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(57) ABSTRACT 

A computational method for the discovery and design of 
therapeutic compounds is provided. The methods used rely 
on an accurate inter-conversion of three-dimensional 
molecular spatial information betWeen tWo alternative 
orthogonal representations. These methods enhance the 
accuracy for determining ab initio phases of macromolecular 
crystallographic structures at any desired experimental reso 
lution limit. The computational technique employed utilizes 
a software program and associated algorithms. This method 
is an improvement over the current methods of drug dis 
covery Which often employs a random search through a large 
library of synthesized chemical compounds or protein mol 
ecules for bio-activity related to a speci?c therapeutic use. 
The development of computational methods for the predic 
tion of speci?c molecular activity suggests a method for 
describing the contents of non-centro-symmetric sparsely 
packed crystals and the information provided therefrom Will 
facilitate the design of novel chemotherapeutics or other 
chemically useful compounds. 
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Flgure 1" A schematic example: Two choices for filling the same 
portion of a crystal unit cell from an orthorhombic Spacegroup. 
Although the spheres on the right are smaller than those on the left, 
for some crystals. the local maximum in the packing on the right 
wold be the packing of maximal consistency with the 
crystallographic data. 
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METHOD FOR AB INITIO DETERMINATION OF 
MACROMOLECULAR CRYSTALLOGRAPHIC 
PHASES AT MODERATE RESOLUTION BY A 
SYMMETRY-ENFORCED ORTHOGONAL 

MULTICENTER SPHERICAL 
HARMONIC-SPHERICAL BESSEL EXPANSION 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

[0001] This application claims priority of US. Provisional 
Appl. Ser. No. 60/219,863, ?led Jul. 20, 2000 under 35 
U.S.C. §111(b). 

FIELD OF THE INVENTION 

[0002] The invention pertains to the ?eld of using com 
putational methods in predictive chemistry. More particu 
larly, the invention utiliZes techniques in crystallographic 
molecular replacement for drug design and ab initio molecu 
lar phasing. The techniques rely on a softWare program With 
associated algorithmic functions, to optimiZe the prediction 
of the crystallographic phases and structure for molecules of 
interest including proteins or other molecules have thera 
peutic value. 

BACKGROUND OF THE INVENTION 

[0003] The roles of medicinal chemist and crystallogra 
pher have not been altered in several Arid decades. Their 
efforts to identify the structure of chemical compounds and 
therefrom deduce their chemotherapeutic effects, thereafter 
devising more potent or less toxic variations of them for 
medicinal use, has long been one involving the arduous task 
of attempting to crystalliZe and test one compound at a time 
to determine individual bio-activity and ef?cacy. This sys 
tem is made even more costly and time consuming by the 
fact that over 10,000 compounds must be individually tested 
and evaluated for every compound that actually reaches 
market as a chemotherapeutic agent, World Pharmaceutical 
NeWs, Jan. 9, 1996, (PJB Publications). These facts have 
driven many scientists and pharmaceutical houses to shift 
their research from traditional drug discovery (e.g. indi 
vidual evaluation) toWards the development of high through 
put systems or computational methods that Will bring 
to bear increasingly poWerful computer technology for the 
drug discovery process. To date none of these systems have 
been proven to signi?cantly shorten discovery and optimi 
Zation time for the development of chemotherapeutic agents. 

[0004] Accordingly, a need exists to optimiZe the predic 
tion of bio-activity in chemical compounds such that the 
discovery and development of therapeutically valuable com 
pounds is made more rapid and efficient. 

SUMMARY OF INVENTION 

[0005] Described here are details about, simpli?cations 
for, and enhancements to the accuracy of our recently 
described method [Computers & Chemistry, 23, 9-23 
(1999)] for determining ab initio phases of macromolecular 
crystallographic structure factors at any experimental reso 
lution limit. To apply this method, one ?rst ?nds points in the 
unit cell that can serve as centers for large in nonoverlapping 
spherical asymmetric units and chooses one such point, x0, 
as the origin of a set of spherical harmonic-spherical Bessel 
(SHSB) basis functions, S1m“(xO,r,q),0). The complex-valued 
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Fourier space representation, Tlmn(xo,hkl) of each real space 
basis function, S1m“(xO,r,q),0) for one asymmetric unit is 
combined, by complex summation With the crystallographic 
symmetry related Fourier space representations of the 
remaining asymmetric units, to create the Fourier space 
representation of a joint SHSB basis function [Fsololmn(xo, 
hkl)] that can serve as a component basis function to 
describe the contents of an entire unit cell. The coef?cient of 
each component function in the full-cell SHSB expansion is 
determined by a Weighted linear least squares procedure. 
Given here is a more detailed explanation of this least 
squares procedure, a description about the general behavior 
of the coef?cient re?nement that enhances the speed of the 
calculation by about 2 orders of magnitude, a description of 
a “Zonally restricted” packing function for selecting the 
origin for component basis functions, a method for extri 
cating the re?nement process from local minima, a statistical 
evalution of the re?ned ab initio phases that are produced for 
one speci?c test case at moderate resolution, and a presen 
tation of typical electron density maps that are obtained for 
the medium resolution (2.7 phasing of tetragonal Sta 
phylococcal nuclease. 

DETAILED DESCRIPTION 

[0006] In a previous paper, We outlined a method for the 
ab initio phasing of sparsely packed (macromolecular) crys 
tals by transforming the problem of phasing into one of 
?nding complex expansion coef?cients for that linear com 
bination of symmetry constrained orthogonal models, Which 
is optimally consistent With the experimental diffraction 
pattern. We described a useful choice of such non-overlap 
ping symmetry-expanded orthogonal functions for Which 
the number of required coef?cients scales Well With resolu 
tion; that is, the number of independent parameters to be 
determined does not greatly exceed the number of experi 
mentally determined diffraction data for any choice of 
experimental resolution range. 

[0007] This advantage arises because our method does not 
presume an atomic model and thus does not require high 
resolution data for adequate experimental data to parameter 
ratios. Earlier ab initio methods may have suffered from 
assumptions of atomicity or of dense packing of atoms that 
are dif?cult to maintain at the loW experimental resolution 
and With the sparse packing typical of macromolecular 
structures. Afurther advantage for choosing the SHSB basis 
functions is that the resulting expansion is relatively insen 
sitive to reasonable choices of the origin. The initial disad 
vantage of the method Was the amount of time required for 
the calculation. For example, our initial calcuation for the 
tetragonal form of Staphylococcal Nuclease required 9 Wk 
on 16 nodes of a parallel processing IBM SP2 computer. We 
describe here some observations about the initial calcula 
tions have alloWed us to reduce the computation time by 
betWeen one and tWo orders of magnitude. For the Staphy 
lococcal Nuclease test case, the time required for one cycle 
of the calculation Was reduced from 9 Wk to 2 d. This shorter 
calculation time has alloWed us to optimiZe the accuracy of 
the procedure for this test case. 

[0008] We Wish, noW, to elucidate upon methods by Which 
one may obtain reliable convergence in the determination of 
a, the complex coef?cients of the alternative expansion, 
from an experimental diffraction pattern. We Wish also to 
describe our application of these methods to determine ab 
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initio phases for several proteins of known structure. Ulti 
mately, here, we wish to provide a convincing demonstration 
of the utility of the electron density derived by these 
methods. 

[0009] Overview of the Method: 

[0010] Although the values of the coef?cients of a SHSB 
expansion may vary with the choice of origin, the ?delity of 
the reconstructed image does not depend on the choice of 
origin, provided that the non-Zero portion of the expanded 
3-dimensional function lies completely within each of the 
chosen spherical Zones of expansion (FIG. 1a). Thus, if one 
wishes to ?nd a “symmetry-enforced” orthogonal expansion 
of the contents of a crystallographic unit cell in terms of 
SHSB basis functions, one may partition the unit cell into 
crystallographically symmetrically related spherical Zones 
of expansion one such Zone for each asymmetric unit (FIG. 
1b).* 
* Any similar complete set of orthogonal basis functions that avoids overlap 
between independent asymmetric units would su?ice. However, if the basis 
set is chosen to be plane waves restricted to an entire asymmetric unit, i.e. the 
symmetry adaptation of a typical Fourier basis, then our method will break 
down because each plane wave basis function will be found to contribute only 
into a single re?ection. This same feature of Fourier transforms gives rise to 
Heisenberg’s uncertainty principle in quantum mechanics (Cohen-Tannoudji, 
et al., 1980). The more extensive the region is that we wish to describe in 
direct space, the less extensive is the region of Fourier space from which the 
corresponding information is available (and vice versa). 

[0011] If a SHSB expansion is chosen, it would be con 
venient to describe the largest possible portion of the unit 
cell as a linear combination of these SHSB basis functions. 
Bearing in mind that these SHSB functions are identically 
Zero outside of the Zones of expansion, the origin for each 
asymmetric unit may be placed at a point in the unit cell that 
is far away from all points related to itself by crystallo 
graphic symmetry (Hendrickson & Ward, 1976). The radius 
is then chosen to avoid overlap between adjacent spherical 
Zones of expansion. Such overlap would cause degeneracy 
of the best ?t solution and this degeneracy might hinder 
convergence to a unique solution. 

[0012] Given an appropriate choice of radius and origin 
for the SHSB Zones of expansion, then at most between 45% 
and 55% of the unit cell’s contents may be represented by 
the expansion. Macromolecular crystals generally have a 
solvent content of greater than 45%, or a macromolecular 
content of lower than 55% (Matthews, 1968xxx). Further 
more, the intervening solvent regions can often be consid 
ered to be featureless (Wang, 197xxxx). Thus this choice of 
partioning between described and undescribed regions of the 
macromolecular unit cell may adequately account for a large 
portion of the macromolecular contribution to the x-ray 
diffraction pattern. The failure to account for all of the space 
in the unit cell dictates that a certain portion of the macro 
molecular electron density may lie outside of the Zones of 
expansion and will thus fail to be accounted. (i.e. Some 
unaccountable electron density will inevitably fall into the 
null space of this SHSB basis.) However, an appropriate 
choice of SHSB origin is expected to minimiZe the amount 
of this undescribed density (Hendrickson & Ward, 1976). 

[0013] Given known phases for a crystallographic diffrac 
tion pattern, a unique SHSB expansion is obtained that 
reproduces the expanded 3-dimensional image with high 
?delity (Friedman, 1999). Without known phases, but with 
a known diffraction amplitudes, one may try to approach a 
self-consistent set of phases by successive approximations. 
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Even if such an approach leads to convergence, one must 
anticipate that convergence may result in one of several 
trivially related isometric solutions. These related solutions 
can be converted into each other by some well known 
formulae that are listed below, and electron density calcu 
lated from each choice of solution can be analyZed for 
consistency with expectation. 

[0014] 
[0015] We were initially concerned that macromolecular 
diffraction patterns might not represent the contents of a 
unique unit cell. Thus far, the only solutions that have arisen 
by our method are ones related to some of the expected 
alternate solutions. 

Isometric Solutions: 

[0016] Some alternative distributions of electron density, 
p‘(xyZ), are expected to give rise to an experimental diffrac 
tion pattern that is identical to the diffraction produced by 
the actual crystal, except for differences in the values of the 
phase of each re?ection. For instance, the photographic 
negative image of the unit cell gives rise to a diffraction 
pattern for which the calculated amplitude of each re?ection 
is identical with the corresponding amplitude calculated for 
the true unit cell contents, but for which the phase of each 
re?ection is different by 180 degrees. Likewise, the ampli 
tudes of re?ections from the enantiomeric unit cell are 
identical with calculated amplitudes for the true unit cell, but 
with the phase of each re?ection different by a sign. 

[0017] A third class of alternate solutions for many space 
groups are those that are related by an arbitrary translation 
of the unit cell origin. Here, again, these equivalent alternate 
choices of origin lead to identical diffraction intensities, but 
the phase of each structure factor F(h,k,l) differs by 360(hx+ 
ky+lZ) degrees, where (x,y,Z) is the translation vector, in 
fractional coordinates, that relates the two equivalent unit 
cell origins. Any such choice of origin is equally valid, but 
for the best comparison of the agreement between two 
independent solutions, translation to a common origin, enan 
tiomer and photographic image (positive or negative) is 
required. Thus it is expected that any ab initio phasing 
method might converge to a unique solution that differs from 
the true (or expected) solution, but from which the true 
solution can be easily obtained. 

[0018] One concern is that linear combinations of these 
valid solutions may themselves be alternative valid solu 
tions. This is not a concern for linear combinations of 
enantiomeric solutions. 

[0019] Diagram xxx. 

[0020] The imaginary components of the combined ampli 
tudes cancel, but the real components are additive. Thus 
although the initial ratio of |F1| to |F2| I 1:2, the linear 
combination F(1)+F(1)*; F(2)+F(2)* of the enantiomorphs 
gives an approximate ?nal ratio of 1:1. 

[0021] Linear combination of the complex diffraction pat 
tern arising from different enantiomers yields combined 
diffraction amplitudes that are inconsistent with the diffrac 
tion pattern of either enantiomer by itself; the relative 
amplitudes will vary markedly with the extent of the com 
bination. Linear complex combinations of the diffraction of 
the positive and negative image of the unit cell, on the other 
hand, are expected to differ only in the overall scale of the 
calculated amplitudes. However, as will be discussed below, 



US 2003/0046011 A1 

our choice of basis functions causes such linear combina 
tions of the positive and negative photographic image unit 
cells to correspond to variation of the contrast betWeen the 
molecular asymmetric unit and the solvent. 

[0022] It is expected that convergence to the true solution 
is as likely as convergence to the enantiomorphic solution. 
HoWever, in pairs of space groups With a chiral arrangement 
of general positions (eg. P31, & P32, P41 & P43, P6222 & 
P6422), it is expected that one enantiomorphic solution is 
dictated by the prior selection of one of the pair of enan 
tiomorphic spacegroups. In space groups Without a chiral 
arrangement of general positions, it is possible that indi 
vidually derived alrnn coef?cients of different Ssololmn(hkl) 
component basis functions correlate optimally With different 
crystal enantiomorphs. Even if this is the case, appropriate 
combinations of the component S5010lrnn functions are 
expected to have higher correlation With the electron density 
than inappropriate ones. The same is expected to hold in 
Fourier space so that that FObs Will have higher correlation 
r(|Fmm |<—>|Fobs|) With internally consistent linear combina 
tions of basis functions, Faccum(hkl), for one of the tWo 
enantiomorphs. Inconsistent linear combinations betWeen 
terms from different enantiomorphs Will give combined 
Faccum(hkl) functions With loWer overall correlation versus 
the observed diffraction data When compared With combi 
nations from a unique enantiomorph. In the absence of 
symmetry-derived crystal chirality, convergence to either 
unique enantiomorph is equally likely,‘( but prior selection of 
origin xO may predispose the re?nement to converge to one 
of the tWo enantiomorphs. 
T We note that none of the SHSB basis functions is chiral but that chirality 
arises from combinations of tWo or more SHSB functions both With odd 
valued 121 and odd valued m; 1 and from Which the SHSB coef?cient phase 
angles oqmn differ from one another by an angle other than an exact integral 
multiple of n radians. 

[0023] The linear combination of the true solution With 
one related to its negative image results in an image With a 
different overall scale factor. Since the Fourier space struc 
ture factor With the phase of the negative image lies along 
the same line on the complex plane as the structure factor of 
the true solution, linear combination corresponds to an 
adjustment of the contrast betWeen the macromolecule and 
the solvent. Provided that featureless regions (presumed to 
be the solvent regions) of electron density in the experimen 
tal unit cell correspond to regions that lie predominantly 
outside of the Zones of expansion, then convergence to the 
direct image is expected for those solutions With the larger 
values of r(|Faccurn |<—>|Fobs|). Convergence to the negative 
image may be encountered in densely packed crystals, for 
Which the local absence of macromolecular electron density 
is more of a rarity than the local presence of ordered density. 
It may also result from inappropriately selecting the origin 
of the Zone of expansion to lie in the very middle of a solvent 
cavity. 

[0024] The key assumption of our method is that the 
choice of origin does not signi?cantly affect the quality of 
the reconstruction, provided that the object for Which the 
shape is being approximated lies predominantly Within these 
spherical ranges. In the ?rst test case that We examined, the 
symmetry-expanded models can account for about 80-90% 
of the non-solvent density in the P41 (uniaxial) unit cell of 
Staphylococcal Nuclease. If acceptance, at each stage of 
successive approximation, depends on the degree of cross 
correlation betWeen the observed diffraction amplitudes, 
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Fobs(hkl), and the continually accumulated calculated struc 
ture factor, Faccum(hkl), then (1) an observed ?nal high 
degree of cross correlation betWeen Faccurn and Fobs, and (2) 
observed convergence to corresponding phase sets from 
independent starting points both Would suggest that the de 
facto choice of arbitrary unit cell origin by our procedure is 
one for Which overlap betWeen the strongly morphological 
region of crystallographic electron density and the spherical 
Zone of expansion is automatically optimiZed. This is par 
ticularly important for uniaxial space groups, for Which one 
coordinate axis is completely arbitrary, and for other space 
groups With several equivalent choices of origins. Similarly, 
increased effectiveness at describing the strongly morpho 
logical regions of the electron density may predispose the 
re?nement to converge to that enantiomeric unit cell, Which 
has a monomer With average coordinates closer to x0, the 
arbitrarily selected origin of expansion. HoWever, it is not 
ruled out that Weak cross-correlation With one of the alter 
native isometric solutions may still contribute to the overall 
noise level. 

[0025] Zonally Restricted Packing Functions to Pick an 
Origin for the Basis Functions: 

[0026] Our method requires that one pick an origin for the 
Zone of expansion to be close to the average coordinate of 
a macromolcular monomer in the crystal. An exact match is 
not required. For the space group P1, any point in the unit 
cell is equally vaild, but an arbitrary coordinate other than 
the coordinate (0,0,0) is chosen to avoid a centrosymmetric 
arranagement of the SHSB basis set in the crystallographic 
unit cell. For space groups other than P1, the origin Was 
originally chosen to be that point in the unit cell Which is 
furthest aWay from all points that are related to itself by 
crystallographic symmetry. This corresponds to the global 
optimum point of the Hendrickson-Ward packing function. 
A quick check of 5 different readily available crystal struc 
tures suggested that this choice alloWed one to obtain an 
origin Within 5 A of the average coordinate of the protein 
monomer. 

[0027] Afurther, more detailed analysis, made-possible by 
an earlier systematic classi?cation of the oligomeric states of 
proteins in the Protein Database (ref xxx), shoWed several 
de?ciencies in this procedure. ShoWn in FIG. XXX is a 
histogram of distances betWeen the absolute packing func 
tion optimum and the observed average coordinate of each 
of those xxxx monomeric proteins in the structural database 
that crystalliZed in space groups other than P1. The distances 
reported in this histogram are those to the nearest symmetry 
related monomer in either the true or the enantiomeric unit 
cell, With consderation of all possible choices of unit cell 
origin. Clearly, distances greater than 20 A are expected to 
be insuf?ciently close for expansion Zone radii on the order 
of 20 A to 40 To try to improve the selection of the origin, 
We considered local optima other than the absolute optima 
(FIG. This leads to some improvement, but still leaves 
a large percentage of crystal forms for Which the closest of 
the top 20 peaks in the packing function still lies more than 
12 A aWay from the average coordinate of the closest 
monomer. 

[0028] Inspection of some of the poorer matches, led us to 
realiZe that the global optimum of the packing functions for 
some of these poor matches corresponds to a noteWorthy 
position in the unit cell, but one that Was in the very middle 
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of a solvent channel rather close to the middle of a protein 
region. Further comparison of the average fractional coor 
dinate vectors of monomeric proteins in macromolecular 
crystal forms belonging to the same Laue group suggested 
that unit cells in each Laue group contain certain “sWeet 
spots.” That is, the unit cell contains several points in 
fractional coordinates about Which values for the average 
coordinate of the crystalline macromolecular monomers are 
clustered. Optima in Zones about each of these points must 
considered seriously for a successful ab initio estimation of 
the average coordinate, even if the value of the packing 
function is someWhat beloW the global optimum in these 
Zones. Thus it appears that our dif?culties arose from an 
often observed clustering of local optima near the absolute 
optimum of the packing function. The values of the packing 
function among these clusters of local optima near the global 
optimum are often suf?ciently great that they can sWamp out 
local optima in the other Zones. 

[0029] Thus a tWo stage search is conducted. In the ?rst 
stage the values of the packing function are examined 
coarsely, only at each of the “sWeet spots.” In the second 
stage a ?ner search is conducted in independent regions 
near-the top 20 (30%xxx) of the “sWeet spots”. Thus by 
imposing Zonal restrictions, We mean that We are looking 
only for the local absolute maximum in each of the inde 
pendent regions. The solutions found by this algorithm are 
distributed more evenly betWeen the independent Zones 
Within the unit cell and one obtains the histogram of dis 
tances in FIG. xx. Each such 2-stage search takes an average 
of about 6s of real time using 16 parallel nodes on an 
IBM-SP2 computer. By using the Zonal restrictions, then, 
one can get one point in the list of the top 20 to be Within 
5 A of the average coordinate of a monomer over 95% of the 
time. In practice, one may carry out the initial stages of 
SHSB coef?cient re?nement (vide infra) and select that 
origin Which yields the largest loW order coef?cients as an 
appropriate choice of origin. 

[0030] To summariZe the results to this point, it is possible 
to describe a single (“monomeric”) asymmetric object in 
space by a 3-dimensional spherical harmonic-spherical 
Bessel (SHSB) expansion: 

pmonomer(x) = illmnmmnsf?mmo; r, 415, 0) (1) 

[0031] Where x0 is the selected origin vector. Once the 
proper origin is selected, the crystallographic unit cell is 
?lled With nonoverlapping monomeric basis functions, each 
rotated and translated by crystal symmetry. This symmetry 
expansion of the monomeric basis functions yields 51mm 

[0032] the joint, full-unit-cell basis function. The effect of 
complex multiplication by emlrnn is a rotation of the initial 
S‘“°“°"‘etlrnn basis function by the angle (oqmn/m.) prior to 
symmetry expansion. The task at hand, then, is to estimate 
the complex coef?cients a, to obtain an estimate of 
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Punn Ce]l(xyz)=2lmnIalmnISs0l01mn(xo>0']1un;r>¢>e)=2sympm0n0( 
symxx+tsym)m (3) 

[0033] Where aksym and tSyrn correspond to operators that 
effect a unique crystallographic symmetry rotation and 
translation respectively. 

[0034] We note that the alrnn coef?cients in the above 
summations are complex numbers (i.e. a1mn=|a1mn|ei°‘1mn) 
When m#0. Since the Fourier transform is a linear transfor 
mation and since the basis functions have a ?nite range, the 
Fourier transform of this summation is the summation of the 
Fourier transforms of each of the components. 

macaw/<1) = 2M. | at... | F5336... mm”; r. ¢. 0) = (2) 

[0035] Analytical expressions for the Fourier transforms 
of each of the component basis functions are knoWn (Fried 
man, 1998; CroWther, 19xx; Dodson, 19xx), and thus one 
may construct a Fourier space combined basis function that 
represents a unit cell’s Worth of orthogonal basis functions. 
The numerical values of the SHSB basis functions Were 
calculated by a robust recursion formula (ref) for Which the 
m index varied the most sloWly. This recursion is particu 
larly convenient for this application because it permitted all 
oqmn coef?cients With restricted phase values (m=0) to be 
calculated before oqmn coef?cients With less restricted phase 
value. 

[0036] Estimation of SHSB Coef?cients and Re?nement 
of the Orthogonal Model: 

[0037] The Fourier space full unit cell basis function, 
Fsololmn?xlmn; hkl) (FIG. 2), corresponds to the phased, 
Fourier space representation of a unit cell that has been ?lled 
With non-overlapping SHSB basis functions, SmOnO1m“(xO, 
oqmn; r,(|),0), that are related by crystallographic rotational 
and translation symmetry. The choice of this class of basis 
function combined With the required absence of overlap 
betWeen adjacent component real space SHSB basis func 
tions, smonolmn leads to orthonormality of the 550101“: 

N , ifl=l’,m=m’,n=n’ (4) 
f dVLSIIOIOImnSiZZIO/Yn/ : Sym ‘ 

unit cell 0, otherwise 

[0038] That each corresponding Fourier space component 
function, Fsololmn(hkl), is also orthonormal in the same sense 
folloWs from Parseval’s theorem, Which equates integrals of 
functions in real space to the integrals of their Fourier space 
functional representations. The scale factor that We Want, 
corresponding to the scale of the experimental unit cell to a 
union of non-overlapping component functions, Would be a 
summation over direct space of the point by point product 
betWeen $50101rnn (the union of direct space basis functions 
smonomjmn) and the unknoWn crystallographic electron 
density. This is equivalent, Within a sign, to the value of 
direct space convolution product at the single translation 
point to=(0,0,0). It therefore folloWs, from the convolution 



US 2003/0046011 A1 

theorem, that the amplitude of the desired a, coef?cient is 
equal to the inverse Fourier transform of the point by point 
Fourier space product, but only at the position x=(0,0,0). To 
obtain this value of the direct t space convolution product at 
the direct space position, x=(0,0,0), the Fourier kernel 
becomes equal to one and thus direct summation of the point 
by point product in Fourier space equals that in direct space. 
Unfortunately, an exact determination of oqmn requires prior 
knowledge of the phases of the Fourier space structure 
factors for the experimental electron density that is being 
expanded, because complex values must be used in the point 
by point Fourier space product. Thus, starting from diffrac 
tion amplitudes, the complex values of the coef?cients alrnn 
may at best only be obtained by successive approximation. 

[0039] Re?nement of Amplitudes |oqmn|: 

[0040] Our initial scheme to re?ne the orthogonal SHSB 
series model, in the absence of input phase information, Was 
to use the current best estimates of the Fourier space phases 
and amplitudes at each stage in the calculation of subsequent 
coef?cients. The idea Was to use a re?nement scheme that 

started With the determination of all SHSB expansion coef 
?cients for Which the value of the index m Was 0. For these 
functions, the phase of oqmn is limited to be 0° or 180° by the 
physical requirement for non-imaginary values of the real 
space electron density (FIG. 3). 

[0041] On the very ?rst cycle and to a ?rst approximation, 
We presume the totipotency of the symmetry expanded real 
space function 55010001. That is, We assume that 55010001, 
suitably Weighted and With an adequately chosen origin, x0, 
can by itself (solo) account approximately for all of the 
electron density that gives rise to the experimental diffrac 
tion. (For earlier Work With similar assumptions compare 
Podj arny et al. 199x.) If the assumption of totipotency holds 
approximately, then We can start accumulating a set of 
estimated structure factors based on this: 

[0042] To obtain an initial estimate of the coefficient (x001, 
We use the expression: 

_ ,1. 001 

az?aifueakllé’iigavii?éi/ @ 
[0043] Which folloWs from the orthonormality of the FSO10 
functions and is equivalent to a least squares scale factor.:]: 
The normaliZation term in Eq. (6), {1/2hkl 
[F*sololmn(oqmn;hkl) Fsololmn((xlmn;hkl)]}, should remain 
constant, but is calculated explicitly at each index to avoid 
possible numerical errors. In practice, We have found it 
necessary to Weight these initial estimates of the coef?cient 
values by one minus the probability that the correlation 
betWeen FObs and F5010lrnn is random. Use of this Weighted 
almn coef?cient alloWs one to calculate the initial estimate 
estimate of the complex Fourier structure factors: 
1!: Essentially, Fsglgylmn(h.kl,almn) is the Fourier space representation of a 
SHSB joint basis function With a coef?cient of unit modulus and an arbiter 
phase. The question We ask is, “What is the proportionality factor between 
this basis function and Fgbs, presuming that the phase of the SHSB coef?cient 
(almn) is £11m?” It is presumed that the proportionality is all real and thus the 
imaginary part is a measure of the goodness of ?t. In terms of linear least 
squares (Strang, 1976), the real part is the projection onto the space of 
possible outcomes and the imaginary part represents the distance (and 
direction) from this presumed model space. 
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1 + rFobsiFsolo (8) 

Z 

[0044] On subsequent cycles (eg. cycle U), We calculate a 
reduced structure factor, Freduoed(hkl), to use in place of the 
unphased Fobs(hkl) for comparison With FSO1O1mn(oqmn;hkl). 
Again We presume totipotency of Fsololmn((xlmn;hkl) in 
accounting for the remaining undescribed portion of the 
diffraction pattern (Freduoed) and scale each independent 
coef?cient, in turn, by the folloWing least squares relation 
ship: 

[0045] Phases (oqmn) of the Expansion Coef?cients oqmn, 
the m=0 Terms: 

[0046] We alWays make use of prior approximations to the 
electron density by using calculated phases from each pre 
vious cycle as the best estimate for phases associated With 
complex Fourier space values. The values determined in the 
previous section only address the scale factors betWeen 
Freduced and F5010, for a single presumed value of oqmn, and thus 
only the amplitudes of the expansion coef?cients oqmn. 
When the value of the index m equals Zero, oqmn is limited 
to values along the positive or negative real axis by the 
restriction that the unit cell contain completely real electron 
density. Physical intuition Would dictate that, With a proper 
choice of expansion Zone radius, choice of the expansion 
Zone origin near to the monomeric center of mass (or 
average coordinate) should cause the value of the coef?cient 
aO01 to be large and positive. HoWever, in our application, 
diffraction patterns F5010O01 corresponding to (XOO1=0° and 
otOO1=180° are both stored for further re?nement. Our initial 
re?nement scheme entailed saving accumulated diffraction 
patterns (Faccum) corresponding to as many combinations of 
the choices of oqmn, as Was alloWed by allotted computer 
memory. (Storage space for up to 16 independent Faccurn 
functions Was routinely available.) Once memory became 
exhausted, only those accumulated solutions Faccurn With the 
top cross-correlation betWeen |Fobs| and |Faccum| Were 
retained. By re?ning the m=0 terms ?rst, in effect, We are 
?rst determining phases for a model that is presumed to be 
rotationally averaged about an arbitrary “Z” axis, (Which is 
arbitrarily chosen to-coincide With the c-axis of the crystal 
for the initially calculated monomer). 

[0047] Phases (oqmn) of the Expansion Coef?cients oqmn, 
the m¢0 Terms (The SloW Calculation) 

[0048] Comparison of the complex cross-correlation val 
ues is also carried over to those alrnn coef?cients for Which 
the values are not limited to be real. In this case, Fsololmn(xo, 
oqmn;hkl) in eqs. 6 & 8 again is that diffraction pattern 
arising from a unit cell ?lled by crystallographic symmetry 
expansion of the direct space basis function SmOnO1mn(xO, 
oqmn;r,q),0). The argument oqmn indicates that this full-unit 
cell basis function is calculated by premultiplying the initial 
monomeric direct space basis function by eio‘lrnn prior to 
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symmetry expansion and the argument xO indicates the 
chosen origin of the expansion Zone for this initial mono 
meric basis function. To select a value for otlmn, We initially 
calculated plots of rSO1O_red [ie the complex correlation 
coef?cient betWeen FSO1O1mn(XO,(X1mn;hl(l) and Freduced(hkl)] 
versus the presumed value of almn. The unWeighted modulus 
of the coef?cient a1mn=A1mnei°‘lrnn is chosen to be the scale 
factor at one of the angular optima in the r vs. 0t plot. The 
computer program Was initially set to consider Weighted 
FSO1O1mn(XO,(X1mn;hl(l) functions for up to 16 of these optima 
With respect to otlmn. In this initial, sloWer calculation, We 
presumed, in turn, 72 values of otlmn, at 5 degree intervals, 
from 0 to 355 degrees inclusively, When m#0. Because 
storage space Was limited, tWo separate cycles Were run. On 
the ?rst cycle, FSO1O1mn((X1mn)WaS calculated for all 72 values 
of almn, and the r vs. 0t plot Was calculated. Those With the 
best cross-correlation to Freduced Were found and noted, but 
not stored. On the second cycle, these top 16 optima Were 
stored and tried again With each of the 16 stored values of 
Faccum(hkl). The maximum number of storage locations for 
Faccurn (hkl) functions Was a compile time parameter that 
could be changed arbitrarily. In the original version, We 
tested tWo different choices for this parameter and found that 
some signi?cant solutions Were discarded if only 8 of the 
Faccum (hkl) functions Were stored at each cycle. The source 
code alloWed distribution of the computation evenly among 
an arbitrary number of parallel processors for (1) the 1152 
(=72><16) test summations on Cycle 1, ie the initial plot of 
rSO1O_red vs. otlmn, (2) for the 256 test summations on Cycle 2, 
and (3) for the initial least squares scale factor. BeloW We 
note some observations that noW alloW us to forego most of 
these comparisons. 

[0049] The ultimately chosen value of otlmn is that value 
Which leads to the highest absolute value of complex cor 
relation] betWeen the basis vector Flmnsolo(hkl) and the 
remnant “data” vector (Freduced(hkl), the RHS vector). At 
each stage Faccum(hkl) is updated (Eq. 12) to include all prior 
knoWledge from previous cycles. Also, cycle by cycle 
rescaling of Faccurn to FObs prevents the value of the the scale 
factor betWeen these tWo Fourier space functions from 
Wandering. 
\ This complex correlation is a correlation function between a paired list of 
complex numbers for Which all product terms (fufl) in the normal de?nition 
of the correlation coef?cient are replaced by the complex product (flf‘ f1). In 
terms of the complex arguments (phase angles) 4)., and (p1: 

701 

[0050] The otlmn values determined as described above are 
only approximate, because the best estimate of the phases of 
the accumulated calculated structure factors ((I)"accurn in Eq. 
9) at each cycle is also approximate. We Wished to determine 
empirically Whether such estimates of otlmn could be re?ned 
by successive approximation to 418mm. As described above, 
several Faccum(hkl) solutions Were stored at each cycle for 
each combination betWeen Faccum(hkl) from a prior cycle 
and FSO1O(XO,(X1mn;hl(l) With presumed values of otlmn that 
gave rise to optimal cross-correlation. The intent of such a 
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multisolution method Was to circumvent the coarseness in 
the choice of otlmn and to circumvent possible problems 
arising from accidentally high correlation betWeen FSO10 and 
isometric distributions of “remnant” electron density. 

[0051] Although the position of the basis function origin 
in the reconstructed, calculated unit cell is ?xed, such 
“accidentally” high correlation betWeen a single basis func 
tion [Fsololmn(hkl,otlmn)] and poorly phased diffraction data 
may result from an inappropriate comparison With electron 
density in a unit cell for Which the arbitrary origin, enanti 
omer, or photographic image differs. For proteins that crys 
talliZe in uniaxial space groups, such as Statphylococcal 
Nuclease, even for the right enantiomer and photographic 
image, accidental correlation may be found With electron 
density in a unit cell related by an arbitrary Z-translation. 
Comparison of correlation coefficients betWeen the observed 
structure factor amplitudes FObs and a precombination 
Fsololmn(hkl,otlmn) With Faccum(hkl) should alloW ?xing to a 
common origin. HoWever, on preliminary cycles Where 

m is poorly de?ned, the degree of inaccuracy in the 
current estimates of Faccurn can still lead to inconsistency in 
the choice of origin. 

[0052] Thus, the alrnn coef?cients Were improved recur 
sively. The combined estimate of alrnn appears to become 
more Well determined as the current overall estimated Fac 
curn(hk1) becomes better de?ned. 

[0053] In this fashion, successive approximation Was 
achieved but at a high cost in terms of CPU hours. 

[0054] To avoid having the approximate nature of the 
(pm cause the optimiZation of otlmn to stray too far from the 
true solution, constant retracing (i.e. correction of previously 
determined values of otlmn) Was undertaken. Thus, in the 
initial sloW calculation, before proceding to the next higher 
value of the m index (mneW), corrective approximation to 
0.1m" Was restarted from the index m=0, and carried out over 

With all intervening values of m. alrnn 

[0055] Observations from the SloW Calculation: 

[0056] (1) The variation of correlation coef?cients With 
presumed otlmn value is, in general, unimodally sinusoidal 
for basis functions With nonZero values of the m index. 

Typical plots of r(FObS{—FSO1O}<—>FSO1O) vs. alrnn are shoWn 
in FIG. XXX and are overlaid With plots of the imaginary 
residual of Almni vs. otlmn. [to ?gure caption: To conserve 
disk space, the program is set to plot out only one of every 
?ve of the presumed phase angles that are actually consid 
ered for acceptance by the calculation. The 
scale factor is only approximately unimodal and is generally 
out of phase With the correlation coef?cient sinusoid. Thus, 
rather than calculating scale factors and correlation coef? 
cients for 72 independent presumed values of otlmn, it is only 
necessary to calculate initially those for 2 presumed values 
of otlmn, 0° and 90°. From these tWo values and an arc 
tangent function, We can ?nd the otlmn value at optimal 
correlation. This reduces considerably the amount of calcu 
lation poWer that is necessary; alone this improvement 
reduced the time from 9 Weeks to less than 1 Week. 

1' See the earlier footnote With this symbol. 

[0057] (2) Convergence of the alrnn coef?cients to >95% 
stability is generally achieved after about 4 to 6 recursive 
cycles of re?nement. Initially, We restarted from m=0 before 
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the initial calculation of coefficients for the next higher value 
of the m index (mneW), to avoid Wandering. We ?nd instead 
that one needs only restart the calculation from m=mneW—4 
or m=mneW—5. We suggest that, for higher accuracy, the 
entire process should be restarted several times (at least 
tWice) from m=0; hoWever, from analysis of the updated 
chances in coef?cient values at loWer m index (See eg. table 
XX), We ?nd that We Were initially overly conservative in 
the extent of reoptimiZation of coef?cients for the loWer 
order indices. 

[0058] (3) The calculation may be skipped for those basis 
function for Which the Weighted coefficient is smaller than a 
set cutoff value. A convenient cutoff value is 10-7 times the 
value of the coef?cient With the greatest absolute value of 
the coef?cient a on a given cycle. 

[0059] With the above improvements, the time required 
for ?tting the 2.7 A Staphylococcal Nuclease data or the 
calculation Was reduced from 9 Wk on 16 nodes to 2 d on 4 
nodes. This reduction in the time for the calculation of 
phases alloWed us to vary several other parameters of the 
re?nement to see Whether obvious improvements could be 
obtained. At present, the reduction in the required number of 
comparisons, due to the sinusoidal dependence, leaves the 
initial paralleliZation scheme inef?cient if more than 4 nodes 
are used. Additional improvements in the paralleliZation are 
expected to improve the speed of the calculation even 
further. For problems With more moderately siZed proteins 
and higher symmetry, the time for 1 cycle of re?nement is 
still 1 to several Weeks. 

[0060] Electron Density Calculation: 

[0061] The result of the SHSB expansion calculation is a 
set of reconstructed Fourier coef?cients (Faccum(hkl)) that 
are continuously updated (accumulated) throughout the 
expansion procedure. These may be treated as a set of 
calculated structure factor amplitudes and phases in some of 
the generally used types of Weighted difference Fourier 
maps. We initially tried to use 0A Wieghted 2Fi-Fc style 
electron density maps (R.Reed xxxx), and Were surprised to 
?nd that the optimal choice of 0A resulted in maps for Which 
the suggested Weighting provided a 2FCF. map, rather than 
a 2Fc-FO style map. As expected, this leads to positive 
electron density for the region of the protein, Within the 
con?nes of the spherical Zone of expansion, and negative 
electron density in the regions outside of the expansion Zone. 
These external regions are undecribed by the calculated 
model. The map Which optimally matched the knoWn test 
structure Was a 2FO-Fc map using Sim Weights (ref to Sim 

[0062] One can rationaliZe this observation by noting that 
Sim’s original derivation presumed that the sole source of 
error betWeen FC2110 and FObs derives from missing atoms, i.e. 
electron density that has not been included in the present 
model. The derivation of the 0A Weighting scheme expanded 
upon Sim Weighting by also accounting for positional error 
in the atoms that already have been included in the model. 

[0063] Extent of the Spherical Harmonic Expansion Indi 
ces: 

[0064] Different upper limits for indices 1, m, and n have 
been suggested by different authors for the description of 
centrosymmetric diffraction data. In the present application 
of the spherical harmonic basis, We must achieve a com 

Mar. 6, 2003 

promise betWeen maximal descriptive content and a minimal 
ratio of statistical parameters to number of experimental 
data. Several different choices of index limits Were assessed 
for the case of phasing the P41 form of Staphalococcal 
Nuclease at 2.8 A (xxxx unique calculated diffraction ampli 
tudes). These choices included: 

[0065] (1) A full complement of l and n indices but an 
arti?cially loW cutoff in the index m to avoid underde 
termination (xxxx data, xxxx SHSB amplitudes, xxxxx 
SHSB signs, xxxx SHSB phases). 

[0066] (2) The full CroWther/NavaZZa cutoff for 2.8 A 
diffraction data (xxxx data, xxxx SHSB amplitudes, 
xxxx SHSB signs, xxxx SHSB phases.) It may be 
argued that the SHSB coef?cient phases contain less 
information than the SHSB amplitudes because of their 
more restricted range of values. This trial choice of 
cutoff Was chosen to demonstrate the effect of com 
pletely ignoring the loW data to parameter ratio. 

[0067] (3) The full CroWther/NavaZZa cutoff for 
2.8*(2)1/3A diffraction data. This effectively reduces the 
resolution of the calculated diffraction pattern to that of 
a diffraction pattern that ?lls half of the Fourier space 
volume of the true experimental diffraction data. This 
alloWs the Fourier space values |Fca1|(hkl) and ¢ca1(hkl) 
to be determined by an equal number of experimental 
observations |F (hid)|. 

[0068] Recursive Improvement of Initial Estimates of 

obs 

oqmn: 

[0069] Recursive improvement is accomplished by ?nding 
complex valued corrections to the initial coef?cents by 
?tting Fsokblmn’s to the complex difference, (FObS-Faccum). 
TWo different methods Were examined for recursive 
improvement of the alrnn coef?cients. In the ?rst of these, 
initial estimates Were determined for all coef?cients before 
any recursive improvement Was started. The second method 
involved recursive improvement of all indices up to index 
m—1, before any neW coef?cients of index m Were deter 
mined. (Only the ?rst cycle, at index m=0, lacked prior 
recursive improvement.) 

[0070] After all coef?cients With a given m index have 
been estimated, it is likely that the resulting Faccurn is a better 
estimate of FeXpt than the prior, less complete summations. 
Complex valued corrections are necessary due to the con 
tributions arising from accidental correlation to alternative 
solutions in preliminary estimates of almn. 

[0071] The Computational Algorithm: 

[0072] A How chart of the algorithm is outlined in FIG. 
xxx. Several calculation modes have been incorporated into 
the program for convenience. ParalleliZation is crucial only 
to those calculation modes that determine crystallographic 
phases from experimental amplitudes (modes 1 and 2): 

[0073] Mode 1 fobs—>fest, maximum |r| is considered to 
be the optimum 

[0074] Mode 2 fobsa est, maximum r is considered to 
be the optimum 

[0075] Mode 3 fcalcQalmn)Cale (knoWn phases for fcalc) 

[0076] Mode 4 a1mn)ca1c—> Cale (knoWn phases for almn) 
calc). 
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[0077] Empirical comparison of modes 1 and 2 reveals 
that mode 1 converges to solutions With higher combined 
overall correlation and chooses solutions that are more often 
consistent With minimal values for the imaginary residual in 
Almn. Recursive improvement is only required if compleX 
phases are not knoWn for either fcalc or alrnn coefficents. Thus 
no recursion or probabilistic comparison of correlation coef 
?cients is required for modes 3 and 4. 

p<x.y.z>=E1ma1mS1m<n¢,e,IX.ryr.)=EhF<h>e*2"““ (6) 
F (h)=N]m><(—1)147r(2am1)%e2"““211 akn (t)ei(m‘l’h+"l/ 2>k1nPm1<cos ehylammRa/wnzlei‘y-klh 

[0082] I]: 
:liThe appropriate integral for equations (9) & (10) is noW equivalent to 5,542, 
p. 634 in Gradshteyn & Ryzhik (1980). 

[0083] The original parallel algorithm for FAIZER used a 
single processor (node) for each combination of Fsolo and 
Faccum. If it Were necessary to combine Fsolo’s, each 
calculated With 72 different presumed values of the SHSB 

(7) 
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alpha angle, With 16 different stored lists of Faccum, then the 
72x16 calculations could be split relatively ef?ciently 
betWeen nodes. HoWever, once it Was found that only tWo 
choices of presumed alpha angles for the SHSB-coefficient 
for Fsolo Were necessary for each calculation of a coefficient 
value, then the original paralleliZation scheme Was found to 
be markedly inef?cient. That is, combination of tWo choices 
of Fsolo (each having a value for the presumed alpha phase 
angle set at either 0 or 90 degrees) With tWo choices of 
Faccum, Would have alloWed at most four processors to be 
used efficiently for the calculation of scale factors and 
complex correlation coefficient values betWeen Fsolo and 
Faccum-Fobs. Therefore, to speed the calculation further, 
paralleliZation Was accomplished by splitting long summa 
tions ef?ciently betWeen several nodes for the calculation of 
values of the {Faccum-Fobs,Phi.accum} <—>{Fsolo, 
Phi.solo} scale factor and for the calculation of the corre 
sponding correlation coefficient. The program Was modi?ed 
to determine the most efficient splitting of each branch of the 
calculation betWeen variable numbers of nodes, based on the 
number of nodes available and on the required number of 
branches of the calculation. For eXample, for Fsolos and 
Faccums each containing a list of 10,000 diffraction data, if 
4 processors are available for a single calculation of a scale 
factor, the neWly paralleliZed calculation Will sum about 
2,500 numbers on each processor and then combine the 4 
partial sums afterWards, cutting run time for the calculation 
approximately by a factor of 4. The difficulty in achieving 
such paralleliZation is in maintaining that each partial sum 
mation Within a branch of the calculation is combined With 
proper, corresponding branch members. Such proper com 
munication Was achieved With intra-communicator subrou 
tines available from the MPI-Library. Further dif?culty may 
arise if time required for internode communication begins to 
be similar to the time required for the calculation. 
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Chemical Regresentation: 

Atoms in Molecules: 
The ultimate representation to achieve. 

Parameters: 
a) x,y,z + uncertainty 
b) thus 4 - 6 parameters for each atom 

Limitations: 
No overlap of adjacent, non-interacting atoms. 

Advantge: 
Direct interpretation in terms of chemical principles. 

Plane Wave Representation 

Linear Combination of Orthnormal Basis Functions: 
Linear coefficients (Fhkl) available through cyrstallographic experiments. 

Parameters: 
One complex coef?cient (2 parameters) for each plane wave. 

Limitations: 
For diffraction from a crystal, equivalent origin points in the unit cell must lie at the same 
position (phase) with respect to the cosine wave cycle. 

Advantage: 
1) They are directly related to experimental measurement. 
2) Their geometry allows a complete description of the unit cell contents. 

SHSB Exgansion: 

Fidelity of the SHSB representation of a 3-D obiect: 
Insensitive to SHSB origin. 

Choice of SHSB origin/radius: 
a) to ?ll Maximum amount of space in a unit cell with non-overlapping, crystal 

symmetry~related SHSB functions. 
b) each SHSB basis restricted to represent the molecular fragment for a single 

asymmetric unit of the crystal. 

24 
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Intermediate Expansion Coefficients: 
am," from statistically-weighted least squares. 

Data to Parameter Ratio: 
# of a|mn expansion coefficients = # of measured PM, at nearly every resolution range. 
thus, #data / #parameters 2 1.00. 

What about the phase angle (am) of the almn coefficients?: 

=> In general amis a complex numberamwm W _ > _ 

almn : lalmn ‘ e lalmn 

=> Physically, the on,“ correspond to a rotation of 
the starting basis functions by the angle elm/m 
about the polar axis . 

Slice through 83,, 
viewing down z-axis 

=> However, since electron density is all real, 
the phase angles for coefficients, am“, of 
the axially symmetric functions are limited 
to 0 or 180 degrees. 

=> A further consequence of all real electron 
is that am,“ = aim“ 
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