applied to the recurrence formula; 

[0100] FIG. 8 is a diagram shoWing plotted coordinates 
represented by tWo-dimensional vectors output at step S409 
in the ?oWchart shoWn in FIG. 6; 

[0101] FIG. 9 is a histogram Whose coordinates are the 
tWo-dimensional vectors output at step S409 in the ?oWchart 
shoWn in FIG. 6; and 
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[0102] FIG. 10 is a graph representing a cross section of 
the histogram shoWn in FIG. 6. 

DETAILED DESCRIPTION OF THE 
PREFERRED EMBODIMENTS 

[0103] First Embodiment 

[0104] FIG. 5 is a block diagram shoWing the structure of 
a data processor such as a general purpose computer Which 
acts as an apparatus for outputting a sequence of vectors 
according to an embodiment of the present invention. 

[0105] A data processor 301 is under control of a CPU 
(Central Processing Unit) 302. A main storage 303 such as 
a RAM (Random Access Memory) stores temporary data, 
and an external storage such as a hard disk, a ?oppy disk, a 
CD-ROM (Compact Disc Read Only Memory), a magnetic 
tape and a magneto-optical disk stores programs to be 
executed by the CPU 302. 

[0106] Upon the data processor 301 is turned on, the CPU 
302 executes a boot program stored in a ROM (Read Only 
Memory) 308. Upon the boot program execution, programs 
such as OS (Operating System) and various application 
programs stored in the external storage 304, etc. are loaded 
to the main storage 303, and the CPU 302 executes them. 

[0107] Files including results of the execution Will be 
stored in the external storage 304, or the results Will be 
displayed on a display 305 such as a CRT (Cathode Ray 
Tube) display, and a liquid crystal display. A user inputs 
commands to the data processor 301 through an input device 
306 such as a mouse and a keyboard. 

[0108] In a case Where the data processor 301 acts as the 
apparatus 100 for outputting a sequence of vectors shoWn in 
FIGS. 1 and 2, the main storage 303 acts as the ?rst and 
second storage 101 and 103; the CPU 302 acts as the ?rst 
calculator 102, the second calculator 104, the ?rst update 
106, and the second update 107; the external storage 304 
acts as the output 105 When saving the result ?les; the 
display 305 acts as the output 105 When displaying the 
results; and the main storage 303 acts as the output 105 When 
sharing the results With other programs. 

[0109] In another case Where the data processor acts as the 
apparatus 200 for outputting a sequence of vectors shoWn in 
FIG. 3, the CPU 302 collaborates With the main storage 303 
(the external storage 304 and the display 305 as needed) to 
act as the generator 201, the ?rst output 202, the second 
output 203, and the third output 204. 

[0110] The main storage 303 and the external storage 304 
act as the data recording medium according to the present 
invention. The ROM 308 may act as the data recording 
medium according to the present invention. 

[0111] A process How executed by the apparatus for out 
putting a sequence of vectors according to the present 
invention Will noW be described With reference to FIG. 6. 
FIG. 6 is a ?oWchart shoWing the process How of the present 
invention. 

[0112] For the sake of simple explanation, Ulam-von 
Neumann map (see equation 1) and Katsura-Fukuda map are 
exempli?ed hereinafter as the rational map f and the rational 
map g respectively. HoWever, those skilled in the art may 
easily modify the embodiment so as to employ other maps, 
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and such the modi?ed embodiments are included in the 
scope of the present invention. 

[0113] The CPU 302 obtains a time value or the like as a 
seed for the random number (step S401). In this case, a 
sequence of scalars (l-dimensional vectors) is input to the 
rational map f, and another sequence of scalars (1-dimen 
sional vectors) and a parameter are input to the rational map 
g. Therefore, tWo different seeds for the scalars are required. 
In other Words, the seeds for the random number are 
2-dimensional vectors. 

[0114] The user may input the seeds for the random 
number through the input device 306. And the input seeds 
may be associated With the time value. This method is 
helpful for generating a public key for encryption. 

[0115] The CPU 302 transfers the seeds to the ?rst storage 
101 and the second storage 103 respectively (step S402). 
Thus, an initial value for the random number generation is 
set. 

[0116] Steps S401-S402 correspond to process executed 
by the generator 201 in the apparatus 200 for outputting a 
sequence of random vectors shoWn in FIG. 3. 

[0117] Then the CPU 302 fetches a value X stored in the 
?rst storage 101 and a value y stored in the second storage 
103 (step S403), and calculates y‘=g(x, y) (step S404). The 
CPU 302 updates the second storage 103 by storing the 
resultant value y‘ (step S405). 

[0118] That is, the CPU 302 acts as the second calculator 
104 in step S404. 

[0119] The CPU 302 further fetches the value X stored in 
the ?rst storage 101 (step S406), and calculates x‘=f(x) (step 
S407). The CPU 302 updates the ?rst storage 101 by storing 
the resultant value x‘ (step S408). 

[0120] That is, the CPU 302 acts as the ?rst calculator 102 
in step S407. 

[0121] Finally, the CPU 302 associates the value x‘ in the 
?rst storage 101 With the value y‘ in the second storage 103, 
and outputs a resultant value to the external storage 304 or 
the like (step S409). Then, the How returns to step S403. 

[0122] A result after associating n-dimensional vector 
With another m-dimensional vector is n+m)-dimensional 
vector. Element of the result includes laid elements of the 
n-dimensional vector, and laid elements of the m-dimen 
sional vector folloWs thereto. Process executed by the gen 
erator 201 in the apparatus 200 for outputting a sequence of 
vectors shoWn in FIG. 3 is realiZed by disassociating the 
vectors. 

[0123] Random (m+n)-dimensional vectors Will be output 
to the external storage 304 after repeat execution of the 
above steps. 

[0124] The relationships betWeen process executed by the 
?rst to third outputs 202-204 in the apparatus 200 for 
outputting a sequence of vectors shoWn in FIG. 3 and steps 
shoWn in FIG. 6 are as folloWs: 

[0125] the ?rst output 202 executes steps S406 to 
S408; the second output 203 executes steps S403 to 
S405; and the third output 204 executes step S406. 
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[0126] As mentioned above, the generaliZed Ulam-von 
Neumann map (see equation 1) is employed as the rational 
vector map f in this embodiment. FIG. 7 shoWs a result of 
a density function expressing random number distribution 
Where the generaliZed Ulam-von Neumann map is employed 
as a recurrence formula. As shoWn in FIG. 7, the density 
function shoWs ununiformed result in the range of 0<x<1 
(concave up Where 0<x<1; in?nite Where x=0 and x=1). 

[0127] As mentioned above, the Katsura-Fukuda function 
(equation 7) is employed as the rational vector map g in this 
embodiment. The random number distribution is analyti 
cally expressed by equation 8 When the Katsura-Fukuda 
function is employed as a recurrence formula Where the 
parameter x‘ is ?xed. 

_ 4y(1 — y)(1 — x’y) EQUATION 7 

EQUATION 8 
v(x, y) = Where 

[0128] FIG. 8 is a diagram shoWing sequentially plotted 
dots Whose coordination is represented by 2-dimensional 
vectors output at step S409. FIG. 9 is a histogram Whose 
coordination is represented by the 2-dimensional vectors 
output at step S409. FIG. 10 shows a cross section of the 
histogram shoWn in FIG. 9. 

[0129] The inventor mathematically proved the folloWing 
fact: 

[0130] “Generally, When a rational ergodic map f having a 
density function p(x) and a rational ergodic map g(x, e) 
having a parameter x and a density function v(x, y) are 
associated With each other by the method of the present 
invention Which utiliZes a recurrence formula, a density 
function expressing limiting distribution of the output vector 
sequence Will be v(x, y) p(x).” 

[0131] That is, if knoWn analytic density functions 
expressing limiting distribution are associated With each 
other, the resultant density function of limiting distribution 
Will be a product of the original density functions. Therefore, 
the resultant density function is analytically available. 

[0132] The above fact is also proved by the graph shoWn 
in FIG. 10 because it shoWs the shape Which is almost the 
same as the shape of the graph shoWn in FIG. 7. Moreover, 
the method of the present invention realiZes less de?ection 
of random numbers than that caused by the conventional 
techniques. 

[0133] Modi?ed order of the process ?oW, parallel execu 
tion of separated process ?oW, or the like may realiZe the 
same effect of the present invention. Such the modi?cation 
is included in the scope of the invention. 

[0134] Second Embodiment 

[0135] In the ?rst embodiment, the apparatus for output 
ting a sequence of vectors Was the data processor such as a 
general purpose computer. An electronic circuit Which acts 
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as the apparatus for outputting a sequence of vectors Will be 
described in a second embodiment. 

[0136] Flip-?op type storage circuits act as the ?rst storage 
101 and the second storage 103 in the apparatus 100 for 
outputting a sequence of vectors shoWn in FIG. 1. 

[0137] A combination of an addition circuit and a multi 
plication circuit acts as the ?rst and second calculators 102 
and 104. 

[0138] Output lines of the circuit acting as the second 
calculator 104 act as the output 105. 

[0139] To realiZe function of the ?rst and second updates 
106 and 107, constantly delaying clock of signals output 
from the output lines of the circuit acting as the ?rst and 
second calculators 102 and 104, and storing the delayed 
outputs in the ?rst and second storage 101 and 103 as 
feedback. 

[0140] Such the circuit based device for outputting a 
sequence of vectors according to the present invention Will 
be helpful to apply the present invention to a device such as 
a PDA and a mobile phone Which requires simple and small 
structure With less poWer consumption. 

[0141] Third Embodiment 

[0142] In the above embodiments, rational maps obtained 
by addition theorem for the elliptic function have been 
applied. Some of other maps obtained by elliptic integral, 
hyperelliptic integral or their modi?cations have the similar 
characteristics, therefore, such the maps may be utiliZed. Or, 
another map Which represents a recurrence formula for the 
conventional random number generating technique may be 
utiliZed. 

[0143] Fourth Embodiment 

[0144] An inverse function technique established by von 
Neumann may generates a sequence of uniformly distributed 
random vectors based on the sequence of random vectors 
(regardless of their dimensions) obtained by the present 
invention, because the density function expressing the 
sequence of random vectors is analytically available. 

[0145] Fifth Embodiment 

[0146] Another available technique Which is helpful to 
realiZe the present invention is data streaming. The data 
streaming is a major technique for OS such as UNIX, logical 
languages such as prolog and GHC, functional languages 
such as Lisp and Haskell, and the like. More precisely, the 
present invention Will be realiZed after preparing the fol 
loWing data streaming processes A and B regarding to the 
rational vector maps f and g. 

[0147] The process A generates streamed data for a 
sequence of vectors (processAis expressed as Predicate, 
Function, Procedure, or the like in the programming lan 
guage). 

[0149] And the folloWing process B generates streamed 
data for a sequence of vectors y[i] after receiving the 
streamed data output by process A. 

(Where 120) 
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[0150] Process B: 

y[0], y[1], y[i], y[3], 

y[i+1]=g(X[il y[i]) 

[0151] Communication betWeen process A and process B 
may be described by so-called Producer-Consumer model, 
and knoWn techniques such as generation on demand, and 
streamed data buffering may be applicable to the commu 
nication technique. 

(Where 1'20) 

Sixth Embodiment 

[0152] In the above embodiments, resultant values after 
repeated calculations Were used, that is, the folloWing cal 
culation Was carried out for a case Where the rational vector 
map g is utiliZed. 

[0153] In this embodiment, the folloWing recurrence for 
mula Will be employed instead of the above. 

[0154] Effects brought by this embodiment are the same as 
those by the above embodiments. 

[0155] As described above, the present invention brings 
the folloWing effects. 

[0156] The present invention provides an apparatus and a 
method for outputting a sequence of higher dimensional 
vectors Whose limiting distribution is expressed by a knoWn 
analytic density function, by associating tWo vector 
sequence generating methods by Which sequences of ran 
dom vectors Whose limiting distribution is expressed by a 
knoWn analytic function are output. 

[0157] Moreover, the present invention realiZes easy 
observation of distribution characteristics, because the den 
sity function for limiting distribution of the resultant 
sequence of higher dimensional random vectors is repre 
sented by a product of the density functions expressing 
limiting distribution of a vector sequence generated by the 
knoWn methods. This effect may be applicable to various 
?elds. In a case Where rational maps are utiliZed as the 

knoWn generation methods, all elements in the resultant 
sequence of vectors Will be rational numbers. This effect is 
helpful to strictly keep calculation accuracy of a computer. 

[0158] The sequence of random vectors generated by the 
present invention may be applicable to Monte-Carlo 
method, CDMA technology for mobile or optical commu 
nications, public key encryption for telecommunications via 
internet etc, and the like. 

[0159] Furthermore, a data recording medium storing a 
program Which realiZes the present invention may be mer 
chandiZed or distributed as a softWare package separated 
from a data processor. The program stored in the data 
recording medium according to the present invention Will be 
executed by a data processor such as a general purpose 
computer in order to realiZe the apparatus and the method for 
outputting a sequence of vectors according to the present 
invention. 
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[0160] Various embodiments and changes may be made 
thereunto Without departing from the broad spirit and scope 
of the invention. The above-described embodiments are 
intended to illustrate the present invention, not to limit the 
scope of the present invention. The scope of the present 
invention is shoWn by the attached claims rather than the 
embodiments. Various modi?cations made Within the mean 
ing of an equivalent of the claims of the invention and Within 
the claims are to be regarded to be in the scope of the present 
invention. 

[0161] This application is based on Japanese Patent Appli 
cation Nos. H11-85744 ?led on Mar. 29, 1999 and H11 
362203 ?led on Dec. 21, 1999, and including speci?cation, 
claims, draWings and summary. The disclosure of the above 
Japanese Patent Application is incorporated herein by ref 
erence in its entirety. 

What is claimed is: 
1. An apparatus for outputting a sequence of vectors 

comprising: 
(a) a ?rst storage Which stores vector X of dimension at 

least 1; 

(b) a ?rst calculator Which calculates vector X‘=f(X) Which 
utiliZes a ?rst rational vector map f to Which the vector 
X stored in said ?rst storage is input; 

(c) a second storage Which stores vector y of dimension at 
least 1; 

(d) a second calculator Which calculates vector y‘=g(X, y) 
Which utiliZes a second rational vector map g to Which 
the vector X stored in said ?rst storage and the vector y 
of dimension at least 1 stored in said second storage are 
input; 

(e) an output Which outputs vector Z‘ Which is association 
of the vector X‘ resulting from said ?rst calculator and 
the vector y‘ resulting from said second calculator; 

(f) a ?rst update Which updates said ?rst storage by storing 
the vector X‘ resulting from said ?rst calculator; and 

(g) a second update Which updates said second storage by 
storing the vector y‘ resulting from said second calcu 
lator, 

Where the rational vector map is a map Which converts 
vector of dimension at least 1 having rational number 
components into another vector of dimension at least 1 
having rational number components. 

2. An apparatus for outputting a sequence of vectors 
comprising: 

(a) a ?rst storage Which stores vector X of dimension at 
least 1; 

(b) a ?rst calculator Which calculates vector X‘=f(X) Which 
utiliZes a ?rst rational vector map f to Which the vector 
X stored in said ?rst storage is input; 

(c) a second storage Which stores vector y of dimension at 
least 1; 

(d) a second calculator Which calculates vector y‘=g(X‘, y) 
Which utiliZes a second rational vector map to Which 
the vector X‘ resulting from said ?rst calculator and the 
vector y of dimension at least 1 stored in said second 
storage are input; 
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(e) an output Which outputs Z‘ Which is association of the 
vector X‘ resulting from said ?rst calculator and the 
vector y‘ resulting from said second calculator; 

(f) a ?rst update Which updates said ?rst storage by storing 
the vector X‘ resulting from said ?rst calculator; and 

(g) a second update Which updates said second storage by 
storing the vector y‘ resulting from said second calcu 
lator, 

Where the rational vector map is a map Which converts 
vector of dimension at least 1 having rational number 
components into another vector of dimension at least 1 
having rational number components. 

3. The apparatus according to claim 1, Wherein a density 
function Which eXpresses limiting distribution of a sequence 
of vectors X, f(X), f(f(X)), f(f(f(X))), . . . Which are obtained 
after applying 0 or more times the vector X of dimension at 
least 1 to the ?rst rational vector map f, is represented by an 
analytic function, and 

a density function eXpressing limiting distribution of a 
sequence of vectors y, g0», y), g0», g0», y)), g0», g0», 
g0», y))), . . . Which are obtained after applying 0 or 

more times the vector y of dimension at least 1 to the 
second rational vector map g0», .) to Which vector )L 
of dimension at least 1 is input as a parameter, is 
represented by an analytic function having the param 
eter )t. 

4. The apparatus according to claim 2, Wherein a density 
function Which eXpresses limiting distribution of a sequence 
of vectors X, f(X), f(f(X)), f(f(f(X))), . . . Which are obtained 
after applying 0 or more times the vector X of dimension at 
least 1 to the ?rst rational vector map f, is represented by an 
analytic function, and 

a density function eXpressing limiting distribution of a 
sequence of vectors y, g0», y), g0», g0», y)), g0», g0», 
g0», y))), . . . Which are obtained after applying 0 or 

more times the vector y of dimension at least 1 to the 
second rational vector map g0», —[) to Which vector 
25% of dimension at least 1 is input as a parameter, is 
represented by an analytic function having the param 
eter )t. 

5. The apparatus according to claim 3, Wherein the ?rst 
rational vector map f is obtained by an addition theorem of 
the elliptic function, especially, one of Ulam-von Neumann 
map, cubic map, and quintic map, or one of Katsura-Fukuda 
map, generaliZed Ulam-von Neumann map, generaliZed 
cubic map and generaliZed Chebyshev to each of Which a 
predetermined parameter is applied. 

6. The apparatus according to claim 4, Wherein the ?rst 
rational vector map f is obtained by an addition theorem of 
the elliptic function, especially, one of Ulam-von Neumann 
map, cubic map, and quintic map, or one of Katsura-Fukuda 
map, generaliZed Ulam-von Neumann map, generaliZed 
cubic map and generaliZed Chebyshev to each of Which a 
predetermined parameter is applied. 

7. The apparatus according to claim 3, Wherein the second 
rational vector map g is obtained by an additional theorem 
of the elliptic function, especially, one of Katsura-Fukuda 
map, generaliZed Ulam-von Neumann map, generaliZed 
cubic map, and generaliZed Chebyshev map. 

8. The apparatus according to claim 4, Wherein the second 
rational vector map g is obtained by an additional theorem 
of the elliptic function, especially, one of Katsura-Fukuda 
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map, generalized Ulam-von Neumann map, generalized 
cubic map, and generalized Chebyshev map. 

9. An apparatus for outputting a sequence of vectors 
comprising: 

(a) a generator Which receives vector Q of dimensions at 
least 2, and generates vector Q of dimension at least 1 
and vector 11 of dimension at least 1; 

(b) a ?rst output Which receives the vector Q, generated by 
said generator, and outputs vectors obtained by the 
folloWing recurrence formula Which utilizes a ?rst 
rational vector map f 

X[0]=E 

X[i+1]=f(X[i]) 
(c) a second output Which receives the vector 1] generated 
by said generator and the vectors output by said 
?rst output, and outputs vectors y[i] obtained by the 
folloWing recurrence formula Which utilizes a second 
rational vector map g 

y[0]=n 
y[i+1]=g(X{il y[i]) 

(d) a third output Which outputs vectors z[i] Which is 
association of the vectors output by said ?rst output 
and the vectors y[i] output by said second output. 

10. An apparatus for outputting a sequence of vectors 
comprising: 

(Where i 20); 

(Where £20); and 

(a) a generator Which receives vector Q of dimensions at 
least 2, and generates vector Q of dimension at least 1 
and vector 11 of dimension at least 1; 

(b) a ?rst output Which receives the vector Q, generated by 
said generator, and outputs vectors obtained by the 
folloWing recurrence formula Which utilizes a ?rst 
rational vector map f 

X[0]=E 

X[i+1]=f(X[i]) 
(c) a second output Which receives the vector 1] generated 
by said generator and the vectors output by said 
?rst output, and outputs vectors y[i] obtained by the 
folloWing recurrence formula Which utilizes a second 
rational vector map g 

y[0]=n 
y[i+1]=g(X[i+1l y[i]) 

(d) a third output Which outputs vectors z[i] Which is 
association of the vectors output by said ?rst output 
and the vectors y[i] output by said second output. 

11. The apparatus according to claim 9, Wherein a density 
function expressing limiting distribution of a sequence of 
vectors X, f(x), f(f(x)), f(f(f(x))), . . . Which are obtained after 
applying 0 or more times the vector X of dimension at least 
one to the ?rst rational vector map f, is represented by an 
analytic function; and 

(Where i 20); 

(Where £20); and 

a density function expressing limiting distribution of a 
sequence of vectors y, g0», y), g0», g0», y)), g0», g0», 
g0», y))), . . . Which are obtained after applying 0 or 

more times the vector y of dimension at least 1 to the 
second rational vector map g0», .) to Which vector X 
of dimension at least 1 is input as a parameter, is 
represented by an analytic function having the param 
eter 2». 
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12. The apparatus according to claim 10, Wherein a 
density function expressing limiting distribution of a 
sequence of vectors x, f(x), f(f(x)), f(f(f(x))), . . . Which are 
obtained after applying 0 or more times the vector x of 
dimension at least one to the ?rst rational vector map f, is 
represented by an analytic function; and 

a density function expressing limiting distribution of a 
sequence of vectors y, g0», y), g0», g0», y)), g0», g0», 
g0», y))), . . . Which are obtained after applying 0 or 

more times the vector y of dimension at least 1 to the 
second rational vector map g0», .) to Which vector 9» 
of dimension at least 1 is input as a parameter, is 
represented by an analytic function having the param 
eter )t. 

13. The apparatus according to claim 11, Wherein the ?rst 
rational vector map f is obtained by an addition theorem of 
the elliptic function, especially, one of Ulam-von Neumann 
map, cubic map; and quintic map, or one of Katsura-Fukuda 
map, generalized Ulam-von Neumann map, generalized 
cubic map and generalized Chebyshev to each of Which a 
predetermined parameter is applied. 

14. The apparatus according to claim 12, Wherein the ?rst 
rational vector map f is obtained by an addition theorem of 
the elliptic function, especially, one of Ulam-von Neumann 
map, cubic map, and quintic map, or one of Katsura-Fukuda 
map, generalized Ulam-von Neumann map, generalized 
cubic map and generalized Chebyshev to each of Which a 
predetermined parameter is applied. 

15. The apparatus according to claim 11, Wherein the 
second rational vector map g is obtained by an additional 
theorem of the elliptic function, especially, one of Katsura 
Fukuda map, generalized Ulam-von Neumann map, gener 
alized cubic map, and generalized Chebyshev map. 

16. The apparatus according to claim 12, Wherein the 
second rational vector map g is obtained by an additional 
theorem of the elliptic function, especially, one of Katsura 
Fukuda map, generalized Ulam-von Neumann map, gener 
alized cubic map, and generalized Chebyshev map. 

17. The apparatus according to claim 9, Wherein said ?rst 
output is said apparatus according to claim 9 or 10. 

18. The apparatus according to claim 10, Wherein said ?rst 
output is said apparatus according to claim 9 or 10. 

19. A method for outputting a sequence of vectors com 
prising: 

(a) the ?rst calculation step of calculating vector x‘=f(x) 
Which utilizes a ?rst rational vector map f to Which 
vector x of dimension at least 1 stored in a ?rst storage; 

(b) the second calculation step of calculating vector 
y‘=g(x, y) Which utilizes a second rational vector map 
g to Which the vector x stored in said ?rst storage and 
vector y of dimension at least 1 stored in a second 
storage are input; 

(c) the output step of outputting vector z‘ Which is 
association of the vector x‘ resulting from said ?rst 
calculation step and the vector y‘ resulting from said 
second calculation step; 

(d) the ?rst update step of updating said ?rst storage by 
storing the vector x‘ resulting from said ?rst calculation 
step; and 

(e) the second update step of updating said second storage 
by storing the vector y‘ resulting from said second 
calculation step. 








