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METHOD AND SYSTEM FOR TRACKING 
MULTIPLE REGIONAL OBJECTS BY 
MULTI-DIMENSIONAL RELAXATION 

RELATED APPLICATIONS 

[0001] This application is a continuation-in-part of US. 
patent appication Ser. No. 08/404,024, ?led Mar. 14, 1995 
and issued Jul. 16, 1996 as US. Pat. No. 5,537,119, Which 
is a continuation-in-part of US. patent application Ser. No. 
08/171,327 ?led Dec. 21, 1993, now US. Pat. No. 5,406, 
289. 

FIELD OF THE INVENTION 

[0002] The invention relates generally to computerized 
techniques for processing data obtained from radiation 
re?ections used to track multiple discrete object. 

BACKGROUND OF THE INVENTION 

[0003] The invention relates generally to computeriZed 
techniques for processing data obtained from radar to track 
multiple discrete objects. 

[0004] There are many situations Where the courses of 
multiple objects in a region must be tracked. Typically, radar 
is used to scan the region and generate discrete images or 
“snapshots” based on sets of returns or observations. In 
some types of tracking systems, all the returns from any one 
object are represented in an image as a single point unrelated 
to the shape or siZe of the objects. “Tracking” is the process 
of identifying a sequence of points from a respective 
sequence of the images that represents the motion of an 
object. The tracking problem is dif?cult When there are 
multiple closely spaced objects because the objects can 
change their speed and direction rapidly and move into and 
out of the line of sight for other objects. The problem is 
exacerbated because each set of returns may result from 
noise as Well as echoes from the actual objects. The returns 
resulting from the noise are also called false positives. 
LikeWise, the radar Will not detect all echoes from the actual 
objects and this phenomena is called a false negative or 
“missed detect” error. For tracking airborne objects, a large 
distance betWeen the radar and the objects diminishes the 
signal to noise ratio so the number of false positives and 
false negatives can be high. For robotic applications, the 
poWer of the radar is loW and as a result, the signal to noise 
ratio can also be loW and the number of false positives and 
false negatives high. 

[0005] In vieW of the proximity of the objects to one 
another, varied motion of the objects and false positives and 
false negatives, multiple sequential images should be ana 
lyZed collectively to obtain enough information to properly 
assign the points to the proper tracks. Naturally, the larger 
the number of images that are analyZed, the greater the 
amount of information that must be processed. 

[0006] While identifying the track of an object, a kine 
matic model describing the object’s location, velocity and 
acceleration may be generated. Such a model provides the 
means by Which the object’s future motion can be predicted. 
Based upon such a prediction, appropriate action may be 
initiated. For example, in a military application there is a 
need to track multiple enemy aircraft or missiles in a region 
to predict their objective, plan responses and intercept them. 
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Alternatively, in a commercial air traf?c control application 
there is a need to track multiple commercial aircraft around 
an airport to predict their future courses and avoid collision. 
Further, in these and other applications, such as robotic 
applications, may use radar, sonar, infrared or other object 
detecting radiation bandWidths for tracking objects. In par 
ticular, in robotic applications re?ected radiation can be used 
to track a single object Which moves relative to the robot (or 
vice versa) so the robot can Work on the object. 

[0007] Consider the very simple example of tWo objects 
being tracked and no false positives or false negatives. The 
radar, after scanning at time t1, reports objects at tWo 
locations in a ?rst observation set. That is, it returns a set of 
tWo observations {011, 012}. At time t2 it returns a similar set 
of tWo observations {021, 022) from a second observation set. 
Suppose from prior processing that track data for tWo tracks 
T1 and T2 includes the locations at to of tWo objects. Track 
T1 may be extended through the points in the tWo sets of 
observations in any of four Ways, as may track T2. The 
possible extensions of T1 can be described as: {T1, 011, 021}, 
{TD 012> 022}> {TD 012> 021} and {TD 012> 022} Tracks can 
likeWise be extended from T2 in four possible Ways includ 
ing, {T2, 012, 021}. FIG. 1 illustrates these ?ve (out of eight) 
possible tracks (to simplify the problem for purposes of 
explanation) . The ?ve track extensions are labeled hm, hm, 
hm, h14, and h21 Wherein h11 is derived from {T1, 011, 021}, 
h12 is derived from {T1, 011, 022}, h13 is derived from {T1, 
012, 021}, h]4 is derived from {T1, 012, 022}, and h21 is 
derived from (T2, 011, 021}. The problem of determining 
Which such track extensions are the most likely or optimal 
is hereinafter knoWn as the assignment problem. 

[0008] It is knoWn from prior art to determine a ?gure of 
merit or cost for assigning each of the points in the images 
to a track. The ?gure of merit or cost is based on the 
likelihood that the point is actually part of the track. For 
example, the ?gure of merit or cost may be based on the 
distance from the point to an extrapolation of the track. FIG. 
1 illustrates costs 621 622 21 modeled target characteristics. 
The function to calculate the cost Will normally incorporate 
detailed characteristics of the sensor, such as probability of 
measurement error, and track characteristics, such as like 
lihood of track maneuver. 

[0009] FIG. 2 illustrates a tWo by tWo by tWo matrix, c, 
that contains the costs for each point in relation to each 
possible track. The cost matrix is indexed along one axis by 
the track number, along another axis by the image number 
and along the third axis by a point number. Thus, each 
position in the cost matrix lists the cost for a unique 
combination of points and a track, one point from each 
image. FIG. 2 also illustrates a {0, 1} assignment matrix, Z, 
Which is de?ned With the same dimensions as the cost 
matrix. Setting a position in the assignment matrix to “one” 
means that the equivalent position in the cost matrix is 
selected into the solution. The illustrated solution matrix 
selects the {h14, hzl} solution previously described. Note 
that for the above example of tWo tracks and tWo snapshots, 
the resulting cost and assignment matrices are three dimen 
sional. As used in this patent application, the term “dimen 
sion” means the number of axes in the cost or assignment 
matrix While siZe refers to the number of elements along a 
typical axis. The costs and assignments have been grouped 
in matrices to facilitate computation. 
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[0010] A solution to the assignment problem satis?es tWo 
constraints—?rst, the sum of the associated costs for assign 
ing points to a track extension is minimized and, second, if 
no false positives or false negatives exist, then each point is 
assigned to one and only one track. 

[0011] When false positives exist, hoWever, additional 
hypothetical track extensions incorporating the false posi 
tives Will be generated. Further note that the random loca 
tions of false positives Will, in general, not ?t Well With true 
data and such additional hypothetical track extensions Will 
result in higher costs. Also note that When false negative 
errors exist, then the siZe of the cost matrix must groW to 
include hypothetical track extensions formulated With 
“gaps” (i.e., data omissions Where there should be legitimate 
observation data) for the false negatives. Thus, the second 
criteria must be Weakened to re?ect false positives not being 
as signed and also to permit the gap ?ller to be multiply 
assigned. With hypothetical cost calculated in this manner 
then the foregoing criteria for minimiZation Will tend to 
materialiZe the false negatives and avoid the false positives. 

[0012] For a 3-dimensional problem, as is illustrated in 
FIG. 1, but With N1 (initial) tracks, N2 observations in scan 
1, N3 observations in scan 2, false positives and negatives 
assumed, the assignment problem can be formulated as: 

[1.0] N1 N2 N3 

(a) Minimize: E E E Cili2i3Zili2i3 
11:0 12:0 13:0 

N2 N3 
(b)Subject to: Z Zap-2,3 =l,i1=l,...,N1 

12:1 13:1 

N1 N3 

(9) 2 21111213 5 1, i2 =1, ...N2 

N1 N2 

((1)2 21111213 5 1, i3 =1, ...N3 
[1 :1 12:1 

(6)1111” E{0,1} V 1111213 

[0013] Where “c” is the cost and “Z” is a point or obser 
vation assignment, as in FIG. 2. 

[0014] The minimiZation equation or equivalently objec 
tive function [1.0] (a) speci?es the sum of the element by 
element product of the c and Z matrices. The summation 
includes hypothesis representations Zi1i2i3 With observation 
number Zero being the gap ?ller observation. Equation 
[1.0](b) requires that each of the tracks T1, . . . TN be 
extended by one and only one hypothesis. Equation [1.0] (c) 
relates to each point or observation in the ?rst observation 
set and requires that each such observation, except the gap 
?ller, can only associate With one track but because of the 
“less than” condition it might not associate With any track. 
Equation [1.0] (d) is like [1.0] (c) except that it is applicable 
to the second observation set. Equation [1.0] (e) requires that 
elements of the solution matrix Z be limited to the Zero and 
one values. 

[0015] The only knoWn method to solve Problem Formu 
lation [1.0] exactly is a method called “Branch and Bound.” 
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This method provides a systematic ordering of the potential 
solutions so that solutions With a same partial solution are 
accessible via a branch of a tree describing all possible 
solutions Whereby the cost of unexamined solutions on a 
branch are incrementally developed as the cost for other 
solutions on the branch are determined. When the develop 
ing cost groWs to exceed the previously knoWn minimal cost 
(i.e., the bound) then enumeration of the tree branch termi 
nates. Evaluation continues With a neW branch. If evaluation 
of the cost of a particular branch completes, then that branch 
has loWer cost than the previous bound so the neW cost 
replaces the old bound. When all possible branches are 
evaluated or eliminated then the branch that had resulted in 
the last used bound is the solution. If We assume that 
N1=N2=N3=n and that branches typically evaluate to half 
there full length, then Workload associated With “branch and 
bound” is proportional to 

[0016] This Workload is unsuited to real time evaluation. 

[0017] The Branch and Bound algorithm has been used in 
past research on the Traveling Salesman Problem. Messrs. 
Held and Karp shoWed that if the set of constraints Was 
relaxed by a method of Lagrangian Multipliers (described in 
more detail beloW) then tight loWer bounds could be devel 
oped in advance of enumerating any branch of the potential 
solution. By initiating the branch and bound algorithm With 
such a tight loWer bound, signi?cant performance improve 
ments result in that branches Will typically evaluate to less 
than half their full length. 

[0018] Messrs. FrieZe and Yadagar in dealing With a 
problem related to scheduling combinations of resources, as 
in job, Worker and Work site, shoWed that Problem Formu 
lation [1.0] applied. They further described a solution 
method based upon an extension of the Lagrangian Relax 
ation previously mentioned. The tWo critical extensions 
provided by Messrs. FrieZe and Yadagar Were: (1) an itera 
tive procedure that permitted the loWer bound on the solu 
tion to be improved (by “hill climbing” described beloW) 
and (2) the recognition that When the loWer bound of the 
relaxed problem Was maximiZed, then there existed a 
method to recover the solution of the non-relaxed problem 
in most cases using parameters determined at the maximum. 
The procedures attributed to Messrs. FrieZe and Yadagar are 
only applicable to the 3-dimensional problem posed by 
Problem Formulation [1.0] and Where the cost matrix is fully 
populated. HoWever, tracking multiple airborne objects usu 
ally requires solution of a much higher dimensional prob 
lem. 

[0019] FIGS. 1 and 2 illustrate an example Where “look 
ahead” data from the second image improved the assignment 
accuracy for the ?rst image. Without the look ahead, and 
based only upon a simple nearest neighbor approach, the 
assignments in the ?rst set Would have been reversed. 
Problem Formulation [1.0] and the prior art only permit 
looking ahead one image. In the prior art it Was knoWn that 
the accuracy of assignments Will improve if the process 
looks further ahead, hoWever no practical method to opti 
mally incorporate look ahead data existed. Many real radar 
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tracking problems involve hundreds of tracks, thousands of 
observations per observation set and matrices With dimen 
sions in the range of 3 to 25 including many images of look 
ahead. 

[0020] It Was also knoWn that the data assignment problem 
may be simpli?ed (Without reducing the dimension of the 
assignment problem) by eliminating from consideration for 
each track those points Which, after considering estimated 
limits of speed and turning ability of the objects, could not 
physically be part of the track. One such technique, denoted 
hereinafter the “cone method,” de?nes a cone as a continu 

ation of each previously determined track With the apex of 
the cone at the end of the previously de?ned track. The 
length of the cone is based on the estimated maximum speed 
of the object and the siZe of the arc of the cone is based on 
the estimated maximum turning ability of the object. Thus, 
the cone de?nes a region outside of Which no point could 
physically be part of the respective track. For any such 
points outside of the cones, an in?nite number could be put 
in the cost matrix and a Zero could be preassigned in the 
assignment matrix. It Was knoWn for the tracking problem 
that these elements Will be very common in the cost and 
selection matrices (so these matrices are “sparse”). 

[0021] It Was also knoWn in the prior art that one or more 
tracks Which are substantially separated geographically from 
the other tracks can be separated also in the assignment 
problem. This is done by examining the distances from each 
point to the various possible tracks. If the distances from one 
set of points are reasonably short only in relation to one 
track, then they are assigned to that track and not further 
considered With the remainder of the points. Similarly, if a 
larger group of points can only be assigned to a feW tracks, 
then the group is considered a different assignment problem. 
Because the complexity of assignment problems increases 
dramatically With the number of possible tracks and the total 
number of points in each matrix, this partitioning of the 
group of points into a separate assignment problem and 
removal of these points from the matrices for the remaining 
points, substantially reduces the complexity of the overall 
assignment problem. 

[0022] A previously knoWn Multiple Hypothesis Testing 
(MHT) algorithm (see Blackman, Multiple-Target Tracking 
With Radar Applications, Chapter 10, Artech House Nor 
Wood Mass., 1986) related to formulation and scoring. The 
MHT procedure describes hoW to formulate the sparse set of 
all reasonable extension hypothesis (for FIG. 1 the set 
{h11. . . h24}) and hoW to calculate a cost of the hypothesis 
{Ti, 011-, 02k} based upon the previously calculated cost for 
hypothesis {T1, 011-}. The experience With the MHT algo 
rithm, knoWn in the prior art, is the basis for the assertion 
that look ahead through k sets of observations results in 
improved assignment of observations from the ?rst set to the 
track. 

[0023] In theory, the MHT procedure uses the extendable 
costing procedure to defer assignment decision until the 
accumulated evidence supporting the assignment becomes 
overWhelming. When it makes the assignment decision it 
then eliminates all potential assignments invalidated by the 
decision in a process called “pruning the tree.” In practice, 
the MHT hypothesis tree is limited to a ?xed number of 
generations and the overWhelming evidence rule is replaced 
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by a most likely and feasible rule. This rule considers each 
track independently of others and is therefore a local deci 
sion rule. 

[0024] A general object of the present invention is to 
provide an ef?cient and accurate process for assigning each 
point object in a region from multiple images to a proper 
track and then taking an action based upon the assignments. 

[0025] Amore speci?c object of the present invention is to 
provide a technique of the foregoing type Which determines 
the solution of a k-dimensional assignment problem Where 
“k” is greater than or equal to three. 

SUMMARY OF THE INVENTION 

[0026] The present invention relates to a method and 
apparatus for tracking objects. In particular, the present 
invention tracks movement or trajectories of objects by 
analyZing radiation re?ected from the objects, the invention 
being especially useful for real-time tracking in noisy envi 
ronments. 

[0027] In providing such a tracking capability, a region 
containing the objects is repeatedly scanned to generate a 
multiplicity of sequential images or data observation sets of 
the region. One or more points (or equivalently observa 
tions), in each of the images or observation sets are detected 
Wherein each such observation either corresponds to an 
actual location of an object or is an erroneous data point due 
to noise. Subsequently, for each observation detected, ?g 
ures of merit or costs are determined for assigning the 
observation to each of a plurality of previously determined 
tracks. *AfterWards, a ?rst optimiZation problem is speci?ed 
Which includes: 

[0028] (a) a ?rst objective function for relating the 
above mentioned costs to potential track extensions 
through the detected observations (or simply obser 
vations); and 

[0029] (b) a ?rst collection of constraint sets Wherein 
each constraint set includes constraints to be satis?ed 
by the observations in a particular scan to Which the 
constraint set is related. In general, there is a con 
straint for each observation of the scan, Wherein the 
constraint indicates the number of track extensions to 
Which the observation may belong. 

[0030] In particular, the ?rst optimiZation problem is for 
mulated, generated or de?ned as an M-dimensional assign 
ment problem Wherein there are M constraint sets in the ?rst 
collection of constraint sets (i.e., there are M scans being 
examined) and the ?rst objective function minimiZes a total 
cost for assigning observations to various track extensions 
Wherein terms are included in the cost, such that the terms 
have the ?gures of merit or costs for hypothesiZed combi 
nations of assignments of the observations to the tracks. 
Subsequently, the formulated M-dimensional assignment 
problem is solved by reducing the complexity of the prob 
lem by generating one or more optimiZation problems each 
having a loWer dimension and then solving each loWer 
dimension optimiZation problem. That is, the M-dimen 
sional assignment problem is solved by solving a plurality of 
optimiZation problems each having a loWer number of 
constraint sets. 

[0031] The reduction of the M-dimensional assignment 
problem to a loWer dimensioned problems is accomplished 
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by relaxing the constraints on the points of one or more 
scans thereby permitting these points to be assigned to more 
than one track extension. In relaxing the constraints, terms 
having penalty factors are added into the objective function 
thereby increasing the total cost of an assignment When one 
or more points are assigned to more than one track. Thus, the 
reduction in complexity by this relaxation process is itera 
tively repeated until a suf?ciently loW dimension is attained 
such that the loWer dimensional problem may be solved 
directly by knoWn techniques. 

[0032] In one embodiment of the invention, each k-dimen 
sional assignment problem 2<k§M, is iteratively reduced to 
a k-l dimensional problem until a 2-dimensional problem is 
speci?ed or formulated. Subsequently, the 2-dimensional 
problem formulated is solved directly and a “recovery” 
technique is used to iteratively recover an optimal or near 
optimal solution to each k-dimensional problem from a 
derived (k-l) dimensional problem k=2,3,4, . . .M. 

[0033] In performing each recovery step (of obtaining a 
solution to a k-dimensional problem using a solution to a 
(k—1)-dimensional problem) an auxiliary function, is uti 
liZed. In particular, to recover an optimal or near-optimal 
solution to a k-dimensional problem, an auxiliary function, 
Ipk_1, k=4,5, . . . , M, is speci?ed and a region or domain is 

determined Wherein this function is maximiZed, Whereby 
values of the region determine the penalty factors of the 
(k—1)-dimensional problem such that another 2-dimensional 
problem can be formulated Which determines a solution to 
the k-dimensional problem using the penalty factors of the 
(k—1)-dimensional problem. 
[0034] Each Auxiliary function wk of both loWer dimen 
sional problem penalty factors and a solution at the dimen 
sion k at Which the penaliZed cost function is solved directly 
(typically a 2-dimensional problem). Further, in determin 
ing, for auxiliary function 1])4 determined, and utiliZed to 
identify the peak region. Thus, gradients are used for each of 
the approximation functions 1% 1])4 determining penalty 
factors penalty factors until tm-l is used in determining the 
penalty factors for the M-1 dimensional problem. Subse 
quently, once the M-dimensional problem is solved (using a 
2-dimensional problem to go from an (M-l) dimensional 
solution to an M-dimensional solution), one or more of the 
folloWing actions are taken based on the track assignments: 
sending a Warning to aircraft or a ground or sea facility, 
controlling air traf?c, controlling anti-aircraft or anti-missile 
equipment, taking evasive action, Working on one of the 
objects. 

[0035] According to one feature of this ?rst embodiment 
of the present invention, the folloWing steps are also per 
formed before the step of de?ning the auxiliary function. A 
preliminary auxiliary function is de?ned for each of the 
loWer dimensional problems having a dimension equal or 
one greater than the dimension at Which the penaliZed cost 
function is solved directly. The preliminary auxiliary func 
tion is a function of loWer order penalty values and a 
solution at the dimension at Which the penaliZed cost func 
tion Was solved directly. In determining a gradient of the 
preliminary auxiliary function, step in the direction of the 
gradient to identify a peak region of the preliminary auxil 
iary function and determine penalty factors at the peak 
region. Iteratively repeat the de?ning, gradient determining, 
stepping and peak determining steps to de?ne auxiliary 
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functions at successively higher dimensions until the auxil 
iary function at 6-18 (k-l) dimension is determined. In an 
alternative second embodiment of the present invention, 
instead of reducing the dimentiality of the M-dimensional 
assignment problem by a single dimension at a time, a 
plurality of dimensions are relaxed simultaneously. This neW 
strategy has the advantage that When the M-dimensional 
problem is relaxed directly to a 2-dimensional assignment 
problem, then all computations may be performed precisely 
Without utiliZing an auxiliary function such as Ipk embodi 
ment. More particularly, the second embodiment solves the 
?rst optimiZation problem (i.e., the M- dimensional assign 
ment problem) by specifying (i.e., creating, generating, 
formulating and/or de?ning) a second optimiZation problem. 
The second optimiZation problem includes a second objec 
tive function and a second collection of constraint sets 
Wherein: 

[0036] a) the second objective function is a combi 
nation of the ?rst objective function and penalty 
factors or terms determined for incorporating M-m 
constraint sets of the ?rst optimiZation problem into 
the second objective function; 

[0037] b) the constraint sets of the second collection 
include only m of the constraint sets of the ?rst 
collection of constraints, 

[0038] Wherein 2<m§M-1. Note that, once the second 
optimiZation problem has been speci?ed or formulated, an 
optimal or near-optimal solution is determined and that 
solution is used in specifying (i.e, creating, generating, 
formulating and/or de?ning) a third optimiZation problem of 
M-m dimensions (or equivalently constraint sets) . The third 
optimiZation problem is subsequently solved by decompos 
ing it using the same procedure of this second embodiment 
as Was used to decompose the ?rst optimiZation problem 
above. Thus, a plurality of instantiations of the third opti 
miZation problem are speci?ed, each successive instantia 
tion having a loWer number of dimensions, until an instance 
of the third optimiZation problem is a tWo dimensional 
assignment problem Which can be solved directly. Subse 
quently, Whenever an instance of the third optimiZation 
problem is solved, the solution is used to recover a solution 
to the instance of the ?rst optimiZation problem from Which 
this instance of the third optimiZation Was derived. Thus, an 
optimal or near-optimal solution to the original ?rst optimi 
Zation problem may be recovered through iteration of the 
above steps. 

[0039] As mentioned above, the second embodiment of 
the present invention is especially advantageous When m=2, 
since in this case all computations may be performed 
precisely and Without utiliZing auxiliary functions. 

[0040] Other features and bene?ts of the present invention 
Will become apparent from the detailed description With the 
accompanying draWings contained hereinafter. 

BRIEF DESCRIPTION OF THE FIGURES 

[0041] FIG. 1 is a graph of images or data sets generated 
by a scan of a region and possible tracks Within the images 
or data sets according to the prior art. 

[0042] FIG. 2 illustrates cost and assignment matrices for 
the data sets of FIG. 1 according to the prior art. 
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[0043] 
[0044] FIG. 4 is a How chart of a process according to the 
prior art for solving a 3-dimensional assignment problem. 

FIG. 3 is a block diagram of the present invention. 

[0045] FIG. 5 Is a How chart of a process according to the 
present invention for solving a k-dimensional assignment 
problem Where “k” is greater than or equal to 3. 

[0046] FIG. 6 is a graph of various functions used to 
explain the present invention. 

[0047] FIG. 7 is another block diagram of the present 
invention for solving the k-dimensional assignment problem 
Where “k” is greater than or equal to 3. 

[0048] FIG. 8 is a ?oWchart describing the procedure for 
solving a n-dimensional assignment problem according to 
the second embodiment of the invention. 

DETAILED DESCRIPTION OF THE 
PREFERRED EMBODIMENTS 

[0049] Referring noW to the other ?gures in detail Wherein 
like reference numerals indicate like elements throughout 
the several vieWs, FIG. 3 illustrates a system generally 
designated 100 for implementing the present invention. 
System 100 comprises, for example, a radar station 102 
(note sonar, microWave, infrared and other radiation band 
Widths are also contemplated) for scanning a region Which 
may be, for example, an aerial region (in aerial surveillance 
applications) or a Work region (in robotic applications) and 
generating signals indicating locations of objects Within the 
region. The signals are input to a converter 104 Which 
converts the signals to data points or observations in Which 
each object (or false positive) is represented by a single 
point. The output of the converter is input to and readable by 
a computer 106. As described in more detail beloW, the 
computer 106 assigns the points to respective tracks, and 
then displays the tracks and extrapolations of the tracks on 
a monitor 110. Also, the computer 106 determines an 
appropriate action to take based on the tracks and track 
extensions. For example, in a commercial application at an 
airport, the computer can determine if tWo aircraft being 
tracked are on a collision course and if so, signal a trans 

mitter 112 to Warn each aircraft, or if a scheduled take-off 
Will pose the risk of collision, delay the take-off. For a 
military application on a ship or base, the computer can 
determine subsequent coordinates of enemy aircraft and 
send the coordinates to an antiaircraft gun or missile 120 via 
a communication channel 122. In a robotic application, the 
computer controls the robot to Work on the proper object or 
portion of the object. 

[0050] The invention generates k-dimensional matrices 
Where k is the number of images or sets of observation data 
in the look ahead WindoW plus one. Then, the invention 
formulates a k-dimensional assignment problem as in [1.0] 
above. 

[0051] The k-dimensional assignment problem is subse 
quently relaxed to a (k—1)-dimensional problem by incor 
porating one set of constraints into the objective function 
using a Lagrangian relaxation of this set. Given a solution of 
the (k—1)-dimensional problem, a feasible solution of the 
k-dimensional problem is then reconstructed. The (k—1) 
dimensional problem is solved in a similar manner, and the 
process is repeated until it reaches the tWo-dimensional 
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problem that can be solved exactly. The ideas behind the 
Lagrangian relaxation scheme are outlined next. 

[0052] Consider the integer programming problem 

Minimize m): cTz [1.0.1] 

Subject to: AZ 5 b 

B1 5 d 

z; is an integer fori E I 

[0053] Where the partitioning of the constraints is natural 
in some sense. Given a multiplier vector uZO, the 
Lagrangian relaxation of [1.0.1] relative to the constraints 
BZéd is de?ned to be 

<I> <I> T T [1.0.2] 

Subject to: AZ 5 b 

z; is an integer for i E I 

[0054] If the constraint set BZ=d is replaced by BZ=d, the 
nonnegativity constraint on u is removed. <Q=cTZ+uT(BZ—d) 
is the Lagrangian relative to the constraints BZéd, and 
hence the name Lagrangian relaxation. The folloWing fact 
gives the relationship betWeen the objective functions of the 
original and relaxed problems. 

[0055] FACT A.1. If 2 is an optimal solution to [1.0.1], 
then CI>§v(Z) for all uZO. If an optimal solution 2 of [1.0.2] 
is feasible for [1.0.2], then i is an optimal solution for [1.0.1] 
and (I) 

[0056] Algorithm k k28 =0 converging to the solution 11 of 
MaximiZe {CD20} and a corresponding sequence of feasible 
solutions {Zk}k°°=0 of [1.0.1] as folloWs: 

[0057] 1. Generate in initial approximation uO. 

[0058] 2. Given uk, choose a search direction sk and 
a search distance 01k (Dk 01k k (Dk estimate uk by 

[0059] 3. Given uk+1 and a feasible solution 
ik+1(uk+1) of [1.0.2], recover a feasible solution 
Zk+1(llk+1) of the integer programming problem 
[1.0.1]. 

[0060] 4. Check the termination criteria. If the algo 
rithm is not ?nished, set k=k+1 and return to Step 2. 
OtherWise, terminate the algorithm. 

[0061] 
(Pk 2(1) §v(2) é (Zk) 

[0062] Since the optimal solution i=i(u) of [1.0.2] is 
usually not a feasible solution of [1.0.1] for any choice of the 
multipliers, (I) 

If 2 is an optimal solution of [1.0.1], then 

[0063] @0101 

[0064] (I) 

[0065] 0101 
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[0066] p ép ék in Zli- - - ikk in problem [1.1] beloW indicates 
that the track extension represented by zilk. . . 1k includes a 
false positive in the pth observation set. Note that this implies 
that a hypothesis be formed incorporating an observation 
With k—1 gap ?llers, e.g. , ZO _ _ _ O- O _ _ _ O, ip#0. Thus, the 

resulting generaliZation of Problem Formulation [1.0] With 
out the “less than” complication Within the constraints is the 
folloWing k-Dimensional Assignment Problems in Which 
ki3: 

(1.1) 

11:0 

Ms 
Nk 

[0067] Where c and Z are similarly dimensioned matrices 
representing costs and hypothetical assignments. Note, in 
general, for tracking problems these matrices are sparse. 

[0068] After formulating the k-dimensional assignment 
problem as in [1.1], the present invention solves the result 
ing problem so as to generate the outputs required by devices 
110, 112, 122 and 130. For each observation set Oi received 
from converter 104 at time ti Where i=1. . . , N1, the computer 
processes Oi in a batch together With the other observation 
sets Oi_k+1, . . . , Oi and the track Ti_k, i.e., T]- is the set of 
all tracks that have been de?ned up to but not including 01-. 
(Note, bold type designations refer to the vector of elements 
for the indicated time, i.e., the set of all observations in the 
scan or tracks existing at the time, etc.) The result of this 
processing is the neW set of tracks Ti_k+1 and a set of cost 
Weighted possible solutions indicating hoW the tracks might 
extend to the current time ti. At time ti+1 the batch process 
is repeated using the neWest observation set and deleting the 
oldest. Thus, there is a moving WindoW of observation sets 
Which is shifted forWard to alWays incorporate the most 
recent observation set. The effect is that input observation 
sets are reused for k—1 cycles and then on the observation 
set’s k-th reuse each observation Within the observation set 
is integrated into a track. 

[0069] FIG. 7 illustrates various processes implemented 
upon receipt of each observation set. Except for the addition 
of the k-dimensional assignment solving process 300 and the 
modi?cation to scoring process 154 to build data structures 
suitable for process 300, all processes in FIG. 7 are based 
upon prior art. The folloWing processes 150 and 152 extend 
previously de?ned tracks hi_1 based on neW observations. 
Gate formulation and output process 156 determines, for 
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each of the previously de?ned tracks, a Zone Wherein the 
track may potentially extend based on limits of velocity, 
maneuverability and radar precision. One such technique to 
accomplish this is the cone method described previously. 
The de?nition of the Zone is passed to gating process 150. 
When a neW observation set Oi is received, the gating 
process 150 Will match each member observation With the 
Zone for each member of the hypothetical set hi_1. After all 
input observations from Oi are processed the neW hypothesis 
set hi is generated by extending each track of the prior set of 
hypothetical tracks hi_1 either With missed detect gap ?llers 
or With all neW observation elements satisfying the track’s 
Zone. This is a many to many matching in that each 
hypothesis member can be extended to many neW observa 
tions and each neW observation can be used to extend many 
hypotheses. It, hoWever, is not a full matching in that any 
hypothesis Will neither be matched to all observations nor 
vice versa. It is this matching characteristic that leads to the 
sparse matrices involved in the tracking process. Subse 
quently, gating 150 forWards the neW hypothesis set hi to 
?ltering process 152. Filtering process 152 determines a 
smooth curve for each member of hi. Such a smooth curve 
is more likely than a sharp turn from each point straight to 
the next point. Further, the ?ltering process 152 removes 
small errors that may occur in generating observations. Note 
that in performing these tasks, the ?ltering process 152 
preferably utiliZes a minimiZation of a least squares test of 
the points in a track hypothesis or a Kalman Filtering 
approach. 
[0070] As noted above, the foregoing track extension 
process requires knoWledge of a previous track. For the 
initial observations, the folloWing gating process 158 and 
?ltering process 160 determine the “previous trac ” based 
on initial observations. In determining the initial tracks, the 
points from the ?rst observation set form the beginning 
points of all possible tracks. After observation data from the 
next observation set is received, sets of simple tWo point 
straight line tracks are de?ned. Then, promotion, gate for 
mulation, and output step 162 determines a Zone in Which 
future extensions are possible. Note that ?ltering step 160 
uses curve ?tting techniques to smooth the track extensions 
depending upon the number of prior observations that have 
accumulated in each hypothesis. Further note that promo 
tion, gate formulation and output process 162 also deter 
mines When sufficient observations have accumulated to 
form a basis for promoting the track to processes 150 and 
152 as described above. 

[0071] The output of each of the ?ltering processes 152 
and 160 is a set of hypothetical track extensions. Each such 
extension contains the hypothetical initial conditions (from 
the previous track), the list of observations incorporated in 
the extension, and distance betWeen each observation and 
the ?ltered track curve. Scoring process 154 determines the 
?gure of merit or cost of an observation being an extension 
of a track. In one embodiment, the cost is based on the 
above-mentioned distance although the particular formula 
for determining the cost is not critical to the present inven 
tion. A preferred formula for determining the cost utiliZes a 
negative log likelihood function in Which the cost is the 
negative of the sum of: (a) the logs of the distances nor 
maliZed by sensor standard deviation parameters, and (b) the 
log likelihoods for events related to: track initiation, track 
termination, track maneuver, false negatives and false posi 
tives. Note that track maneuvers are detected by comparing 
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the previous track curve With the current extension. Further 
note that some of the other events related to, for example, 
false negatives and false positives are detected by analyzing 
the relative relationship of gap ?llers in the hypothesis. 
Thus, after determining that one of these events occurred, a 
cost for it can be determined based upon suitable statistics 
tables and system input parameters. The negative log like 
lihood function is desirable because it permits effective 
integration of the useful components. Copies of the set of 
hypothetical track extensions Which are scored are subse 
quently passed directly to one of the gate formulation and 
output steps 156 and 162. Note that the scoring process 154 
also arranges the actual scores in a sparse matrix based upon 
observation identi?ers, and passes them to k-dimensional 
assignment problem solving process 300. 

[0072] The assignment solving process 300 is described 
beloW. Its output is simply the list of assignments Which 
constitute the most likely solution of the problem described 
by Equation [1.1]. Note that both gate formulation and 
output processes 156 and 162 use (at different times) the list 
of assignments to generate the updated track history Ti to 
eliminate or prune alternative previous hypotheses that are 
prohibited by the actual assignments in the list, and subse 
quently to output any required data. Also note that When one 
of the gate formulation and output processes 156 and 162 
accomplish these tasks, the process Will subsequently gen 
erate and forWard the neW set of gates for each remaining 
hypothesis and the processes Will then be prepared to receive 
the next set of observations. In one embodiment, the loop 
described here Will generate Zones for a delayed set of 
observations rather than the subsequent set. This permits 
processes 156 and 162 to operate on even observation sets 
While the scoring step 154 and k-dimensional solving pro 
cess operate on odd sets of observations, or vice versa. 

[0073] The assignment solving process 300 permits the 
present invention to operate With WindoW siZe of k-l for 
ki3. The upper limit on k depends only upon the compu 
tational poWer of the computer 106 and the response time 
constraints of system 100. The k-l observation sets Within 
the processing WindoW plus the prior track history result in 
a k-dimensional Assignment Problem as described by Prob 
lem Formulation [1.1]. The present invention solves this 
generaliZed problem including the processes required to 
consider false positives and negatives, and also the pro 
cesses required to consider sparse matrix problem formula 
tions. 

[0074] I. A FIRST EMBODIMENT OF THE k-DIMEN 
SIONAL ASSIGNMENT SOLVER 300 

[0075] In describing a ?rst embodiment of the k-dimen 
sional assignment solver 300, it is WorthWhile to also discuss 
the process of FIG. 4 Which is used by the solver 300. FIG. 
4 illustrates use of the FrieZe and Yadagar process as shoWn 
in prior art for transforming a 3-dimensional assignment 
problem into a 2-dimensional assignment problem and then 
use a hill climbing algorithm to solve the 3-dimensional 
assignment problem. The solver 300 uses a Lagrangian 
Relaxation technique (Well knoWn in the art) to reduce the 
dimension of an original k-dimensional assignment problem 
(k>3) doWn to a 3-dimensional problem and then use the 
process of FIG. 4 to solve the 3-dimensional problem. 
Further note that the Lagrangian Relaxation technique is 
also utiliZed by the process of FIG. 4 and that in using this 
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technique the requirement that each point is assigned to one 
and only one track is relaxed. Instead, an additional cost, 
Which is equal to a respective Lagrangian Coef?cient “u”, is 
added to the cost or objective function [1.0](a) Whenever a 
point is assigned to more than one track. This additional cost 
can be picked to Weight the signi?cance of each constraint 
violation differently, so this additional cost is represented as 
a vector of coef?cients u Which are correlated With respec 
tive observation points. Hill climbing Will then develop a 
sequence of Lagrangian Coef?cients sets designated (uO,. . . 
uj, uJ-+1, . . . , up). That correspond to an optimum solution 
of the 2-dimensional assignment problem. The assignments 
at this optimum solution are then used to “recover” the 
assignment solution of the 3-dimensional assignment prob 
lem. 

[0076] In step 200 of FIG. 4, initial values are selected for 
the uO coef?cients. Because the Lagrangian Relaxation pro 
cess is iterative, the initial values are not critical and are all 
initially selected as Zero. In step 202, these additional costs 
are applied to the objective function [1.0](a). With the 
addition of the costs “u”, the goal is still to assign the points 
Which minimiZe the total cost. This transforms Equation 
[1.0](a) , Written for k=3 and altered to exclude mechanisms 
related to false positives and negatives, into objective func 
tion [2.1](a). In the ?rst iteration it is not necessary to 
consider the “u” matrix because all “u” values are set to Zero. 
To relax the requirement that each point be assigned to one 
and only one track, the constraint Equation [1.0] (d) is 
deleted, thereby permitting points from the last image to be 
assigned to more than one track. Note that While any axis can 
be chosen for relaxation, observation constraints are pref 
erably relaxed. The effect of this relaxation is to create a neW 
problem Which must have the same solution in the ?rst tWo 
axes but Which can have a differing solution in the third axis. 
The result is constraints [2.1](b—d). 

N2 N3 

(b) Subject to: Z ZAP-2.3 = l, i: 1, ---,N1 
[2:1 [3:1 

N1 N3 

(9) 22319651, i2=l,...,N2 
[1:1 [3 :1 

[0077] Step 204 then generates from the 3-dimensional 
problem described by Problem Formulation [1.0] a neW 
2-dimensional problem formulation Which Will have the 
same solution for the ?rst tWo indices. As Problem Formu 
lation [2.1] has no constraints on the 3rd axis, any value 
Within a particular 3rd axis can be used in a solution, but 
using anything other than the minimum value from any 3-rd 
axis has the effect of increasing solution cost. Conceptually, 
the effect of step 204 is to change the 3-dimensional arrays 
in Problem Formulation [2.1] into 2-dimensional arrays as 
shoWn in Problem Formulation [2.2] and to generate the neW 
2-dimensional matrix mi1i2 de?ned as shoWn in Equation 
[2.3]. 
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[0078] The cost or objective function for the reduced 
problem as de?ned by [2.2](a), if evaluated at all possible 
values of u is a surface over the domain of U3. This surface 
is referred to as (Du 

[0079] <0u 

[0080] 10 
[0081] coef?cients uj+1 Whose corresponding Problem 
Formulation [2.2] problem solution is a cost value closer to 
the peak of (D0 u 

[0082] up 

[0083] dimensional assignment problem requires solving 
the Equation 2.2 problem corresponding to up. 

[0084] In step 206, the tWo dimensional problem is solved 
directly using a technique knoWn to those skilled in the art 
such as Reverse Auction for the corresponding cost and 
solution values. This is the evaluation of one point on the 
surface or for the ?rst iteration (I) uO 

[0085] Thus, after this ?rst iteration, the points have been 
assigned based on all “u” values being arbitrarily set to Zero. 
Because the “u” values have been arbitrarily assigned, it is 
unlikely that these assignments are correct and it is likely 
that further iterations are required to properly assign the 
points. Step 208 determines Whether the points have been 
properly assigned after the ?rst iteration by determining if 
for this set of assignments Whether a different set of “u” 
values could result in a higher total cost. Thus, step 208 is 
implemented by determining the gradient of objective func 
tion [2.2](a) With respect to uj. If the gradient is substantially 
non-Zero (greater than a predetermined limit) then the 
assignments are not at or near enough to the peak of the (I) 
u 

[0086] 10+] 
[0087] Hill climbing Step 212 determines the uj+1 values 
based upon the uj values, the direction resulting from pro 
tecting the previous gradient into the U3 domain, and a step 
siZe. The solution value of the 2-dimensional problem is the 
set of coef?cients that minimiZe the 2-dimensional problem 
and the actual cost at the minimum. Those coefficients 
augmented by the coef?cients stored in mi1i2 permit the 
evaluation (but not the minimiZation) of the cost term in 
Problem Formulation [2.1]. These tWo cost terms are loWer 
and upper bounds on the actual minimiZed cost of the 
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3-dimensional problem, and the difference between them in 
combination With the gradient is used to compute the step 
siZe. 

[0088] With this neW set of “u” values, steps 202-210 are 
repeated as a second iteration. Steps 212 and 202-210 are 
repeated until the gradient as a function of u determined in 
step 208 is less than the predetermined limit. This indicates 
that the up values Which locate the peak area of the (I) u 
surface are determined and that the corresponding Problem 
Formulation [2.2] has been solved. Step 214 Will attempt to 
use the assignments that resulted from this particular 2-di 
mensional assignment problem to recover the solution of the 
3-dimensional assignment problem as described beloW. If 
the limit Was chosen properly so that the “u” values are close 
enough to the peak, this recovery Will yield the proper set of 
assignments that rigidly satis?es the constraint that each 
point be assigned to one and only one track. However, if the 
“u” values are not close enough to the peak, then the limit 
value for decision 210 is reduced and the repetition of steps 
212 and 202-210 is continued. 

[0089] Step 214 recovers the 3-dimensional assignment 
solution by using the assignment values determined on the 
last iteration through step 208. Consider the 2-dimensional 
Z assignment matrix to have 1’s in the locations speci?ed by 
the list L1=(ai, bi)i=1N. If the 3-dimensional Z matrix is 
speci?ed by placing 1’s at the location indicated by the list 
L2=(ai, bi, m _b1)1;I=1 then the resultvis a solution of Problem 
Formulation [2.1]. Let L3=(maib1)=N=1 be the list formed by 
the third index. If each member of L3 is unique then the L2 
solution satis?es the third constraint so it is a solution to 
Problem Formulation [1.0]. When this is not the case, 
recovery determines the minimal substitutions required 
Within list L3 so that it plus L1 Will be a feasible solution, i.e., 
a solution Which satis?es the constraints of a problem 
formulation, but Which may not optimiZe the objective 
function of the problem formulation. This stage of the 
recovery process is formulated as a 2-dimensional assign 
ment problem: Form a neW cost matrix [ci)]-]i)j=1N Where 
ci)j=caibij, for j=1. . . Ni and the Ni term is the total number 
of cost elements in the selected roW of the 3-dimensional 
cost matrix. Attempt to solve this 2-dimensional problem for 
the minimum using tWo constraints sets. If a feasible solu 
tion is found then the result Will have the same form as list 
L1. Replace the ?rst set of indexes by the indicated (a1, bi) 
pairs taken from list L1 and the result Will be a feasible 
solution of Problem Formulation [1.1]. If no feasible solu 
tion to the neW 2-dimensional problem exists then further 
effort to locate the peak of (I) u 

[0090] <0 

[0091] ¢u0 

[0092] <0 

[0093] <0 

[0094] by the set of observations {oy|i=1, . . . , M-l}, is 
not valid. Because the matrix is sparse the list of cost 
elements is stored as a packed list, and then for each 
dimension of the matrix, a vector of a variable length list of 
pointers to the cost elements is generated and stored. This 
organiZation means that for a particular observation oy the jth 
list in the ith vector Will be a list of pointers to all hypotheses 
in which 037 participates. This structure is further explained 
in the folloWing section dealing With problem partitioning. 



US 2002/0008657 A1 

[0095] The objective of the assignment solving process is 
to select from the set of all possible combinations of track 
extensions a subset that satis?es tWo criteria. First, each 
point in the subset of combinations should be assigned to 
one and only one track and therefore, included in one and 
only one combination of the subset, and second, the total of 
the scoring sums for the combinations of the subset should 
be minimized. This yields the following M-dimensional 
equations Where k=M: 

N1 

(022 

[0096] and Where ck is the cost matrix [ci1k. . . ik] Which is 
a function of the distance betWeen the observed point Zk and 
the smoothed track determined by the ?ltering step, and vk 
is the cost function. This set of equations is similar to the set 
presented in Problem Formulation [1.1] except that it 
includes the subscript and superscript k notation. Thus, in 
solving the M-dimensional Assignment Problem the inven 
tion reduces this problem to an M-1 dimensional Assign 
ment Problem and then to an N-2 dimensional Assignment 
Problem, etc. Further, the symbol ke{3, . . . ,M} customiZes 
Problem Formulation [3.1] to a particular relaxation level. 
That is, the notation is used to reference data from levels 
relatively removed as in ck+1 are the cost coef?cients Which 
existed prior to this level of relaxed coef?cients ck. Note that 
actual observations are numbered from 1 to Ni Where Ni is 
the number of observations in observation set i. Further note 
that the added 0 observation in each set of observations is the 
unconstrained “gap ?ller.” This element serves as a ?ller in 
substituting for missed detects, and a sequence of these 
elements including only one true observation represents the 
possibility that the observation is a false positive. Also note 
that by being unconstrained a gap ?ller may be used in as 
many hypotheses as required. 

[0097] While direct solution to [3.1] Would give the pre 
cise assignment, the solution of k-dimensional equations 
directly for large k is too complex and time consuming for 
practice. Thus, the present invention solves this problem 
indirectly. 

[0098] The folloWing is a short description of many 
aspects of the present invention and includes some steps 
according to the prior art. The ?rst step in solving the 
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problem indirectly is to reduce the complexity of the prob 
lem by the previously knoWn and discussed Lagrangian 
Relaxation technique. According to the Lagrangian Relax 
ation technique, the absolute requirement that each point is 
assigned to one and only one track is relaxed such that for 
some one image, points can be assigned to more than one 
track. HoWever, a penalty based on a respective Lagrangian 
Coef?cient uk is added to the cost function When a point in 
the image is assigned to more than one track. The 
Lagrangian Relaxation technique reduces the complexity or 
“dimension” of the formulation of the assignment problem 
because constraints on one observation set are relaxed. Thus, 
the Lagrangian Relaxation is performed iteratively to repeat 
edly reduce the dimension until a 2-dimensional penaliZed 
cost function problem results as in Problem Formulation 
[2.1]. This 2-dimensional problem is solved then directly by 
a previously knoWn technique such as Reverse Auction. The 
penaliZed cost function for the 2-dimensional problem 
de?nes a valley or convex shaped surface Which is a function 
of various sets of {uk|k=3, . . . ,M} penalty values and one 
set of assignments for the points in tWo dimensions. That is, 
for each particular u3 there is a corresponding 2-dimensional 
penaliZed cost function problem and its solution. Note that 
the solution of the 2-dimensional penaliZed cost function 
problem identi?es the set of assignments for the particular u3 
values that minimiZe the penaliZed cost function. HoWever, 
these assignments are not likely to be optimum for any 
higher dimensional problem because they Were based on an 
initial arbitrary set of uk values. Therefore, the next step is 
to determine the optimum assignments for the related 3-di 
mensional penaliZed cost function problem. There exists a 
2-dimensional hill shaped function (I) 

(I) 

[0099] values originally assigned. Then, the gradient of 
the hill-shaped (I) 

[0100] 113 
[0101] previously selected for the one point on the hill 
(corresponding to the minimum of the penaliZed cost (I) 

113 
[0102] Which the corresponding problem Will result in the 
peak of the (Dototcharacteristic. The next task is to recover 
the solution of the proper u4 values for the 4-dimensional 
problem. The foregoing hill climbing process Will not Work 
again because the foregoing hill climbing process When 
required to locate the 4-dimensional u4 values for the peak 
of (D3 

[0103] exact de?nition of the (D3 

[0104] case of (D2 (D3 

[0105] the iteration can result in a greater than approxi 
mation of (D3 

[0106] function lPOLOLCID 

[0107] uk 
[0108] gradient of the IP 

[0110] results in a neW 3-dimensional problem and 
requires the 2-dimensional hill climbing based upon neW 
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2-dimensional problems. At the peak of the 3-dimensional III 
to a complete solution. This process is repeated iteratively 
until the uk values that result in a corresponding solution at 
the peak of the highest order IPCIJ 

[0111] q> 
[0112] Coef?cient uM penalty values initially equal to 
Zero. The Lagrangian Coefficients associated With the Mth 
constraint set are a NM+1 element vector. The reduction of 
this M-dimensional problem in step 322 to a M-1 dimen 
sional problem uses the tWo step process described above. 
First, a penalty based on the value of the respective uM 
coef?cient is added to the cost function When a point is 
assigned to more than one track and then the resultant cost 
function is minimized. HoWever, during the ?rst iteration, 
the penalty is Zero because all uM values are initially set to 
Zero. Second, the requirement that no point from any image 
can be assigned to more than one track is relaxed for one of 
the images. In the extreme this Would alloW a point from the 
relaxed image to associate With every track. HoWever, the 
effect of the previous penalty Would probably mean that such 
an association Would not minimiZe the cost. The effect of the 
tWo steps in combination is to remove a hard constraint 
While adding the penalty to the cost function so that it 
operates like a soft constraint. For step 322 this tWo step 
process results in the folloWing penaliZed cost function 
problem With k=M: 

(a) <1>kk E Minimize: ¢i [3.2] 

[2:0 I 

[0113] Because the constraint on single assignment of 
elements from the last image has been eliminated, a M-1 
dimensional problem can be developed by eliminating some 
of the possible assignments. As shoWn in Equations [3.3], 
this is done by selecting the smallest cost clement from each 
of the Mth axis vectors of the cost matrix. Reduction in this 
manner yields a neW, loWer order penaliZed cost function 
de?ned by Equations [3.3] Which has the same minimum 
cost as does the objective function de?ned by [3.2](a) above. 
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[0114] The cost vectors are selected as folloWs. De?ne an 

index array mi kn‘ and neW cost array ci k_1. . . ik_1 by: 
1 . . . 1 1 

m’? - :Min: arg minimize {elf - —1/‘ 11:0, 1,... 

1H1 _ k . . 

ciluikq — ciluikilmfamik for (11, , lkil) # (0, , 0) 

[0115] The resulting M-1 dimensional problem is (Where 
k=M): 

[3.4] 

zflujkgwyl, e{0, 1} for all ilmzH 

[0116] Assignment Problem [3.1] and Problem Formula 
tion [3.4] differ only in the dimension M vs. M-1, respec 
tively. An optimal solution to [3.4] is also an optimal 
solution to equation [3.2]. This relationship is the basis for 
an iterative sequence of reductions indicated by steps 320 
332 through 330-332 and 200-204 in Which the penaliZed 
cost function problem is reduced to a tWo dimensional 
problem. As these formula Will be used to describe the 
processing at all levels, the loWercase k is used except Where 
speci?c reference to the top level is needed. In step 206, the 
2-dimensional penaliZed cost function is solved directly by 
the prior art Reverse Auction technique. Each execution of 
206 produces tWo results, the set of Z2 values that minimiZe 
the problem and the cost that results v2 When these Z values 
are substituted into the objective function [3.4](a). 

[0117] In step 208, according to the prior art, solution Z2 
values are substituted into the 2-dimensional derivative of 

the (I)2 u3 

[0118] should be adjusted so as to perform the hill climb 
ing function. As Was previously described the objective is to 
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produce a sequence of ul3 values Which ends When the up3 
value in the domain of the peak of the (I) 

[0119] (X0. 

[0120] uik 
[0121] to the peak of (D2 

[0122] How moves to step 214 Which Will attempt to 
recover the 3-dimensional solution as previously described. 
When further adjustment is required then the How 
progresses to step 212 and the neW values of uk are com 
puted. At the 2-dimensional level the method of the prior art 
could be used for the hill climbing procedure. HoWever, it is 
not practical to use this prior art hill climbing technique to 
determine the updated Lagrangian Coefficients uk or the 
Max on the next (or any) higher order (I) 

[0123] Q0 

[0124] uk 
[0125] values Which result in Z values that are closer to the 
proper Z values for the highest k-dimension. This hill 
climbing process (Which is different than that used in the 
prior art of FIG. 4 for recovering only the three dimensional 
solution) is used iteratively at all loWer dimensions k of the 
M-dimensional problem (including the 3-dimensional level 
Where it replaces prior art) even When k is much larger than 
three. FIG. 6 helps to explain this neW hill climbing tech 
nique and illustrates the original k-dimensional cost function 
vk of Problem Formulation [3.1]. HoWever, the actual k-di 
mensional cost surface vk de?ned by [3.1](a) comprises 
scalar values at each point described by k-dimensional 
vectors and as such can not be draWn. Nevertheless, for 
illustration purposes only, FIG. 6 ignores the reality of 
ordering vectors and illustrates a concave function vk to 
represent Equation 3.1. The vk surface is illustrated as being 
smooth to simplify the explanation although actually it can 
be imagined to be terraced. The goal of the assignment 
problem is to ?nd the values of 21‘; these values minimiZe the 
k-dimensional cost function vk. 

[0126] For purposes of explanation, assume that in FIG. 6, 
k=4 (the procedure is used for all ki3). This problem is 
reduced by tWo iterations of Lagrangian Relaxation to a 
2-dimensional penaliZed cost function (I>]-(k_1)i. This cost 
function, and all other cost functions described beloW are 
also non-smooth and continuous but are illustrated in FIG. 
6 as smooth for explanation purposes. Solving the (I>]-(k_1)i 
problem results in one set of Z2 assignments and the value of 
(I>(k_1 _ at the point uiJ-Z. A series of functions (I>]-(k_1)i, . . . , 
CD10“ 5i each generated from a different u3 are shoWn. The 
particular series illustrates the process of locating the peak 
of (I>(k_1)i. The 2-dimensional penaliZed cost functions 
(I>j(k_1)i, . . . ,(I>1(k_1)i can be solved directly. Each such 
solution provides the information required to calculate the 
next u3 value. Each iteration of the hill climbing improves 
the selection of u3 values, i.e., yields (D2 solution is closer to 
those at the solution of the (D3 The result of solving (I>1(k_1)i 
is values that are on both 

[0127] (I>(k_1)1 and (Dk (Dk 

[0128] (Dk 
[0129] and [3.4] Were solved at all possible values of uk 
the function (Dk k (Dk 
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[0130] than the vk surface except at the peak as described 
in Equation 3.5 and its maximum occurs Where the vk 
surface is minimum. Because the (Dk 

[0131] the (Dk (Dk 

[0132] vk surface. The (Dk 

[0133] minimiZation problem described by [3.1](a). Let 21‘ 
be the unknoWn solution to Problem Formulation [3.1] and 
note that: 

(pk(uk)évk(ik)gvkil(zk) [3-5] 

[0134] Consequently, the Zk values at the peak of (Dk 
greatest loWer bound on the cost of the relaxed problem), 
can be substituted into the k-dimensional penaliZed cost 
function to determine the proper assignments. Consequently, 
the present invention attempts to ?nd the maximum on the 
(Dk surface. HoWever, it is not possible to use the prior art hill 
climbing to hill climb to the peak of (Dk de?nition of (Dk 
(Dfunctions. As the solution of CD11‘ in that higher order u 
values are not yet optimiZed, its value can be larger than the 
true peak of (Dk loWer bound on vk and it can not be used to 
recover the required solution. 

[0135] Instead, the present invention de?nes all auxiliary 
function 1Pk 

[0136] dimensional penaliZed cost function problem, 
loWer order Zk values and uk values determined previously 
by the reduction process. The lPk (Dk and its gradient is used 
for hill climbing to its peak. The Zk values at the peak of the 
IPk into Problem Formulation [3.2] to determine the proper 
assignments. To de?ne the 1Pk 

[0137] explicitly makes the function (Dk uk 

[0138] order sets of Lagrangian Coefficients With the 
expanded notation: (Dk uk uk+1 uk IP is de?ned recursively, 
using the (Dk 

”3 [3.6] (a) 
‘113(13): v2 + Z 14??) : (1)3043; 144, , 14K) 

[3 :0 

[0139] Where v2 is the solution value for the most recent 
2-dimensional penaliZed cost function problem. For k>3 

[3-6l (b) 

If known 

[0140] From the de?nition of (Dk 

[0141] compared With Problem Formulation [3.2]): 

[45 
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[0142] it follows that: 

N3 

030?) = w + 2 L8, = @309; w“. . MM) 5 V203) 
13:0 

[0143] and With that Equation 3.5 is extended to: 

vk?ik) évk?lk) [3-7] 
[0144] This relationship means that either (Dk ‘Pk hill 
climbing to update the Lagrangian Coef?cients u. (Dk the 
preferred choice, hoWever it is only available When the 
solution to Problem Formulation [3.2] is a feasible solution 
to Problem Formulation [3.1] (as in hill climbing from the 
second to third dimension Which is Why prior art Worked). 
For simplicity in implementation, the function ‘Pk 

[0145] that it equals (Dk 

[0146] therefore alWays used, even for hill climbing from 
the second dimension. The use of the ‘P 

[0147] u 

[0148] u 

[0149] ‘Pk 
[0150] climbing/peak detection are to determine the gra 
dient of the ‘Pk 

[0151] and then move up the ‘Pk 

[0152] increasing portion of the gradient. As shoWn in 
FIG. 6, any upWard step on the ‘Pk 

[0153] the (Dkj uk (X0. 

[0154] is closer to the ideal set of uk values Which corre 
spond to the minimum of the vk function. While it is possible 
to iteratively step up this ‘Pk 

[0155] and then determine if the peak has been reached, 
the present invention optimiZes this process by determining 
the single step siZe from the starting point at the minimum 
of (Dkj that Will jump to the peak and then calculating the uk 
values at the peak. Once the f. “u” s u at the peak at ‘Pk 
determined, then the uk values can be substituted into 
Problem Formulation [3.2] to determine the proper assign 
ment. (HoWever, in a more realistic example, Where k is 
much greater than three, then the uk values at the peak of the 
‘P along With the loWer order uk values and those assigned 
and yielded by the reduction steps are used to de?ne the next 
higher level ‘P‘P 

[0157] ‘Pk 
[0158] determine the gradient of each ‘P 

[0159] ‘P 

[0160] ‘P“bundle”) are determined at several points on the 
‘Pk in the region of the starting point (i.e., minimum of (Dki) 
and then averaged. Statistically, the averaged result should 
point toWard the peak of the ‘Pk Subgradient Algorithm 
(Wolfe75, Wolfe79) for minimiZation Was previously knoWn 
in another environment to determine a gradient of a non 
smooth surface using multiple subgradients and can be used 
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With modi?cation in the present invention. Wolfe’s algo 
rithm is further described in “A Method of Conjugate 
Subgradients for Minimizing Nondifferentiable Functions” 
page 147-173 published by Mathematical Programming 
Study 3 in 1975 and “Finding the Nearest Point in a 
Polytope” page 128-149 published by Mathematical Pro 
gramming Study 11 in 1976. The modi?cation to Wolfe’s 
algorithm uses the information generated for ‘Pk uk3 ukk_2 
ukk-1 for calculating the subgradients. The de?nition of a 
subgradient v of ‘Pk uk3 ukk 

[0161] subdifferential set de?ned as: 

[0162] (Where vT is the transpose of v) 

[0163] Next, a subgradient vector is determined from this 
function. If Zk is the solution of Problem Formulation [3.2], 
then differentiating ‘Pk u3 uk_1 uk ul-kk evaluating the result 
With respect to the current selection matrix Zk yields a 
subgradient vector: 

[0164] The iterative nature of the solution process at each 
dimension yields a set of such subgradients. Except for a 
situation described beloW Where the resultant averaged 
gradient does not point toWard the peak, the most recent set 
of such subgradients are saved and used as the “bundle” for 
the peak ?nding process for this dimension. For example, at 
the k level there is a bundle of subgradients of the ‘Pk the 
minimum of the (Dkj surface determined as a result of solving 
Problem Formulation [3.1] at all loWer levels. This bundle 
can be averaged to approximate the gradient. Alternately, the 
previous bundle can be discarded so as to use the neW value 
to initiate a neW bundle. This choice provides a Way to adjust 
the process to differing classes of problems, i.e., When data 
is being derived from tWo sensors and the relaxation pro 
ceeds from data derived from one sensor to the other then the 
prior relaxation data for the ?rst sensor could be detrimental 
to performance on the second sensors data. 

[0165] 
[0166] After the average gradient of the ‘Pk determined, 
the next step is to determine a single step that Will jump to 
the peak of the ‘Pk 

[0167] is to ?rst specify an arbitrary step siZe, and then 
calculate the value of ‘Pk 

[0168] gradient. If the ‘Pk 

[0169] this probably means that the step has not yet 
reached the peak. Consequently, the step siZe is doubled and 
a neW ‘Pk value determined and compared to the previous 
one. This process is repeated until the neW ‘Pk 

I.2.3. Step SiZe and Termination Criterion 

[0170] previous one. At that time, the step has gone too far 
and crossed over the peak. Consequently, the last doubling 
is rolled-back and that step siZe is used for the iteration. If 
the initial estimated ‘Pk 
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[0171] step size is decreased by 50%. If this still results in 
a smaller 1Pk 

[0172] previous step siZe is decreased by 25%. The fol 
lowing is a more detailed description of this process. 

[0173] With a suitable bundle of subgradients determined 
as just described. Wolfe’s algorithm can be used to deter 
mine the effective subgradient (d) and the Upgraded value 
uu+1k. From the previous iteration, or from an initial condi 
tion, there exists a step length value The value, 

[0174] is calculated as an estimate of uj+1k. To determine 
if the current step siZe is valid the We evaluate lPk u3 uk_2 u+ 
If the result represents an improvement then We double the 
step siZe. OtherWise We halve the step siZe. In either case a 
neW u+ is calculated. The doubling or halving continues until 
the step becomes too large to improve the result, or until it 
becomes small enough to not degrade the result. The result 
ing suitable step siZe is saved With d as part of the subgra 
dient bundle. The last acceptable u+ is assigned to uj+1k. 

[0175] Three distinct criterion are used to determine When 
ujk is close enough to 111‘: 

0176 1. The Wolfe’s al orithm criterion of d=0 g 
given that the test has been repeated With the bundle 
containing only the most recent subgradient. 

[0177] 2. The difference betWeen the loWer bound (Dk 
uk upper bound vk (Zk, uk) being less than a preset 
relative threshold. (Six percent Was found to be an 
effective threshold for radar tracking problems.) 

[0178] 3. An iteration count being exceeded. 

[0179] The use of limits on the iteration are particularly 
effective for iterations at the level 3 through n-1 levels, as 
these iterations Will be repeated so as to resolve higher order 
coef?cient sets. With limited iterations the process is in 
general robust enough to improve the estimate of upper 
order Lagrangian Coef?cients. By limiting the iteration 
counts then the total processing time for the algorithm 
becomes deterministic. That characteristic means the pro 
cess can be effective for real time problems such as radar, 
Where the results of the last scan of the environment must be 
processed prior to the next scan being received. 

[0180] 
[0181] The folloWing process determines if the uk values 
at What is believed to be the peak of the 1Pk 

[0182] approximate the uk values at the peak of the cor 
responding (Dk function. This is done by determining if the 
corresponding penaliZed cost function is minimiZed. Thus, 
the uk values at the peak of the lPk 

I.2.4. Solution Recovery 

[0183] Formulation [3.2] to determine a set of Z assign 
ments for k-1 points. During the foregoing reduction pro 
cess, Problem Formulation [3.4] yielded a tentative list of k 
selected Z points that can be described by their indices as: 

{01' 1150731 

[0184] Where NO is the number of cost elements selected 
into the solution. One possible solution of Problem Formu 
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lation [3.1] is the solution of Problem Formulation [3.2] 
Which is described as 

iiilmifluikil 

[0185] With mik. . . ik_1 as it Was de?ned in Problem 
Formulation [3.3]. If this solution satis?es the k-th constraint 
set then it is the optimal solution. 

[0186] HoWever, if the solution for Problem Formulation 
[3.2] is not feasible (decision 355), then the folloWing 
adjustment process determines if a solution exists Which 
satis?es the k-th constraint While retaining the assignments 
made in solving Problem Formulation [3.4]. To do this, a 
2-dimensional cost matrix is de?ned based upon all obser 
vations from the k-th set Which could be used to extend the 
relaxed solution. 

hj1=ci1k, . . . , ikil, 1 for l=O, . . . , Nk 

[0187] and j=0, . . . , NO [3.8] 

[0188] If the resulting 2-dimensional assignment problem, 

N0 N1 [3.9] 
Minimize: Z Z hjjWj] 

j:0 1:0 

Nk 
Subjectto: zwjjzl j:l,...,N0 

1:0 

[0189] has a feasible solution then the indices of that 
solution map to the solution of Problem Formulation [3.1] 
for the k-dimensional problem. The ?rst index in each 
resultant solution entry is the pointer back to an element of 
the 

[0190] list. That element supplies the ?rst k-1 indices of 
the solution. The second index of the solution to the recovery 
problem is the kth index of the solution. Together these 
indexes specify the values of Zk that solve Problem Formu 
lation [3.1] at the kth level. 

[0191] If Problem Formulation [3.9] does not have a 
feasible solution then the value of uik Which Was thought to 
represent upk is not representative of the actual peak and 
further iteration at the kth level is required. This decision 
represent the branch path from step 214 and equivalent 
steps. 

[0192] 
[0193] A partitioning process is used to divide the cost 
matrix that results from the Scoring step 154 into as many 

I.3. Partitioning 












































































